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Preface

Many theoretical results and methodologies developed for systems sciences and optimiza-
tion are now found very useful in dealing with nonlinear dynamics and system theory as
well as their high technology applications. These areas of research are interdisciplinary in
nature with great potentials for high technology applications. In view of this the Guest
Editors had made a call for high quality papers to be submitted to this special issue,
where system science and optimization approaches are to be used in dealing with topics
in nonlinear dynamics and system theory as well as their high technology applications.
This is therefore the theme of this Special Issue:

System Science and Optimization Approaches to Nonlinear Dynamics and
System Theory with High Technology Applications (1)

With this aim in mind, the goal of the special issue is to provide an international
forum for scientists, researchers, and practitioners from both academia and industry
to present their latest research findings and state-of-the-art solution methods in areas
related to the theme of the Special Issue.

Scientists from many countries and regions — Australia, China, Greece, Hong Kong,
Japan, India, Saudi Arabia, USA and Vietnam — accepted the invitation of the Guest
Editors to submit papers for the Special Issue of the Journal. They all went through
a rigorous refereeing process with at least two independent referees for each submitted
paper. The number of the submitted papers exceed substantially the size of one issue, and
we decided to publish two special issues. Topics included in these papers are modelling,
design analysis, simulation, optimization, performance evaluation, intelligent information
and technology, nonlinear stochastic systems, and optimal control. Applications involved
include communication networks, engineering and management systems, computer and
information technology, and knowledge management.

The completion of this volume would not have been possible without the assistance
of many of our colleagues. We wish to express our sincere appreciation to all those
who helped. We are deeply grateful to our referees who provided prompt and extensive
reviews for all submissions. Their constructive comments contributed to the quality
of the volume. In particular, we wish to thank Editor-in-Chief, Professor Anatolii A.
Martynyuk for his kind cooperation and support. Our special thank also go to Mrs. Lisa
Holling for her help during the editing process of this Special Issue. Last but not least,
we wish to thank those authors who responded to our call for papers by submitting their
papers to be considered for possible publication in this Special Issue.

Wuyi Yue! and Kok Lay Teo? — Guest Editors

I Department of Information Science and Systems Engineering, Konan University, 8-9-1 Okamoto,
Higashinada-ku, Kobe 658-8501, Japan. E-mail: yue@konan-u.ac.jp

2Department of Mathematics and Statistics, Curtin University of Technology, GPO Box U1987, Perth,
Western Australia 6845, Australia. E-mail: K.L.Teo@curtin.edu.au
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Optimization Approach for the Hankel Matrix
Approximation Problem
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Abstract: Approximating the nearest positive semidefinite Hankel matrix in
the Frobenius norm to an arbitrary data covariance matrix is useful in many
areas of engineering, including signal processing and control theory. In this
paper, interior point primal-dual path-following method will be used to solve
our problem after reformulating it into different forms, first as a semidefinite
programming problem, then into the form of a mixed semidefintie and second-
order cone optimization problem. Numerical results, comparing the perfor-
mance of these methods with the modified alternating projection method will
be reported.

Keywords: Hankel matriz; primal-dual interior-point method; projection method;
semidefinite programming.

Mathematics Subject Classification (2000): 49J35, 49M99.

1 Introduction

In some application areas, such as digital signal processing and control theory, it is
required to compute the closest, in some sense, positive semidefinite Hankel matrix,
with no restriction on its rank, to a given data covariance matrix, computed from a
data sequence. This problem was studied by Macinnes [19]. Similar problems involving
structured covariance estimation were discussed in [16, 13, 24]. Related problems occur
in many engineering and statistics applications [10].

* Corresponding author: mmogib@awalnet.net.sa
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212 MOHAMMED M. ALSHAHRANI AND SULIMAN S. AL-HOMIDAN

The problem was formulated as a nonlinear minimization problem with positive
semidefinite Hankel matrix as constraints in [2] and then was solved by I Sequential
Quadratic Programming (I SQP) method. Another approach to deal with this problem
was to solve it as a smooth unconstrained minimization problem [1, 3]. Other methods
to solve this problem or similar problems can be found in [19, 13, 16].

Our work is mainly casting the problem: first as a semidefinite programming prob-
lem and second as a mixed semidefinite and second-order cone optimization problem.
A semidefinite programming (SDP) problem is to minimize a linear objective function
subject to constraints over the cone of positive semidefinite matrices. It is a relatively
new field of mathematical programming, and most of the papers on SDP were written in
1990s, although its roots can be traced back to a few decades earlier (see Bellman and
Fan [8]). SDP problems are of great interest due to many reasons, e.g., SDP contains im-
portant classes of problems as special cases, such as linear and quadratic programming.
Applications of SDP exist in combinatorial optimization, approximation theory, system
and control theory, and mechanical and electrical engineering. SDP problems can be
solved very efficiently in polynomial time by interior point algorithms [29, 32, 11, 6, 21].

The constraints in a mixed semidefinite and second-order cone optimization problem
are constraints over the positive semidefinite and the second-order cones. Although the
second-order cone constraints can be seen as positive semidefinite constraints, recent
research has shown that it is more effecient to deal with mixed problems rather than the
semidefinite programming problem. Nesterov et al. [21] can be considered as the first
paper to deal with mixed semidefinite and second-order cone optimization problems.
However, the area was really brought to life by Alizadeh et al. [5] with the introduction
of SDPPack, a software package for solving optimization problems from this class. The
practical importance of second-order programming was demonstrated by Lobo et al. [18]
and many subsequent papers. In [22] Sturm presented implementational issues of interior
point methods for mixed SDP and SOCP problems in a unified framework. One class of
these interior point methods is the primal-dual path-following methods. These methods
are considered the most successful interior point algorithms for linear programming.
Their extension from linear to semidefinite and then mixed problems has followed the
same trends. One of the successful implementation of primal-dual path-following methods
is in the software SDPT3 by Toh et al. [28, 25].

Similar problems, such as the problem of minimizing the spectral norm of a matrix
was first formulated as a semidefinite programming problem in [29, 26]. Then, these
problems and some others were formulated as a mixed semidefinite and second-order
cone optimization problems [18, 4, 23]. None of these formulations exploits the special
structure of our problem. For the purpose of exploiting the Hankel structure of the
variable in this problem we will introduce an isometry operator, hvec, taking n x n
Hankel matrices into 2n — 1 vectors. We will see later that using this operator gives our
formulations an advantage over the others.

Before we go any further, we should introduce some notations. Throughout this
paper, we will denote the set of all n X n real symmetric matrices by S,,, the cone of the
n x n real symmetric positive semidefinite matrices by S;F and the second-order cone of
dimension k by Qp, and is defined as

Qr={x¢€ RF . |z2:k]l2 < 21},

(also called Lorentz cone, ice cream cone or quadratic cone), where ||.||2 stands for
the Euclidean distance norm defined as ||z|s = /Y., 27, Vo € R" and zoy =
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[x2, 22, ... 7xk]T. The set of all n x n real Hankel matrices will be denoted by H,.

An n x n real Hankel matrix H(h) has the following structure:

hi  he o hy,
ha  hs o hpg

H(h)=| . . o . heR™M1
hn hpy1 -+ hop—

It is clear that H,, C S,,. The Frobenius norm is defined on S,, as follows:
|U|lr = VU e U = ||vec! (U)vec(U)|l2, VU € S,. (1.1)

Here UeU = trace(U-U) = 31", U?;, vec(U) stands for the vectorization operator found
by stacking the columns of U together and vec” is the transpose of vec. The symbols
= and >¢ will be used to denote the partial orders induced by S,J{ and Q9 on §,, and
RF, respectively. That is,

UV & U-VeSH VU VeS,

and
u>qgue u—ve Q Yu, v € RF.

The statement > 0 for a vector € R™ means that each component of x is nonnegative.
We use I and 0 for the identity and zero matrices.

Our problem in mathematical notation can, now, be formulated as follows: Given a
data matrix F' € R™*", find the nearest positive semidefinite Hankel matrix H(h) to F'
such that ||F'— H(h)||r is minimal. Thus, we have the following optimization problem:

minimize ||F — H(h)| r
subject to H(h) € H,, H(h)>=0. (1.2)

We describe briefly the alternating projection method. Although the rate of conver-
gence is slow, the method converges to the optimal solution globally, and provides us with
accurate solutions against which we can compare the results obtained by this method
with those of the interior point methods. Henc, we devote Section 2 to the projection
method. A brief description of semidefinite and second-order cone optimization prob-
lems along with reformulations of problem (1.2) in the form of the respective class will
be given in Sections 3 and 4, respectively. Numerical results, showing the performance
of the projection method against the primal-dual path-following method acting on our
formulations, will be reported in Section 5. Section 6 contains the paper’s conclusions.

2 The Projection Method

The method of successive cyclic projections onto closed subspaces C;’s was first proposed
by von Neumann [30] and independently by Wiener [31]. As a special case of their
algorithm, we show that if C; and Cy are subspaces and D is a given point, then the
nearest point to D in C7 N C5y can be obtained by the following algorithm:
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Alternating Projection Algorithm.

Let X; = D.

For k=1,2,3,...

Xpp1 = Pr(Pa(Xk)).

X}, converges to the nearest point to D in C; NCy, where P; and P» are the orthogonal
projections on C; and Cy, respectively. Dykstra [12] and Boyle and Dykstra [9] modified
von Neumann’s algorithm to handle the situation when C7 and C5 are replaced by convex
sets. Other proofs and connections to duality along with applications were given in Han
[17]. These modifications were applied in [15] to find the nearest Euclidean distance
matrix to a given data matrix. The modified Neumann’s algorithm when applied to (1.2)
yields the following algorithm, called the Modified Alternating Projection Algorithm:
Given a data matrix F, we have:

Let Iy = F.

For j =1,2,3,...

Fjy1 = Fj + [Ps(Pu(Fy)) — Pu(F})].

Then {Pg(F};)} and Ps(Pg(F};)) converge in Frobenius norm to the solution. Here,
Py (F) is the orthogonal projection onto the subspace of Hankel matrices H,. It is
simply setting each antidiagonal to be the average of the corresponding antidiagonal of
F. Ps(F) is the projection of F onto the convex cone of positive semidefinite symmetric
matrices. One finds Pg(F') by finding a spectral decomposition of F' and setting the
negative eigenvalues to zero.

3 Semidefinite Programming Approach
The semidefinite programming (SDP) problem in primal standard form is:

(P) minimizex CeX
subject to A; e X =b;, i=1,2,--- ,m, X =0, (3.1)
where all A;, C € S,, b € R™ are given, and X € §,, is the variable. This optimization

problem (3.1) is a convex optimization problem since its objective and constraint are
convex. The dual problem of (3.1) is

(D)  maximize, b’y

subject to Z%Ai =<C, (3.2)
i=1

where y € R™ is the variable. Problems (3.1) and (3.2) include many problems as
special cases and have many applications, in particular, (1.2). The following theorem is
useful in writing (1.2) in the form of (3.1).

Theorem 3.1 (Schur Complement) If

v=|g ¢

BT C©

where A € S nonsingular matriz and C € S,, then the matriz M is positive
(semi)definite if and only if the matriz C — BT A= B is positive (semi)definite.
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This matrix C — BT A~1B is called the Schur complement of A in M. Letting ||F —
H(Rh)||% < t, t is a nonnegative real scalar and noting that:

|F = H(h)|[% = vec" (F — H(h))vec(F — H(h)),
we have:
(F— H(h))vec(F — H(h)) <t
& t—vecl (F — H(h))Ivec(F — H(h)) >0

I vec(F — H(h))
vec! (F — H(h)) t

VeCT

Y
o

The last equivalence is a direct application of Theorem 3.1. Thus, problem (1.2) can be
rewritten as

(SDV)  minimize t,

t 0
subject to |0 H(h) 0] =0, (3.3)
0 0 V
where
I vec(F — H(h))
vecl(F — H(h)) t ’

which is an SDP problem in the dual form (3.2) with dimensions 2n (number of variables)
and n2+n+2 (size of the matrices), SDP problem (3.3) is very large even for a small data
matrix F. For example, a 50 x 50 matrix F will give rise to a problem with dimensions
100 and 2552, hence solving (1.2) using formulation (3.3) is not efficeint. Furthermore,
we do not exploit the structure of H(h) being Hankel. Another way of formulation that
produces an SDP problem with reasonable dimensions and exploits the Hankel structure
of H(h) can be done by means of the following isometry operator.

Definition 3.1 Let hvec : H,, — R?>"~! be defined as
hvec(U) = [u11 \/5’&1_]2 v = 1ur 1 Vnur g, Vo — lug, - \/iun,lyn unﬁn]T
for any U € H,,.

It is clear that hvec is a linear operator from the set of all n x n real Hankel matrices
to R?"~!. The following theorem gives us some characterizations of hvec.

Theorem 3.2 For the operator hvec, defined in Definition 3.1, the following condi-
tions hold: For any U,V € H,

1. U e U = hvec” (U)hvec(U).

2. |U = V|3 = hvec” (U — V)hvec(U — V).

Proof Part 1 is clear from the definition of the hvec operator. Part 2 is a consequence
of part 1. O

Part 1 implies that hvec is an isometry. We cannot take any advantage of this
theorem unless F' is Hankel. Projecting F' onto H,, using the orthogonal projection in
Section 2 gets a Hankel matrix, say F. The following proposition shows that the nearest
Hankel positive semidefinite matrix to F' is also the nearest to F.
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Proposition 3.1 Let F be the orthogonal projection of F' onto H,, and let H(h) be
the nearest Hankel positive semidefinite matriz to F, then H(h) is so for F.

Proof If a is positive semidefinite, then we are done. If not, then for any T' € H,,
we have (F — F)" o (F—T) =0 since F is the orthogonal projection of F. Thus,
|F=T|%=F-Flp+[F-T|% O

As a consequence of this proposition, the following problem is equivalent to (1.2):

minimize ||F — H(h)|r
subject to H(h) € H,, H(h)* 0. (3.4)

3.1 Formulation I (SDH)

From Theorem 3.1, the following are equivalences (for ¢t > 0 € R):

IF —H(h)|3 <t

& hvec” (F' — H(h))hvec(F — H(h)) <t by Theorem 3.2
& t —hvec” (F — H(h))Ihvec(F — H(h)) <0
& ! hvec(F" — H(h)) =0 by Theorem 3.1

hvec” (F — H(h)) t
Hence, we have the following SDP problem:

(SDH)  minimize ¢,

t 0
subject to |0 H(h) 0] =0, (3.5)
0 1%
where
7o I hvec(E — H(h))
= |hvec” (F — H(h)) t '

This SDP problem has dimensions 2n and 3n + 1 which is far better than (3.3).

3.2 Formulation IT (SDQ)

Another way for formulating (1.2) is through the definition of the Frobenius norm:
|F—H(h) % =y"Py+2¢"y +r,

where

Yy = [hl h2 hgn_l]T, P:diag([l 2---mn -2 1]),
g =—>"i=1 F(i,j), k=1,2,---2n—1 and r=|F|%.

itj=k+1
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Now, we have for a nonnegative real scalar ¢

|F—H|% <t
& yI'Py+2¢Ty+r <t
& (PY2)T(PY2y) 4 2¢Ty +1r <t

& t=2¢"y—r— (PPyTI(P?y) >0

I (P'/2y)

-
(PY2y)T t—2q"y—r] =

Hence, we have the following SDP problem:
(SDQ)  minimize ¢,

t 0
subject to |0 H(h) 0| =0, (3.6)
0 0 Q
where
I (P/2y)

= [(prayT 1 —2gmy ]

This SDP problem is of dimenstions 2n and 3n+1. Although problem (3.6) has the same
dimentions as problem (3.5), it is less efficient to solve it over the positive semidefinite
cone 8,7, especially when F is large in size. In practice, as we will see in Section 5, it
has been found that the performance of this formulation is poor. The reason for that
is the matrix P being of full rank and hence the system is badly conditioned. A more
efficient interior point method for this formulation can be developed by using Nesterov
and Nemirovsky technique [20] to reformulate it over the second-order cone as described
in Section 4.

The last formulation seems to be straight forward, but it was found that using this
formulation to solve similar problems was not a good idea. The reasons for that will be
discussed in the following section when we talk about second-order cone programming.
This fact about SDQ formulation will be clear in Section 5 when we use it to solve
numerical examples with n > 50. The SDV formulation does not compete favorably with
the other two SDH and SDQ formulations due to the amount of work per one iteration
of interior-point methods that solve SDV fomulation is O(n®), where n in the dimension
of F and O(.) is the order of convergence. The SDV formulation is even slower than the
projection method. Hence, using the SDV formulation to solve (1.2) is time consuming.
This leaves us with SDH formulation from which we expect good performance, since it
does not have the illness of SDQ nor the huge size of SDV.

4 Mixed Semidefinite and Second-Order Cone Approach

The primal mixed semidefinite, second-order and linear problem SQLP is of the form:
(P')  minimize Cse Xg+ChHXq+CL X,
subject to  (Ag); @ Xs + (AQ)I Xg + (AL)  Xp =b;, i=1,2,---,m
Xs=0,Xp>00,Xr >0, (4.1)



218 MOHAMMED M. ALSHAHRANI AND SULIMAN S. AL-HOMIDAN

where Xg € S, Xqg € R¥ and X € R™ are the variables. Cs, (As)i € Sp, Vi
Co, (Ag)i € RFViand Cr, (AL); € R™ Vi are given data. Each of the three inequalities
has a different meaning: Xg = 0 means Xg € S;{, Xg >¢g 0 means that Xq € 9 and
X1 > 0 means that each component of Xy is nonnegative. It is possible that one or
more of the three parts of (4.1) is not present. If the second-order part is not present,
then (4.1) reduces to the ordinary SDP (3.1) and if the semidefinite part is not present,
then (4.1) reduces to the so-called convex quadratically constrained linear programming
problem.
The standard dual of (4.1) is:

(D) maximize bTy

subject to Zyi(As)i = Cs
i—1

Y 4i(AqQ)i <q Cq

i=1
> wi(Ap)i < Cr. (4.2)
i=1

Here, y € R™ is the variable.

In our setting, we may drop the third part of the constraints in (4.1) and its dual
(4.2), since we do not have explicit linear constraints. One natural claim can be made
here: in (1.2) the objective function can be recast as a dual SQLP in three different
ways.

4.1 Formulation III (SQV)
One way to define ||F — H(h)||F is

[F'— H(h)||r = |[vec(F — H(h))[2-

So, if we put [|[F'— H(h)||p < t for t € RT, then by the definition of the second-order
cone, we have
t
km@—HWﬂe%Ml

Hence, we have the following reformulation of (1.2):

(SQV)  minimize ¢,

subject to [é H((’h)] =0
[Vec(F i H(h))} 2q 0. (4.3)

4.2 Formulation IV (SQQ)

The second definition is as introduced in Subsection 3.2, i.e.,

|F—HMn)|: =y Py+2q¢"y+r.
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Hence, we have the following equivalent problem to (1.2)

minimize  yT Py +2¢Ty +r
subject to  H(h) € H,, H(h)>0. (4.4)

But
y"Py+2¢"y+r =Py + P23+ —g" P g
Now, we minimize |[F' — H(h)||% by minimizing ||P'/2y + P~1/2
the following problem:

q||2. Thus we have

(SQQ)  minimize ¢,

. t 0
subject to [O H(h)} =0

t
[Pl/2y+P—l/2q:| 2q 0, (45)

where t € RT. Again, this problem is in the form of problem (4.2). Here, the difference
between this form and SQV is in the second-order cone constraint since the SDP part is
the same as SQV. The dimension of the second-order cone in SQV is 1 +n? and in SQQ
is just 2n, which makes us expect less efficiency in practice when we work with SQV. The
optimal value of SQV is the same as that of problem (1.2), whereas the optimal values
of SQQ (4.5) and (4.4) are equal up to a constant. The optimal value of (4.4) is equal
to (p*)2 +r — ¢I' P~1q, where p* is the optimal value of (4.5). It may be noticed that
we did not talk about the constraint of H(h) being Hankel. This is because the Hankel
structure of H(h) is embedded in the other constraints.

4.3 Formulation V (SQH)

The last formulation will take advantage of the Hankel structure of H(h) explicitly. The
vectorization operator hvec on Hankel matrices, introduced in Section 3 will be used.
From Theorem 3.2, we have the following:

IE — H(h)||F = |[hvee(F — H(h)]2,
where ' = Py (F) which leads to:
(SQH)  minimize ¢,
. t 0
subject to {O H(h)} =0

{hvec(Ft— H(h))] 2q 0. (4.6)

The dimension of the second-order cone in this form is 2n, the same as that of SQQ.
The optimal solutions of (4.6) and (1.2) are also identical.

Table 4.1 shows the dimensions of the semidefinite part (SD part) and the second-
order cone part (SOC part) for each formulation. For the formulations SDH and SDQ,
the second-order cone part is not applicable, so the cell in the table corresponding to
that is left blank.
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Formulation SD part SOC part
SDV 2n x (n? +n+2)
SDH 9 % (3n + 1)
SDQ 2n x (3n+1)
SQV 2n x (n+1) n?+1
SQQ 2n x (n+1) 2n
SQH 2n x (n+1) 2n

Table 4.1: Problem dimensions

In practise, we expect that the mixed formulations are more effecient than the SDP-
only formulations, especially the SQQ and SQH which have second-order cone constraint
of least dimension. The interior point methods for SOCP have better worst-case com-
plexity than an SDP method. However, SDH has a less SDP dimension with no illness
such as that SDQ has, which makes SDH a better choice among other SDP. This is due to
the economical vectorization operator hvec. Practical experiments show a competitive
behaviour of SDH to SQQ and SQH (see Section 5).

5 Numerical Results

We will now present some numerical results comparing the performance of the methods
described in Sections 2, 3 and 4. The first is the projection method and the second is
the interior-point primal-dual path-following method employing the NT-direction. The
latter was used to solve five different formulations of the problem.

A Matlab code was written to implement the modified alternating projection method.
The iteration is stopped when ||Ps(Pg(F;)) — Pu(F;)||r < 1078,

Size Time (sec.)
Pro. | SDH | SDQ | SQH | SQQ | SQV
10 2 2 1 1 1 1
9 1 1 1 1 1
11 ) 4 3 4 2
30 14 5 4 2 2 2
50 117 10 12 ) 7 )
30 11 11 4 3 )
100 61 53 64 28 20 28
1003 48 42 22 25 21
200 16239 | 389 | 284 | 324 | 322 | 284
4883 | 355 | 420 | 255 | 268 | 230
400 | 36556 | 4970 | 3913 | 3775 | 4098 | 2505

Table 5.1: Performance comparison (time) among the projection method and the path-
following method with the formulations SDH, SDQ, SQH, SQQ and SQV.

For the other methods, the software SDPT3 ver. 3.0 [27, 25] was used because of
its numerical stability [14] and its ability to exploit sparsity very efficiently. The default
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Size Iterations
Pro. | SDH | SDQ | SQH | SQQ | SQV
10 1253 16 18 14 14 11
6629 18 17 14 14 11
30 1215 34 32 35 47 24
1443 33 33 29 29 20
50 4849 32 41 25 36 24
1295 32 42 22 18 26
100 504 34 45 27 19 26
8310 33 28 23 26 20
200 22672 31 22 33 31 25
6592 28 32 23 27 22
400 7870 28 25 26 26 18

Table 5.2: Performance comparison (number of iterations) among the projection method and
the path-following method with the formulations SDH, SDQ, SQH, SQQ and SQV.

starting iterates in SDPT3 were used throughout with the NT-direction. The choice of
the NT-direction came after some preliminary numerical results. The other direction is
HKM-direction which we found less accurate, although, faster than the NT-direction.
However, the difference between the two in speed is not of significant importance.

The problem was converted into the five formulations described in Sections 3 and 4.
A Matlab code was written for each formulation. This code formulates the problem and
passes it through to SDPT3 for a first time. A second run is done with the optimal iterate
from the first run being the initial point. This process is repeated until no progress is
detected. This is done when the relative gap:

\P— D
max{1, (|P|+ |DJ)/2}

of the current run is the same as the preceding one. (Here, P and D denote the optimal
and the dual objective values, respectively).

Our numerical experiments were carried out on eleven randomly generated square
matrices with different sizes, namely: 10, 30, 50, 100 and 200, two for each size and one
of size 400. Each matrix is dense and its entries vary between —100 and 100 exclusively.

All numerical experiments in this section were executed in Matlab 6.1 on a 1.7GHz
Pentium IV PC with 256 MB memory running MS-Windows 2000 Professional.

Table 5.1 compares the CPU time. We notice that the consumed time gets larger
more rapidly in the projection method with the size of the data matrix F. An obvious
remark is that the projection method is the slowest; it is at least seven times slower than
the slowest of the five formulations of the path-following method. However, the difference
in time between the five formulations is not big enough to have a significant importance.

Another clear advantage is in terms of number of iterations as shown in Table 5.2.
Although the amount of work in each iteration is different for each method, it is still fair
to consider it to be a comparison factor.

Table 5.3 shows how close, in Frobenius norm, the optimal solution of each method,
H(h)*, to the data matrix F. The projection and the path-following methods with the
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Size Norm
Pro. SDH SDQ SQH SQQ SQV
10 96.6226 96.6226 96.6226 96.6226 96.6226 96.6226
94.8320 94.8320 94.8320 94.8320 94.8320 94.8320
30 307.9339 | 307.9339 | 307.9406 | 307.9339 | 307.9339 | 307.9339
327.6784 327.6784 327.6784 327.6784 327.6784 327.6784
50 494.3805 | 494.3805 | 494.5038 | 494.3805 | 494.3805 | 494.3805
497.4383 | 497.4383 | 497.6330 | 497.4383 | 497.4383 | 497.4383
100 991.8832 991.8832 994.8612 991.8832 991.8832 991.8833
997.4993 | 997.4993 | 998.8048 | 997.4993 | 997.4993 | 997.4994
200 1986.9397 | 1986.9398 | 1990.0924 | 1986.9402 | 1986.9402 | 1986.9414
1994.8409 | 1994.8410 | 1998.6048 | 1994.8410 | 1994.8410 | 1994.8418
400 | 3998.4967 | 3998.5047 | 4001.9242 | 3998.5007 | 3998.5007 | 3998.6166

Table 5.3: Performance comparison (norm ||H (h)* — F||r) among the projection method and
the path-following method with the formulations SDH, SDQ, SQH, SQQ and SQV.

Size Error
SDH SDQ SQH SQQ SQV
10 63x107° [ 34x1079 [61x107° | 6.1x1077 [ 1.3x10°°
6.4x107° [ 32x1078|36x10"%|3.6x1078|12x10°
30 75x10719 ] 6.7x107% [ 26x107% [ 3.0x10°8 ] 9.7x 1078
1.6 x1072 | 9.0x 1072 | 20x 1077 | 2.0x 1072 | 1.2 x 10~8
50 1.9x1077 [ 1.2x1071 [ 89x 1077 [ 9.0x 1079 | 2.1 x 107°
3.7x107° 0.2 78 %1077 | 8.0x 1079 | 2.1 x 107°
100 5.1 x 10~10 3.0 1.8x10°8[18x10°% | 1.0x10~*
9.2 x 10710 1.3 58 x 1078 | 5.8 x 1078 | 1.5 x 1074
200 6.6 x 10°° 3.2 44%x107* [ 42x107* [ 1.6 x 1073
1.1 x 107* 3.8 9.1x107° |1 9.1x107° | 9.3 x 10°*
400 | 8.0 x 1073 3.4 40%x1072 [ 40x1073 | 1.2 x 107 ¢

Table 5.4: Performance comparison (error).

formulation SDH, SQH and SQQ gave the same result to some extent. The formulation
SDQ couldn’t cope with the others as the problem size gets larger. The poor performance
of this formulation is due to the matrix P being of full rank. The formulation SQV is
less accurate than SDH, SQH and SQQ which is reasonable especially if we notice that
the dimension of the second-order cone in this formualtion is 1 + n? (see Table 4.1).

Table 5.4 gives a measure of how close the optimal solutions of SDH, SDQ, SQH,
SQQ and SQV are from that of the projection method which is the most accurate. The
error is computed simply by evaluating the difference between the norm || H (h)* — F||p of
the projection and the norm obtained by the different formulations of the path-following
method.
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6 Conclusions

The projection method, despite its accuracy, is very slow. On the other hands, the path-
following method with SDH and SQQ formulations is very fast, sometimes more than
40 times faster than the projection method (see Table 5.1 when n = 200), and gives
results of acceptable accuracy. The SQH, SQQ and SQV formulations did not gain any
considerable advantage out of solving our problem as a mixed semidefinite and second-
order cone problem. This can be seen clearly by noticing the good performance of the
formulation SDH, which solves the problem as a semidefinite program. However, it is well
known that positive definite Hankel matrices are extremely ill-conditioned; the optimal
condition number for these matrices grows exponentially with the size of the matrix
[7]. Therefore, computing the spectral decomposition (projection method) or solving the
underlying linear systems (SDP/SOCP methods) might be numerically impractical.
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Abstract: Mathematical programs with equilibrium constraints, shortly
MPEC, are optimization problems with parametric variational inequality con-
straints. MPEC include bilevel convex programming problems, mathematical
programs with complementarity constraints, Nash-Cournot oligopolistic mar-
ket models, as well as optimization over the efficient set of an affine fractional
multicriteria program as special cases. MPEC are difficult global optimization
ones, since their feasible domains, in general, are not convex even not connected.
In this paper we consider linear programs with affine equilibrium constraints.
We use the Lagrangian duality to compute lower bounds for a decomposition
branch-and-bound procedure that allows approximating a global optimal solu-
tion of problems in this class of MPEC. Application to optimization over the
efficient set of a multicriteria affine fractional program is discussed.
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1 Introduction

Mathematical programs with equilibrium (or variational inequality) constraints, shortly
MPEC, are optimization problems whose constraints include parametric variational in-
equalities. For these problems we refer the readers to the comprehensive monograph [16]
and the interesting bibliography paper [8]. MPEC play an important role, for example,
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in the design of transportation networks, in economic models (see e.g. [13, 16]). These
problems also include, as special cases, mathematical program with complementarity con-
straints, the bilevel convex programming problem, where some variables are restricted to
be in the solution set of a parametric convex optimization problem, and the optimiza-
tion over the efficient set of an affine fractional multicriteria program. Mathematically,
for finite dimensional case, a mathematical program with equilibrium constraints can be
written as

minimize f(z,y)

subject toz € X,y €Y, (z,y) € Z

and y solves the parametric variational inequality,

find y € C(x) such that (F(z,y),v —y) >0 Vv € C(z),

where X C R™, Y C R™, Z C R"x R™, are nonempty closed convex sets; f : X XY — R,
F:XxY — R™and C: R" — 28" is a multivalued mapping. The MPEC which are
known to be very difficult ones, being nonsmooth and nonconvex also under very favorable
assumptions. Further, the computation of the (generalized) gradients of the constraints
can be difficult, except special cases.

Several heuristic and deterministic methods were developed for finding local opti-
mal solution to the MPEC. In [13] heuristic algorithms were suggested for solving some
classes of MPEC. In [24] Outrata and Zowe converted a mathematical program with
equilibrium constraints into an unconstrained nonsmooth Lipschitz optimization prob-
lem. Then one may use well developed nonsmooth optimization numerical methods for
locally solving the converted problem. In [9] Facchinei et al applied known methods of
nonlinear optimization to a regularized reformulation of the MPEC. Based on the study
of subanalytic optimization problems and with the help of the theory of error bounds,
some exact penalty results for the MPEC were proved by Lin and Fukushima in [15].
Recently, in [19] Mordukhovich discussed optimality conditions for the MPEC and EPEC
(equilibrium problems with equilibrium constraints) by using tools of variational analysis.

Due to its nested structure, the feasible domain of a mathematical program with
equilibrium constraints, even in the linear case, in general, is disconnected and may be
neither open nor closed. Thus the MPEC are difficult global optimization ones and
therefore it is less hope to develop an algorithm for finding global optimal solutions
to general MPEC. In [21] a branch and bound algorithm based on a binary search is
proposed for globally solving a class of mathematical programs with affine equilibrium
constraints. The binary search method proposed in that paper works well for the case
when the number of constraints defining the variational inequality-constraint is somewhat
small, but it quickly becomes expensive when this number gets larger.

In this paper, we continue our work in [21] by using the Lagrangian duality bound to
develop another branch-and-bound algorithm for globally solving a class of mathematical
programs with affine equilibrium constraints. By contrast to the method in [21] the global
optimization operation in this algorithm takes place in the y- space rather than the space
of the Lagrangian variables. Thus it is expected that the proposed method works well
when the number of the y-variables is somewhat small while the number of the constraints
as well as the number of the z-variables may be much larger.

The rest of this paper will be organized as follows. In the next section we state the
problem to be solved and list some of its special cases such as bilevel convex programming,
optimization over the efficient set and Cournot-Nash oligopolistic market models. In
the third section, first we show how to use the Lagrangian duality to compute lower
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bounds. Then we describe in detail a branch-and-bound algorithm when the vertices of
the constrained set Y are known in advance. The last section is devoted to description of a
relaxation algorithm that does not require prior knowledge of these vertices. Applications
of the proposed algorithms to the optimization problem over the Pareto-efficient set of a
multicriteria affine fractional program are also discussed in this section.

2 The Problem Statement and Examples

In what follows we restricted our attention to a special class of MPEC; namely, we
consider the following affine MPEC that we call shortly AMPEC:

minimize {f(z,y) := aTz + b7y}

subject to z € X,y €Y, (z,y) € Z :={(z,y) : Mx+Ny+p<0,}
and y solves the parametric variational inequality

find y € Y such that (P(y)z+Qy+qv—y)>0Vv eY VIP(z)

(P)

where X C R", Y C R™ are nonempty closed convex sets, p € R', a € R",q,b € R™
and for each y € Y, P(y), @, M and N are given appropriate matrices.

Let S(x) denote the solution-set of VIP(z). As usual we call a couple (z,y) such that
(x,y) e Z,x € X,y €Y,y e S(zx) a feasible solution to Problem (P).

First we mention some important special cases of this problem.

Example 2.1 (Convex quadratic bilevel program). We consider the parametric vari-
ational inequality VIP(z), where P(y) = P, and @ is a symmetric positive semidefinite
matrix. In this case, since Y is convex, it is well-known that VIP(x) is equivalent to the
convex programming problem

1
min{§yTQy + (P2)Ty+q"y ye Y} .

Thus AMPEC problem (P) can be equivalently rewritten as a convex bilevel problem of
the form

min { f(z,y) == alz + bTy}
subject to
(z,y) € Z1:={(x,y) : Mz+Ny+p<0,z€X,yeY}

where y solves the convex quadratic program
(1
mln{inQy +(P2)Ty+q"y :ye Y} . (Cy)

Example 2.2 (Optimization over the weakly efficient set). Other examples for the
AMPEC are optimization problems over the efficient (Pareto) and weakly efficient sets
of a multicriteria (vector) affine fractional program. These problems have been recently
considered by some authors (see e.g. [17, 20, 22, 29]). The problems can be formulated in
forms of AMPEC. To this end, consider the affine fractional vector optimization problem

ATy + 5 Alv+s,
Bfv+1t,""7 Blv+t,

vmin{ F(v) := ( ) : veVl, (VP)
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where V' C R™ is a bounded polyhedral convex set, A;, B; are m-dimensional vectors,
si,ti (i = 1,...,p) are real numbers. As usual we assume that Bl v +¢; > 0 for all
v e Vandalli =1,...,p. Thus F is continuous on V. We recall that a point v € V
is said to be an (Pareto) efficient (resp. weakly efficient) solution of (VP) if there does
not exist w € Y such that F(w) < F(v), F(w) # F(v) (resp. F(w) < F(v)), By
E(F,V) (resp. WE(F,V)) we will denote the set of all efficient (resp. weakly efficient)
solutions of (V P). It is well-known (see e.g. [27]) that if V' is compact, then the efficient
set is nonempty. Hence so is the weakly efficient set, since F(F,V) C WE(F,V). An
optimization problem over the efficient set (resp. weakly efficient set) is the problem of
optimizing (minimizing or maximizing) a real-valued function f over the efficient (resp.
weakly efficient) set of (V' P). These minimization problems can be written respectively
as

min{f(v) :v e E(F,V)}, (2.1)

min{f(v) :ve WE(F,V)}. (2.2)

Note that, in general, both the efficient and weakly efficient sets are not convex. The
weakly efficient set is closed but the efficient set may be neither closed nor open [7].
Thus these problems are difficult global optimization ones.In order to formulate these
problems in the form of AMPEC we use the following theorem due to Malivert [17].

Theorem 2.1 ([17]) A vector v € V is efficient (resp. weakly efficient) if and only
if there exist real numbers u; > 0 (resp. u; > 0 not all zero) for alli=1,...,p such that

p
Z <u1[(BlTv +t)A; — (ATv + 54) B, v — w> <0 YwelV.
i=1

In virtue of this theorem the problems (2.1) and (2.2) can be written as

min f(v) subjectto v € V, u; > 0 notallzero Vi =1, ..., p,
le <ul[(Bva +t:i)A; — (ATv + s;)Bi], v — w> <0 YwelV,

and

min f(v) subject to v € V, u; > 0 not all zero Vi =1, ..., p,
- <ui[(va Ft)A; — (ATw + s))Bi] v — w> <0 VweV

respectively.
Define the (m x p)-matrix P(v) by setting
Pv) := {(BlTv +t1)A; — (ATv +51)By, ..., (Bgv +t,)A, — (A;{v + sp)Bp}.
Then we can rewrite these problems in the forms
min{f(v): veV,u>0, (P(v)u,w—v)>0VYweV} (2.1a)
and

min{f(v): ve€V,u>0, (P)u,w—v) >0VweV} (2.2a)

respectively.
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Clearly, the latter problem is of the form of AMPEC where v and u play the roles of
y and x respectively, and M =0, N =0, Q =0, p=0, ¢ = 0. If in problem (2.1a) we
replace the constraint « > 0 by w > § with ¢ > 0 sufficiently small as desired, we obtain
an approximation problem to (2.1a) that is of the form of AMPEC.

In an important special case where B; = 0 and s; = 1 for all 4, Problem (VP) becomes
a linear vector program. In this case, it is well known [17, 27], both the efficient and
weakly efficient sets are closed, but, in general, not convex. Thus Problems (2.1) and
(2.2) remain global optimization ones, since there are local optimal solutions that are not
global optimal ones. In this linear case due to a theorem of Philip [25] Problem (2.1a)
can take the form of AMPEC as

min{f(v): ve V,u >4, (PWu,w—v)>0VYweV},
where ¢ > 0 is sufficiently small. Note that in this linear case

P(’U) =P := (tlAl,tQAg,. . .tpAp)
is independent of v.

Example 2.3 (Nash-Cournot market model). The third section of AMPEC is a
Nash-Cournot oligopolistic market model (see e.g. [10, 12]). The model can be described
as follows.

Suppose that there are m-firms (sectors) that supply a homogeneous product whose
price p; at sector j (j =1,...,m) depends on total producing quantity and is given by

m m
i wi) == 5> v,
i=1 i=1

where o; > 0, 8; > 0 are given constants whereas y; is the quantity of goods supplied
by firm ¢ that we have to determine. Suppose further that to produce the goods the
firms need n-different materials represented by a nonnegative vector x € R"™. Let z;
(i = 1,...,n) be the quantity of material ¢ needed to produce a unique of goods. Let
¢ij > 0 denote the price of a unit material 7 for firm j (i =1,...,n, j = 1,...,m). Assume
that the cost of firm j is given by

n
hj(z,y;) =y, Zcijxi +90;, j=1,..,m,
i=1

where 6; > 0 is fixed charge cost at firm j. Then the utility function of firm j can be
given by

ui(w,y) = p; (O vi)y; — i, ).
i=1
Let
Xi={t : 0<t<&} (i=1,..,n),
YVii={r : 0<7<n;} G=1,...m),

where &; is the upper bound for material ¢, and n; is the upper bound for the quantity
of goods can be produced by firm j.
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Let
X =X1xX0..xX,, Y=Y x..xY,

be the feasible (strategy)-sets of the model.

Given z € X each firm j seeks to find its producing quantity y; such that its benefit
u;j(z,y) is maximal. However, a maximal policy for all firms altogether, in general, does
not exist. So they agree with an equilibrium point in the sense of Nash.

By definition, a vector (y7,...,y%,) € Y1 x Ya... X Yy, is said to be a (Nash) equilibrium
point with respect to * € X if

{ uj(x*ayT7"'7y;715yj7y;+17"'7y:‘n) ) (23)
< (T Y s Y Y Y s - Un) VY € Y,V

We will refer to a pair (x*,y*) satisfying (2.3) as an equilibrium pair of the model.

Besides the utility function of each firm, there is another cost function (leader’s ob-
jective function) f(z,y) depending on x and the quantity y of the goods. The problem
to be solved is of finding an equilibrium pair that minimizes leader’s objective function
over the set of all equilibrium pairs. This problem can be formulated as a mathematical
program with affine equilibrium. To this end let

B A

Applying Proposition 3.2.6 in [12] we see that a point (y1,...,¥m) is equilibrium with
respect to z if and only if it is a solution to the variational inequality problem

FindyeY : (F(z,y),z—y) >0 Vze€Y,
where F'(z,y) is m-dimensional vector whose jth component is
Fy(z,y) == Hj(z,y) — pj(oy)e — Vp;(oy)y. (2.5)

Using (2.4) and (2.5) we have

doimy cinmi —an + 01200y + B

F(z,y) = e N
Ei:l CimT; — Qy + 6771 Ej:l Y; + 6mym
=P(y)r+Qu+q,
where
260 B oo B
209 ...
Q=| 2722 26
5m 5m e 20m
and P(y) is the n x m matrix independent of y whose P;; entry is
Pj=cj j=1,.,m,i=1.,n, (2.7)

and
g= (61— a1, ..., bm — am)T. (2.8)
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Thus problem to be solved can take the form

min f(x,y) subject to

reX=X1x..xX,, yeY =Y x...xY,,
where y solves the parametric variational inequality
(Pr4+Qy+gq,z—y)>0 VzeY,

with @, P and ¢ being given by (2.6), (2.7) and (2.8) respectively. Clearly, this problem
is of form (P) with M =0, N =0,p = 0.

3 A Lagrangian Bounding Algorithm

The algorithm to be described in this section relies on the branch-and-bound strategy.
Two main operations in a branch-and-bound algorithm are bounding and branching
ones. The Lagrangian bound is widely used in global optimization as well as in discrete
programming [6, 11, 14, 26]. To the algorithm we are going to describe for AMPEC
problem (P) we also use the Lagrangian bounding operation.

3.1 The Lagrangian Bound

First, we consider the case when Y is a polytope and all of its vertices are known in
advance. This case occurs frequently, for instant, in economics equilibrium models where
Y is a simplex or a box. Let y', 42, ...,4° be the vertices of polytope Y. It is easy to
verify that

(Ply)r+Qy+gq,z—y)>0VzeY

if and only if
(P(y)r+Qy+q.y* —y) >0Vk=1,..,5

Thus, AMPEC problem (P) can be rewritten equivalently as

minimize {f(x,y) = o’z + b7y}

subject toz € X,y €Y, (z,y) € Z:={(x,y) : Mz + Ny+p <0},
and y € Y satisfying inequalitis

(P)r+Qu+ay" —y) 20Vk=1,..s

(P)

Let
Y :={yeY :3z e X such that Mz + Ny +p <0,

(P +Qu+qy" —y>0Vy=1,...,s}.

Note that if (P(y)z,y) is convex with respect to y, in particular when X C R? and
P(y) = P (see examples 2.1, 2.2 for linear case and 2.3 ), or when P(y) = Diag(y), then
Y is convex.

Define the function ¢ : ¥ — IR by setting, for each y € Y,

@(y) == ming { f(z,y) :== a"z + 0"y}
s.t. z€X,(z,y) € Z:={(x ):M:c+Ny+p§0}, (P,)

a
<P(y)£v+62y+q,y - >ZOV/€_1

Then the master problem A
min{p(y) : y €Y} (MP)
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is equivalent to Problem (P) in the sense of the following proposition whose proof is
obvious directly from the definitions.

Proposition 3.1 A point (z*,y*) is optimal to Problem (P) if and only if y* is
optimizer to (MP) and f(z*,y*) = ¢(y*).

Note that, unlike global optimization problems having nonconvex feasible domains,
feasible points of a MPEC problem can be computed by available methods of variational
inequalities (see e. g. [1, 2, 10, 12] and the references therein). However for Problem
(P), a feasible point can be obtained by solving a suitable linear program. In fact, if
y € Y is fixed and ¥ is an optimal solution of the linear problem (P,) then (z¥,y) is
feasible for (P). So upper bounds for the optimal value w, of (P) can be computed by
solving a linear program. As the algorithm executes more feasible points can be found,
and thereby upper bounds for w, can be iteratively improved.

We now compute a tight lower bound for w, by using Lagrangian duality. To be
specific suppose that X is given explicitly as

X ={zeR": 2>0,Az+d <0},

where d € R! and A is [ x n-matrix. Let S be a fully dimensional simplex or a rectangle
in y-space such that SNY # (). Consider Problem (P) restricted on SNY, i.e.,

w,(S) = min f(z,y) == a’z + by
T,y

subject to
Mx+Ny+p<0
Az +d<0,2>0, ye SNY (Ps)
(Py)zr+Qu+qy—yF) <0 VE=1,..,s.

Let L(z,y, A, p1,§) be the Lagrangian function of this problem associated with all con-
straints except the constraints z > 0, y € SNY. That is

L(x,y, A 1, €) 1= a"w+b"y+ > MNe(P()a+Qu+¢, y—y") +u" (Ma+Ny+p)+£" (Az-+d).
k=1

Define the function m(y, A, 1, €) as
m(y, A, s €) := Inf L(z,y, A, 1, §).
From the Lagrangian duality theorem we have
m(y, \, 11, &) < o(y) VAZO,MEO,gzo,yESﬂY. (3.1)

Since for each fixed y the functions Mz + Ny+p, Az+d, and (P(y)z+Qy+q,y—y*) Vk =
1,..., s are affine with respect to z, by the Lagrangian duality theorem, we have

sup  m(y, \ 1, &) = p(y) VyeSNY.
Ap,€20,
Let

75()\5 L,y g) = minA m(yv )\a 12 g)
yeSNY
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Then from (3.1) it follows that

yesSNy
Thus
sup vs(A, 1, €) < ws ().
A p,620
Hence
B(S) = sup 7ys(\ p,¢) (3.2)

A p,620

is a lower bound B(S) for w,(S). The following lemma states that this lower bound can
be computed by minimizing a certain convex function on SNY.

Lemma 3.1 Suppose that Q) is positive semidefinite matrix. Then

B(S) = min_gs(y),
yesny

where
gs()= sup  {bTy+> M(Qu+aqy—y")+u" (Ny+p)+¢7d}
(X ,6)€Q(S) =1
18 convex on S and
QS) = {( A\ &) A>0,u>0,£>0,Gy(\ 1, &) >0 Ve SNY}
with

G &) = at M+ EA+ 3 M(P)T (0 — 4)
k=1

Proof From (3.1) and the definition of vg(\, u, £), it follows that

6(‘9) = Sup ”)/S(A,[L,f) = Ssup minA m(yv)\a,u‘vg)
A, p1,E20 Au,E>0yesSny

Hence

B(S) = SUPy . ¢>0 minyesm} ming>o L(x,y, A, 1, §) =

SUD u,¢>0 My ¢ gy [mianO{aTw +0Ty + 35 M(P(W)z + Qu+ ¢,y — yF)
+uT(Mz + Ny +p) + €T (Az + d)}} -

SUD) y ¢>0 M, gy [{bTy + 2 M (Qu+ ¢y — yF) + p" (Ny +p) + E7d}

+ming>o{a’z + pT Mz + T Az + 37 M(P(y)z,y — y*)}|.

(3.3)
We now consider the last term of (3.3), that is

T T T kvy _
gcnzuol{a r+p Mz +¢€ A:z:—|—];/\k<P(y)x,y—y )=
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min{a”e + " Ma + € Az + Y Aela, PT(y)(y —y*))} =
= k=1

min{a”e + " Ma + € Ax+ (2, ) WP () (y —y*))} =
= k=1

. T T T .k
min(z, a+ M7 p + A §+;/\RP W)y —y"),

here and afterward, P*(y) denotes the transportation of the matrix P(y).
If there exists v € S NY such that

a+ M+ ATE+ DY NPT ()(v—y*) 0 YAZ0,u>0,£>0,
k=1

then

. T D N
glzlg<x,a+uM+§A+;AkP (v)(v —y*)) = —o0.

So, the supremum in (3.3) can be taken over, all A > 0, u > 0 and £ > 0 satisfying
a+MTpu+ ATE + i)\kPT(v)(v ") >0 wwesny.
k=1
Clearly, under the condition
a+uM+§A+zS:AkPT(y)(y—yk) >0 Wyesny,
k=1

one has

. T T T kY
min(z,a+ M7p+ A §+;/\kP W)y —y")) = 0.

Thus we deduce from (3.3) that

B(S) = supy ,, ¢50 Min, ¢ gy {bTy + 2 M(Qy+ ¢y —y") + T (Ny +p) + éTd}
subject to

a+MTp+ATE+5_ MPT(w)(v—y*) >0 Yoe Sn Y.

(3.4)
Let
QS) = {(A\ & A=0,u>0,£>0,Gu(A\p, &) >0VveSNY}.
Then Q(S) is a closed convex set and
{ B(S) = sup(x e eq(s) Minye gy {07y + 2oy A(Qu + @,y — y*)+ 55)
n"(Ny +p) + £7d}.
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Since, by the assumption, @ is positive semidefinite, the function

BTy + > M(Qy+a,y—y*) + 4" (Ny+p)+¢d
k=1

is convex-linear on (S NY) x Q(S). Then, by the well known minimax theorem, we can
interchange the supremum and infimum in (3.5) to obtain

B(S)= min_ sup  {BTy+ > M(Qy+aq.y—vF)+u"(Ny+p)+¢"d)
YESAY (A1) €Q(S) =

Note that, since

by + > M(Qutay—y") + " (Ny+p)+¢"d
k=1

is convex with respect to y, the function

gs()= sup  {bTy+> M(Qu+aq.y—y") +u" (Ny+p)+¢7d}
(A E(S) =

is convex on S NY. Hence

is a convex program. O

Remark 3.1 (a) If PT(y)y — PT(y)y" is concave on Y (in the sense that its every
component is concave), then (5) is a polyhedral convex set, since it can be represented
by a finite affine inequalities. Indeed, since P (y)y — PT(y)s* is concave, it is easy to
verify that

at+ M+ ATE+DY NPTy —y") >0 ey ns
k=1
if and only if

a+M"pu+ATE+Y MNP () (y—yF) =20 Ve V(Y nS),
k=1

where V(Y N S) denotes the vertex-set of Y N S.
In the case S C Y the last inequalities can be written as

a+ M+ ATE+ Y NPT W) —y*) 20 Vi=1,2,..7,
k=1

where v!

,...,0" are the vertices of S.

(b) From the presentation of Section 2 we can see that

o For bilevel quadratic convex problem, P(y) = P (constant matrix).

e For optimization problem over the efficient set of an affine vector optimization
program PT(y)y* is affine and PT (y)y = 0.
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3.2 Simplicial and Rectangular Bisections

At each iteration k of algorithm to be described below, a partition simplex (or rectangle)
will be bisected into subsimplices (or subrectangles) such a way so that as the algorithm
executes the obtained lower and upper bounds tend to the same limit. This can be
achieved by using the following exhaustive simplicial (or rectangular) bisection that is
commonly known in global optimization (see e. g. [14]).

Simplicial Bisection. We will use the following simplicial bisection [14].

Let S be a subsimplex of full dimension that we want to bisect at iteration k. Let
v*, wk be two vertices of Sj such that the edge joining these vertices is longest. Let
ub = ok + (1-— tk)w’C with 0 < tx < 1. Let Sk,, Sk, be the subsimplices obtained
from S, by replacing v* and w* respectively by u*. It is well known from [14] that
Sk = Sk, U Sk,, and that if {St} is an infinite sequence of nested simplices generated by
this simplicial bisection process such that 0 < dg < tx < d1 < 1 for every k, then the
sequence {Si} shrinks to a singleton.

Rectangular Bisection. Suppose that the partition set is a rectangle given by
Sk ={y= W1, ym) ER™: a; <y; <bji=1,..,m}.

Let [a;,,b;,] be a longest edge of Sk and u;, = i, a4, + (1 —ixb;, with 0 < ¢;, < 1. Then
we bisect Sy into two rectangles S, and Si, where

Skl :{yERm: aigyigbi VZ#’L;C, Qiy, Syik Suik}7

and
Sk2 = {y cR™: a; < Yi < bl VZ#Z}C, Us,, < Yiy, < bzk}

As before, we have S = Sk, U Sk,, and that if {S;} is an infinite sequence of nested
rectangles generated by this bisection process such that 0 < dg < tx < §1 < 1 for every
k, then the sequence {Sj} shrinks to a singleton.

Now we are in a position to describe the algorithm for solving AMPEC problem (P),
where Y is a polytope. We suppose that (P(y)z,y) is convex in Y with respect to y. In
the sequel, as usual, we call (x,y) an e-global optimal solution to (P) if it is feasible and
fz,y) —we <e(|f(z,y)| + 1) where w, stands for its optimal value. Having the vertices
yl,...,y° of Y we can describe the algorithm as follows.

Algorithm 1.
Initialization. Choose a tolerance € > 0 and a simplex or a rectangle Sy containing
Y. Compute the lower bound 3(Sp) by solving the convex program

B(So) ::mip{go(y) = sup {bTy+ZAk<Qy+q,y—yk>+uT(Ny+p)+€Td}}-
yey (A, 1,8)€Q(So) k=1

Let y° € Sy be the obtained solution.
Solve the linear program

min{f(z,3°) == a”x + 73"}

subject to
Mx—I—NyO +p<0
Az +d<0,z>0
(P(y°)z+Qy° +q,4° —y*) <0 Vk=1,....s
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to obtain 20 (hence (2°,4°) is feasible). Let ag := f(2°,%°) (an upper bound for the
optimal value w,) and By := B(Sp) (a lower bound for w,). Take

o= {So} if oy — ﬁo > 6(|Oéo| + 1),
0: .
0 otherwise

and go to iteration k with k := 0.

Iteration (k = 0,1...). At the beginning of each iteration k we have family T'y of
partition sets to each element S € T’y a real number ((S) has been computed that serves
as a lower bound for Problem (P) restricted in S. Moreover we have a lower bound
for w,, a currently best feasible point (z*,y*) and an upper bound aj, = f(z*,y*) for
Wy

Step 1 (selection):

(i) If Ty = 0 then terminate, (z*,y*) is an e-global optimal solution and ay, is the e-
optimal value to Problem (P).
(i) If T, # @, then select Sy € T'y such that

Br = B(Sk) = min{B(S) : S €'y}

Step 2 (bisection): Use the simplicial bisection (if Sy is simplicial) or use the
rectangular bisection (if Sy is rectangular) to bisect Sy into two sets Sk, and S, .

Step 3 (bounding): For each newly generated sets Sy, (j = 1,2) satisfying Sk; Ny # 0,
compute

6(876]) ‘= min . gSkj (y),
yESkj ny
where

gs, W)= sup  {bTy+ > M(Qu+a,y—y*) + 1" (Ny +p) +¢"d}
(A E)EQ(Si,) ~

Let y* be the obtained solution.
Step 4 (updating upper bound): Solve the linear programs, one for each %, j = 1,2

mind f (2, 5" = aTa + BTy}

subject to
Mz + NyFki +p <0
Ar+d <0,z >0
(P(y*))z + Qyr + q,y* —y*) <0 Vk=1,...,s

to obtain new feasible points. Use these feasible points to update the upper bound. Let
(21 yk+1) be the currently best feasible point among (x*,y*) and the newly generated
feasible points. Set ayy1 1= f(z¥*1, y*+1) and

Tyt = {s € M\ {Se)) U LSk, S} ¢ anpt — B(S) > || + 1)}.

Increase k by 1 and go to Step 1 of iteration k.
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Theorem 3.1 a) If Algorithm terminates at iteration k, then (z*,y*) is an e-global
optimal solution to Problem (P).
b) If the algorithm does not terminate, then B / w.,ar \, wx as k — 400, and any
cluster point of the sequence {(x*,y*)} is a global optimal solution to (P).

Proof a) If the algorithm terminates at iteration k then I'y = (. This implies
that ay — B < €(Jag| + 1). Since B < w. and ax = f(z¥,y*) > w., it follows that
@k y%) —w. <e(|f(2,y*)] +1). Hence (z¥,4*) is an e-global optimal solution.

b) Suppose that the algorithm does not terminate. First, note that since Sy =
Sk, U Sk,, by the rule for computing lower bound 3(S)) we have

Br = B(Sk) < B(Sk+1) = Br+1 k.

Also, by definition of ay, we have ax11 < ag Vk. Thus, both 8, = lim §; and a,, = lim oy,
exist and satisfying
Bi < wi < . (3.6)

Since the algorithm does not terminate, it generates an infinite sequence of nested parti-
tion sets that, for simplicity of notation, we also denote by {Si}. Since the subdivision
is exhaustive, this sequence strinks to a singleton, say y* € Y. By the rule for computing
lower bound [y we have

Br =sup min m(y,7) > min m(y,7) V7= (A u, &) > 0.
T>0yESNY YESK

Since the sequence {Si} shrinks to y* as k — 400, we obtain
Bx = lim B, > m(y*,7) Vr > 0.

By definition, since ((y*) is an upper bound determined at iteration & and ay; is the
currently smallest upper bound obtained at this iteration, we can write

ary1 < o(y*) V.
From y* — y*, it follows, by the continuity of ¢ (see e. g. [3, 5]), that
, = limay = limag 1 < limo(y*) = p(y*).

On the other hand, by Lagrangian duality theorem for the convex program determining
©(y*), we have

supm(y*,7) = ¢(y*).
7>0

Hence
o < p(y*) < B
which together with (3.6) implies

Be = wi = e = p(y").

Let (z*,y*) be any cluster point of the sequence {(z*,y*)}. By the definition we have
ar = f(z¥,y*). Since ai \, w., it follows from continuity of f that w. = f(z*,y*).
Hence (z*,y*) is a globally optimal solution to Problem (P). O
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Remark 3.2 Note that when @ is positive semidefinite, the function

= max {bTy+d> A\ +q.y—y"+ T (Ny+p)+£7d
9s(y) = | max {bTy ; QY+ a.y —y*) + 1" (Ny+p) +£7d}

is convex and subdifferentiable, since it is the maximum of a family of convex functions.
The subgradient of gg at a point y can be obtained by taking the convex envelope of the
gradients of those quadratic functions in the family at which ggs(y) is attained [4].

3.3 Optimization over the Weakly Efficient Set

Now we return to the optimization over the weakly efficient set mentioned in the previous
section. By using again the necessary and sufficient condition due to Malivert (see
Theorem 2.1) the minimization problem over the weakly efficient set of a multicriteria
affine fractional program can be written as

min f(v)
subject to
veV, uel,
Z <ul[(BlTv +t)A; — (A;-TU + 8;)B;],w — v> >0 YweV,
i=1
where

P
U:={ueRr: uZO,Zuizl}
i=1
is a simplex in the criteria space.
Since

P
< Z w; Bl v+ t;)A; — (AFv + ;) Bi], w — v>
i=1
is affine with respect to w, we can easily check that
P
<Zul[(BlTv +t)A; — (AZTU + 8;)Bi],w — v> >0 YweV
i=1
if and only if
p .
<Zul[(Bva +t)A; — (ATv + ;) B, v — v> >0 Vj=1,...m
i=1
where v/ (j =1, ...,7) are vertices of V. Thus we can write this problem as

{ min f(v): s. t.veEV, ueU, (3.7)

<zf:1 wi[(BTv + ) A; — (AT + 8;)Bj], 07 — v> >0 Vj=1,..,1

It is worth pointing out that, in contrast to the linear case, this problem does not
necessarily attain its optimal solution among the vertices of V.
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In this formulation we require that all vertices of V' are known. This case appeared
already in some applications in economics (see e. g. [18, 27, 28]) where each component
v; of the decision variable v represents the ratio of ith quantity to be determined. In
such practical models, V' is a simplex given by

m

V.= {vT = (V1, e, Un) :Zvi =1lLv;>0Vi=1,..m },

i=1

whose vertices are easy to compute. Generally, let us assume that V is a polytope given
explicitly as
Vi={wveR": v>0, Gv—yg<0}.

For simplicity of notation, for each vertex v7, we take

M;(u,v) == < Zuk[(B,?v +t3) A — (AFv + s5) By, v — vj>,
Gj(u) := Zuk[(Bgvj +tp) AT — (AT + 5.)BI,

p
g;(u) == Zuk[tkAg — si.BF .
k=1

Let G(u) denote the (r x m)-matrix whose ith row is G;(u) (j = 1, ...,7), and g(u) denote
the r-dimensional vector whose jth entry is g;(u). Now let

‘HW%_(G€O>’ M@s—(ﬁ%)-

Under these notations we can write the problem (3.7) in the form
min{f(v): H(u)v —h(u) <0,v>0,u € U}. (3.8)

To apply the Lagrangian duality we take the Lagrangian function for this problem with
respect to the constraint H(u)v — h(u) < 0, that is

Lmey:ﬂm+x%Hmn_mw)

Using the fact that both H(u) and h(u) are affine, by a similar argument as in the proof
of Lemma 2.1, we can compute lower bounds by solving linear programs as stated by
the following lemma.

Lemma 3.2 Suppose f(v) = bTv. Let S be the subsimplex of the simplex U, and s’
(j =1,....,p) be the vertices of S. Then B(S) = min{B(s?) :j =1,...,p} where, for each
fized 57, 3(s7) is the optimal value of the linear program

B(s7) := max{—hT(s))u : HT (s7)u +b > 0}.

Having this lower bounding operation we can use Algorithm 1 with the exhaustive
simplicial bisection taking over subsimplices of the simplex U to solve problem (3.8).
Note that in this case, if (u”,v°) is a solution obtained by computing lower bound
B(S) according to Lemma 3.2, then v° is weakly efficient. Hence (u®,v®) can serve for
updating upper bound in the algorithm.
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4 A Relaxation Algorithm

In the algorithm presented in the preceding section we required that all vertices of the
polytope Y are known in advance. In the case computing all of these vertices is expensive,
we recommend to use another algorithm that allows that these vertices can be computed
iteratively. It is expected that the algorithm finds an approximate solution without
computing all of these vertices. In order to present the algorithm, suppose that we
know already some vertices v',...,v" of Y. Having these vertices we form the relaxation
problem

re = min f(z,y) := a’z + by

st. Mz +Ny+p<0

Ar+d<0,z>0,yeY

(P(y)x+Qy+qv* —y) >0 VE=1,...,r

Clearly, the feasible domain of this problem contains that of Problem (P) presented in
Section 2 with X = {& > 0 : Az +d < 0}. Applying Algorithm 1 to this problem
we obtain an e-global optimal solution of (RP). If this solution satisfies the variational
inequality constraint, then it is also an e-global solution to the original problem (P).
Otherwise, it violates at least one constraint. Then we add one or more violated con-
straints to obtain new relaxation problem and repeat the process. The algorithm can be
described in detail as follows.

Algorithm 2.

Step 1. Choose distinct vertices v, ...,v" of Y and a tolerance ¢ > 0.

Step 2. Use Algorithm 1 to solve (RP) to obtain an e-global optimal solution (z",y")
to (RP).

Step 3. Solve the linear program

(RP)

1

min{(P(y")z" + Qy" +q.y) :y €Y} (Lr)
to obtain an basis (vertex) solution y" 1.
(a) If
(P(y)z" +Qy" +a,y") < (P(y)a" +Qy" + a5
ence y' also solves (L)), then terminate: (z",y") 1s an e-global optimal solution to
h " al 1 L h i Toyt) i lobal imal soluti
the original problem.
(b) Otherwise, take v" 1 := y"*1. Add v"*! to the list of known vertices of Y to
form the new relaxation problem (RP) and go back to Step 2.

The following theorem shows validity and finiteness of this algorithm.

Theorem 4.1 (i) If the algorithm terminates at case (a) of Step 3, then (x",y") is
an €-global optimal solution.

(i) The algorithm terminates after a finite number of Step 2 yielding an e-global
optimal solution to the original problem (P).

Proof (i) Note that Problem (P) can be written as
w, = min{ f(z,y) := ax + by}

subject to
Mz+Ny+p<0
Az +d<0,2>0,yeY
(P(y)r+Qy+qv—y) >0 YoeV(Y)
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while the relaxation problem is
re = min{ f(z,y) := o’z + bTy}

subject to
Mzx+ Ny+p<0
Az +d <0,z >0, yeY
(Py)z+Qy+qv*—y) >0 Vk=1,..,r

with v* (k = 1,...,7) being some vertices of Y.
In the case (a) we have

(P(y")z" + Qy +¢,y") < (P(y")a" +Qy" +q,y" ™).
Since y" ! is an optimal solution of (L,.), we have
(P(y")a" +Qy" +a,y™) < (P(y")2" +Qy" +aq,y) Vy €Y.

Thus

(P 2" +Qy" +qy—y") 20y eY.
Hence (2", y") is feasible for (P). But, since (z",y") is an e-global optimal solution to the
relaxed problem (RP), it must be an e-global solution to (P).

(ii) Note that if y"*1 = v/ for some j < r, then we have the case (a), and therefore,
the algorithm terminates. Thus, if situation (a) is not the case, we have v"+! # vJ for
all 7 and all j < r, since the number of the vertices of Y is finite, the algorithm must
terminate with case (a). O

5 Conclusion

We have considered a class of mathematical programs with affine variational inequality
constraints and presented some of its important special cases such as bilevel convex
programming, optimization over the efficient set and Cournot-Nash oligopolistic market
model. We have developed two decomposition branch-and-bound algorithms for globally
solving this class of mathematical programs with affine equilibrium constraints. The
proposed algorithms use the Lagrangian bound and exhaustive simplicial and rectangular
subdivisions widely used in global optimization. The main subproblems needed to be
solved in the algorithms are convex programs that can be solved by well developed
methods of nonsmooth convex programming.
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Abstract: Considering importance of stress concentration around holes and
notches of arbitrary shape in a given elastic medium for modern engineering, a
two dimensional model for a thermoelastic problem in an hexagon region with
an elliptic hole is established. The expressions for the temperature distribu-
tion and thermal stresses which have their importance in nuclear engineering
are obtained for the model. The five elementary function’s method in plane
thermoelasticity of multiply connected regions is used to obtain the solutions
for temperature distribution and thermal stresses. Numerical calculations are
computed assuming a central elliptic hole in the hexagonal region having ther-
mally insulated outer boundary under uniform heat generation. The obtained
results are depicted graphically.

Keywords: Temperature; thermal stress; Lame’s constants.

Mathematics Subject Classification (2000): 74F05, 74A10, 74G50.

1 Introduction

The investigation of stress concentration around holes and notches of arbitrary shape
in a given elastic medium is very important for modern engineering. The high stress
concentration found at the edge of a hole is of great importance. The heat generating
cylinder with a hole are used in the construction of the reactor. The circular cylinder
with a square hole is an applicable problem in the construction of support of the bridge.
Polygon region with an elliptic hole have been used in nuclear reactor. As an example
holes in ships deck may be mentioned. When the hull of a ship is bent, tension or
compression is produced in the decks and there is a high stress concentration at the
holes. Under the cycles of stress produced by waves, fatigue of the metal at the over
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stressed portions may result finally in fatigue cracks. It is often necessary to reduce the
stress concentration at holes such as access holes in airplane wings and fuselages. The
contribution of several authors in this field is in [1] — [5]. Takeouti et al. studied problem
of a thick cylinder having a polygon hole, thermal stress distribution in a triangular,
square, hexagonal and octagonal region with a circular hole and theoretical thermal
stress distribution in square region with an elliptic hole in [6] — [11]. Deresiewicz [12]
calculated thermal stresses in a plate due to disturbance of uniform heat flow by a hole of
general shape. Florence et al. [13] studied the problem of an infinite plate under a steady-
state temperature distribution with uniform heat due to presence of an insulated ovaloid
hole. Chowdhury [14] obtained thermal stresses due to uniform temperature distributed
over a band of the cylindrical hole in an infinite body. Verba [15] et al. discussed static
problem of thermoelasticity for an infinite plate weakened by a rectangular hole. Pan [16]
found stresses in an infinite elastic plate containing two unequal circular holes. Chao et
al. [17] considered problems for an anisotropic thermoelastic body containing an elliptic
hole boundary.

With above background in this paper, a basic analysis is presented for thermal stress
analysis in multiply connected region and the solutions for the temperature and thermal
stress in a hexagon regions with an elliptic hole are obtained in the form of the infinite
series expressed by the elliptic co-ordinates. The unknown constants are determined
so as to satisfy boundary conditions and as they become enormous, therefore, we use
point matching technique, as an extension of five elementary function’s method in plane
thermoelasticity of multiply-connected regions [18], [19].

2 Formulation of problem

Consider a hexagon region as shown in Figure 2.1, with an elliptic hole at the centre.

Figure 2.1: Geometry of the Problem.

Assume that the region is thermally insulated at the outer boundary with an internal
convective boundary and is free from external forces. The region is made from an isotropic
linear elastic material then following Takeuti [18], its behaviour under the influence of in-
plane nonuniform temperature distribution which produces infinitesimal displacements
is governed by the equation

VVyxr = —kVr, (1)
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where T is temperature change from reference state, k =¢ E for plane stress problem, ¢ is
coeflicient of linear thermal expansion, E is Young’s modulus, x is Airy’s stress function,
V = 88—;2 + 86—;2. The mean stresses in two dimensions are expressed in terms of stress
fumction1 X by %he equation

oij = (Vi — 0;05)x, (2)

where ¢;; is Kronecker delta, 0; is partial differential with respect to ¢ (4,5 = 1, 2).
Steady-state heat conduction with internal heat source is governed by the equation

—AVT =g, (3)

where ¢ is heat generation per unit volume per unit time, A is thermal conductivity.
As the region is multiply connected, the stress function x can be expressed in terms of
five elementary functions -, X0, X1, X2: and x3; so that

3 n
X=xr+x0+ > > Crixn, (4)
h=11=1
where C}; are constants, h = 1,2,3, | = 1,2,...,n and h,[l are not summed. Now,

functions given in equation (4) should have to satisfy the following equations

VVxr = —kVr, (5)

VV(xo,xn) = 0. (6)

Boundary conditions: Boundary conditions on the m-th boundary,

(Xm)pm = Xrw)pm =0, (7)

pm pm pm pm
(X0)pn = _/ dIl/ X2vd5+/ dIz/ X1vds, (8)

pm
(0w = —(1)pn / Xawds + (v2)p,, / xawds, (9)

(Xn)pm = [(@1)p,, (010 + d21) + 03101, (10)

(Xt )pm = [(VR)Pm (O1n + 021101, (11)

where v is outward normal, v; = cos(z1,v), vo = cos(z2,V), pm is an arbitrary point
on m-th boundary, m = 1 corresponds to the elliptic boundary, m=0 corresponds to
the hexagon boundary. In the multiply-connected bodies general equations expressed
in stress components, are not sufficient for determining stresses and to get a complete
solution an additional investigation of displacement is necessary. The first investigation
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of this kind was made by J.H. Michell [20] which are known as Michell’s condition and
given by

3 n

/ [V(xr +x0+ 3> Crxm) + krlds =0, (12)
€l h=11=1

3 n

/ (@280 — 210, (xr + X0+ 33 Crxnt) + krlds = 0, (13)
a h=11=1
3 n

/ (@10, + 22000 + X0+ 33 Chruxn) + krlds = 0. (14)
¢ h=11=1

The function given in equation (4) should have to satisfy the equations (7)-(14). We
consider the resultant force and moment vanish on each boundary. Consequently, for
pure thermal problem of zero traction on the boundary gives xo = 0, and we are taking
I =1. Thus (4) will take form as

3

X = Xr+ Z Chixm = 0. (15)
h=1

Boundary conditions for the temperature

7=0, on the elliptic region, (16)

T, =0, on the hexagon region. (17)

To discuss thermal stresses and temperature distribution around the elliptic hole,
use of elliptic co-ordinates is advantageous,therefore we are introducing the elliptic
coordinates as (o, ) are defined for 0 < o < 00, 0 < < 27, 21 = csinhacosh 3, z9 =
ccosh asinh 3,

— V +oi= s ¥ =P e
C

P \/_x% +o= ¢ = VT ¥ =P e
C

The coordinate « is constant, and o = «; on an ellipse of semi axes, csinh a; and taking
the semi axes as a and b. Hence ¢ and a7 are calculated as ¢? = b2 —a? and 041:t3ut1h71 %,
and

x1 + 1o = csinh(a + 10). (18)

Now any complex quantity can be written in the form, J cos + 1J sin 6, where J and 6
are real. This together with equation (18) gives

J? = CQ(COSh 2a 4 cos283), tanf = tanhatan .
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The expressions for thermal stress components given by equation (2), in the elliptic
co-ordinates are

282x J[)Jax aJ0x

%aa = 55 = onda T 0505 (19)
0%y aJIx 0J0x
_ gy A _ g =-A
756 = 502 = ' gava 95085’ (20)
2
oy = —J2 0°x J8J8X+J8J8X (21)

0008  8adB '~ 0adB”

The expression for steady heat conduction with a constant heat generation given by (3)
in elliptic coordinate will become

J2Vr = —%. (22)

The displacement equations given by (5)-(6) in elliptic co-ordinates will be written as
STV X, = kJPVT. (23)
T2V IV x = 0. (24)

Boundary equations given by (7)-(11) in elliptic co-ordinates on the boundary (m=1,0)
are

0 0

(X )pm = (%XT)pm = 8_QXT(VO‘ n) =0, (25)
(X115 X215 X31)p,, = (csinhacos 3, ccosh asin 3, 1) d1pm, (26)
(it Xt Xt )y, = (ccosharcos B, csinh asin 8, 1) (27)

8nX11’ 8nX21’ 8nX31 pm = (€coshacos (5, csinh asin 5, 1m-

Michell’s conditions given by (12)-(14) in elliptic co-ordinates will become
/ 3[(]2V*(X + i Cthhl) + kT]dﬁ =0 (28)

= Oa i h=1 7

. 0 . 0 2\ 7* . —
/a_al (cosh arsin ﬁa—a — sinh a cos ﬁa_ﬁ)w V*(xr + hzd Crixn) +k7ld3 =0, (29)

gl 4 0\ 2oer 1
/a—m(coshozsmﬁa—ﬁ—|—31nhac056£)[J \Y (XT+hZ:10hlxm)+kT]d6:O, (30)

and boundary conditions given by (16)-(17) will become

7=0, on the elliptic (inner) region, (31)
0 0
a—; = 6—;(Voe -7) =0, on the hexagon (outer) region, (32)

0? 0?
+

. 72y* * _ 2 -
V=YL Vs st g
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3 Solution of the problem

Introducing a new variable 7, and 74 such that

T="Tr+Ts
together with equation (22) gives
V*r, =0, (33)
2V, = —%. (34)

The general plane harmonic temperature distribution in elliptic co-ordinates is expressed
in the following series

¢ = Ay + Boa + Z (As, cosh 2na + Bsy,, sinh 2na) cos nf+

n=1
Z (Cay, cosh 2na + Doy, sinh 2na) sinn3. (35)
n=1

Assuming symmetry of the region about x; and xs-axis, the solution for 75 is given as
follows

Ts = Ay + Boor + Z([lgn cosh 2na + Ba,, sinh 2na) cos n3, (36)

n=1
where Ao, By, Aoy, and B, are unknown constants. From equation (22) particular solu-
tion is

2

= _a (cosh 2a — cos 23), (37)
8A
Therefore
) oo
_ _g—)\(cosh 20 — cos20) + Ao + Boa +Z(A2n cosh 2na + Ba, sinh 2na) cos 2n3 (38)
n=1

From the consideration for Michell’s conditions, the coefficients Ay, A, and Bs, vanish
in the integration of the equation as to continuity of the displacement on the boundary
of the hole. These coefficients do not appear in the expressions of stress components. In
our problem coefficients appearing in expression of temperature distribution are of less
importance, except By.

As the outer hexagon boundary is thermally insulated under the steady state condi-
tions, the amount of heat generation must carry away by inner elliptic boundary. The
condition of thermal insulation on outer boundary is

or 0
)\/ 8—ds = q/(ptan; — mab), (39)

n
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where p represents the sides of polygon. Equation (39) together with (38) solved to
obtain the value of By as follows

V3

By =—q. 40
0=1-1 (40)
Now to calculate stress function we are introducing a new stress function
X7 = Xrr T Xrs- (41)
The equation (1) together with equation (41) will become
k
J2V*J2v*(XTT + XTS) = Tq (42)
By solving the equation (42), we get particular solution as
k 4
Xrr = 5;]20)\ (cosh 4ar + cos403) (43)
and
VVxrs =0. (44)

We consider the symmetry of the region about z; and x2- axis. The general solution
for x,s is given by

Xrs = Aoo + Booa + Coo(cosh 2ac — cos 23) + Do (e cosh 2ac — avcos 23 — sinh 2ar)+

Z [A2y0 cosh 2na cos 2n8 + Bayg sinh 2na cos 2n8 + Capo(cosh(2n + 2)a cos 2n [+

n=1

Bang cosh(2n + 2)a cos 2n3) + Dapo(sinh(2n + 2)a cos 2n5 +

Bano sinh(2n + 2)a cos 2n3)]. (45)
Equations (43) and (45) together give the expression for the stress function x, as

X+ = Aoo + Booa + Cop(cosh 2ac — cos 23) + Do (e cosh 2cc — avcos 25 — sinh 2a0)+

oo

Z [A2y0 cosh 2na cos 2n8 + Bayg sinh 2na cos 2n8 + Capo(cosh(2n + 2)a cos 2n [+

n=1

Bano cosh(2n + 2)acos 2n3) + Dapo(sinh(2n + 2)a cos 2n5+

k 4

Bang sinh(2n 4 2)a cos 2n3)] + 5;]20)\ (cosh4a + cos4p3). (46)
The remaining three constants Cp; in equation (4) are to be determined so as to
satisfy the three relations of Michell’s conditions. Symmetry of the region about x; and

T2 axis, temperature distribution of the body and Michell’s conditions give
8Dgo + kBoc?

11 12 ) 31 8D03 ( )
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Similarly, symmetry of the region about x; and zo axis, the general solution for yp,
formed by the terms which satisfy the biharmonic equation in elliptic co-ordinates are
given respectively as

X11 = Ao1 + Bo1 + Co1(cosh 2ac — cos 23) + Do1 (« cosh 2ac — v cos 23 — sinh 2a)+

Az1(cosh3acosa + Bijasinh acos 8) + D11 (sinh 3acos 8 — asinh « cos 35)+

Z [An1 coshnacosnf + By sinhna cosnf + Cypi(cosh(n 4+ 2)a cosnf—
n=1
coshna cos(n + 2)3) + Dy (sinh(n 4+ 2)a cosnf — sinh na cos(n + 2)3)], (48)

x21 = Eisasinh asin 3 + Fisa cosh acsin 8+
G12(cosh 3asin § — cosh asin 303) + Hia(sinh 3asin 8 — asinh asin 35)+

Z [En2 coshnasinnf + Gpa(cosh(n + 2)asinnf — coshna cos(n + 2)5)+

n=1

H,o(sinh(n + 2)asinnf — sinh nasin(n + 2)5)], (49)

X31 = Aos + Bos + Cos(cosh 2ac — cos 23) + D3 (v cosh 2ac — v cos 23 — sinh 2a)+

[A2n3 cosh 2naccos 2n8 4+ Caps(cosh(2n + 2)a cos 2n3 — cosh 2na cos(2n + 2)5)+

n=1

Dop3(sinh(2n 4 2)acos 2nf — sinh 2na cos(2n + 2)5)]. (50)
Therefore from relation (15), we have
X = xr + Cs1x31, (51)

which gives expression for x as

X = Aoo + Booa + Coo(cosh 2ac — cos 2(3) + Do (ax cosh 2ac — v cos 23 — sinh 2«0)+

[A2no cosh 2na cos 2n3 + Bapg sinh 2na cos 2n3 + Cano(cosh(2n + 2)a cos 2nG+
n=1
Bano cosh(2n + 2)acos 2n3) + Dapo(sinh(2n + 2)a cos 2n5+
kqc* 8D kBoc?
Bapg sinh(2n + 2)a cos 2n3)] + 5326)\ (cosh4a + cos43) — 0(J8+0300 x
[Aos + Bos + Cos(cosh 2a — cos 23) + Dos(a cosh 2 — e cos 23 — sinh 2a)+

[A2ns cosh 2na cos 2nf 4+ Caps(cosh(2n + 2)a cos 2n3 — cosh 2na cos(2n + 2)5)+

n=1
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Dop3(sinh(2n 4 2)a cos 2nf — sinh 2na cos(2n + 2)0)]], (52)

where A;;, Bij, Cij, Dij, (1 =0,1,2,..n,j = 0,3), are constants appearing in thermal
stress function. Substituting (45) and (48) into (25)-(27), we show that x31 and x-
must satisfy the boundary conditions around elliptic hole (perimeter of elliptic hole) and
outer edge of hexagon. As these functions have been derived in order to satisfy the
requirements of symmetry of the region about both x; and x2- axes it is only necessary
to consider the conditions of one quadrant of the region and as these functions are
expressed in the forms of infinite series, the conditional equations to get the unknown
constants become infinite. For this purpose the numerical calculations performed to get
the unknown constants A;;, By;, Cij, Dij, (i = 0,1,2,...n,5 = 0,3) become enormous.
Therefore, we use the point-matching technique to satisfy the boundary conditions. That
is, if we replace >~ ; in equation (45) and (48) by >_.'_, approximately, the temprature
and stress functions contain 4(N +1) unknown constants. Hence we have to solve 4(N+1)
simultaneous equations.
We have obtained numerical values for unknown constants as follows

Agg = —4.47137x10'° Byg = —4.47137x 105 Cpp = 2.6966 x 10'% Dy = —9.43448 x10'3

Ao = 7.12448 x 10'3, Byg = —7.1724 x 10'2, Cyy = —0.463993, Doy = 0.490715,
Aoz =1, Bos = Coz = Doz = Agz = Bog = Ca3 = Da3 = 0.

The expressions for stress components 04, 03 and o, are obtained substituting from
(52) into (19)-(21).

4 Numerical calculations and conclusion

To analyze the results given here, we consider a numerical example. The results depict
isothermals for the distributions of temperature and thermal stresses. For this purpose,
we take steel as thermoelastic material. The values for the different physical parameters
arising in the analysis in SI units are:

Thermal Conductivity, A= 19.5W/m°C,

Specific heat at constant volume, ¢ = 0.560 x 10%J/kg°C,

Linear thermal expansion, = 17.7x 1076 °C,

Young's modulus, E =195 x 10°Pa.

Figure 4.2 exhibits the isothermals for the temperature distributions. The region
OABC in Figure 4.2, represents a quadrant of hexagon region with an elliptic hole. The
distribution of temperature is shown around an elliptic hole of semi-axes a = 0.495 and
b = 0.505. We see that contours are moving with the increase in distance.

Figure 4.3 depicts the variation of tangential stress o, around elliptic hole with
same semi-axes i.e. a = 0.495 and b = 0.505 and variation in thermal stresses in this
case also occur with distance. It is observed contour lines are moving with the variation
in distance.

Figure 4.4 depicts variation of principal stress o4, with distance along x-axis while
Figure 4.5 depicts the variation of principal stress ogg with respect to distance along
xo-axis from elliptic hole. It can be seen from Figure 4.4 and Figure 4.5 that principal
stresses increase with distance but in opposite fashion.
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Figure 4.2: Isothermals for the elliptic hole. Figure 4.3: Variation of tangential stress oqg.
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Figure 4.4: Variation of principal stress coo. Figure 4.5: Variation of principal stress ogg.
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We conclude that the isothermals of the temperature distribution around an elliptic

hole within a hexagon region under constant heat generation shows that the variation
in temperature occurs with distance and the pattern of variation is the same in the
temperature and tangential stress 0,3 around elliptic hole. The variation in principal
stress 0q on xi-axis follows the same behaviour as ogs on xp-axis but in opposite
direction.
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Abstract: Based on a newly developed canonical dual transformation method-
ology, this paper presents a potentially useful duality theory and method for
solving fully nonlinear distributed-parameter control problems. The extended
Lagrange duality and the interesting triality theory proposed recently in finite
deformation theory are generalized into nonconvex dissipative Hamiltonian sys-
tems. It is shown that in canonical dual phase space, the solutions of chaotic
systems form an invariant set. Thus, an important bifurcation criterion is
proposed, which leads to an effective dual feedback control against chaotic vi-
brations. Applications are illustrated by a large deformation “smart” beam
structure with both shear/damping actuators, and a dissipative Duffing sys-
tem.
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1 Problems and Motivations

We shall study a duality approach for solving the following very general abstract dis-
tributed parameter problem ((P) for short),

(P):  pluy+rvuy)+ Alu,p) =0 Yu € Uy, (1)

where the feasible space U}, is a convex, non-empty subset of a reflexive Banach space U
over an open space-time domain €; = Q x (0,¢.) C R" x R, in which certain essential
boundary-initial conditions are prescribed. We assume that for a given distributed pa-
rameter control field u(x,t) over €, the mapping A(u, ) is a potential operator from
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Uy, into its dual space U*, i.e., there exists a Gateaux differentiable potential functional
P,(u) = P(u; p), such that the directional derivative of P, at & € U}, in the direction du
can be written as

8P, (@; 6u) = (DP, (1), 0u) You € U,

where the operator DP,(u) = A(q, pt) is the Gateaux derivative of P, at the point ;
the bilinear form (-,-) : U x U* — R places U and U* in duality. By nonlinear operator
theory we know that the mapping A : Uy — U* is monotone if P is convex on Uj.

The problem (P) is said to be ezactly controllable if for certain given initial data
(uo(x),vo(x)) in Uy, and the final state (4.(x), T.(x)) there exists suitable control function
p(z,t) such that the solution u(x,t) of the problem (P) satisfies

u(z, te) = te(x), u(z,te) =v.(x) Vo € Q. (2)

Dually, the problem (P) is said to be observable if, for certain given input control
p(z,t), there exists an output function h(w) such that the initial state (ug(x), vo(x)) can
be uniquely determined from the output h(u(z,t)) over any interval 0 < ¢ < t.. These
dual concepts play a crucial role in many control system design methodologies that have
evolved since the early 1960’s, such as pole placement, LQG (H?), H* and minimum
time optimization, realization theory, adaptive control, and system identification.

The abstract form of problem (P) covers a great variety of situations. Very often,
the total potential P,(u) can be written as

Bu(u) = @, (u, A(u)) = Wy (A(w)) = Fu(u),

where A is a Gateaux differentiable operator from U into another Banach space &; the
functional W, (€) is the so-called stored (or internal) potential; while the functional F),(u)
represents the external potential of the system.

In convex Hamiltonian systems, the total potential P, (u) is convex and its Gateaux
derivative A(u, u) = DP,(u) is usually an elliptic operator in conservative problems. In
linear field theory of mathematical physics, A is usually a gradient-like operator, say
A = grad, and W, (&) is a quadratic functional, for example,

1
Py(u) = / §a(:1c)|Vu|2 dQ — F,(u),
Q
where a(z) > 0 Vz € Q. In this case, the governing equation (1) reads
p(u +vuy) =V - (a(z)Vu) + DF,(u) Y(z,t) € Q. (3)

It is a linear wave equation if F},(u) is a linear functional, say F, (1) = (v, u*(u)), where
u*(u) is a given function of the input control field p(x,t). If F),(u) is nonlinear, then
the governing equation (3) is semi-linear. Due to the efforts of more than thirty years
research by many well-known mathematicians and scientists, the mathematical theory
for distributed-parameter control systems have been well-established for convex Hamil-
tonian systems governed by partial differential equations with substantial applications
in mechanics and structures (see, for examples, Lasiecka and Triggiani, 1999). In linear
systems, there exists a very elegant duality relationship between the controllability and
observability (see Dolecki and Russell, 1977).

Duality is a fundamental concept that underlies almost all natural phenomena. In
classical optimization and calculus of variation, duality methods possess beautiful theo-
retical properties, potentially powerful alternative performances and wonderful relation-
ships to many other fields. The associated theory and extremality principles have been
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well studied for convex static and Hamiltonian systems (cf. e.g., Toland, 1978, 1979;
Auchmuty, 1983-2000; Strang, 1986; Rockafellar and Wets, 1997). There is a rapidly
growing interest in studying and applications of convex duality theory in optimal control
(cf., e.g., Mossino (1975), Chan and Ho (1979), Chan (1985), Chan and Yung (1987), Bar-
ron (1990), Tanimoto (1992), Lee and Yung (1997), Bergounioux et al. (1999), Arada
and Raymond (1999) and many others). The interesting one-to-one analogy between
the optimal control and engineering structural mechanics was discussed by Zhong et al.
(1993, 1999). Recently, the so-called primal-dual interior-point (PDIP) method has been
considered as a revolution in linear constrained optimization problems (cf. e.g., Gay et
al., 1998; Wright, 1998). It was shown by Helton et al. (1998) that the fundamental H>°
optimization problem of control can be naturally treated with the PDIP methods.

However, the beautiful duality relationship in convex Hamiltonian systems is broken
in nonconvex problems. In many applications of engineering and sciences, the total
potential of system is usually nonconvex and even nonsmooth. The exact controllability
and stability for nonconvex/nonsmooth systems are fundamentally difficult. For example,
in the shear-damping control of large deformed beam structures, the actuators could
be certain piezoelectric materials attached to the upper and lower beam surfaces, or
distributed “smart” dampers (see Figure 1.1). The external signals effect changes of the
properties of these actuators in such way that they produce shear forces p*(z,t) and
damping force vw ;. Thus, u*(z,t) and v are, in effect, the applied distributed-control,
and the composite beam/actuator system is then an instance of an active, or “smart”
structure.
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Figure 1.1. Large deformed beam with shear actuators and dampers.

Since the repeated operation of these actuator devices results large shear deforma-
tions, the traditional Timoshenko beam model can not be used to the study of these
phenomena because it assumes that the shear deformation is a function of z and ¢ alone
and does not vary in the lateral beam direction. In order to study control problems
of smart structures, several extended beams models have been proposed recently (see
Gao et al., 1997-2000), where the state variable space U = C1(Q;; R?) is a displace-
ment space over the space time domain Q; = (0,£) x (—=h,h) x (0,t.). The element
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u={x(z,y,t),w(x,t)} €U is a continuous, differentiable vector in R? with domain ),
where x(z,y,t) measures the shear deformation of the beam at the point (x,y), while
w(x,t) is the deflection of the beam. In the case that the elastic beam subjected to the
transverse load f(z,t) undergone moderately large deformation, the total potential is a
nonconvex functional (Gao, 2000a)

1 1
PH(Xa ’U}) = 5 /Q[(X?m + 5(1’[1}7%3 - )‘)2 + ﬁ(XﬂJ + w,1)2] df2

¢
—/0 (uF (z, t)x(z, hyt) + (2, t)x (2, —h, t) + f(z,t)w) dz.

If the beam is clamped at z = 0, simply supported at z = £, and is subjected to a
compressive load at z = ¢, the kinematical admissible space U, C U can be defined as

uk:{( x ) cy ’ w(0,1) = w(t,t) =0, x(0,y,) = Xa(l, 9, 1) = 0; }

(x;w) = (x0,wo), (X,t>w,) = (X0,Wo) at t =0

where (xo0,wo) and (xo,p) are initial conditions. In this case, the abstract governing
equation (1) is a coupled nonlinear partial differential system

plw e + vw ) = (%wg +8- )\a) Wae + X alen + £ V(,8) € (0,6) x (0, 1),

X,zz + BXyy =0, Y(z,y,t) € Qy, (4)
Xy, £h,t) 4w (x,t) = £p* (2,1), V(z,t) € (0,€) x (0,1),

where o, > 0 are given material constants, A € R represents the axial load, and
[X.2l4n = Xz(x, hyt) — X o(x, —h,t) is the difference of the top and bottom shear dis-
placements. This coupled nonlinear partial differential system is a typical example in
finite deformation mechanics. Since the total potential of this system is nonconvex,
the system is very sensitive to initial conditions, driving forces and numerical methods
adopted. If the shear deformation can be ignored, the total potential can simply be

written as
1/1 , 2
Plw)y= | = (zw? -] de— [ fwdaz. (5)
r2\2 - I

Clearly, if the beam is subjected to extension, then A < 0 and the total potential P(w)
is strictly convex (see Figure 1.2 a). It possesses at most one global minimizer. In this
case, the system is stable. However, for compressive axial load, A > 0, the total potential
P(w) is a so-called double-well energy (see Figure 1.2 b). In static buckling problem, this
nonconvex potential has three critical points: two local minimizers, corresponding to two
possible stable buckled states, and one local maximizer, corresponding to an unstable
buckled state. The global minimizer depends on the lateral load f.

If the compressed beam is subjected to a periodically dynamical load f(z,t), the
two local minimizers of P, become extremely unstable, and the beam is in dynami-
cal post-buckling state. If the deflection w(z,t) can be separated variables such that
w(x,t) = u(t)v(x), this post-buckling dynamical beam model leads to the well-known
Duffing equation

1
Ut +vuy = au(\ — §u2) + wu(t), (6)
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P(w) P(w) , f<O

(a) A <0 (b) A>0

Figure 1.2. Convex and double-well potentials.

where a > 0 is a parameter. It is known that this equation is extremely sensitive to the
initial conditions. For certain given parameters A, v, and driving force p(t), this equation
possesses the so-called chaotic solutions. Figure 5.4 shows that even for the same given
data, different numerical methods produce totally different results.

Control theory in finite deformation mechanics has emerged as the most challenging
and active research field in recent years. Mathematically speaking, the total potentials
of large deformed structures are generally nonconvex, or even nonsmooth. Very small
perturbations of the system’s initial conditions and parameters may lead the system to
different operating points with significantly different performance characteristics. This is
the one of main reasons why the traditional perturbation analysis, the direct approaches
and many standard control techniques cannot successfully be applied to nonconvex sys-
tems. Based upon these observations and in order to handle the nonlinear problem, a
school of new techniques has been developed (see, e.g., Fowler, 1989; Ott et al., 1990;
Chen and Dong, 1993; Ogorzalek, 1993; Antoniou et al., 1996; Ghezzi and Piccardi, 1997;
Koumboulis and Mertzios, 1996, 2000).

Duality theory in fully nonlinear variational problems was originally studied by Gao
and Strang (1989) for large deformation nonsmooth mechanics. In order to recover
the broken symmetry in fully nonlinear systems (see Definition 2.2), a so-called com-
plementary gap function was introduced. It was realized in post-buckling analysis of
nonlinear beam theory (Gao, 1997) that this function recovered the duality gap be-
tween the nonconvex primal problems and the Fenchel-Rockafellar dual problems. A
self-contained comprehensive presentation of the mathematical theory in general non-
convex systems was given recently by Gao (2000d), wherein, a so-called canonical dual
transformation method and associated triality theory have been proposed for solving
nonconvex/nonsmooth variational-boundary value problems. Recent results show that
certain very difficult constrained nonconvex problems in global optimization can be
solved completely by this method (see Gao, 2003, 2005). Compared with the traditional
analytic methods and direct approaches, the main advantages of this canonical dual
transformation method are the following:

(1) it converts nonconvex/nonsmooth constrained variational problems into smooth
unconstrained dual problems;

(2) it transforms certain fully nonlinear partial differential equations into algebraic
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systems;

(3) it provides powerful and efficient primal-dual alternative approaches.

The aim of the present article is to generalize the author’s previous results on non-
convex variational problems into nonconservative distributed-parameter control systems.
The rest of this paper is divided into four main sections. The next section set up notations
used in the paper. A general framework in fully nonlinear systems are discussed. Sec-
tion 3 presents an extended Lagrangian critical point theorem and the associated triality
theory in general nonconvex, nonconservative dynamical systems. The critical points in
fully nonlinear systems are classified. Section 4 is devoted mainly to the construction of
dual action in nonconvex dissipative Hamiltonian systems. The tri-duality proposed in
static boundary value problems is generalized into control problems. Section 5 discusses
application in dissipative Duffing system. A bifurcation criterion is proposed which can
be used for feedback controlling against chaotic vibrations.

2 Framework for Canonical Systems and Classification

Let U and U* be two real linear spaces, placed in duality by a bilinear form (u,u*) :
UxU*" — R. Let P:Us; — R be a given functional, well-defined on a convex domain
Us C U such that for any given u € Us, P(u) is Gateaux differentiable. Thus, the Gateaux
derivative DP of P at u € U, is a mapping from U, into U*. Let U} C U* be the range
of the mapping DP : U; — U*. If the relation u* = DP(u) is reversible on U, then for
any given u* € U}, the classical Legendre conjugate functional P* : U — R of P(u) is
defined by
P (u*) = {{u,u*) — P(u)| u* = DP(u)}.

The conjugate pair (u, u*) is called the canonical duality pair on Us x UF C U x U* if and
only if the equivalent relations

u*=DP(u) & w=DP*(u*) & P(u)+ P"(u")= (u,u”). (7)

hold on Us x U .
The following notations and definitions, used in Gao (2000¢,d), will be of convenience
in nonconvex control problems.

Definition 2.1 The set of functionals P : «f — R which are either convex or concave
is denoted by I'(i/). In particular, let I'(i/) denote the subset of functionals P € T'(A)
which are convex and T'(i4) the subset of P € I'(i{) which are concave.

The canonical functional space T'¢(Us) is a subset of functionals P € T'(Us) which are
Géteaux differentiable on Us C U, such that the relation u* = DP(u) is reversible for
any given u € Us. &

Clearly, if P € T'¢(Us) and U is the range of the mapping DP : Us — U*, then the
canonical duality relations (7) hold on Us x UZ.

Let (£,£*) be an another pair of real linear spaces paired in duality by the second
bilinear form (- ; -) : £ x £* — R. The so-called geometrical operator A : U — € is a
continuous, Gateaux differentiable operator such that for any given uw € U, C U, there
exists an element & € £, C & satisfying the geometrical equation

&= Au).
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The directional derivative of £ at @ in the direction v € U is then defined by

§(u +0u) — &(u)

Pt 9 = At(ﬂ)uv (8)

where Ay () = DA(a) : U — & denotes the Gateaux derivative of the operator A at @.
For a given &* € &%, Ga(u) = (A(u) ; £*) is a real-valued functional of u on U. Its
Gateaux derivative at & € U in the direction u € U reads

0GA(Usu) = (Ae(a)u 5 £) = (u, A (a)”),

where Af(a) : £ — U* is the adjoint operator of A; associated with the two bilinear
forms.

Let V and V* be velocity and momentum spaces, respectively, placed in duality by
the third bilinear form (x , %) : V x V* — R. For Newtonian systems, the kinetic energy
K :V — R and its Legendre conjugate K* : V* — R are quadratic forms

1 1
K(v) = / Spv*dQ, K*(p) = / ~p~'p?dQ.
0?2 0?2
Thus the canonical physical relations between ¥V and V* are linear:

p=DK@w)=pv & v=DK"(p) =p 1p.

Let V, C V be an admissible velocity space, in which certain essential initial/boundary
conditions are given, say

Vo ={v V| v(z,0) =vy Va € Q}. (9)

Finally, we let M be an admissible control space over ;. For any given y € M, we
assume that there exists a Gateaux differentiable functional ®, : U, x &, CU x £ — R,
such that the total potential P(u;u) of the system can be written as

By (u) = P(us p) = B, (u, Au)). (10)

Thus, for a dissipative dynamical system with linear damping, the total action of the
system is a weighted nonconvex functional

te
ML) = [ e [ (@)~ B(u Alu)] (11)
0
which is well-defined on the feasible space U}, given by
Uy ={u e U,| Alu) € &, Owu € V,}. (12)

For the linear time-differential operator 9, = 9/9t, its formal adjoint associated with this
weighted functional is an affine operator 9 = —9/0t — v (see Gao (2000d)).

The following classification for distributed parameter control systems was originally
introduced in nonlinear variational /boundary value problems by Gao (1998, 2000d,2000).

Definition 2.2 Suppose that for the problem (P) given in (1), the associated total
potential P,(u) is well-defined on its domain U, C U. If the geometrical operator A :
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U — & can be chosen such that P,(u) = ®,(u,A(u)), ®, € T'e(Ua) x T'c(Eq) and
Us ={u elU,| Au) € &}, then

(1) the transformation { P;Us} — {®,;U, xE,} is called the canonical transformation,
and @, : U, x &, — R is called the canonical functional associated with A,

(2) the problem (P) is called geometrically nonlinear (or linear) if A : U — & is
nonlinear (or linear); it is called physically nonlinear (resp. linear) if the duality mapping
D®, : U, x & — U; x EF is nonlinear (resp. linear); it is called fully nonlinear if it is
both geometrically and physically nonlinear. &

The canonical transformation plays a fundamental role in duality theory of noncon-
vex systems. Clearly, if ®, € T'¢(U,) x I'c(&,) is a canonical functional, the Gateaux
derivative D®,, : Uy x £, — Uy x EF C U x £ is a monotone mapping, i.e., the duality
relations

ut = Du@ﬂ(uvg)v = Dg@u(u,g) (13)

are reversible between the paired spaces (Us,U;) and (&,,E), where D, ®, and D¢®,
denote partial Gateaux derivatives of ®, with respect to u and &, respectively. Thus, on
U, the directional derivative of P, at @ in the direction u € Uy, can be written as

6Py (usu) = (u, Dy®,(u, A1) + (Ae(@)u; De®y(u, Aw)))
= (u, @)+ (u; A;‘(ﬂ)é"} Yu € Uy,.

In terms of canonical variables, the governing equation (1) for fully nonlinear problems
can be written in the tri-canonical forms, namely,

(1) geometrical equations: v = dpu, & = A(u),
(2) physical relations: p=pv, (u*,&)=Dd,(u,f), (14)
(3) balance equation: Ofp —u* — Aj(u)¢* = 0.

The framework for fully nonlinear systems is shown in Figure 2.1. Extensive illustrations
of the canonical transformation and the tri-canonical forms in mathematical physics and
variational analysis were given in the monograph by Gao (2000).

ve VY +—— (v,p —=V*3p

:8,5 8::—%—1/

Sl

ue U ~— {u, u*) — UY* 3 u*

Ar+Ac=A Af = (A=A

fe &€ — (&) — &3¢
Figure 2.1. Framework in fully nonlinear Newtonian systems with linear damping.

In geometrically linear systems, where A : Y — & is linear, we have A = A;. For
dynamical problems, if the total potential P, is convex, the total action associated with



NONLINEAR DYNAMICS AND SYSTEMS THEORY, 6(3) (2006) 257-279 265

the problem (P) is a d.c. functional, i.e., the difference of convex functionals:

I, (u) = /0 " K () — P(u)] dt.

It was shown by Gao (2000d) that the critical point of IT,, either minimizes or maximizes
I1,, over the kinetically admissible space. The classical Hamiltonian associated with this
d.c. functional II, is a convex functional on the phase space U x V*, i.e.

H(u,p) = K*(p) + Pu(u), (15)
The classical canonical forms for convex Hamilton systems are well-known
atu:D;DH(uup)v a:p:DuH(uup)

Furthermore, if the canonical functional ®, can be written in the form ®,(u,{) =
%(5 ; C&)—F,(u), where C' : € — £* is a linear symmetrical operator, then the governing
equations for linear system can be written as

p(use +vuy) + A*CAu = DF,(u).

In mathematical physics, the geometrical mapping A is usually a gradient-like operator.
Then A = A*CA is an elliptic operator if C' is positive-definite.

In geometrically nonlinear systems, A # A¢, and the total potential P, (u) is usually
a nonconvex functional. In this case, we have the following operator decomposition

Alu) = Ap(w)u + Ag(u), (16)

where A, : U — & is called the complementary operator of the Gateaux derivative
operator A;. By this decomposition, we have

(Au) 5 &) = (u, Af(u)§") — G(u, &), (17)
where G : U x £ — R is so-called complementary gap functional, defined by
G(u, &) = (—Ac(u); &) : U x E* — R. (18)

This functional was first introduced by Gao and Strang (1989) in finite deformation the-
ory to recover a broken symmetry in geometrical nonlinear systems. It is now understood
that this gap functional plays a key role in extremality analysis of nonconvex variational
problems.
As a typical example in nonconvex dynamical systems, let us consider the following
nonconvex variational problem over the domain Q; = (0, ¢) x (0, ¢.):
Loy

1,1
I, (u) = /Q eVt {ipu)t - 5&(51&5 — )+ uf} dezdt — sta Yu € Uy, (19)

where a, p are given positive constants. This nonconvex problem also appears very often
in phase transitions and hysteresis.
First, we let A = 9/0z be a linear operator, and P, (u) = W, (Au) — F,(u) with

¢ ¢
W, (e) —/0 %a(%g—u)Q dz, F,(u) —/0 uf dz.
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Thus, W, (e) is the so-called van der Waals’ double-well function of the linear “strain”
€ = u 4. Since W), (€) is not a canonical functional, the constitutive equation €* = DW,(¢)
is not one-to-one. Thus, the Legendre conjugate of W, (¢) does not have a simple algebraic
expression. The Fenchel conjugate W} (€*) of the double-well energy W, (¢), defined by

Wi (e) = Slélp{<6 ;€)= Wu(e)},

is always a convex, lower semi-continuous functional. However, the well-known Fenchel-
Young inequality

Wilue) 2 (ua; €) = Wy(€)

leads to a so-called duality gap between the primal problem and the Fenchel-Rockafellar
dual problem (see Gao, 2000d). This nonzero duality gap indicates that the well-
established Fenchel-Rockafellar duality theory can be used only for solving convex vari-
ational problems.

From the theory of continuum mechanics we know that in finite deformation prob-
lems, € = u, is not a strain measure (it does not satisfy the aziom of material frame-
indifference (cf. e.g., Gao, 2000d)). In order to recover this duality gap, we need
to choose a suitable geometrical operator A, say, A(u) = %u%c — u, so that the non-
convex problem (19) can be put in our framework. In continuum mechanics, this
quadratic measure £ = A(u) is a Cauchy-Green type strain. Thus, in terms of v and
& Pu(u, &) = Wu(€) — Fu(u) = (€5 a&) — (u, f) is a canonical functional. The
Legendre conjugate of the quadratic functional W, (£) = 4(¢ ; a&) is simply defined by
W*(g*) = %(a_lﬁ* ; €*). The operator decomposition (16) for this quadratic operator

reads
Aw) = A(w)u+ Ac(u), Aj(w)u=uuz Acd(u) = —%u% — L.

The complementary gap functional associated with this quadratic operator is a quadratic
functional of u

L
61, = (~Aulu)s €)= [ i o

For homogeneous boundary conditions, we have

¢ ¢
(Ae(w)u 5 € :/0 U LU &8 dr = —/0 w(u &) s do = (u, Aj(u)&"),

which leads to the adjoint operator Ay of A;. Thus, the tri-canonical equations for this
nonconvex problem can be listed as the following.

1
v= 0w, §= QGU?JC — K,

p=pv, & =DW,(§)=a§, u"=DF,(u) =/,
petvp=—A(WE +u" = (uel)a+ [

Since the geometrical operator A is nonlinear, and the canonical constitutive equations
are linear, the nonconvex problem (19) is a geometrically nonlinear system.
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3 Extended Lagrangian and Triality Theory

The triality theory in nonconvex problems was originally proposed by the author (Gao,
1997, 1999, 2000) in static finite deformation theory and global optimization. In this
section, we will generalize this interesting result into fully nonlinear dynamical systems.
We assume that for a given fully nonlinear system, there exists a Gateaux differentiable
operator A : U, — &, such that the total potential of the system can be written as

Pu(u) = Wi (A(w)) = Fu(u), (20)

where W, € I'c(&,) is a convex canonical functional, while F, : U, — R is a linear
functional. Thus, the primal problem (P) can be reformulated as the following.

Problem 3.1 (Primal Distributed-Parameter Control Problem) For a given
primal feasible space Uy, = {u € U,| du € V,, A(u) € &} and the final state
(tc(x),0c(2)), find the control field u(x,t) € M such that the solution @(z,t) of the
variational problem

(P): Mu(u) = /Otc e’ [K (Opu) — W, (A(u)) + F,(u)] dt — sta Vu € Uy, (21)

satisfying the controllability condition
(@(z, te), u iz, te)) = (Ge(x), () Vo € Q.

It is easy to check that the criticality condition DII,,(#) = 0 leads to the the canonical
governing equation

p(t g +viyg) = DF,(u) — Aj (@) DWW, (A(a)). (22)
By the Legendre-Fenchel transformation, the conjugate of W, (§) is defined by

Wi(&*) = igg{@ ;€)= WL(6)}

Since W, : €&, — R is a convex canonical functional, W (£*) is well-defined on the range
&, of the duality mapping DW}; : &, — £~ the canonical duality relation

£ = DWyu(§) & &= DW(E") & Wu(&) + W) = (£; €)

holds on &, x &;. Moreover, we have W;*(§) = W, (§) for all § € &,. Let Z =UxV* x &*
be the so-called extended canonical phase space.

Definition 3.1 Suppose that for a given problem (P), there exists a Gateaux differ-
entiable operator A : i — £ and canonical functionals W, € T'(£), F, € I'(U) such that
P,(u) = W,(A(u)) — Fu(u). Then

(1) the functional H,, : Z — R defined by

Hy(u,p, &) = K*(p) = Wi(€") + Fu(u) € T(U) x (V") x T(€7) (23)

is called extended canonical Hamiltonian density associated with II,;
(2) the functional L, : Z — R defined by

Lyu(u,p, &) = (O, p) — (Au) 5 &) = Hyu(u, p, %) (24)
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is called extended Lagrangian density of (P) associated with A;
(3) the functional 2, : Z — R defined by

E, (u,p, €) = / "Ly p, ) d (25)
0

is called extended Lagrangian form of (P). It is called canonical Lagrangian form if

E, € DU) x T(V*) x T(E). ¢

A point (4, p, €*) € Z is said to be a critical point of Z,, if Z,, is Gateaux-differentiable
t (,p,&" ) and D=, (4, P,£%) = 0. It is easy to find out that the criticality condition
D=, (u,p, &) = 0 leads to canonical Lagrange equations

_ { A@) = De-Wi(€), 0 = DK*(p),

DE#(ﬂaﬁvé.*) :O = _ (26)
Orp = A (w)€" — DF, ().
By the fact that W), and F), are canonical functionals, we know that, by the Legendre
duality theory, any critical point of Z,, solves the variational problem (7).
Since F,(u) : U, — R is a linear functional, by the Riesz representation theory we
know that there exists an element @*(p) € U* such that F),(u) = (u, @*(p)). Thus, the
extended Lagrangian associated with (P) can be written as

Eu(u,p, &) = /0 (B p) — (M) s €) — K*(p) + WH(E) + (u, ()] dt.

(27)
Note that =, : V; x £; — R is a saddle functional for any given u € U,, we have always
the equality

inf sup Z,(u,p, &) = sup 1nf _#(u p,&%) Yu € Uy. (28)
§* €& pevr pev:€re

However, for any given (p,&*) € Vi x £F, the convexity of Z,(-,p,{*) — R depends on
the operator A. Let L. C Z, = U, x V} x £, be a critical point set of 5, i.e.

Le={(u,p,&) € Z4| 02,(w,p, & 5u,p, &) =0 V(u,p,&*) € Z,}.

For any given critical point (4, p, ) € L., we let Z, = U, x VI x E C Z, be its
neighborhood such that (@, p,£*) is the only critical point on Z,.. The following triality
theorem should play an important role in the stability analysis of nonlinear dynamical
systems.

Theorem 3.1 (Triality Theorem) Suppose that for a given control field p(w,t)
such that (u,p,&*) € Lc is a critical point of 2, and Z, is a neighborhood of (u,p,£").
If (A(u) 5 &) is concave on U,., then on Z,,

u(t

[I]

,p, &) = min maxmin Z,, (u, p, £*) = max min min =, (u, p, £*). (29)
u P 5* p u f*

Howewver, if (A(u) ; €*) is convex on Uy, then on Z,. we have either
E.(u,p, &) = minmaxminZ,(u,p,*) = min max min =, (u, p, £*)
v o p & pu &

= minmax=,(u,p,{") = minmax =, (u,p, ). (30)
“uo P p.E* u

S
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or
E.(w,p, &) = maxminmaxZ,(u,p, ") = maxmin max =, (u, p, £)
u &* p p &+ u
= minmax=,(u,p,{") = maxmin =, (u, p, £"). (31)
& wp u,p  £*

Proof Since W € (&), K* € T(VY), if (A(u) ; £*) is concave on U,., then for a
given £*, 2, € T'(U,) x T(V}) is a saddle functional. Thus the equality (29) follows from
the saddle-Lagrangian duality theorem (cf. e.g., Gao, 2000d). However, if (A(u) ; £*) is
convex on U,, then for any given £* € &£, the extended Lagrangian =, € DU, x T(VH)
is a super-critical functional (see Gao, 2000d). By the super-Lagrangian duality theorem

proved in Gao (2000d), we have either (30) or (31). O

4 Dual Action and Tri-Duality in Dissipative Systems

The goal of this section is to develop a dual approach for solving the distributed parameter
control problem (P). For any given u € Uy, the extended Lagrangian density =, (u, p, £*)
is a saddle functional on V* x £*, and we have

II,(u) = sup inf =,(u,p,&) Yu € Uy. (32)
peV= £reE*

On the other hand, the dual action HZ : Vi x £ — R can be defined by

Il (p, &) = sta{Z,(u,p, &) Yu €U}
te
— FMp.g) - / K*(p) — W€ dr, Y(p,6%) € VI x €2, (33)

where F/(p,£*) is the so-called A-dual functional of F),(u) defined by

uEUq

FMp.€%) = sta / "B, p)— (Aw) ; €+ Fy(w)] d. (34)

Since Fj(u) = (u , @*(n)) is a linear functional, for any given (p,£*) € Vi x £F and
the applied control u € M, the solution @ of this stationary problem (34) satisfies the
balance equation

Op— A (W +u(p) =0 in . (35)

For geometrically linear conservative systems, where A is a linear operator, we have
A =t. * ok .
FMp, &) = upliZle, st A€ +p,=u*(p). (36)
In this case,

I (p, £%) = up|i=ts + / S (e) — K (p)] (37)

is the classical complementary action in linear engineering dynamical systems (see Tabar-
rok and Rimrott, 1994) defined on the dual feasible space

T, ={(p,€) €Va x & | pi+ A =u"(pn)}
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In fully nonlinear systems, we let 7, C V¥ x £ be a subspace such that for any given
(p,&*) € T, the critical point @ can be determined by (35) as @ = @(p,£*) and the dual
action HZ is well defined by (33). Thus, by the operator decomposition A = Ay + A, we
have

te
FNp, &) = e’'upli= / G p, &) dt, st. Ofp=Aj(W)E* —ut(n),  (38)
0

where G(p,&*) = (—=A.(u) ; &*) is the so-called pure complementary gap functional.
Then, the problem dual to the primal control problem (P) can be proposed as the
following.

Problem 4.1 (Dual Distributed-Parameter Control Problem) For a given
dual feasible space 75 and the final state (u.(z), ve()), find the control field u(z,t) € M
such that the dual solution (p(z,t),£*(x,t)) of the dual variational problem

(P Mi(p,&") —sta ¥(p,&*) €T, (39)
and the associated state u(z,t) satisfying the controllability condition

(a(z,te), p~tp(z, t) = (ue(x),ve(x)) Vo € Q. (40)

Lemma 4.1 Let Z,(u,p,£*) be a given extended Lagrangian associated with (P) and
Hﬁ (p, &%) the dual action defined by (33). Suppose that Z,. = U, x VX EF is an open subset
of Z4 and (4, p,&*) € Z, is a critical point of =, on Z,, 11, is Gateaux differentiable at
u, and Hﬁ is Gateauz differentiable at (p,€*). Then DIL,(u) = 0, DHﬁ(f), €) =0, and

I,(a) = E,u(a, 5, ) = I}, (5, £"). (41)

The proof of this lemma was given by the author in parametrical variational analysis
(Gao, 1998).

Lemma 4.1 shows that the critical points of the extended Lagrangian are also the
critical points for both the primal and dual variational problems.

Theorem 4.1 (Tri-Duality Theorem) Suppose that for a given control field
w(z,t) such that (4,p,&*) € L. is a critical point of =, and Z, = U, x V7 X & is a
neighborhood of (u,p, &%) such that V) x £ C T,. If (A(u) ; ) is concave on U,., then

IL,.(u) = min I, (u)  iff Hﬁ(ﬁ,ﬁ_)—;g%)g;glelg*ﬂ (p, £%). (42)

However, if (A(u) ; £*) is convex on U,, then

IL,(a) = min T, () iff ¢ (p, £%) =, min 1L, ¢ (p,&*); (43)
M, (@) = max T, (u) - iff 15,67 = mex min I, I (p, £). (44)

Proof This theorem can be proved by combining Lemma 4.1 and the triality theorem.
O
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5 Feedback Control Against Chaos in Dissipative Duffing System

As we have shown in the first section of this paper that the governing equations for
shear /damping control of large deformed nonlinear beam structure are eventually equiv-
alent to the well-known Duffing system. As a typical example, let us consider the very
simple nonconvex dynamical problem over the time domain I = (0,t.)

1 1
I, (u) = /Ie”t[pu’2 - §a(§u2 — A+ pu]dt — sta Yu € Uy. (45)

For initial-value problem of this one-dimensional dynamical system, the kinematically
admissible space Uy can simply be given as

Uy = {u € L*0,t.)| v € £L*0,t.), u(0)=ug, u'(0)=uvy}.

The criticality condition of II,, leads to the dissipative Duffing equation
1
p(u” +vu') = au(\ — §u2) +p(t), Vtel, uel. (46)

In terms of the nonlinear canonical measure £ = A(u) = %uz, the energy density W, (€)
and its conjugate W () are convex functions:

Wal€) = (6 =AY, Wi(e) = 5o+ Xs.

The extended Lagrangian for this nonconvex system is

_ , 1 1 1
Zu(u,p,¢) = /16 ! (pU' —s(Gu* = A) - 2—pp2 + o0+ MU) dt. (47)

The criticality condition D,Z, (@, p,s) = 0 leads to the equilibrium equation
p +uvptius=pu Vtel.

Clearly, the critical point @ = (1 — p’ — vp)/s is well-defined for any nonzero ¢. Thus,
the dual feasible space can be defined as

_ (0) = pvg, —Aa <¢(t) < +oo,
ﬂ—{(p’g)ecl(”' () £0 Ve, o(0) = a(lud - ) }

=d

Substituting 4 = (1 — p’ — vp)/s into =, the dual action is obtained as

H,Ldl,(pv §) = Eetl%a E#(uapv §)

1 @ +vp—p? 1
_ etep(e (L) — /ut_2 A VP D g (48
e’ p(te)ult.) — pvouo + ’ e [2a§ + A+ 5 2pp Jdt, (48)

which is well defined on 7;. The criticality condition for Hz leads to the dual Duffing
system in the time domain I C R

(%(p’Jer—u))IJr %p= 0, (49)
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g2 Gcﬂ%) = %(u—p’—vp)Q- (50)

This system consists of the so-called differential-algebraic equations (DAE’s), which arise
naturally in many applications (cf. Brenan et al, 1996). Although the numerical solution
of these types of systems has been the subject of intense research activity in the past
few years, the solvability of each problem depends mainly on the so-called index of the
system. Clearly, the algebraic equation (50) has zero solution ¢ = 0 if and only if
g = (uw—p —wvp) = 0. Otherwise, for any nonzero g(t) = u(t) — p'(t) — vp(t), the
algebraic equation (50) has at most three real roots ¢;(t) (i = 1,2, 3), each of them leads
to the state solution u;(t) = (u(t) — pi(t) — vpi(t))/si(t).

Theorem 5.1 (Stability and Bifurcation Criteria) For a given parameter \ >
0, initial data (ug,vo) and the input control u(t), if at a certain time period Iy C I =

(07t6)7
’ 2/

then the Duffing system possesses only one solution set (u(t), p(t),3(t)) satisfying 3(t) >
0 Vt € I, and over the period I,

II,(a) = minIT, (u) iff HZ(@ ¢) = min HZ(p, ), (52)
I, () = maxII,(u) iff HZ(@ ¢) = maxmin HZ(p, S). (53)
P <

However, if at a certain time period I, C I = (0,t.) we have A\, (t) < A then the
system possesses three sets of different solutions (4, p;(t),Si(t)), i = 1,2,3. In the case

that the three solutions ;(t) are in the following ordering
—aA <G() S @) S0<a(t) VEE D, (54)
then over the period Iy, the solution set (a1(t),p1(t),31(t)) satisfies either (52) or (53);

while the solution sets (u;(t), pi(t),S(t)) (i = 2,3) satisfy
II,(@;) = minII,(u) = maxmin Hﬁ(p, S) = HZ(@-,Q), i=2,3. (55)

m D <

This theorem can be proved by combining the theorem given by Gao (2000d, Theorem
3.4.4) and the triality theorem.

Remark 5.1 By Theorem 3.4.4 proved by the author (Gao, 2000d), for any given
continuous function g¢(t), if §;(¢) (¢ = 1,2,3) are the three solutions of the dual Euler-
Lagrange equation (50) in the order of (54), then the associated @ (¢) is a global minimizer
of the total potential

Rty = [ e[ alze® = 02 = gty .

while @y (t) is a local minimizer of P, and @s(t) is a local maximizer of P,.

In algebraic geometry, the dual Euler-Lagrange equation (50) is the so-called singular
algebraic curve in (g, g)-space, i.e. ¢ = 0 is on the curve (see Silverman & Tate, 1992,
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p. 99). With a change of variables, the singular cubic curve (50) can be given by the
well-known Weierstrass equation

y? =a2° + ax® + Br + 7,

where a, 3, v € R are constants. If we let C,s be a set consisting of non-singular points
on the curve, then C,s is an Abelian group. This fact in algebraic geometry is very
important in understanding the stability of the nonconvex dynamical systems. Actually,
from Figure 5.1 we can see clearly that for a given input control, if A\,(¢) < A, the cubic
algebraic equation (50) possesses three different real solutions for ¢(¢). The two negative
solutions ¢(t) are the sources that lead to the chaotic motion of the system. Thus, the
inequality (51) provides a bifurcation (or chaotic) criterion for the Duffing system. Figure
5.1 also shows that if the continuous function g(t) = u(t) — p'(t) — vp(t) is one-signed on
certain time interval I, C I = (0, t.), each root (t) of (50) is also one-signed on I;.

Y Ap > A
Ap=A
0.2
/ Ap < A
- -0.8 -0.6 -0.4 -0.2 0.2 0.4 S
-0.2
-0. 4}

Figure 5.1. Invariant set of dual solutions and bifurcation criterion for Duffing equation (50).

Theoretically speaking, for the given same data, the Duffing equation (46) and its
dual system (49-50) should have the same solution set. Numerically, the primal and dual
Duffing problems give quite different results (see Figure 5.2 (a)). For the given data
a=1,A=15,up =2,v9g = 1.4 and v = 0, Figures 5.2 and 5.3 show the numerical primal
(solid line) and dual (dashed line) solutions. From the dual trajectories in the dual phase
space ¢-p-p,; (Figure 5.3 (c-d)) we can see that at the point ¢3(t) = —al, if the function
g(t) = p(t) — p,(t) — vp(t) changes its sign, the state u(t) crosses the t-axis and falls
down to the another potential well in the phase space Z = U x V*. The bifurcation is
then occurred.

For the forced vibration with linear damping, the numerical results are extremely
sensitive to the parameters. Figure 5.4 shows that the trajectories are chaotic in phase
spaces ¢-p (Figure 5.4 (b)) and ¢-p-g ( Figure 5.4 (d)). However, trajectory in the dual
phase space ¢-g is an invariant (see Figure 5.4 (¢)), which depends only on the parameters
A, a and the amplitude of the force g(t).

As it is known that the nonconvex dynamical systems are very sensitive to both the
parameters and numerical methods used. For the given periodic driving force u(t) =
1.5co0s(2.75t) and v = 0.1, Figure 5.4 shows that different numerical solvers in MATLAB
produce very different “chaotic results”. However, solutions in dual phase space ¢-g form
an invariant set (Figure 5.4 (c¢)). This important fact shows that the triality theorem
will play an important role in stability and bifurcation analysis of chaotic systems.
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(a) Primal and dual solutions

(b) Primal and dual actions
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(c) Trajectories in phase space u-p

20

-15

\/

30 40 -

-2

4

-2 0 2 4

(d) Primal and dual actions in phase space u-p

Figure 5.2. Primal and dual solutions in primal phase space.

(a) Trajectores in phase space¢-p .

T 2

(b) Trajectores in¢-p space

-1

(c) Dual solution in dual phase space PP,

-1 0 1 2

(d) Dual solution in phase space PP,

Figure 5.3. Duffing solutions in dual phase spaces.
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(@) a( (solid) and A (1) (dotted) (b) Trajectory in phase space q—p
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(2) Numerical results computed by “odel5s”

Figure 5.4. Chaos and invariant set: numerical results by two differential numerical methods in MATLAB.
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Based on the canonical dual transformation method and theorems developed in this
paper, the dual feedback control against the chaotic vibration of the Duffing system can
be suggested as the following.

1. Periodic vibration on the whole phase plane.

Choosing the control parameters p and v such that the function g(t) = p—p'(t)—vp(t)
changes its sign at the point ¢3(t) = —aA.

2. Unilateral vibrations on half phase planes (either u(t) > 0 or u(t) < 0).

There are two methods: (1) choosing the control parameters p and v such that the
function ¢(t) = u — p'(t) — vp(t) does not change its sign at the point G(t) = —al; (2)
choosing i and v such that

, /
/\p(t)zg(M(t)_p(t)_yp(t))2 Coavier (56)

a

By the bifurcation criterion (Theorem 5.1) we know that if A, > A, the total potential
of this dissipative Duffing equation is convex and the system is stable.

6 Concluding Remarks

The concept of duality is one of the most successful ideas in modern mathematics and
science. The inner beauty of duality theory owes much to the fact that many different
natural phenomena can be put in a unified trio-canonical framework (see Gao, 2000d,
2001). By the fact that the canonical physical variables appear always in pairs, the
canonical dual transformation method can be used to solve many problems in natural
systems. The associated extended Lagrange duality and triality theories have profound
computational impacts. For any given nonlinear problem, as long as there exists a ge-
ometrical operator A such that the trio-canonical forms can be characterized correctly,
the canonical dual transformation method and the associated triality principles can be
used to establish nice theories and to develop powerful alternative algorithms for robust
feedback control of chaotic systems. Actually, it has been shown that in global opti-
mization many difficult nonconvex minimization problems in n-dimensional space can be
converted into certain canonical dual problems (either convex minimization or concave
maximization) in ONE-dimensional space, therefore, a class of problems have been solved
completely, including the well-known quadratic minimization over a sphere (Gao, 2004),
polynomial minimization (Gao, 2005), and quadratic programming with box constraints
(Gao, 2006). In general n-dimensional distributed parameter systems, the dual algebraic
equation (50) will be a tensor equation and the stability of the nonconvex system will
depend on the eigenvalues of symmetrical canonical stress tensor field ¢(z,t) (see Gao,
2001). The triality theory can be used for studying the controllability, observability and
stability of distributed parameter control problems.
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1 Introduction

In recent years there has been intensive research on systems governed by impulsive dif-
ferential equations and impulsive functional equations in Banach spaces (see [1], [2], [3],
[6], and the references therein). This is probably due to the fact that though a vast
majority of physical systems are described by differential or difference equations, a more
realistic model of a physical system can be constructed using differential equations with
time delay and impulsive effects in describing the evolution and discrete events occur-
ring in the system. In fact, many evolution processes in nature are characterized by the
fact that there are inherently time delays and at certain moments of time experience an
abrupt change of state. Most papers in the literature dealt with ordinary differential
systems and semilinear differential equations. Their emphasis and advantage lie in the
fact that solutions of these systems are being represented by means of integration for-
mula via appropriate semigroup of operators. It seems that only a few papers discuss
the strongly nonlinear impulsive functional differential system, which cover quasilinear
partial differential equations with time delay.
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Let D = {t; < ta < --+ < ty,} be fixed impulsive points in (0,7). In this paper we
study a class of strongly nonlinear impulsive differential equations with time delay in the
form

z(t) + A(t,z) = f(t,z), te€[0,T]\D,

‘T(t) = ¢(t)7 te [—T‘, 0]7 (1.1)

Here A is a nonlinear monotone operator and f is a nonlinear nonmonotone perturbation,
and G; denotes the jump operator defined as

Gi(x(t:) = z(ti+) — z(ti—) = z(ti+) — z(t:),

¢ € PF and z,(0) = z(t +6), 6 € [-r,0]. The space PF will be introduced in Section 2.

We present here sufficient conditions for the existence of solution to this particular
class of nonlinear impulsive functional equations in an appropriate infinite dimensional
Banach space. The results are obtained by using the theory of nonlinear functional
analysis and a fixed point theorem due to Leray-Schauder.

The rest of the paper is organized as follows. In Section 2, we introduce some basic
notations. In Section 3, we prove the existence of solutions for a class of nonimpulsive
delay differential equations in Banach spaces. In Section 4, we establish the new existence
result for a class of nonlinear impulsive functional differential equation in Banach spaces.
Finally, we conclude with an example to illustrate our results in Section 5.

2 Preliminaries

Let H be a separable Hilbert space and V be a dense subspace of H having the structure
of a reflexive Banach space with continuous embedding, so that V — H — V* forms a
Gelfand triple. We assume the injection V' < H is continuous and compact. The system
model considered here is based on this Gelfand triple (see [1] or Chapter 23 of [9]).

Let I =1[0,T], r > 0, and m > 0 be given. The norm in any Banach space X will be
denoted by || - || x. Let PF(X) = {¢: [-r,0] — X; 1) is continuous everywhere except

for a finite number of points ¢ at which ¢ (t—) and 1 (t+) exist and ¥ (t—) = ¥(t)} be
endowed with the norm

[¥llprexy = sup{l|v(0)]|a, 0 € [-r,0]}.

For any continuous function x defined on [—r,T|\ D and t € [0,T], we denote by x; the
element of PF = PF(H) defined by

z(0) =2(t+0), 6¢€[-r0]

Let 1 < g < p < 400 satisfying % + % = 1. The space Wpe(I) = Wp, is defined as
follows:
Wye(I) ={zlx € L,(I,V),& € Ly(I,V*)}
with the norm
=%, = 2%, vy + 12017, v
where & denotes the derivative of x in the generalized sense. {W,, || - |lw,,} is a Banach

space and the embedding W,, — C(I, H) is continuous. If the embedding V' «— H is
compact, the embedding W, — L, (I, H) is also compact (see [9] and [1]). Similarly, we
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can define Wpy([s,u]) for 0 < s < ¢t < u < T. Furnished with the norm || - [|w, _ ((s,u]),
the space (Wyq([s,u]), || - lw,,([s,u))) Decomes a Banach space which is clearly reflexive
and separable. Moreover, the embedding Wyq([s, u]) — C([s,u], H) is continuous and
the embedding W, ([s, u]) — Lp((s,u), H) is also compact.

Set PC(I,H) = {x : x is a map from I into H such that x(t) is continuous at ¢ € I'\D
and x(t) is left continuous at ¢t € D and the right limit x(¢;+) exists for i = 1,2,---m},
and

PWPQ(I) ={z:z |[ti,ti+1]€ qu([ti’tiJrl]) for i=0,1,---,m},

where tg = 0 and t,,41 = T. For 2 € PW,,(I) N PC(I, H) £ PWC, define

Izl pwe =D @ lwyitotin + O lz(tir) — z(ti=)| o
1=0 i=1

It is easy to show that PW (' is a Banach space.
Let us consider the following nonlinear impulsive differential equation with time delay
x(t) + A(t,z) = f(t,x¢), t€][0,T)\D,
z(t) = ¢(t), tel[-r0], (2.1)
Alx(ti) = Gl(:v(tz)) 1= 1, 2, e, M,

where A is a nonlinear monotone operator, f is a nonlinear nonmonotone perturbation,
Gi(i =1,2---m) are nonlinear maps. Here ¢ € PF, and Az(t;) = z(t;+) — z(t;i—) =
x(t;+) — z(t;), which represents the jump in the state x at time ¢; with G; determining
the size of the jump at time t;.

We will impose the following hypotheses on problem (2.1).

(A1) A: 1 xV — V* is an operator such that

(i) t — A(t, x) is measurable.

(ii) x — A(t, z) is monotone and hemicontinuous; i.e., Vt € I,
(A(t,z1) — A(t,x2), 21 —x2) >0 Vo, 20 €V, tel;
A(t,a:—ksy)l»A(t,x) inV* ass—0 Vz,yeV.

(iii) There exist positive constants c1,ca,cs and a nonnegative function c4(-) €
L,(I) such that Vt € I,

(A(t,z),z) > c1 ||z ||}, —co, forallz eV,
At @) ||lv- < ea(t) + esl|z]" for all z € V.

(A2) f:I x PF — H is an operator such that

(i) t — f(t,€) is measurable, and
& — f(t,€) is continuous.

(ii) There exist a constant o > 0 and a nonnegative function h(-) € Lo(I) such

that 7
& £ < h(t) +alléllpp, VE € 1,§ € PF.

(A3) Fori=1,2,---,m, G; : H— H is a bounded map (i.e., G; maps a bounded set
to a bounded set).
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To arrive at the main results of the paper, we need the following fixed point theorem
due to Leray and Schauder [5].

Theorem 2.1 Let B be a convex subset of a normed linear space E and 0 € B. Let
P : B — B be a completely continuous operator and let

E(P)={zx € B:x=0P(z) for some0 <o <1}.

Then either the set £(P) is unbounded, or P has a fized point.

3 Existence of solutions of functional differential equation

In this section we consider the following functional differential equation without impulsive
effects:

{ (t) + A(t,z) = f(t,z;), te€]0,T], (3.1)

.I(t) = (b(t)v te [_Tv 0]7

Definition 3.1 A function x is called a weak solution of (3.1) if x|, 1) € Wy satis-
fies the equation in a weak sense and x(t) = ¢(t) V¢ € [—r,0].

Theorem 3.1 Under assumptions (A1) and (A2), problem (3.1) has a solution in
Whq-

Proof
Step 1: The proof will be given first for the case where ¢(0) = 0.
(1) Set

B = {yly € C([0,T], H),y(0) = 0}.

Obviously, B is a Banach space with the supremum norm. For any x € B, we define
F:B— Ly(I,H) by F(x)(t) = f(t,7;) with

v | et+s) fort+se[-r0),
z(s) _{ z(t+s) fort+se[0,T].

The operator P is defined on B by letting y = Px be the corresponding solution of the
following Cauchy problem

{ y(t) + At y(1)) = F(o)(t), tel,

Indeed, by assumption (A2) and 1 < g < p < 400, F(z)(t) = f(t,Z:) is measurable
and
F(x)() € Lo(I, H) C Ly(1, V7).

Thus, the above Cauchy problem has a unique solution y € W, < C(I, H) (see Theorem
30.A of [9]). Hence P maps B into itself.

(2) P: B — B is continuous.

Suppose z,, — x in B as n — oco. This means

sup |[lzn(t) —z(t)|lw — 0,
0<t<T
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as n — +o00. Hence, there exists a constant M > 0 such that
1Znllpo—rrmy <M and  ||Z] po—rm,m) < M.
By virtue of assumption (A2), we have for ¢ € I,
F(xyp)(t) — F(x)(t) in H
as n — oo and there exists a constant M; > 0 such that
[F(@n)®)a < h(t) + My and - [[F(2)@)][g < h(t) + M.
It follows from the majorized convergence principle that

F(z,) — F(x) in Ly(I, H)

as n — 00.
Let y, = Fz,, and y = Fz satisfy the following equations respectively. For ¢t € I,
gn(t) + Alt,yn(t)) = Flzn)(t), yn(0) =0,
y(t) + At y(t) = Fo)(t), y(0)=0.
Then

1
lm® —y®lE < 1F@n) = F@)llza06m 90 = Yllzao.em)

IN

1 1 [f

SIP@) = F@lym + 3 | o) = o) ar
Thanks to Gronwall’s lemma, it is easy to show that

Yo — Yy in B asn — oo.

(3) P is a compact operator on B.
Let {x,,} be a bounded sequence in B. That is, there is a constant Ms > 0 such that

lznllo,my < Ma.
Again, by assumption (A2), there exist constants M3, My > 0 such that
[F(zn) ()l < h(t) + Mz and  [|F(zn)|Locr,m) < Ma.

Let y, = Pz, be a solution of the following equation

Un(t) + At yn(t)) = F(2,)(1).
{ Yn(0) = 0. (3.2)

Integrating by parts in (3.2) and using assumption (A1), one can obtain
1
sl Ol + CillnllZ, 0.0v) < 1F @206 19nllo0.6:) + Co-

It follows from the Cauchy inequality that there exist constants v > 0 and K > 0 such
that

1
MmO+ Vol 0y < KIF @)L, 1) + Co
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Hence {y,} is bounded in C(I,H) N L,(I,V). It follows from Eq.(3.2) that {g,} is
bounded in L,(I,V*) and therefore {y,} is bounded in Wp,.
Since Wyq — Ly(I, H) is compact, there exists a subsequence, relabelled {y,}, such
that
Yo —y inL,(I,H) asn— oo.
So {yn} is a Cauchy sequence in L,(I, H). Hence there exists a constant M5 > 0 such
that

1
slon(®) —ym@llz < 1F@n) = F@m)llyrmnllyn = ymllz, o m)

N

S M5Hyn - ymHLp(IvH)'

This inequality implies that {y,} is a Cauchy sequence in B. Since B is closed, the
sequence {y,} has a limit in B. This proves that P is compact.

(4) Boundedness of the set &(P).

We will show that the set £(P) is bounded. To this end, suppose z € B and © = o Px
where o € (0,1). This implies that x satisfies the following Cauchy problem:

{ g%z)()t);oé(t’ La@t)) =gt ), tel, (33)

We will show that there exists a Q > 0 such that
lzllew,m < Q.
Using the same arguments and assumptions (A1) and (A2), we have

1 C
o le @l + =%

t
el v < [ (2 (r)dr +Co
< /Hf WdHM/Wu B, dr) P + O

sqﬂ/w lr+ Sl o + Co

for any constant € > 0 and some constants C7 > 0 and C3 > 0. Hence

UP*Q ) » o1 o op1 » dlapfl t S
3@l + Cullally o ey < Ca0” ™+ baePo? el o + == | 18 ey

where b; and d; are positive constants. So, we can choose € > 0 small enough such that

0p2

lz(®O)lI7 < a10”™" + bpo™ 1/ |12+ || Bpdr
where a1 and by are positive constants. It follows from 0 < o < 1 that

t
Hﬂw%§@+méH®%Mr

We denote .
k(t) =as+ dl/ H./TE\TH?DFCZT.
0
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It is obvious that k(¢) is an increasing function. So,

t
sup [o(0)f < axt dirfolfop + [ sup [o(@)dr  forall ¢ € 0.7]
0 0<6<r

0<6<t
Let w(t) = supgcge, | 2(0)]|3. Then w(t) is continuous and increasing since x(t) is
continuous. An application of the Gronwall lemma implies that
Hx”C([O,T],H) <Q, (3.4)

and so &(P) is bounded.

By the Leray-Schauder fixed point theorem (Theorem 2.1), P has a fixed point z* in
B. Then z* is a corresponding solution of (3.1).

Step 2: For the proof of the theorem, in general case where ¢(0) # 0, at first we
assume that ¢(0) € V, we use the transformation

y=z—9(0)
to reduce the problem (3.1) into the following problem:

{30+ Ay 60) ~ Sy o0, 1< 5
y(t) =9¢(t) —#(0), te [_Tv 0]7 .

We set A(t,y) = A(t,y + 6(0)) and f(t,y:) = f(t,y: + ¢(0)). Then it is easy to see
that A satisfies assumptions (A1)(i) and (ii). It follows from assumption (A1) (iii) that

JAEYllv- = Aty + ¢(0)llv- < ca(t) + eslly + o(0) |5
< ea(t) +es2PY|ylB + 2P g(0) 15 (3.6)

Let my = ca(t) + ¢32°71|¢(0)[|2" and my = ¢32P~ 1. Then
JAG 9)llv- < ma(t) +mslyll}

forally € V and t € I.
By assumption (A1)(iii), one can get

Al y)y) = (At +6(0).y + 6(0)) — (A(ty + 6(0)), $(0))
> ey + SO)E — e — [ Aty + 60) v- - [6(0)]1v (3.7)
> mw+wwm—@—iﬂwwm—%wwﬁ+¢@n%

for any constant € > 0. Then, by (3.6), one can reduce (3.7) into

—1 2q—103(t) @

o 29 1
mmmwz(q—c a)y+ww@—@—;ﬂmwm—

We can choose € small enough such that m; = ¢; — 032;71 €? > 0 and note that the
following inequality

ly + 2% + l$(O)IIF, Hlyllv = 6O)IvI” + 1l¢(0)[lv

C(llyllv = l¢0)llv + 16(0)[v)” = Cliyliy,

AVANIY]
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holds for some constant C' > 0.
One can obtain

(A(t,),9) = maCllylly, —ma

where mg = ¢ — p%”gb(())ﬂvp —c1|le0)y — %eq. That is, A(t,y) satisfies as-
sumption (Al).

For f(t,y) = f(t,y + ¢(0)), one can easily verify that f(t,y) satisfying assumption
(A2). Then the problem (3.5) has a solution from Step 1.

If ¢(0) € H, there exists a sequence {&,} C V, such that &, — ¢(0) in H. Set

[ e(t) forte[-r0),
¢alt) = { & fort=0.

Then there exists x,, € Wy, such that

() + Al 20 () = (E (a)), tET,
{xn@):mw, te[r,0. (3:8)

We define A(x)(t) = A(t,z(t)) for z € L,(I,V) and t € I. Then A : L,(I,V) —
L,(I,V*) is bounded, monotone, hemicontinuous, and coercive (see Theorem 30.A of
[9]). It follows from (3.4) and assumption (Al) that

lznllw,, < M and A )l L, vy <M

for some constant M > 0. Then there exists a subsequence of {z,}, denoted {z,} again,
such that

Tp — X in L,(I,V),
i 5 & in LI, V),
Alzy) 5 w  in LI, V™),

as n — +00. Since Wy, — L,(I, H) is compact, we know that

Ty — X in Wy,
s .
Tp — in L,(I,H),

xn(t) — z(t) ae onlin H.

By assumption (A2) and using the similar method as in the proof of Lemma 1 of [8], it
follows that

F(zy) -5 F(z)  in Ly(I, H).
Hence
{g'c+w=F(x), tel,
x(t) = ¢(t), te[-r0].

Combining (3.8) and (3.9), we obtain

(T — &,y — x) + (Axyy — W, 20 — ) = (F(2) — F(2), 2y, — ).



NONLINEAR DYNAMICS AND SYSTEMS THEORY, 6(3) (2006) 281-293 289

Hence
(Awn) w20 = 5lenl0) = 2O ~ Fllan(T) — DI
+ (A(xn) —w,z) + (F(zn) — F(z), 2, — ).
So,

lim sup(Axy,, ) < (w, z).
n—-+o0o

Note that A : L,(I,V) — L,(I,V*) is monotone, hemicontinuous, and so A satisfies
the condition (M) (see p. 538 of [9] ). We deduce that

w = A(z).
Thus,
(3.10)

That is, = is a solution of (4.1).
The theorem is proved.

Remark 3.1 It follows from the proof of Theorem 8.2 that if x is a solution of (3.1)
then x is bounded in Wpy,.

Theorem 3.2 guarantees the existence of solutions for (3.1), but not the uniqueness
of solutions. In order to obtain uniqueness, we have to impose a somewhat stronger
agssumption on f. Assume that

(A4) f is locally Lipschitz continuous with respect to &, i.e., for any p > 0, there exists
a constant L(p), such that

1£(t, &) = f(t.&)lm < Lp)([& — &llpr), Vel
and for all {;,&> € PF(H) satistying [|&1]|pr < p, [|S2]lPF < p-

Theorem 3.2 (Uniqueness of solution) If assumption (A4) holds, then the problem
(8.1) has at most one solution.

Proof Let z1 and x2 be two solutions of problem (3.1). Then
Slai ) - m@lE < 1F@) - Fe)lnosmln - 22l
< SIF@) = F@)aoum + 5001 — w2l
By assumption (A4), there exist constants C7 > 0 and C§ > 0 such that
t t
Js(t) =220l < i [ en() = oD +C [ w): = (o) [
Because z1(t) = x2(t) = ¢(t),t € [—r,0] and the solution of (3.1) is continuous in

[0,T], one can modify x; and xs by setting z1(t) = z2(t) = £,Vt € [—r,0]. Then
x1, 22 € C([—r,T]; H) such that

le(t)—xz(t)llizéci‘/o |x1(7)—x2(r)|§{d7+05/0 I(z1)7 = (z2)-[Edr Yt € [0,T]
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where C' = C([—r,0], H) denotes all continuous maps from [—r, 0] into H with the usual
supremum norm. Thanks to Gronwall’s lemma, it implies

x1(t) = 22(t) for all ¢ € [0, T].

That is,
r1 = T9.

4 Existence of solutions for impulsive delay differential equations

In this section, we deal with the nonlinear impulsive differential equation (2.1) with time
delay in Banach Space.

Definition 4.1 A function € PWC is called a PWC solution of (2.1) if it satisfies
the equation in a weak sense on every interval [t;, t;+1] (¢ = 0,1, ,m), z(t) = ¢(t), t¢€
[—7,0], and the state jump at ¢; (i =1,2,--- ,m).

Theorem 4.1 Suppose assumptions (A1), (A2), and (A3) hold. Then, for each
¢ € PF(H), the problem (2.1) has a solution x € PWC. Moreover, there is a constant
M > 0 such that

lzllpwe <M and |z pc < M.

Proof Define I; = (t;,t;y1],t = 0,1,--- ,m with tg = 0,¢;,41 = T. Tt follows from
assumptions (A1), (A2), Theorem 3.2, and Theorem 3.4 that for each ¢ € PF and ¢(0) €
V, the equation (2.1) has a unique solution (") where =(") |1, € W, (Iy) N C(Io, H) and
zM l|—r,0= ¢. By assumption (A3), z(t; + 0) is well defined and it is given by

oty +0) = G (2 (81)) + 2P () = €L
Consider the following problem

(t) + A(t,z) = f(t,xr), tely,
z(t) = xM(t), tet—rti, (4.1)

~—

Using the same argument as in the proof of Theorem 3.2 and the fact () € PF([t; —
r,t1], H), one obtains that there is a unique solution z(?) in I;.

We continue this process taking into account that 2(™+1) := z |; is a solution to the
problem
(t) + A(t,z) = f(t,ze), t€ (tm,T],
z(t) = o(t), t€ [tm — 7 tm], (4.2)
Tt +0) = 20 (t) + G (2 (1)),

The solution z of the problem (2.1) is defined by

=M (¢), if t € [—r,t4],
(), if t € (t1,ta],

AN @), ift € (b, T).
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And it follows from Remark 3.3 that for K =0,1,--- ,m
Hx(kH)Hqu(zk) <M
for some constant M > 0. Hence z is a PWC solution of (2.1) and
|zllpwe < My and  |[|z|pc < M.

for some constant M; > 0.

5 Examples

In this section we present an example of delay evolution equations with impulse to which
our general theory applies.

Let © be a bounded domain in R™ with smooth boundary 9Q, 0 < t; < --- <t <T
are given fixed points and D = {t1,t2, - ,tx}, @7 = (0,T)\ D x Q, 0 < T < o0. Let
a = (1,9, ,a,) be a multi-index with nonnegative integers {«;}, i = 1,...,n, and
lall = >, a;. Let p > 2 and ¢ = p/(p — 1)and let m > 0 be an integer. W™P(Q)
denotes the standard Sobolev space with the usual norm:

||90||me— Z ”D 90”[;: Q))

la|<m

Let W"P(Q) = {p € W™P|DPy|sq =0, |8] <m—1}. It is well known that C§°(Q2) —
W P(Q) < L?(Q2) — W~™P(Q) and the embedding Wy (2) — L?*(Q2) is compact.
Denote V = Wy""(Q2), H = Ly(Q2), then V* = W~"4(Q).

We consider the following initial-boundary impulsive value problem of 2m-order quasi-
linear delay parabolic equation:

grv(to)+ 8 (DD el ()t 0) = glt, a9t =) on Qr,
al<m

DBy(t,z) =0 on [0,7T] x 09, for all 8 satisfying |8 < m — 1,

y(s,z) = ¢(s,x) forxe Qand —r <s <0,

y(tl+) = _y(tl_)u 1= 1727 e 7k7

(5.1)

where n(y) = {(D"y), |y| < m},¢(t,x) is a given function, ¢ € C([—r,0], L2(2)),
$(0) € WP(Q), and M = Lm)l,

For y1,y2 € Wy"P(Q2) and t € I, we set

a(t,y1,y2) / Z An(t,z,n(y1)(t, 2)) DYyadx

|la|]<m

and assume that for all a with |a| < m, the function A, : Q7 x RM — R satisfies the
following properties.

(H1) (1)(t,z) — Aa(t,z,n) is measurable on Qr for n € RM, n — A, (t,z,n) is contin-
wous on RM for a.e. (t,7) € Qr;
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(2) For n = (n,) € RM, 7 = (o) € RM, there exist positive constants c, ¢1, ca, c3,
and ¢4 such that

Z (Aa(tal’ﬂ?) - Aa(tvxvm)(na - ﬁa> > 07

loo| <m

> Aatmmne > 3 P — e,
la|<m [y[<m
|[Aa(t,z,n)| <catez Yo P

[v|<m

It is not difficult to verify that under the above assumption, for each y; € V and
t € [0,T], y2 — a(t,y1,y2) is a continuous linear form on V. Hence there exists an
operator A : I x V — V* such that

(A(t,y1), y2)v=v = a(t,y1,y2).

Under the given assumption (H1), it is easy to see that A satisfies our assumption
(A1) of Section 3.
Assume the function f: Qr x R — R satisfies the following properties.

(H2) (1) (t,z) — f(t,z,n) is measurable on Qr for all n € R;
(2) n — f(t,x,n) is continuous on R for almost all (¢, z) € Qr;
(3) there exist constants b; > 0 and by > 0 such that

|f(t7$777)| < b1|77|2/q + bQ(ta I)
for almost all (¢,x) € Qr.

For ¢ € H and t € I, set

b(t7¢1ﬂ/)):/ﬂf(t,x,¢1)1/1dz.

Then ¢ — b(t,¢1) is a continuous linear form on H. Hence there exists an operator
F:[0,T] x H— H such that

b(ta ¢1ﬂ/’) = (F(tv(bl)ﬂ/})

Noting that y.(0) = y:(r) for all —r < # < 0 and using (H2), one can verify that F'
satisfies assumption (A2) of Section 3.

With the operators A and F as defined above, problem (5.1) can be written as the
abstract evolution equation

y(t) + A(t,y(t)) = F(t,y(t —7)), te€[0,T]\D,
y(t) = o(t), te(-r0),
yti) = —yti), 0<ti<ta<---<t<T.

Hence our result can be applied to this model to assert the existence of its solutions.
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Abstract:  In this paper, we present an analysis for an M/Ej/1 queuing
system with balking and state-dependent service. Customers are served with
two different rates depending on the number of customers in the system. If a
customer on arrival finds other customers in the system, it either decides to
enter the queue or balks with a constant probability. We first formulate the
queuing model as a quasi-birth and death (QBD) process. Then, we obtain the
equilibrium condition of the system. By using the matrix geometric solution
method, we obtain the explicit expressions for steady-state probability vector
via the rate matrix R. The computation of the rate matrix R is also discussed.
Then, we derive explicitly some performance measures of the system. Based on
these performance analysis, we develop a cost model to determine numerically
the optimal cost and optimal critical value. Finally, we perform sensitivity
analysis through numerical experiments.

Keywords: Balking; state-dependent; matriz geometric solution; steady-state prob-
ability.

Mathematics Subject Classification (2000): 60K25, 68M20.

1 Introduction

We consider an M/Ej /1 queuing system with balking and state-dependent service. Cus-
tomers are served with two different service rates depending on the number of customers
in the system. If a customer on arrival finds other customers in the system, it either
decides to enter the queue or balk (does not enter) with a constant probability. Balk-
ing is not only a common phenomenon in queues arising in daily activities, but also in
communication systems, production line systems and in various machine interferences or
repair models (see [1]-[4] and references therein).

The queuing systems with balking, or reneging, or both have been studied by many
researchers. Haight [5] is the first person who considered an M/M/1 queue with balking.

(© 2006 Informath Publishing Group/1562-8353 (print)/1813-7385 (online)/www.e-ndst.kiev.ua 295
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An M/M/1 queue with customer reneging was also proposed by Haight [6]. The combined
effects of balking and reneging in an M/M/1 queue with limited waiting room and with
unlimited waiting room have been investigated by Ancker and Gafarian [7], [8]. They
obtained the steady-state probabilities and some performance measures of the system
such as the mean number in the queue, the mean number in the system and the mean
rate of customer loss.

Abou-EI-Ata [9] extended the model in [7] to study the state-dependent M/M/1/N
queue with reneging and a general balk function, where the server has two service rates
depending on the number of customers in the system. Some of its variations have been
studied by several authors including, for example, Abou-EI-Ata and Kotb [10], Abou-
EI-Ata et al. [11] and Abou-EI-Ata and Shawky [12].

Recently, Drekic and Woolford [13] studied a preemptive priority Markovian queue
with state-dependent service and lower priority balking customers. They formulated the
queueing model as a quasi-birth and death (QBD) process. By using the method of
generalized eigenvalues, they established an explicit representation for the so-called rate
matrix. They also obtained the steady-state joint distribution of the number of high and
low priority customers in the system.

The state-dependent M/M/1 queue with balking was studied by Al-seedy and Kotb
[14]. They obtained the transient solution of the state probabilities. Al-seedy [15] ex-
tended the model proposed by Abou-EI-Ata [9] to the state-dependent M/E;/1/N queue
with balking. By solving the steady-state probability-difference equations, Al-seedy [15]
obtained some iterative expressions of the steady-state probabilities. However, these
iterative expressions are too complex to obtain explicit expressions of the steady-state
probabilities in general cases, and they could not derive explicitly some performance mea-
sures such as the distribution of the queue length and the expected number of customers
in the system and in the queue. Even for a special case when the waiting room is un-
limited (i.e., N — 00), it is difficult to obtain the explicit expressions of the steady-state
probabilities from the iterative expressions.

In this paper, we study a state-dependent M/Ej/1 queue with balking and an un-
limited waiting room. The rest of the paper is organized as follows. In Section 2, we
formulate the queuing model as a QBD process and obtain the equilibrium condition of
the system. In Section 3, by using a matrix-geometric solution method, we derive the
explicit expression for steady-state probability vector. Also, we derive explicitly some
performance measures of the system such as the expected number of the customers in
the system and in the queue and the mean balking rate of the system. Based on these
analyses, we develop a cost model to determine numerically the optimal cost and op-
timal critical value. In Section 4, we perform sensitivity analysis through numerical
experiments. Conclusions are given in Section 5.

2 System Model and Equilibrium Condition

In this section, we first describe the system model. Then, we derive an infinitesimal
generator of a QBD process of the system. Finally, we provide an equilibrium condition
of the system.

2.1 Model assumptions

In this paper, we consider an M/E/1 queuing system with balking and state-dependent
service rate. The assumptions of the system model are as follows:
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(a) There is only one server in the system, and the server can only serve one customer
at the same time. The capacity of the system is infinite. It is assumed that the
service is independent of the arrival of the customers.

(b) Customers arrive at the system one by one according to a Poisson process with rate
A (A>0).

(c) A customer on arrival decides to join the queue or balk. If a customer on arrival finds
some customers in the system, then it joins the queue with probability G and balks
with probability 1 — 3. If a customer on arrival finds no customer in the system, then
he joins the system and will be serviced immediately.

(d) The customers are served on a first-come, first served (FCFS) discipline. Once
service commences it always proceeds to completion. The service times are assumed
to be distributed according to an Erlang distribution with mean k/pu,, and stage
parameter k. The Erlang type k distribution is made up of k£ independent and
identical exponential stages, each with mean 1/, given by

|k, n=1,2,..,m
Hn = kps, n=r+1,r+2,....

This means that the server has two rates say called “slow and fast” depending on the
number of customers n in the system. When the number of customers n in the system is
less than or equal to the critical value r, the server has slow service rate ui; otherwise,
the server has fast service rate ug (0 < g < p2).

2.2 Infinitesimal generator of a QBD process

Let N(t) denote the number of the customers in the system at time ¢, and J(t) denote
the service stage that the customer being served at time ¢ (¢ > 0). A customer goes into
the first stage of the service (say stage k), then progresses through the remaining stages
and must complete the last stage (say stage 1). The state space of the two dimensional
process {(N(t), J(t));t > 0} is given by

S={0,7);1=0,1,....5 =1,2,..., k}.
All states of this two dimensional process are labelled in the lexicographic order as follows:
(0,0);(1,1),(1,2),...,(1,k);(2,1),(2,2), ..., (2, k); ...

By the probability analysis, we have the following infinitesimal generator of the process
{(N(2),J(2));t = 0}.

0
BQ CO 1
A1 Bl Cl 2
A, By G
Q = .. DY DRI :
AQ Bl Cl e T

A3 Bg Cl r+1
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where
ki 0 -+ 0 kmw 0 -+ 0 kue
0 0O --- 0 0 o --- 0 0
A1 = . 5 A2 - . 3 A3 — 9
0 0 0 0 0 0 0
—BA =k
BO—_)\a Bl _ k:ul _BA _ k,ul ,
kpr  —BA =k
—BA = kus
B, = ko —55 — K pz 7
kpe  —BA — kpa
B
C’Oz(O - 0 )\), C, = BA ,

BA

where Cj is a matrix of order 1 X k, A; is a matrix of order k£ x 1, and other matrixes
are square matrixes of order k.

From the book written by Neuts [16], we know that process {N(t), J(¢);t > 0} is a
QBD process.

2.3 Equilibrium condition of the system

In the following, we provide a necessary and sufficient condition to ensure the existence
for the stationary probability distribution of the process {N(t), J(¢);t > 0}.
Let H = A3 + B> + C1, then H is given by

—kpus 0 0 ko
kpg  —kpz -0 0
H = ) ) ) )
0 0 - kue —kpe

It is readily known that H is an irreducible generator. Let w = (1, m2,..., ) be the
steady-state probability vector of H. Then, 7r satisfies the linear equations wH = 0 and
7e = 1, where e is a column vector whose elements are all equal to 1. Solving the above
linear equations, we get that

i=1,2,..,k (1)

By Theorem 3.1.1 in Chapter 3 of Neuts [16], the equilibrium condition of the system is
given by

wAze > wCle.
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Making substitution for w by Eq. (1), then we have the equilibrium condition of the
system given by

PA .
M2

(2)

Remark 2.1 We observe from the above condition that the equilibrium condition
of the system is dependent with the fast service rate ps and independent with the slow
service rate p1. This is in agreement with the equilibrium condition obtained by Rao
[17], where Rao considered an M/G/1 queueing system in which customers balk with a
constant probability 1 — 3 and renege according to a negative exponential distribution.
It has been shown that as long as reneging is permitted, the steady states always exist,
but when no reneging is permitted, the steady states exist only when AGn < 1, where A
is the arrival rate of customers, and 7 is the mean service time of a customer.

3 Performance Measures and Cost Model

In this section, we first derive the explicit expression for the steady-state probability
vector. Then, we give some useful performance measures of the system. Based on these
performance measures, we develop a cost model to determine the optimal critical value
r to minimize the total expected cost per unit time.

3.1 Steady-state probability vector

Let X = (Xo,X1,..., Xy, Xy41,...), where X is a number, X; (i = 1,2,...) is a vec-
tor of order k. By applying the matrix geometric solution method [16], the stationary
probability vector is given by

X, =X,R™", i=r1+1, . (3)

where R is the minimal nonnegative solution to the equation R?Az + RBy + C; = 0,
and Xg, X1, ..., X, are given by solving the following equations:

XoBo+ X141 = 0,
XoCo+ X1B1 + XA,
X;Cy + X;11B1 + X124
X,_1C1 + X,(B; + RA;)
r—1
Xo+ Y Xie+ X, (I-R)'e = 1, (4)
i=1

)

0
0, i=12..,r—2
0

)

where e is a column vector of order k, and all its elements equal to 1.

In general, it is difficult to give an exact expression of R except for a few special
cases. However, the matrix R can be approximately calculated by the following iterative
procedure:

(a) R(0) =0,

(b) R(n+1) = —(C1 + R*(n)A3)B;", n>0.

This iterative algorithm is convergent, i.e. R = nlingo R(n) (Section 1.9 of Chapter 1
of [16]).
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Remark 3.1 The inverse of the matrix B, ' in the above algorithm exists, and can
be explicitly given by

ak1 0 0 0
) a"=2(—b) ak-1t 0 0
B2_1 _ a_ ak—3(_b)2 ak—2(_b) aF—1 L. 0 ,
(_b)kfl a(_b)k72 a2(_b)k73 akfl

where a = (=0 — kpz), b = kuo.
For a special case of k = 2 and r = 2, we can readily obtain an explicit expression for
matrix R given in the following theorem.

Theorem 3.1 Ifk =2 and r = 2, then the matriz R is explicitly given by

_ BA Y 2pe BA
=142 ( on BN+ 2 ) (%)

Proof Let
Roo  Ro1
R=— ,
( Rio Ru )
then the equation R?As + RB> + C; = 0 can be written as follows:
2u9(R3y + Ro1Rio) + (=B — 2u2) Ry =
2p12(RooR1o + Ri1R10) + (=X = 2u2) Ry + BA =
(=B = 2p2)Roo + 2u2Ro1 + BA =
(=BA =2p2)Rio + 22 Ry =
Noting that RAsze = Ce, (Eq. (3.1.6) in [16]), we obtain that
BA BA
Roo =22, Ryy=22 7
00 2y 10 2 (7)

Substituting Eq. (7) into Eq. (6), the other two elements Rp; and Rj; are readily
obtained. Then, we obtained the matrix R. [

o oo o

(6)

In this special case, the vector X is given by

X, =X.R"™2, i=2,3,.., (8)
and the number Xy, the vectors X; and X5 satisfy the following equations:
XoBo+ X1A1 = 0,
XoCo+ X1By + XA, = 0,
X.Cy + X2(By + RA3) = 0,
Xo+ Xie+ Xo(I - R) e 1, (9)
where
22 2 22
(I- R)_l - 4#26)\1— 4,u§ ( o 2_—22/;252)\ i (‘2“2)6(222 —BA) ) ' (10)

Thus, Xy, X; and X5 are readily obtained by solving Eq. (9). However, it is not simple
to present it explicitly since the expressions are tediously long. Thus, their expressions
are omitted.
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3.2 Performance measures

Using the steady-state probability vector presented above, we can obtain some perfor-
mance measures of the system. Let

Xi = (i1, Tig, oy Tig),  i=1,2,..,
then we have the following theorem.

Theorem 3.2 (a) The expected number of customers in the system is given by

E(N) = Ti:ane + X, [r(I - R)"' + R(I - R)*Q] e. (11)

n=1
(b) The expected number of customers in the queue is given by

r—2
BE(N,) =Y nXnne+ X, [(r—1)(I-R)™ +R(I-R) e (12)

n=1
(¢) The mean balking rate of the system is given by
BR=(1-p8)A(1— Xy). (13)

Proof The expected number of customers in the system is given by

E(N) = Z i NTp,; = i nX,e
i=1 n=1 n=1
From Eq. (3), we have
r—1 oo
E(N)=> nXn,e+» nX,R""e. (14)
n=1 n=r

Hence, we obtain Eq. (11) by summation. Similarly, the expected number of customers
in the queue is given by

00 r—2 00
E(N,) = Z Z NTn1,i = Z nXpyi1e+ Z nX, R" "le. (15)
1=1n=1 n=1 n=r—1

Hence, we obtain Eq. (12) by summation. Using the concept of Ancker and Gafarian
[7], the mean balking rate of the system is given by

BR=Y buAXne=(1-B)A1 - Xy). (16)
n=1
Obviously, the probability that the server is busy is given by
Pp=1-X, (17)
and the probability that the server is idle is given by
Py = Xo. (18)



302 DEQUAN YUE, CHUNYAN LI AND WUYI YUE

3.3 Cost model

In this subsection, we develop a steady-state expected cost function where the critical
value r is a decision variable. Our objective is to determine the critical value r to minimize
the total expected cost per unit time. Let

C1=cost per unit time when customers are waiting for service,

Co=cost per unit time when the server is busy,

Cs3=loss cost per unit time when customers balk,

Cy=cost per unit time when the server is idle.

According to the definition of each cost of the parameters listed above, the total
expected cost function per unit time is given by

F(T) = OlE(Nq)+02PB —|—OgBR+C4P0, (19)

where E(N,), BR, Pg, Py are given in Egs. (12) and (13) and Egs. (17) and (18). The
first item of Eq. (19) is the cost incurred by the customer’s waiting. The second and the
last items of Eq. (19) are the costs incurred by the server. The third item of Eq. (19) is
the cost incurred by the customer loss.

4 Sensitivity Analysis

In this section, we perform a sensitivity analysis on the optimal value r* and its expected
cost F'(r*) based on changes in the values of the system parameters such as the arrival
rate A, the probability §, the slow service rate ui, the fast service rate us and cost
parameters.

Let the service time follow a 2-stage Erlang distribution, and employ the cost param-
eters C7 = 100, Cy = 150, C5 = 300 and C4 = 450. The numerical results of the optimal
critical value 7* and its expected minimum cost F(r*) are illustrated in Figures 4.1-4.4.
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Figure 4.1: Optimal cost F'(r") and optimal critical value r* versus arrive rate A with u; = 0.2,
p2 = 0.8 and B = 0.5.
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Figure 4.2: Optimal cost F(r*) and optimal critical value r* versus slow service rate p; with
A=0.1, po = 0.8 and 5 = 0.5.
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Figure 4.3: Optimal cost F'(r*) and optimal critical value r* versus fast service rate u2 with
A=0.1, pn = 0.2 and g = 0.5.
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Figure 4.4: Optimal cost F'(r") and optimal critical value r* versus probability § with A = 0.1,
w1 = 0.2 and p2 = 0.8.
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Figure 4.6: Optimal cost F(r*) and optimal critical value r* versus cost parameter C2 with
C1 =100, C3 = 300 and C4 = 450.
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Figure 4.8: Optimal cost F(r*) and optimal critical value r* versus cost parameter Cy with
Ch1 =100, C2 = 150 and C5 = 300.

In Figure 4.1, we fix 1 = 0.2, po = 0.8 and B = 0.5, and display the optimal critical
value r* and its expected minimum cost F(r*) by varying the arrival rate A. Figure
4.1 shows that: (i) The optimal critical value 7* decreases as A increases from 0.05 to
0.15, while it does not change at all when A varies from 0.15 to 0.4. (ii) The minimum
expected cost F'(r*) first decreases and then increases as A increases. Intuitively, the
optimal critical value r* is insensitive to changes with .

In Figure 4.2, we fix A = 0.1, uo = 0.8 and § = 0.5, and display the optimal critical
value 7* and its expected minimum cost F'(r*) by varying the slow service rate 1. Figure
4.2 shows that the optimal critical value r* and its minimum expected cost F'(r*) increase
as (1 increases.

In Figure 4.3, we fix A = 0.1, uy = 0.2 and 8 = 0.5, and display the optimal critical
value r* and its expected minimum cost F'(r*) by varying the fast service rate po. Figure
4.3 shows that: (i) The optimal critical value r* decreases as po increases from 0.3 to 0.5,
while it does not change at all when po varies from 0.5 to 0.9. (ii) The minimum expected
cost F'(r*) rarely changes when g varies from 0.3 to 0.9. Intuitively, the optimal critical
value 7* and its minimum expected cost may be too insensitive to changes with ps.

In Figure 4.4, we fix A\ = 0.1, 3 = 0.2 and pe = 0.8, and display the optimal
critical value 7* and its expected minimum cost F(r*) by varying the probability 5.
Figure 4.4 shows that: (i) The optimal critical value r* does not change at all when
varies from 0.1 to 0.7. (ii) The minimum expected cost F(r*) decreases slightly as
increases. Intuitively, the optimal critical value r* and its expected minimum cost F(r*)
are insensitive to changes with (.

It appears from Figures 4.1-4.4 that: (i) 8 does not affect r*, but slightly affects
F(r*). (i) X affects F(r*) and slightly affects r*. (iii) ug rarely affects r* and F(r*).
And (iv) pq affects r* and F'(r*) significantly.

Furthermore, we perform a sensitivity analysis on the optimal value r* and its ex-
pected cost F'(r*) based on changes in values of the cost parameters C;, Co, C5 and Cjy.
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Let the service time follow a 2-stage Erlang distribution, and employ the system param-
eters A = 0.1, u; = 0.2, uo = 0.8 and B = 0.5. The numerical results of the optimal
critical value 7* and its expected minimum cost F(r*) are illustrated in Figures 4.5-4.8.

It can be easily seen from Figures 4.5-4.8 that: (i) The cost C slightly affects r*
and F(r*) when Cy is larger than 150. (ii) The cost Cy and Cy affect r* and F(r*)
significantly. And (iii) the cost C5 rarely affects r* and F(r*).

5 Conclusions

We have considered an M/Ey /1 queuing system with balking and state-dependent service
rate. By using the matrix geometric solution, we have obtained the matrix solution of
the steady-state probability distribution and the explicit expressions of some performance
measures of the system. Based on these performance measures, we have developed a cost
model to determine the optimal critical value * to minimize the total expected cost per
unit time. Furthermore, we have performed sensitivity analysis for the optimal critical
value r* and its expected minimum cost F'(r*) with various parameters. Our numerical
investigations indicate that: (i) The slow service rate p1, the cost parameters Cy and Cy
affect the optimal critical value r* and its expected minimum cost F'(r*) significantly.
(ii) The other parameters such as A, us, 5 and the cost parameters C; and Cj5 rarely
affect the optimal critical value r* and its expected minimum cost F'(r*).
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