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Data in Symmetric Systems
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Abstract: In this work, we focus on the utility of chaotic systems of dimension 2 to
generate symmetric keys which will be used to encrypt and decrypt data. Non-linear
dynamical 2-D systems with chaotic logistic maps have properties that give us the
means to hide data to be shared [10]. The two most important properties that are
very useful in this work are: the non-linearity that gives a significant complexity to
our keys, and the sensibility to the initial conditions that radically transforms our
systems as soon as there is a minimal change [1].

Keywords: matrices; Zeraoulia-Sprott maps; logistic maps; chaos; cryptography; zor
operation.

Mathematics Subject Classification (2010): 70K55, 7T0K75, 93-00.

1 Introduction

The use of chaotic maps of dimension 2 can be an interesting approach for the encryption
of text. 2-D chaotic maps such as the Henon map or the standard map have 2-dimensional
dynamic chaos properties [3]. Zeraoulia and Sprott [6] have proposed a new chaotic map
of dimension 2,

—axy
Vn € N; (ZE”'H) = 1+92 |,
Ynt1 Tn + byn

where <y0> are given initial terms, that has the same properties, moreover, these maps
0

can be used to generate complex pseudo-random sequences serving as encryption keys.

* Corresponding author: mailto:s.adoui@univ-batna2.dz
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The chaotic transformations of these maps allow to introduce a strong confusion and
diffusion in the encryption process. This blurs the links between the clear and encrypted
texts and makes statistical analysis more difficult.

Zeraoulia and Sprott map parameters (such as the initial z¢ and yo terms, control
parameters a and b) [6], [7] can be used to generate unique and unpredictable encryption
keys. The sensitivity to the initial conditions ensures a strong uniqueness of the keys.
The unpredictability and complexity of these maps make encryption more resistant to
brute force attacks etc.

The implementation of 2-D chaotic maps in encryption algorithms requires additional
calculations, but increases computing power and facilitates their integration. The use of
2-D chaotic maps for text encryption can provide enhanced security due to the complex-
ity and unpredictability introduced by 2-dimensional chaos. However, it is important
to design and optimize the implementation to achieve a balance between security and
performance.

In this work, we used the chaotic maps for the creation of a key in matrix form,
whose components are the successive terms of a logistic map. This key will be used in
symmetric encryption [8], [9] and decryption of our data (text, digital image [11], etc.)
using the logical operation xor.

2 The 2-D Rational Discrete Chaotic Map

In [6], |7], @ 2-D discrete rationale map is given by

1
s — Yy
Vn € N; (x”H) |01 —1|_ Tn , where (:co) are giwen initial terms, (1)
. R "

n

a and b are parameters, the 2-D chaotic map is more complicated than the 1-D one.
In their papers [6l/7], Zeraoulia and Sprot have proposed a new 2-D chaotic map given
by

—aTy

Vn € N; (x"'H) = 1+42 , where <x0> are given initial terms, (2)
Ynt1 T, + byn o

and a and b are bifurcation parameters. This map is algebraically simple but with more
complications, it produces several new chaotic attractors. It leads, according to the values
of a and b, to a convergent sequence, a continuation subject to oscillations or a chaotic
sequel [6], [7]. The following four cases are considered, with the associated properties
proved:

e |a| <1, |b| < 1: Global asymptotic stability;
e |a| <1, |b| > 1: Existence of unbounded solutions;
e |a| > 1, |b| < 1: Localization of non-trivial global attractor;

e |a| > 1, |b| > 1: Existence of unbounded solutions.
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And there are some regular and chaotic regions when

(a,b) € [2,4] x [0,1]
(a,b) € [3,4] x [~1,0].

3 Construction of a Matrix 9t Using Terms of 2-D Rational Discrete Chaotic
Map

Consider the square matrix 9 = (m;;) generated by the Zeraoulia-Sprott terms. And
we obtain the following similar Toeplidz matrix 9 [5):

% To T3 T4 T,
T2+
Y2 PFE Tpgr Tpge 0 o T3
x3+Y:
Y3 Ynt1 HE Tapog ccc vt T3p6
Ta+7
Ya Ynte Yoz T e o e Tgpg
m, = (3)

y7l277l

znty

Ign

Yn Y2n—3 Y3n—6 Ydn—9 - Yp2_, O

2

We can also write

my =S Gf i=j, Vie{l,2,--,n},
Em:(mij)z Mi; = T Zf 1<i<y,

Encryption data using the matrix I

We recall that the BB84 protocol (proposed by Charles Bennett and Gilles Brassard
in 1984) is a quantum key distribution protocol (QKD) that guarantees the security of
the key generation process against attacks. The protocol uses the principles of quantum
mechanics to establish a secure key between two interlocutors while detecting the presence
of an attempted espionage [2].

4 Application

In our work, the matrix operation we will use is the logical xor between two matrices
applied component by component. We recall that the zor operation is often used in
cryptography, especially in flood encryption. This is how it works [4]:

1. Plain text: It is the original text that is being protected.

2. Encryption flow: It is a sequence of random bits generated using a secure cryp-
tographic algorithm. This bit stream is used as the encryption key.

3. xor operation: It is a logical operation to compare each bit of the plain text with
the corresponding bit of the encryption stream, bit by bit. The result of this zor
operation gives the encrypted text.
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The principle of the xor operation is as given in Table 1.

L A Ji[1]o]o]
B [1]0][1]0
AGB[[0][1[1]0

Table 1: The xor operation.

Thus, by applying the xzor operation between the plain text and the encryption flow,
the encrypted text is obtained. Decryption works similarly: the xor operation is applied
again between the encrypted text and the same encryption stream used for encryption.
This makes it possible to find the original plain text. The advantage of the xor operation
is that it is reversible and very fast to calculate. This is why it is often used in flood
encryption algorithms such as One-Time Pad encryption.

Encryption and decryption of a text

In this section we give an application for encrypting and decrypting of a text using some
cryptographic techniques.

Let 7 be a text to be encrypted, we start by converting it to binary and putting it
in a square matrix 7. of order n.

Let L be the number of characters of the text (letters, symbols, numbers, etc,). We
fix the size of the matrix by

n{ﬁ if VLeEN,

E(VL+1) if VL¢gN. )

Then, we propose the encoding dictionary, see Table 2.

Character A|B|C|D|E|F|G|H]|I J | K| L | M

Encoded character | 01 | 02 [ 03 | 04 | 05 | 06 | 07 | 08 | 09 | 10 | 11 | 12 | 13

Character N|IO|P|Q|IR|S|T|U|V | W|X|Y|Z

Encoded character | 14 | 15 | 16 | 17 | 18 | 19 | 20 | 21 | 22 | 23 | 24 | 25 | 26
Character ? | Space | . ! ; ’

Encoded character | 27 28 29 | 30 | 31| 32 | 33 | 34

Table 2: The proposed encoding dictionary.

4.1 Examples
Case 1: (whenn=+LeN).

Let us have the text 7= "HELLO BRAHIM, I AM SALAH.” We encode it using the
previous dictionary, we obtain

7 = HELLO BRAHIM, I AM SALAH.
08051212142802170108091229280928011228180112010830.

In this case, we have 25 characters, so L = 25 and the matrix size will be n = 5.
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We set the order n = 5 and create a matrix using the code obtained, we get

08 05 12 12 14
28 02 17 01 08
Ta=109 12 29 28 09
28 01 12 28 18
01 12 01 08 30

The matrix 7 has a matrix 7T, whose elements are the binary conversions of each com-
ponent of the matrix 7y. So

01000 00101 01100 01100 01110
11100 00010 10001 00001 01000
T, = | 01001 01100 11101 11100 01001
11100 00001 01100 11100 10010
00001 01100 00001 01000 11110

The encryption key

Using the Zeraoulia-Sprott map:

e Let xg, Yo, 2 < a <4 and 0 < b < 1 be the four parameters exchanged between the
interlocutors through the quantum channel using the BB84 protocol.

e After we have exchanged the four previous parameters, we introduce the Zeraoulia-
Sprott map defined in to calculate the [ = ”2; % first terms of the sequences
{z1,-+,m}and {y1,- -+, uit.

In this case, we fix the parameters o = 2, yg = —3, a = 3 and b = 0.5, we get the

terms shown in Table [3

1 1 2 3 4 5 6 7 8

T -0,6000 | 1,4400 | -3,8485 | 4,4402 | -1,1743 | 0,3905 | -1,1068 | 2,6322

Yi 0,5000 | -0,3500 | 1,2650 | -3,2160 | 2,8322 | 0,2417 | 0,5113 | -0,8511
% -0,0500 | 0,5450 | -1,2917 | 0,6121 | 0,8289 X X X
1 9 10 11
x; | -4,5791 | 2,3405 | -0,5368
yi | 2,2066 | -3,4757 | 0,6027

Table 3: 11 first terms of the Zeraoulia-Sprott sequence and 5 first means.

Using these terms, we construct a matrix of order n = 5:

z1+Y1

Z2 Zs3 Ty Zs
Y2 mgﬂ T T7 g
Ms = Y3 yo  TEE g T10
Ya yr yo R g
Ys Ys Y10 Y11 %

—0,0500 1,4400 —3,8485 4,4402 —1,1743
—0,3500 0,5450  0,3905 —1,1068 26322
= | 1,2650 0,2417 —1,2917 —4,5791 2,3405
—3,2160 0,5113  2,2066 0,6121 —0,5368
2,8322 —0,8511 —3,4757 0,6027  0,8289
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As the basis of the binaries is {0, 1}, then the class of a negative real number converted
to binary is the same as that of the same number taken without sign (positive). For this,
we can take all the components of the matrix in absolute values. So we get a new matrix
with same results,

0,0500 1,4400 3,8485 4,4402 1,1743
0,3500 0,5450 0,3905 1,1068 2,6322
M =|1,2650 0,2417 1,2917 4,5791 2,3405
3,2160 0,5113 2,2066 0,6121 0,5368
2,8322 0,8511 3,4757 0,6027 0,8289

To be able to work with natural integer components, we must get rid of commas,
for this, we propose to multiply the components of the matrix 9t} by a power k of 10
chosen according to our needs, then we take only the integer part of each component
after multiplication. In our example, we can take k = 3, therefore, all components of
Dﬁj must be multiplied by 103. We get a new matrix

50 1440 3848 4440 1174
350 545 390 1106 2632
EOH) = [1265 241 1291 4579 2340
3216 511 2206 612 536
2832 851 3475 602 828

We convert the components of the matrix E(90}) into binary and we obtain a matrix K
which will be the common key for encryption and decryption,

110010 10110100000 111100001000 1000101011000 10010010110

101011110 1000100001 110000110 10001010010 101001001000

K =] 10011110001 11110001 10100001011 1000111100011 100100100100
110010010000 111111111 100010011110 1001100100 1000011000
101100010000 1101010011 110110010011 1001011010 1100111100

Encryption

To encrypt the text 7, we use the formula 7. = T, ® K. So

111010 10110100101 111100010100 1000101100100 10010100100

101111010 1000100011 110010111 10001001101 101001010000

7. = 10011111010 11111101 10100101000 1000111111111 100100101101
110010101100 1000000000 100010101010 1010000000 1000101010
101100010001 1101011111 110110010100 1001100010 1101011010

7. will be sent to the receiver.

Decryption

The recipient receives 7. and decrypts it to obtain the initial matrix using the formula

T.®K="T,.
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Proof.
ToK = T, KoK
= To®0s5 (05 is the null matriz of order 5)
= 7;).

After this, the receiver converts the binary matrix 7, to the decimal matrix 7 , then
he uses the dictionary, see Table[2] to obtain the initial text 7 7 = HELLO BRAHIM, I
AM SALAH.”

Case 2: (VL ¢ N).

In the case when V/L is not a perfect square, we put all the obtained codes in order
from left to right and down, and we put zeros in the remaining places.
Let us take the text 7= "HELLO BRAHIM, I AM SALAH’S FRIEND.” We encode

it using the previous dictionary, we obtain

7 = HELLO BRAHIM, I AM SALAH’S FRIEND.
08051212142802170108091229280928011228180112010834192806180905140430.

In this case, we have 34 characters, so L = 34 and the matrix size will be n =

E(V34+41)=6.

We set the order n = 6 and create a matrix using the code obtained, we get

08 05 12 12 14 28
02 17 01 08 09 12
29 28 09 28 01 12
28 18 01 12 01 08
34 19 28 06 18 09
05 14 04 30 00 00

%:

The matrix 73 has a matrix 7T, whose elements are the binary conversions of each com-
ponent of the matrix 74. So

01000 00101 01100 01100 01110 11100
00010 10001 00001 01000 01001 01100
11101 11100 01001 11100 00001 01100
11100 10010 00001 01100 00001 01000
100010 10011 11100 110 10010 1001

101 1110 100 11110 0000 0000

To

The encryption key
Using the Zeraoulia-Sprott map:

e Let xg, 1o, 2 < a <4 and 0 < b < 1 be the four parameters exchanged between the
interlocutors through the quantum channel using the BB84 protocol.

e After we have exchanged the four previous parameters, we introduce the Zeraoulia-
2
Sprott map defined in (1)) to calculate the I = 2" first terms of the sequences
{z1,-- 2} and {y1,-- , ui}.
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The matrix size will be 6, so we calculate the first 16 terms of each of the two sequences
whose first 11 terms will be the same as those calculated in the first case, see Table [3]
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We get
% 6 11 12 13 14 15 16
; 0,3905 -0,56368 | 1,1813 | -3,3577 | 4,7266 | -1,5780 | 0,3952
i 0,2417 0,6027 | -0,2354 | 1,0636 | -2,8259 | 3,3136 | 0,0788
Zitui 0,3161 X X X X X X
Using these terms, we construct a matrix of order n = 6:
i I T L TR
Y2 % x7 xg X9 z10
T3+Ys3 . .
Y3 yr F5E on Z12 x13
Ms = 2 z
¢ Ya Ys Y11 aFU gy Z15
Ys Yo Y12 Y14 I)Qﬂ T16
Ye Y10 Y13 Yis Yie %
—0,0500 1,4400 —3,8485 4,4402 —1,1743 0,3905
—0,3500 0,5450 —1,1068 2,6322 —4,5791 2,3405
_ 1,2650  0,5113 —1,2917 —0,5368 11,1813 —3,3577
a -3,2160 —0,8511 0,6027 0,6121  4,7266 —1,5780
2,8322  2,2066 —0,2354 —2,8259 0,8289  0,3952
0,2417 —3,4757 1,0636  3,3136  0,0788  0,3161
Then we get a new positive matrix with same results
0,0500 1,4400 3,8485 4,4402 1,1743 0,3905
0,3500 0,5450 1,1068 2,6322 4,5791 2,3405
mt — 1,2650 0,5113 1,2917 0,5368 1,1813 3,3577
67 [3,2160 0,8511 0,6027 0,6121 4,7266 1,5780
2,8322 2,2066 0,2354 2,8259 0,8289 0,3952
0,2417 3,4757 1,0636 3,3136 0,0788 0,3161

We follow the same steps we did in the first case, we get the integer matrix

We convert the components of the matrix E(9F) into binary and we obtain a matrix

BE(M§) =

350
1265
3216
2832

241

50

ol

1440
945

851
2206
3475

1 1291
602
235

3848
1106

1063

4440 1174
2632 4579
1181
4726

536
612
2825
3313

828
78

390
2340
3357
1578

395

316
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K = [K'|K"], where

110010 10110100000 111100001000
101011110 1000100001 10001010010
K - 10011110001 111111111 10100001011
110010010000 1101010011 1001011010
101100010000 100010011110 11101011
11110001 110110010011 10000100111
1000101011000 10010010110 110000110
101001001000 1000111100011 100100100100
K - 1000011000 10010011101 110100011101
1001100100 1001001110110 11000101010
101100001001 1100111100 110001011
110011110001 1001110 100111100

This matrix K will be the common key for encryption and decryption.

Encryption

To encrypt the text 7, we use the formula T, = T, & K = [T.|T. ], where

111010 10110100101 111100010100
101100000 1000110010 10001010011
T — 10100001110 1000011011 101000010100
¢ 110010101100 1101100101 1001011011 |”
101100110010 100010110001 100000111
11110110 110110100001 10000101011
1000101100100 10010100100 110100010
101001010000 10000111101100 100100110000
T - 1000110100 10010011110 110100101001
¢ 1001110000 1001001110111 11000110010
101100001111 1101001110 110010100
110100001111 1001110 100111100

7. will be sent to the receiver.

Decryption

The recipient receives 7. and decrypts it to obtain the initial matrix using the formula

T.® K =T,
Proof.
TeK = T, KoK
= To®0¢ (Og is the null matriz of order 6)
= 7.

After this, the receiver converts the binary matrix 7, to the decimal matrix 7 , then
he uses the dictionary, see Table |2} to obtain the initial text

7 =7 HELLO BRAHIM, I AM SALAH’S FRIEND.”
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Generalisation

In general, to encrypt a text of length L, we follow the same steps as in the previous

example.

Step 1: The text

(a)
(b)

()

We choose a dictionary to code the text 7 ( In our example, we have used the
dictionary given in Table .

Let 74 be the matrix of order n. The order n is calculated according to the
formula . And the components of T4 are the obtained codes put in order
from left to right and down, and we put zeros in the remaining places.

We convert the components of the matrix 73 into binaries, and we obtain a
matrix Tp.

Step 2: The encryption key

(a)

(b)
()

(d)

Let us choose the chaotic sequence of Zeraoulia of dimension 2 (see formula

(2). Then we fix the first terms (g, o) and two parameters a and b such that
2

terms of the vector

the chaos is assured [6], |7], the calculus of the first

sequence (z;,y;) n2ony gives us the components of 9, the matrix of
2

iE{l,--- R
order n in the form given in the expression .

We take all the components of the matrix 9,, in absolute values to get the
matrix M.

We multiply the components of the matrix 9" by a power k of 10 chosen
according to our needs, then we take only the integer part of each compo-
nent after multiplication, then we create a new matrix denoted E(91) whose
components are the integer parts of the components of I}

We convert the components of the matrix E(9,}) into binary and we obtain
a matrix K which will be the common key for encryption and decryption.

Step 3: Encryption and Decryption

()

(b)

()

To encrypt the encoded text 7T, we use the formula
T.=T, ® K.

To decrypt 7T, for obtaining the initial matrix, we use the formula
T K="T,.

The binary matrix 7T, will be converted to a decimal matrix which will decoded
to a text using the initial dictionary, see Table |2 to obtain the initial text ”
'7" 77.

5 Performance and Security Analysis

To study the efficacy of our text encryption, we test its security. The proposed method
should resist several types of attacks because its symmetric keys used during the encryp-
tion and decryption must be transmitted through an unsecured channel.
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Cryptanalysis

To determine the key, it is necessary to use techniques more secured and compliant
against attacks, these techniques are called the key exchange protocols. In our system,
we detail how we can obtain a secret key using the properties of matrices for encrypting
and decrypting text and sensibility of chaotic maps to initial conditions. The question
is: Can we ensure the security of this encryption? For this, to raise the security levels of
our system, we have introduced chaotic logistic maps in cryptography.

For the implementation of the proposed scheme, we choose the size of text 1272 <
L < 1282. The proposed scheme key K is none-deterministic because the interlocutors
use an arbitrary matrix (K) for getting a common secret key K.

We use the proposed key generation method with z;,y;; ¢ € {0,---,8128}; (x4, y;
are the components of the key ). This provides 10**! possible cases to obtain one
component of the key K. So it provides (105+1)"* = 10(-+Dn* possible cases to obtain
the key K.

For n = 128 and k = 14, we get (1019)128° = 10(19)16384 — 1245760 - (93245760
9737280

We have also 102° possible cases for getting the term g (with 20 decimal digits after
the comma in the set of 10 numbers {0, 1,2,3,4,5,6,7,8,9}) if we use the 2-D rational
discrete chaotic map that contains 2 parameters a, b and the initial terms (zg, yo), so this
provides

(10%)4 = 1080 > 2260,
The key space is wide enough for a brute force attack or exhaustive attack is not

possible.

6 Concluding Remarks

We know that chaos can be exploited in encryption algorithms to improve the security
and robustness of encryption systems. That is why we have included a chaotic system of
dimension 2 with the following advantages:

e Chaotic encryption systems use non-linear dynamic systems to generate complex
pseudo-random sequences that serve as encryption keys.

e Sensitivity to initial conditions of chaotic systems makes encryption very difficult
to break and ensures a strong uniqueness of the generated keys.

e Chaotic properties can be used to generate complex and unpredictable encryption
keys from initial parameters.

e Chaotic transformations can be incorporated into the dissemination and confusion
stages of encryption algorithms to further blur the links between the plain and
encrypted texts.

e This makes encryption more resistant to statistical analysis attacks.

e Unpredictability and sensitivity to chaotic system parameters can be used to en-
hance the security of encrypted communication protocols.
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e This makes them more resistant to brute force attacks and model analysis attacks.

The judicious use of chaos in encryption algorithms leads to safer and more robust

encryption systems against various cryptographic attacks.

In our work, we used a chaotic system of dimension two, which already has the

venture to keep the two most important options: the non-linearity of the system and its
sencibility to the initial conditions, in addition to that, it has increased the security level
of the shared key to 220, which far exceeds the known threshold.
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1 Introduction

Partial differential equations (PDEs) represent a mathematical tool that connect dif-
ferent functions and their derivatives. These functions reflect, generally, some physical
quantities like heat and waves [1]. Until now, their study is still very active, gathering
the resolution of systems, daily problems and the development of mathematics. The
problem for the majority of PDEs appears in the calculation of the analytic solution,
which is generally impossible. For this reason, mathematicians headed to other tools
such as numerical resolution to approximate the solution of such problems in an effective
way in terms of time and results.

In this paper, we focus on the numerical study of the advection-diffusion-reaction
equation. The latter brings together three important processes: advection, diffusion and
reaction. It is formulated as follows:

2
% = DOZTC; - ‘/088% - KoC + f(z,1),
where Dy is the diffusion coefficient, V;, is the convective velocity, K is the reaction
constant and f(x,t) is a scalar function often called the source term. It models, according
to the problem, a heat source, chemical reaction, injection/production wells, etc.

This equation occurs in several scientific disciplines such as biology, astrophysics, and
industrial and environmental issues. It models many phenomena, for example energy
transfer, mass transfer and also the transfer of the heat through a permeable medium
and the transport of a chemical or biological pollutant through an underground aquifer
system [2H4]. Generally, it describes the phenomenon of the distribution of some quan-
tities in space and time. The advection-diffusion-reaction equation can be viewed as a
special case of a reaction-diffusion system (systems that describe the dynamics of chemi-
cal concentrations reacting and diffusing in space), where the process of advection is also
taken into account. In other words, this equation is an extension of reaction-diffusion
equations to include the effects of advection [5].

Moving to numerical solution, different methods have been introduced and show hight
accuracy to approximate the desired solution, we can cite: finite differences, finite vol-
umes and finite elements. The principle of these methods is the same for all the numerical
methods ” searching for discrete numerical values that approach the exact solution” |[6).

Another branch of numerical methods recently appeared are the spectral methods
developed by D. Gottieb and S. Orszag in 1970, based on the use of a finite expansion
of certain eigenfunctions obtained from the Sturm-Liouville problem [7H10]. This devel-
opment gives a high level of precision which is superior to the other mentioned methods,
thus, it requires a small number of grid points to get the desired precision [11]. Another
advantage of these methods is that they are less intensive in terms of time and mem-
ory compared to finite elements, but they become less precise if we consider problems
with complex geometry. These approaches are applicable for the resolution of different
problems such as the resolution of ODEs, linear and nonlinear PDEs and eigenvalue
problems [10L|12H14].

In this work, we develop an efficient numerical method basing on a coupling of spectral
methods and finite differences schemes. The model problem is posed with perturbed
boundary conditions of Robin type, so that we can apply a Legendre-Galerkin approach
according to the spatial variable and a Cranck-Nicolson scheme according to the temporal
one. The way in which the conditions are perturbed makes it possible to compare the
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obtained approximation and the exact solution of the same problem with the Dirichlet
boundary conditions.

The structure of this paper is as follows. In Section 2, we remind some preliminar-
ies and essential tools required for the elaboration of the presented study. Next, the
model problem is presented in Section 3 with the adaptative variational formulation, the
existence and uniqueness of the solution are also proved. In Section 4, we outline the
principle of the presented approach and we study its convergence and give an estimation
of the error of approximation. Then, in the same section, the implementation of the
proposed technique and the coupling with the finite differences scheme are exposed to
obtain the final system to solve. Section 5 addresses the proof of the efficiency of the
algorithm via different numerical examples by showing the convergence of the approxi-
mation to the analytic solution of the classic problem with the homogeneous Dirichlet
boundary conditions, when ¢ reaches zero.

2 Preliminaries

Let I = (—1,1). We define
L*(I) = {v; v is mesurable on I and |jv|| < +o0}.

The scalar product is (u,v) = (u,v)2 = [;u(z)v(x)dz, and the norm is defined by

1
[ollze = (v,v) 2.
For every positive m, we define the Sobolev space by

H™(I)=1<v; @eLZ(I) 0<k<m
- ) 8xk b - —_ b
and the standard semi-norm and norm are |v|g2 = H%Hm s lollam =Y, ‘ % .
Let (H'(—1,1))* be the dual space of H'(—1,1) with a norm defined by
U
lolae = sup &Y
verr(n l[vll
v#£0
Thus, and since ||[v]|z2 < C||v||g: for all v € HY(I), we can write
gl e+ < CllgllL>- (1)

We denote by &y the space of polynomials of degree that is less than or equal to V.
Let L,(x) ; € I be the standard Legendre polynomial of degree n. The family of
Legendre polynomials Ly (), constitutes a Hilbert basis of L?(I) and they are solutions
of the following differential Legendre equation:

(1-2*)L,(z) - 2L, (z) +n(n+1)Ly(z) =0, n>0.

The polynomial L, (z) is of degree n for all n € N, and the coefficient of its highest degree
(2n)!
27 (n!)2’

term is They satisfy

L 1
2
Yn #m €N, /_1Ln(x)Lm(33)x 0 and /_1L$L($)X= 1
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The Legendre polynomials satisfy the following recurrence relations [9]:
L,(1)=1 and Lp(—2z)=(-1)"L,(z) = L,(-1) =(-1)",
(n+1)Lyy1(x) — 2n+ 1) xLy(x) +nly—1(x) =0, n>1,
(204 DLn(2) = Ly 1 (2) = Ly (2), 021,
3 The Model Problem

We consider the advection-diffusion-reaction problem with mixed Robin-type boundary
conditions disturbed with a small parameter ¢,

du du 0%u
E(t,m) Jra%(t,x) 768 St z) +du(t,z) = f(tz); —1<z<1,t>0,

u(t, —1) — 5%(15, —1)=0; (2)

u(t,1) + g%(t, 1) =0,

where ¢ €]0, 1], and u(0,2) = up = g(x) is a given initial condition.
In this study, we focus on the case where the reaction, advection and diffusion coefficients
are scalars. Let « € R, 3 € R} and A € R.

Multiplying the equation of problem (2) by v which depends only on z, and integrating
by parts on I, we obtain

Ou dv L ou !
/ x)dx +6/_1%%d +a ﬁla(t,x)v(x)dx—i—A/_lu(t,x)v(x)dx

1
/ ft, x)v(x)dx + 8 |:’U($):| .
Ox -1
The boundary conditions give
ou u(=1)  Ou u(1)

V= G E

Hence the weak formulation of the problem is

Find wu(t) € H*(I) such that
{ S qu(t), ) + au(t), v) = (1), v),

with the initial condition u(0) = g(x) and where

u v L ou !
ﬂ/ 0 d )dm+a/lgx(t x)v(x )dx+)\/ u(t, x)v(x) de
;(u(l) v(1) + u(=1v(=1)). (4)
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Theorem 3.1 Let T > 0 be a final time, g € L*(I) be an initial data and a(.,.) be
the bilinear form given in . The following problem has a unique solution
w e L*(10,T[; H'(I)) N C([0,T]; L*(1))-

d
S u(t) ) + ault),0) = (f(1),0), Yoe HUI), 0<t<T, 5
u(t =0) = g(z).
In addition, we have
1t t oy 2 t ol
f/ u2(x,t)dx+ﬂ/ / —(s,x) dxds—i—)\/ / u?(s,z)dzds
2/ . 0 Jo1|0x . 0o J-1
+%/(u2(s, 1)7u2(s,71))d5+é/(u2(s, 1) +u%(s, —1))ds
0 € Jo
1t ¢ 1
f/ u2(07x):p+/ / f(s,z)u(s, z)dzds.
2) 0o J-1
This leads to the following energy estimate:
lull&o.my.c2cry + mllullZzqorpm )y < C <||u0||%2 + Hf”%Q([O,T];L?(I))) . (6)

Proof. 1t is clear that a(.,.) is a symmetric bilinear form. So, we prove the continuity
and coercivity to ensure the existence and uniqueness.

The continuity is ensured by using the Cauchy-Schwarz inequality and the fact that

|u(®1) [< sup |u(a) | = [[ullLe~.
z€[—1,1]

2
So, 3§ >0, 0 =0+ |a] + ?ﬁ such that

Vu(t),v € H'(I) | a(u(t),v) |< dllu®)]lm [[v]

for 6 = Al
or Aeﬁlﬁém{ﬂ’| I}

The coercivity is also ensured. In fact, we have

2
+ % (u®(t,1) — w?(t, —1)) + Au(t)|2..
L2

So

e Ifa>0and A >0, we have M = min_{B,A} > 0 such that
AER, BER?

Vu(t) € H(I), a(u(t),u(t)) > M|u(t)|7
o If a>0and A <0, we have M = 3 > 0 and n = 8 — A such that

a(u(t), u(t) + nllu(®)|Z> = Mu@®)F,  Vu(t) € H'(I).
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o If o <0and A >0, Wehaven:—% and M = mzﬁn {8, A} > 0 such that

a(u(t),u(t)) +nllu®)|z: > Mu(t)Fn, Vu(t) € H'(D).
o If a<Oand)\§O,wehaven:ﬁ—%—>\andM:ﬁsuchthat

au(t), u(t)) +nlu(®)> > Mlu(®)||F:,  Vu(t) € H'(D).

Hence the existence and uniqueness of the solution of the problem is proved.
For the second equality, by integrating the formula on [0,t] and for all ¢t € [0,T], we
obtain the energy equality @

Using the previous energy equality and posing o = se R n R{B, A}, we have
Yle

Sl + o [l as+§ [ @20) = vt -1)as

1
< gllols + [ Is@Naeluts)lze as + 2 [ i, as.

And from Young’s algebraic inequality, there exists k > 0 such that

@z +2 (o= k= 22) [lats)isds +a 0260 -2, -1

1 t
<ol + 5 [ 1561 ds.

By a simple calculation, we show

ool +2 (o= 2 = ) [l as <l + g1 [ 176)lssas.

2
And the desired energy estimate @ is obtained for m = 2 (0’ — k- —ﬂ ) and

3
1

- 1, b,

¢ ri?é({ ’Qk:}

4 Legendre-Galerkin Approximation for the Advection-Diffusion-Reaction
Equation

Let N be a positive integer, we consider
N =[{Lo, L1,...,Ln}]
We define the finite dimensional space Vy included in the space H'(I) by
Vn ={v € XN such that v(—1)—ev'(=1)=0 and v(1)+e2v' (1) =0}.
Then the Legendre spectral scheme for is

d (7)

Find wuy(t) € Vy such that
{ —(un(t),vn) + alun(t),vn) = (f(t),vn); Yoy € V.

dt
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At this stage, we choose as the basis functions for Viy a family of polynomials constructed
from the orthogonal Legendre polynomials given as

(pk(.%‘) = L}c(l‘) + ap L+ (33) + bkLkJrg(m); k=0,1,2,..., (8)

where aj, and by, are the coefficients that can be determined once ¢y, verifies the boundary
conditions of the problem . Then, for £ > 0 and € > 0, we obtain

1+§k(k+1)
1+§(k+2>(k+3)‘

ak:0; bk:—

Since the elements of the polynomial family {¢j}; are linearly independent, we have

Vv = [{po,¢1,...,on—2}], and the desired approximation can be written as
N-2
Nt z) = uk(t)pr(z). (9)
k=0

4.1 Convergence and error estimation

Theorem 4.1 Let uy be the solution of the problem , There exists a constant C
which depends on M and does not depend on N so that for any t > 0, we have

t t
Ju (@132 + M [ uw(s)[E ds < JuxO)[E: +C [ 1) ds. (10
0 0

Proof. By taking v =uy(t), in the problem (7)), we obtain for every ¢ > 0,
1d
2dt

From the coercivity of the bilinear form af(.,.) and by making use of Young’s algebraic
inequality, we obtain

—lun®)lI72 + alun (), un () = (f(t), un (1)) 1.

d 1

SOl + Mllun ()3 < 271703 ()
Finally, we integrate the expression for t € [0,T] to have with un(0) = g(z)
and the constant C' = — does not depend on N.

Now, to show the convergence of the proposed spectral method, we introduce the
following theorem. First, we define the function e by e(t) = Ryu(t) — un(t), where

Ry :HYI) — Vn ; lu — Ryul| g ﬁo, Yu € H'(I).
— o0

Theorem 4.2 Let u be the solution of the problem and upy be the solution of the
problem @ Then we have the following error estimation:

t
le(t)|? + M / ||e<s>||%p(,1,1> ds
2

< [le(0)]? *—RN

t
ds+a/ (e — Rvu) 3 ds,
0

H1l=

where C' and § are two constants not depending on N.
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Proof. We can write (cf. Chapter 6 in [9])

1d
2.dt

0 0
el + MllellZ < ]<“ Ry )t alu - Ryue)

ot ot ’ (12)

From the continuity of a(.,.) and the formula (], we have

ou ou

ou ou
<E - RNE?

< flell: (cH Ry

e) +a(u — Ryu,e) 5 T

+Ollu — RNu||H1> .
Hl*

By replacing the latter inequality in and integrating for ¢t > 0, we obtain the desired
estimate.
4.2 Implementation

In order to solve the problem @, we start by substituting the approximation given in
@ and defined using the spectral basis . By taking the test functions vy as the basis
function, the spectral scheme becomes, for all j =0, N — 2,

d N-2 N-2
T 2o W)l e5) + > un(t)aler, ¢5) = (f(t), 05)-
k=0 k=0

So
1 1
(rr 03} = / eula)ey(a)da, (10 ) = / St.2)p, (@) do.

ook 07) =B / () (a) do -+ A / oula)e,(@) da+a / hlaley(o) do

+ 2 ou1)0 (1) + ou(~ 1)y (1),

Then we obtain the matrix form

d
EAU(t) + BU(t) = C(¢), (13)
where U(t) = (uo(t), -+ ,un—2(t))" is the vector of the unknown coefficients and A and

B are the (N — 1) x (N — 1) matrices defined by

Akj = (@i 0i),  Brj=alpr ;) and  C(t) = ((f(t), 1), (F(£), on—2))"

To solve the obtained system of ordinary differential equations , we propose a scheme
of Crank-Nicolson. For this, we discretize the domain [—1, 1] using a constant step Az
and the time domaine [0,77] is discretized by a step At. We denote by U/* the value of
the solution U at node x; and at time t,, and we write the scheme as follows:

(A+ HB)Ui”“ =(A- %B)Ui“ + %

5 (Cltn) + Cltnsr));  UP = (9(2))is  (14)

where (g(z)); is the value of g(x) in each node z; of the discretization of [—1,1].
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5 Numerical Results

In order to test the performance of the described method, we propose three examples
on [—1,1], where we solve numerically the equation and show the convergence of the
approximate solution, when e reaches zero, to the analytic solution of the problem with
boundary conditions of Dirichlet type.

The figures are obtained for Na = 16 nodes in the domain [—1,1], and 100 nodes
in the time domain [0, 7T]. The error of the approximation, in the case where the Robin
boundary conditions are considered, is calculated for ¢ fixed, according to the following
formula:

error = |luy — unt2]|oo; N=24...2,... (15)

Example 5.1 We consider the problem posed in (2) witha =A=0,8=1, f(t,z) =
0, T = 3 and the initial condition is given by u(0,2) = cos(5z). For the homogeneous
Dirichlet boundary conditions, the analytic solution is given by

2 T
u(t,x) = exp(fzt) cos(i:r). (16)
In Figure [1} we observe the convergence of the obtained approximate solution, when
taking the decreasing values of €, to the analytic solution . The values of ¢ are taken
between 0.08 and 0.0025 when ¢ = 1.5 and between 0.25 and 0.04 when x = 0.2, to show
that its behaviour remains the same all over the domain [—1, 1] at different instances of
time.

sol. anal

—+ sol. approx. ¢=0.25
-------- sol. approx. ¢=0.18
—-=" sol. approx. ¢=0.1
— — sol. approx. c=0.04

sol. anal.
= sol. approx. =
-0,

i\
Ve
O o1
3
1

41 08 06 04 -02 0 02 04 06 08

Figure 1: The behavior of the solution of for t = 1.5 (left), and for z = 0.2 (right), when
€ reaches 0 and N = 6.

Example 5.2 We consider, in , a =0, A=0.001, 8 =1, T = 3. The initial con-
dition is given by (0, z) = sin(nz). For the case of the homogeneous Dirichlet boundary
conditions, the analytic solution is given by

u(t, z) = sin(mz) exp(—At). (17)

In Table the error of approximation is calculated for N = 10 at different points
from [—1,1] using different values of . The obtained results show that the numerical
solution of converges to the exact solution of the problem with the homogeneous
Dirichlet boundary conditions when ¢ approaches zero. The variations of the error of
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approximation are given in Figure as a function of N for fixed € = 0.5. We mention
here that the error of approximation is calculated for N = 42 and is 8.129410e — 10.

T e=0.1 e =0.01 e =0.001 e = 0.0001

—1.000000 2.847374-10-1 3.100927-10-2 3.128715-10~2 3.131517-10 1
—0.600000 1.708432-10"1 1.860373-10"2 1.874042-10~2 1.845087-10~*
—0.200000 5.693988 - 1072 6.194439-1073  6.184256 - 10~*  5.532692 - 10—
0.066665  1.897638-10~2 2.061521-10=3 2.030002-10=* 1.532227-107°
0.466667  1.328897 10~ 1.448028-1072 1.467799-1073 1.536447-1014
0.866667  2.467852-10"% 2.688325-1072 2.717881-1073 2.774053-10~*

Table 1: The error of approximation as a function of x for N = 10.

Error
>
IS

10710
0

N

Figure 2: Logarithmic approximation error as a function of N with € = 0.5.

Example 5.3 We consider, in 7 a =03, 8=01 A= -0.15, f(t,z) = 0 and
T = 1.The initial condition is given by u(0,z) = cos(r§).

Figure [3] presents, on the left side, the variations of the error as a function of N
taking € = 0.1. We see the decrease in the error curve with the growth of N. Note
that the error for NV = 80 is 2.460133e — 06. The same behavior of the error is depicted
in Figure [4 for ¢ = 0.001. Moreover, on the right side, for the same value of ¢ and for
N = 18, we represent the approximate solution of the problem. Finally, in Table [2], we
show different values of the approximation error calculated according to the formula
and for € = 0.001.
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o
=

Error

Figure 3: Logarithmic approximation error as a function of N for ¢ = 0.1 (on the left), and
approximate solution of (2)) for e = 0.1 and N = 18 (on the right).

error

1.009365 - 10~3
1.364608 - 104
9.846206 - 10~
3.931209 - 1076
2.996409 - 1077
1.075871 - 107
14 7.827772-1078
16 1.304010 - 106
18 2.071257 - 1076

— =
e =e SN

2 4 6 8 |0N|2 14 16 18 20 . 20 5.646181,1078
Figure 4: Logarithmic approximation er- Table 2: Error values as a function of N
ror as a function of N for ¢ = 0.001. for £ = 0.001.

6 Conclusion

In this work, a combined algorithm of numerical methods is proposed for treating the
advection-diffusion-reaction equation posed with the Robin boundary conditions per-
turbed with a small parameter €. The technique is based on a Legendre-Galerkin method
devoted to the spatial descretization and a Crank-Nicolson scheme to treat the obtained
temporal system. The results obtained show high accuracy and good behavior, especially
when comparing the approximate solution to the analytical solution of the problem posed
with homogeneous boundary conditions allowing us to obtain the solution of the problem
treated for different types of boundary conditions. The presented study offers a new ac-
curate technique to approximate the solution of a partial differential equation which can
be applied to approximate the solution of reaction-diffusion systems, where the explicit
solution is unknown.
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1 Introduction

The purpose of this paper is to examine if it is possible to solve the following two functions:
{u(z,t), f(t)} fulfilling the fractional parabolic equation that follows:

“Dfu—Au+ fu+u® = f(t)g(z,t), z € Q,te(0,T), (1)
with the initial condition
u(z,0) =0, z € Q, (2)
the boundary condition
u(z,t) =0, (z,t) € 02 x [0,T], (3)

and the non-local condition
/ v(z)u(z, t)de = E(t), t €0, T, (4)
Q

where 0f) is taken to be a regular boundary of a bounded domain €2 in R™. There are
two known functions, g and F, and a positive constant, (.

Numerous real-world situations naturally give rise to inverse issues for the heat equa-
tions, see [143]. The integral condition provides further information about how to
solve the inverse problem in this case. The integral condition is a crucial modeling tool
in the theory of PDEs in physics and engineering [4H9]. It is important to remember
that integral over-determination processes may not always be successful in addressing
non-local challenges [10L{11]. Numerous approaches to solving issues brought on by non-
local issues have been put out thus far. The type of the involved non-local boundary
value dictates the chosen method [12H14]. Numerous authors have studied the inverse
parabolic problem and its unique solvability, focusing on conditions of type , see for
example, [2}|3}[15H18]. The existence and uniqueness of inverse problem solutions for
different parabolic equations with unknown source functions have also been the subject
of several studies. Reversing problems with a parabolic equation’s determination term
and over-determination condition were also considered in [19}20].

Fractional differential equations (FDEs) are created by generating differential equa-
tions to any desired order [21425]. Because fractional differential equations are used to
simulate complicated phenomena, they are significant in the fields of engineering, physics,
and applied mathematics [26427]. Because of this, engineers and scientists have shown a
growing interest in them in recent years. Since FDEs have memory and non-local relations
in space and time, they can be used to simulate complex phenomena [28433|. Herein, the
tools, which will be used in our investigation, are the energy inequality method and the
fixed point theorem. The structure of the energy inequality approach can be summed up
as follows:

e First, we write the problem in the form of an operational equation
Lu=F, ue D(L),

where a Banach space E is considered, and the operator L is studied from it to a
suitable Hilbert space F.

e The a priori estimate for the operator L is then established.

e Next, we establish the density of this operator’s collection of values in space F.

The results of the previous procedure will help us in investigating the existence, unique-
ness and continuous dependence of the problem at hand.
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2 Functional Spaces

When it comes to inverse coefficient problems for time fractional parabolic equations un-
der integral over-determination conditions, functional spaces are essential tools for delv-
ing into intricate mathematical difficulties. Unknown coefficient identification becomes a
difficult challenge when studying dynamic systems governed by partial differential equa-
tions, which gives rise to these problems. Function spaces are used in this study to give
the inverse coefficient superlinear problem a comprehensive framework for analysis and
solution. We shall include some definitions and lemmas pertaining to our study in the
sections that follow. Let us clarify the conventions and notations we will use:

g (t) = /Qg(:mt) cv(z)dz, Q@ =0 x(0,T). (5)
e The left Caputo derivative is given by
1 Pou(ze,T) 1
‘Diu = . dr.
o Fﬂ—a)A or (t_ma" (6)

e The left Riemann-Liouville derivative is given by

Ropa. 1 g ¢ u(z, 7) .
Diu:= F(l—a)at/o (t—r)ad' @

e The right Riemann-Liouville derivative is given by

o o 1 o [T u(z, )
EDou(x,t) := e &/t = T)adr. (8)

Because the Caputo version is easier to handle under homogenous initial conditions,
several authors contend that it is more natural. A direct calculation can confirm the link
between the two concepts @ and @ as follows:

u(zx,0)

’I”Da — CDQ .
e =Pt S T e

9)

Definition 2.1 [34] For each real a > 0, we define the space 'H§ (I) as the closure
of C§°(I) with regard to the norm ||“||ngu> as follows:

n|=

illigay = (NlZaqry + lulfy, )7 (10)

where
|u‘2lH”(I) = H(})%D?U’HL%I) .

Definition 2.2 For each real a > 0, the space "H§(I) is defined as the closure of
C§°(I) with regard to the norm ||UHTH5(1) as follows:

N

il oy = (e + lalPrmgn) (11)

where )
|u|72"Hg(1) = ||56%u||L2(I)'
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Lemma 2.1 [8,3/] If u € '"HY(I) and v € C$°(I) for any real o € R, then

(DR ult), v(t)) 12y = (u(t), {D(1))

L2(1) L2(1) "

Lemma 2.2 [§,3/] For0 < a <2,a# 1,u€ HO%(I), we have
Rpey(t)y = BDZFEDS u(t).

Lemma 2.3 [§,34] For a € Ry, the semi-norms |.[iya s |-lrgaq, and ||cya,, are
equivalent, for which o # n + % Thus, we have

|u|lHO‘(I) = |'|7'H"(I) = "lCHO‘(I)'

Lemma 2.4 The space lH(‘)"(I) is complete for every real o > 0 with respect to the

norm @

Definition 2.3 The space of square functions, in the Bochner sense, integrated with
the scalar product is represented by Lo (0,7, L2(0,d)), and it is given by

T
(U, W) £5(0,7,L2(0,d)) Z/ (u, W) 1,5 (0,a)dL. (12)
0

3 The Direct Fractional Parabolic Problem’s Solvability

One of the fundamental aspects of a more general study of inverse coefficient super-linear
problems related to time fractional parabolic equations under integral over-determination
conditions is the solvability of the direct fractional parabolic problem. Understanding
the forward dynamics regulated by partial differential equations is essential for compre-
hending the behavior of the underlying systems, and this is achieved through the study
of direct fractional parabolic problems.

3.1 Problem setting

In the rectangular domain Q = (0, d) x (0, T'), where d,T < co and 0 < o < 1, we will
examine the existence and uniqueness of solution v = u(x,t) to the following fractional
parabolic problem:

“Dyu— (Z550) 4 fut P = f(a,t) inQ,
u(z,0) =0, Yz € (0,d),
u(0,t) = u(d,t) =0, Vt € (0,T),

whose fractional parabolic equation is nonlinear and provided as follows:

0%u

g TPutt =]

Lu = °Dfu
with the initial condition
lu = u(x,0) =0, Vz € (0,d)

and
uw(0,t) = u(d,t) =0, Vt € (0,7,
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where f is a known function and b € R} .
Within this segment, we exhibit the existence and uniqueness of the solution for the
problem — as a resolution of the subsequent operator equation

Lu=F, (13)

for which L = (£, ¢), and the domain of definition D(L) = B that can be outlined as

D(L) = {u\u € L*(Q)N L*(Q), “Dfu, % € LZ(Q)} )

The operator L is defined in the space between B and F, where B is the Banach
space containing all functions u(z,t) with a finite norm of the form

dul?

2
ul| = —
Jull% -

o (|2
chu‘ + ’
L*(Q)

+ HUH%Z(Q) + HU||%4(Q)7
L2(Q)

and F' is the Hilbert space consisting of all Fourier elements (f,0) such that the norm
L?(Q) is finite.
Theorem 3.1 For each function u € B, we have the inequality
lulls < CllLullr2(q) (14)

where C is a positive constant independent of u.

Proof. We now employ the function Mu = u(z,t) together with the scalar product
in L?(Q) of , where @ = (0,d)z(0,T). Consequently, we can have

(W) u(z,t) dudt

/ Lu- Mudxdt = / ‘Difu(zx,t) - u(x,t) dedt — / >

Q
+b/ u?(z,t) dmdt+/u4(x,t) dxdt (15)
Q

= / flz, u(z, t) dzdt.
Q
Due to u(z,0) = 0, and by using Lemmas and we get

/ Dule, £) - u(z, t)dedt = (*Du(z, 1), u(z, D) 12 o)
Q

RNER NS
— (RDERDE u(a, 1), ,t)
("o "Dt (e, t)u(w ),

Rp% RNg
— (BDZu(z,1),ED ,t)
("piute.).fDR (),

2
o

= |u|25H“(Q) |u|21H“<Q> = HCD?U‘

L*(Q)
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With the use of the relationship (|ab] < % + g%) coupled with the integral by parts, we
obtain

a du € 1
||CDt2u||%2(Q) + ||d*x||i2(cg) +(b— 5)”““%2(@) + ||U||i4(Q) < 2*€||f\|%2(Q)'

So, for € < 2b, we can have

eps du
1D ullZz@) + I 7@ + lulZz) + Iulli) < ellfliz

with
1
C = o 71 . e\
2e min (1, b— 5)
Consequently, we get

[ulls < Ol Lul|L2(q)
where C' = +/c.

Proposition 3.1 There is a closure for the operator L from B to F'.

Proof. Consider (uy,), oy C D(L) is a sequence in which u, o in B, and Lu, 7 in
F'. Herein, we should show f = 0. To this end, we notice that in B, the convergence of
up to 0 causes

oo in (CE(Q))'- (16)
Given the continuity of the fractional derivative, the continuity distribution of the func-

tion u?, and 162 derivation of the first order of (C$°(Q))" in (C$°(Q))" as a special case
of the fractional derivative, the relationship involves

Lun—o in (C52(Q)) . (17)
Furthermore, in L?(Q), the convergence of Lv, to f yields
Lvg—y in (C3°(Q)) (18)

Due to the limit in (C’SO(Q))/ is unique, we may infer from and that f = 0.
Therefore, the operator L is closeable.

We will define D(L) as the domain of definition of L and let L be the closure of L in
the material that follows.

Definition 3.1 Problem f has a strong solution, which is the operator equation
Lu=F.

Furthermore, we may expand the previous estimate to a strong solution, meaning we
would get the estimate ~ ~
lullg < C||Lul|p, Yu € D(L). (19)

Corollary 3.1 Problem 7(@ has a unique strong solution that is constantly de-
pendent on f € F.

Corollary 3.2 The closure of R(L) and the range R(L) of the operator L in F are
equal, i.e.,

R(L) = R(L).
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Proof. First, if the solution exists, we will show that it is unique. For this purpose,
we assume that u; and ug are two solutions such that n = u; — us. So, n will satisfy
2
“Dgn(e,t) = (255 ) + oo, 1)+ uf —uf =0, in Q,
n(xz,0) =0, Vz € (0,d),
n(x,t) =0, Y(x,t) € 02 x (0,T)

for which o
t
‘Din(z,t) — <7{7)§:2’)) + by(z,t) +ud —ud =0, inQ. (20)

Using the scalar product of and 7 in L?(9), we obtain

/QCDf‘n(:c,t)w](z,t)dzf/Q (322(;2’”) ~n(z,t)dx+b/n2(x,t) dx

Q

—&—/(u:{’—u%)(ul—ug)dm:().
Q

Due to n(z,0) = 0, with the use of Lemmas and together with integrating by
parts, we obtain

cp% dn
1Dl Za ) + I 72 0) + InllZ2 @) +/Q(U? —up)(ur —uz)dz =0.  (21)

The last item on the left-hand side of equation is positive since A3 is a monotone
function in A (on 2 = (0,d)), and this leads to the following conclusion from equation
(20):
1720y <0,

which implies u; = uy for all te(0,7). We will now go back and illustrate the result we
discuss. To this end, we let z € R(l). Thus, there exists a sequence (2,),, oy in R(L), for
which lim,, z, = z. So, just as (2,),,cy in R(L), 3 (un), ey in D(L), for which Lu, = z,.
Assume that £, n > ng, and m,m’ € N, m > m/, for which u,, and u,,, satisfy

Luy, = f and Lu,, = f.
We put y = ,, — U/, then y satisfies

“Di'y(x,t) — (%) +by(z,t) + uf’n - ufn/ =0, inQ,
y(x,0) =0, Vz € (0,d),

y(x,t) =0, Y(x,t) € 02 x (0,T)

Using the same method we employed to demonstrate the solution’s uniqueness, we can
now obtain y = 0. This suggests that for every ¢t € (0, T'), we obtain

0 S ||um _um’H S O,

ie.
Ve >0, Ing € N, Ym,m' > ng, |[um — tm,|| <e.

Therefore, since F is a Banach space and (u,),cy is a Cauchy sequence, there exists
u € E such that lim, w, = u. With the use of the definition of L (lim,u, = u in
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E; given that lim, u, = lim, 2, = u, lim, Lu,, = z since L is closed, implying that
Lu = z), we find that the function u satisfies u € D(L), for which Lu = 2. Thus, we
have z € R(L), and so we obtain

R(L) C R(L).
We also conclude that it is closed since R(L) is Banach. It remains to show that this is
not the case. For this purpose, we assume that z € R(L). Then, given the elements of
the set R(L), there exists a sequence of (z,),, in F' such that
lim z,, = z.
n
Therefore, a matching sequence (uy),, oy exists such that
lim Lu,, = z,,.
n

However, we have a Cauchy sequence in F', which is (u,) Thus, u € E exists such

that

neN’
limu, =u in F.

n

Consequently, we have lim,, Lu,, = z. As a consequence, z € R(L), and then we obtain

R(L) = R(L).

4 Existence of Solution

In order to prove that the solution exists, we show that for every u € B and for any
arbitrary F = (f,0) € F, R(L) is dense in F.

Theorem 4.1 The problem —(@ has a solution.

Proof. The definition of F’s scalar product is

(Lo, W)p = / Lo - wdxdt, (22)
Q
where W = (w,0) in D(L). Set w € (R(L))*, and the result is
2
/ cDf‘u(ac,t)w(:n,t)dgcdt—/ (W) w(x,t)dacdt—l—b/ u(z, t)w(x, t)dxdt
Q @\ Oz Q
+ / ud(z,t) - w(x, t)dxdt = 0.
Q
Letting w = u yields

/thau(x,t) u(z,t) de dt — / ( 5 )-u(amt) dxdt—i—b/ u?(z,t) do dt
Q Q\ O Q

+ mtdxdt—O

{)\
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After accounting for the condition of u and integrating by parts each term of , we get

2

a |2 du
cD2u‘ — + b||ul2 + |lul|}ai0y = 0.
e P R e
So, we get
a |2 du ||?
CszuH + b||u|? + ||ul4 ‘ <0.
R LT el

Then, we have

Consequently, u = 0 in @, providing w = 0 within @), and this completes the proof.

5 Solvability of the Main Problem

We assume that the functions that show up in the problem’s data are quantifiable and
meet the following conditions:

g€ C((0,7),L2()) v € W}(Q) N L4(Q), E € WE(0,T),
lg(a, Ol < m,|g"(@®)] > >0, for r € R, (a,¢) € Q

The following linear operator provides the relationship between f and wu:
A:L*0,T) — L*0,) (23)

such that

(AF(1)) = 1{/Q;h;gczﬂ/gu%x,t)-v(x)dx}. (24)

g*
Consequently, for the function f over L?(0,T), the previous relationship between f and
u may be expressed as a second-order linear equation. In other words, we have

f=Af+W, (25)
where
o )
W = ﬁ’ (26)
)
and E(0) = 0.

Theorem 5.1 Presume that the condition (H) is validated by the data functions -
of the inverse problem. Then we have the equivalent of the following statement:

1. If the inverse problem — can be solved, then equation can be solved as
well.

2. The inverse problem — has a solution if equation (@/ has a solution and the
compatibility requirement E(0) = 0 holds.
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Proof. Assume that problem (1)-(4) can be solved. We denote its solution as {u, f}
in this instance. Now, after integrating the outcomes over 2 and multiplying both sides
of by v, the following is obtained:

CD?/( dx+/§zgid +5/ (,1)
+ [ w0 v@de = £ (0.

By applying and , we obtain

BE +°D2E

*

F=Af+

It is still necessary to demonstrate that w fulfills the integral over-determination condition
(). The function w is subject to the following relation by equation :

du d
CDQEJr/ —u—vd +ﬂE+/ ud(z,t) -v(z)dr = f(t)g*(t). (28)
Q
Equation is subtracted from equation to obtain
CD?/ u(z,t) - v(z)de + ﬂ/ u(z,t) - v(z)de = °DYE + BE. (29)
Q Q

We determine that u meets the integral condition by integrating the preceding equa-
tion and accounting for the compatibility constraint F(0) = 0. Consequently, we may
infer that the solution to the inverse problem (I)-(4) is {u, f}.

Lemma 5.1 If (H) is true, then A is a contracting operator in L?(0,T) for some
positive §.

Proof. Based on (24)), the following estimate can be inferred

@2
dzx

@2
dzx

2
|Af(1)]? < =} [ + ||U||(i4(§z)||”||2L4(Q)] :

L2(Q) L2(Q)

Now, we suppose ||u||%oo(0’T’L4(Q)) =T > 0. Then we obtain

@2
dx

dul|?

2
AfP <2 U au

+T||ui4(9)||v||%4(9)] :

L2(Q) L2(Q)

Now, integrating the previous inequality over (0, T') yields

T
[ 1aswpa
0
< 3mau d—v
- r2 * dx

du
dx

2 T
,fynvn%m)) [ /
L2(Q) 0

2 T
dt+ / HU”%}(Q) dt .
L2(Q) 0
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Consequently, we get

1
2

T 2
dt +/ lull sy | dt|
£2(9) 0

2

d7u
dx

T
IAfll 20y < K [/
0

for which

2 dv
K= —5 max (‘ e ,Y||v||%4(m>.

After removing a few terms and applying the a priori estimate, we now have

TllL2(q)

du
||%||%2(Q) + ||U||%4(Q) < C||f||2L2(Q)-

Thus, we have
[AfllLz0,7) < 0l fllz2c0,7)s (31)

where § = K+/C. The previous relation indicates that there exists a positive § such
that § < 1. Hence, the operator A is a contracting mapping on L?(0,T), as shown by

inequality .

Theorem 5.2 If the compatibility condition and assumption (H) are met, then there
is only one solution {u, f} to the inverse problems —.

Proof. It is evident that there is only one solution f for equation in L2(0,T).
It is established by Lemma that there is a solution to the inverse problem —.
We still need to prove that this approach is unique. However, suppose that the inverse
problem under consideration has two distinct solutions, {uy, f1} and {us, fo}. Now, the
theorem on the uniqueness of the solution of the main direct problem l) produces
z1 = 2o if the linear operator A contracts on L?(0, T') from Lemma resulting in

fi=fa.

Corollary 5.1 The solution f to equation (@) is continuously dependent on the data
W, under the presumptions of Theorem[5.1}

Proof. Let us assume two data sets that meet the conditions of Theorem w and
v. For each set of data, w and v, let f and g represent the solutions to equation ,
respectively. Now, based on , we can have
f=Af+v,  g=Ag+w.
In this regard, it is necessary to compute f — g. When utilizing , it is evident that
1f = gllz20,7) = I(Af +v) = (Ag + W)l 20,7 <O f = gllzz0.m) + v — wllL2(0,1)-

Consequently, we get

1
If—9gllz20,1) < lv —wllL20,1)-
1—-6
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6 Discussion

When the initial condition is homogeneous, the inverse problem of finding the right-hand
side of a nonlinear fractional parabolic equation with an integral over-determination
condition has been examined. Theoretical analysis has been conducted for this inverse
problem. This study has established the conditions for the problem’s existence, unique-
ness, and continuous dependence on data. The work done in this paper can therefore
be continued from a variety of intriguing angles in numerical analysis, particularly with
regard to creating efficient numerical techniques that are compliant with integrative type
non-local conditions and considering how to solve the same problem but with incompat-
ible initial conditions.
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Abstract: In this paper, we study the one-dimensional space fractional convection-
diffusion problem by using a finite difference method. First, we give the mathematical
model of our first initial boundary value problem. In the second step, we develop the
discretization of the mathematical model and the development of the scheme for the
fractional order type linear diffusion equation. For this scheme, the stability as well
as convergence are studied via the Fourier method. At the end, the solutions of some
numerical examples are discussed and represented graphically using Matlab. Finally,
error analysis shows that the algorithm is convergent.
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1 Introduction

In this study, we consider the one-dimensional space fractional convection-diffusion
problem of Caputo type of order 0 < o < 1, which is used in the modeling of chemical
convection-diffusion. Several techniques for numerical resolution of this type of equation
have been studied by several authors [1] - [5]. In most of these techniques, either the
solutions of the integrer order differential equation versions of the given problem or the
fractional differential equations with initial conditions and boundary conditions are used.
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The rest of this paper is organized as follows. The following section describes the
mathematical model. Sections [2] and [3] introduce model equations and discretization of
the mathematical model and development of the scheme. Stability of the approximate
scheme is illustrated and described in Section [l Section [§] describes the convergence
of the approximate scheme. Finally, in Section [6] two applications of this technique are
given to solve a one-dimensional space fractional convection-diffusion model, numerically.

2 Mathematical Model

We establish a novel mathematical model consisting of a one-dimensional space fractional
convection-diffusion problem defined in Q = [0; L] and 0 < o < 1 by

W:—c(w)%—kd(m)%—l—p(m,ﬂ, (z,t) € Ox]0,T|, (1)
with the boundary conditions
u(0,t) =u(L,t) =0, x € 09, (2)
and the initial condition
u(z,0) = fo(x), x € Q. (3)

3 Discretization of the Mathematical Model and Development of the Scheme
The present study deals with the discretization of the mathematical model which de-
scribes the one-dimensional space fractional convection-diffusion problem. First, we dis-
cretise the domain [L,R]. We define

x; =xo +th, and t; =tg+jk, Vi=0,1,...,M and Vj=0,1,..., N, (4)
k represents the time step size and h represents the space step length.

Let us assume that
w(zity) =ul, plait)=pl, clw)=c, dx)=di fo(z:)=foi ()

7 is the numerical approximation of u (xi,t5) .

i

(%

The Caputo fractional order derivative is formulated by the structure

(@=8)°
Do (6)

0%u (I,t) _ ﬁ fox ue(&:t) dé- if 0<a < 1,
ug (z,t) if a=1.

Initially, as the boundary value problem needs to be discretized to be able to solve
(1), it is first necessary to discretize the order space-fractional derivative.
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The operator (%?)‘ ) is approximated by the following formula
it
ou\°® Uiy —ug
— =—/—+4+R(h). 7
(56),., == e @
According to @ and , we get
0%u ($i+1, t ) h™® j .
L RS S| CA I N I
where
Bl (n)=(n+1)'"" —n'" j=01,.. N-L (9)

Then, we use the forward difference approximation of time derivative is follows:

ou(zit1,t;) f+11 — U?H
= + R (k). 10
ot k (k) (10)

Using approximations and , and the linear convection-diffusion equations (|1)—
7 we obtain

1+Cl j+1 1 i Cz i1 . i . k )
_( vy > wl )+ 1+E z+1=—XuJ +ug—z (ugfn+1 Zn) BZ+1( )-|-Xipg7

n=1
(11)
Z = 17M’j = 1’N7
with the boundary conditions
uy =}, j=0N-1 (12)
and the initial condition
dij 1 kh™« i1k
u(z;) = fou, ©=0,1,...,M, where A; = h and C; = CJ; . (13)

4 Stability of the Approximate Scheme

In this section, we use the method of Fourier analysis to discuss the stability of the
approximate scheme . Assume that the solution of the equations (|11 . ) has
the form

2
u] —Ce”h] 1=0,1,...,M, where 7= ™ and 2 = 1. (14)

After that, we get

G (1 — %e”h> =3 (Gimnt1 = Gin) Bloy ()

S B C O FE CrED

i=0,M—1. (15)
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Theorem 4.1 The scheme f is unconditionally stable for 0 < a <1 if

3_ %eurh
max < 1. (16)
0<i<M—1| _ (1;@) evth 4 (1+ %)

Proof. We use the proof by recurrence for i = 1, in view of ([LI)-(L3),

& ( c(, v-rh)

|<1| = )

() (-2

<TGl < 1ol (17)

_%eu-rh
where T' = < 1.
,(1220)eurh+(1+%0) ‘
We assume that the statement is true:

IGil < [Col, i=1,M (18)

and we prove that the statement is true:

Git1] < [Gol,  i=0,M-1. (19)
Then, we obtain
G (1 — %e”h> net (Gimnt1 — Ci—n)szH (n)
|G| = o 1 ’
- (5 1)6”’1+ (1+4)]
G (1= o) + |2 G — G
< ;
EEEN )
3_ gem-h
Ay
S tc |<0|7
_< ‘;iz)ev‘l'h_'_ (1_|_ALL)
3 gey‘rh
<  max A |Sol
0<i<M—1]| (14;10) evrh 1 (1 i AA)
3_ @eurh
max A [Gol
0<i<M—1| (HAC) evth 4 (1 + AL)
< 1ol - (20)

Finally, the approximate scheme 7 is unconditionally stable.

5 Convergence of the Approximate Scheme
We start by selecting the following Fourier analysis to discuss the convergence of numer-
ical schemes . Now, assume that

R} = E;e"™i and B! = u(x, tj) — ul

77

i=0,M, j=0,N, (21)
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27rm

where 7 = 2™ and p? = —1.
After that we get

R, (1 wh> St (Ricnn = Rin) Bl () + G0
Riy1 = A

() ()]

Theorem 5.1 The scheme — s convergent for 0 < a < 1 if

1 3 %ey‘rh
max , ‘ <1. (23)
o\ (5 (2] | (0 2)
Proof. We use the proof by recurrence for i = 1, in view of 7,
Ry (1 - @ VTh) + Co
‘R1| - 1+Cq h
- (58 e+ (14 5))
T (| Rol + [Col) < [Rol + [Col, (24)
(R B
where T = max 0 , n o <1
(e (] | (e ()
We assume that the statement is true:
[Ri| + |G| < [Rol + 1ol , Vi=1,M, (25)
and we prove that the statement is true:
|Riv1]| + 1G+1] < |Ro|l+ |Co], Vi=0,M—1. (26)
By the convergence of the series on the right-hand side,
IT* >0 |Ro|l+ 6| <T*(k+h), i=0M-1. (27)
Then
R; (1 -% 6”7}1) — > (Ring1 — Ri—y) Bl (n) + G
[Rit1| =

+ |40 Boyt — R

< i .
SR
3 %eurh 1
= 14C; 1 Rl + 14C; 1 Gl
e ) T
3 il evTh 1
= 14C; 1 Ty | 1ol + 14C; 7 %0l
E G e e GO T ey

e
1 3 %eurh
< i
<O, {‘_(1+C'i)eVTh+<1+1)" _(H‘Ci)eurh_i_(l_i_i) ’

<C' <(k+h), (28)
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where the constant C’ is given by C' = |Rg| + |(o|. Finally, the scheme (11)-(L3) is
convergent.
6 Numerical Simulation

In this section, we provide illustrative simulations that demonstrate the theoretical
aspects related to stability and convergence of the fractional convection-diffusion.

Example 1. Consider the space-fractional diffusion type of problem :

ou (x,t)
ot

o 0%u (z,t)

=T (1.2
(12)z%—2

+ (62° —32%) e",  (x,t) € 2x]0,T|, (29)
with the boundary conditions u (0,t) = w(1,t) = 0, x € 9€, and the initial condition
u(z,0) =22 — 23, x € Q. The exact solution u (z,t) = (2? — %) e™*, (z,t) € Qx]0, T[.
The problem is unconditionally stable and convergent if

heT (2 — a)
—

ldlloe <

02 os
015 o
a 06
\:: 0.1 s
005 04
0 03
1 02

1
05 - 0.1
t 0o * 2

Figure 1: The right figure represents the numerical solution of u (x,t) for « = 0.93,N =
100, while the left figure represents the exact solution.

(30)

Example 2. In the second example, we consider the space-fractional diffusion type
of problem :

Ou(z,t)  10u(x,t) 1 0% (z,t)
ot v ox o ox™ +
_ Fa+1) ,_
2t AN a—1 _
€ (2 (x—2%) =T () + T x 1) ) (31)

with (x,t) € Qx]0,T[ and the boundary conditions u (0,t) = w(1,t) = 0, where
x € 08} and the initial condition w(z,0) = 2% — z, = € . The exact solution
u(z,t) = e 2 (2% —2), (x,t) € 2x]0,T[. In this example, we present different nu-
merical experiments to support the theoretical and numerical analyses of the previous
sections. The problem is unconditionally stable and convergent.
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Figure 2: The right figure represents the numerical solution of u (z,t) for & = 0.8, N =
100, while the left figure represents the exact solution.

7 Conclusion

In this paper, the one-dimensional space fractional convection-diffusion problem with
initial and boundary conditions in a bounded domain is studied by using a finite difference
method. The fractional derivative is approximated by the finite difference approximations
for space derivatives and Caputo’s concept for time-fractional derivatives. Two numerical
examples with the known exact solutions are considered to validate theoretical results
and demonstrate the accuracy of the method proposed in this paper.
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1 Introduction

A shift in focus towards understanding three-species systems resulted from the recogni-
tion that two-species systems are insufficient |7]. In seminal works, it has been demon-
strated that models with three or more species can capture complex oscillatory dynamics
within certain parameter ranges [4], [11], [8]. However, earlier studies of three-trophic
level systems did not account for intraspecific rivalry at higher trophic levels, i.e., in
top predators or predators. Thus, it was necessary to consider the potential impact
of this rivalry on the system’s dynamic properties. In a recent study, Peet et al. [1]
added square terms to the equations for top predators and predators, thereby expanding
Hastings-Powell’s model. They demonstrated the importance of intraspecific rivalry in
the evolution of chaotic trajectories by showing the coexistence of a chaotic attractor and
a period-one cycle. They also showed how enhancing intraspecific competition among top
predators can stabilize the system and pull it out of a chaotic state. Nevertheless, a crit-
ical component was absent from earlier research: the examination of various timescales
at various trophic levels. Therefore, it is crucial that the modeling technique takes these
various timelines into consideration. The system becomes singularly perturbed by adding
several timescales, and geometric singular perturbation theory can be used to evaluate
the system mathematically. This approach was first used by Rinaldi and Muratori 9] to
examine slow-fast cycles in a three-species system on two timescales. They carried on
more research and showed that species with slow, intermediate, and fast variables might
cohabit oscillatory. In Hastings-Powell’s model with several timescales, this was accom-
plished by employing singular perturbation techniques. Including several timescales can
reveal far more complex dynamics like relaxation oscillations and canard cycles. These
dynamics provide important new information for researching the occurrence of intricate
chaotic oscillations. In our analysis, we used the method described in [6] to include
three distinct timescales: slow, intermediate, and fast, and we divided the system into
slow, intermediate, and fast subsystems. We investigated the three-species food chain
model [10]. The results of each subsystem were then concatenated in order to look into
the possibility of solitary slow-intermediate-fast cycles. Because of the intricacy of the
model, numerical simulations were used to show that a homoclinic orbit exists inside
a subsystem of the entire system. In the whole system, period-doubling cascades to
chaos were seen simultaneously. The dynamics of the system changed either gradually
or abruptly, depending on the degree of intraspecific rivalry among top predators. As
a result, our research provides a possible framework for identifying and evaluating cru-
cial changes that may cause an ecosystem to drastically change. This paper delves into
the intricacies of a tri-trophic food web model, dissecting its dynamics and behaviors.
Starting with the concept of a dimensionless model, the exploration seamlessly transi-
tions to a meticulous reformulation of the three-species model using two dimensionless
positive timescale parameters. In the subsequent section, the focus extends to a linear
investigation and dynamic features. Equilibrium points are explored within the context
of our study, contributing to a comprehensive understanding. Simultaneously, a detailed
stability analysis is conducted, unraveling the nuanced intricacies. Moving through the
paper, attention shifts to the dynamics of the subsystems, providing a granular perspec-
tive on their interplay and significantly contributing to the overall comprehension of the
tri-trophic food web model. The exploration takes an intriguing turn in the final sec-
tion, where chaos becomes the focal point. Introducing Lyapunov exponents as a lens
to understand chaos, the paper concludes with an examination of the gradual entry into
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chaos. Through this meticulously organized framework, the aim is to provide a holistic
understanding of the tri-trophic food web model and its dynamic nuances.

2 A Tri-Trophic Food Web Model

2.1 Dimensionless model

The system under investigation in this work represents a mathematical model of a three-
level food chain, which was transformed into a dimensionless model in [10]. The second
order Holling pattern and the Crowley-Martin type functional response are combined in
this food chain to form a hybrid type of organism.

dX X Xo X
o (10 2)

dT K) Xi+D’

dX2 CleXg CQXQXg

aXs _ . % _ 1
aT T X D T T4 dX, +bXs + bdXa X (1)
dXs c3 X2 X3

83 X

ar S TR, b, + bd XX

where the population densities of the prey, predator, and top predator, respectively, as
a function of time T' are represented by the variables X1 (7T'), Xo(T'), and X35(T).

As shown in Table |1} the model is distinguished by the existence of 12 control
parameters that regulate the behavior of the system.

Parameter Description

aq The prey’s intrinsic growth rate in the absence of predators
K The prey’s carrying capacity

D Prey environmental protection

D; Predator environmental protection

c The maximum rate of prey reduction per capita

c1 Similar to ¢, the maximum rate of prey reduction per capita

ca, C3 Characteristics of the Crowley-Martin type functional response

b Parameter assessing predator interference

as Intermediate predator death rate X,

m Top predator death rate X3

Table 1: Tri-trophic level food chain model parameters.

We simplified this model, ignoring dimensional considerations, to make the mathe-
matical analysis easier. Table [2| contains dimensionless representations of the variables
and parameters, where the first line represents the dimensionless variables, and the sec-
ond line represents the corresponding environmental values.

t Ty | T2 T3 cy | 5 | 6 | c7 | cs Cy €10 | €11 | C12
aT | X | <Xz ccaXs | D | a2 | o | D1 | aab | afbdK c < c3
1 K a1 K a2dK K a a K co cco a1dK a1 aird

Table 2: Variables and parameters without dimensions.
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As a result, we derived a dimensionless system characterized by nine parameters as
detailed below:

dxry T2

_— = ]_ — — =

i T ( 1) 1 _~_CJ r191(71, T2),

d$2 [ Cel1 I3 :|

=2 =2y | —es + — = Tago(x1, T2, T 2
dt 2 > xr1 + ¢y $2+(Cg+09$2)$3+610 292( b2 3)’ ( )
dl‘g [ i C12X2 :| ( )

— =2 —C =T To,T3).

dt 3 11 P (08 +09x2) T3 + 10 393(T2, T3

2.2 Reformulation of the three-species model

We employ two dimensionless positive timescale parameters, 51 and S, to rescale the
three-species model , with 0 < (81,82 < 1. The rescaling is done so that the growth
rate of the predator is O(f;), and the growth rate of the top predator is O(f2). We
reformulate the model as follows after making this adjustment:

drq T2

_—= 1— — -

dt 1 |:( .1?1) $1+C4:| xlgl(x17x2)7

dl‘g Cg1 I3

— = To |—C5 + - = xz T1,22,23),
7 B1 2{ S it 7t (et coma) Ta E oo Bra2g2(x1, T2, 13)
dxs €122

—— = [ox3 |—C11 + = P22 xr2,T3).

7 B2 3{ N e+ coma) T3 F 01 Bax3gs(xe, x3)

(3)

The system’s fast, intermediate, and slow variables, denoted by the values x1, x5, and

x3, respectively, reflect the dimensionless densities of prey, predators, and top predators.

By putting the transformation 71 = (1t into 7 we may define the system and obtain
the following results:

dx dz dzx
Bi—— = 2101 (21, 22), —— = 229221, T2, 3), fi—— = Baw3g3(22, 3), (4)
dTl dTl dT1
and after additional changes 75 = (at, we obtain
d d d
52%_21 = 55191(9617%2)752%7_22 = 51@92(58179627%3), di; = $393($2,$3), (5)

t, 71, and 7o, the dimensionless time variables, represent the fast, intermediate, and
slow time scales, respectively. We divide the system into subsystems and use geometric
singular perturbation theory to study the dynamics of each one. For the systems ,
(4), and , a typical solution trajectory consists of segments corresponding to slow,
intermediate, and fast processes. The total solution for the system is then obtained by
concatenating the solutions of each subsystem . We initially investigate the impact of
several time scales on the local dynamics of the system before breaking it down into
its component subsystems.

3 Linear Investigation and Dynamic Features
3.1 Equilibrium points

The number of non-negative equilibrium points in the system described by equation
can only be four. Table |3| summarizes the outcomes of the equilibrium point values and
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Equilibrium point

Values and conditions

Py Trivial equilibrium point: (0,0, 0)

Py One-species equilibrium point: (1,0, 0)

P Two-species equilibrium point: (271, 42,0), where 27 and 2
are:
11,72 = (]. - fl)(fl + 04)
Existence condition: 0 < ﬁ <1

Ps Equilibrium point of coexistence of all three species (z7, x5, %)

where:
x5 = (1 —a7)(z] +ca)
c11(cg+coxl)

Implicit equation for z7:

cex] x5 _
—c E - =
5+ z]+er x3+(cs+c§.m;)x§+cw
Existence conditions: 0 < 27 < 1,0 <

%
T3

€10€11

*
e ~ %2

Table 3: Equilibrium points and conditions.

3.2 Stability analysis

Every equilibrium point’s Jacobian matrix was computed, and stability was examined
using each matrix’s characteristic polynomial. Table [4| summarizes the computation’s
findings.

Equilibrium| Jacobian Matrix Eigenvalues
Point
1 0 0 e =1> 0,
P 0 —pBics 0 ey = —Pres <0,
0 0 —Paenn ez = —f2c11 <0
E—]
1 L 0 “ o
Py 0 Bi(s5s; —os) 0 62:61(1—1—07_05)
0 0 —pBac11
e3 = —facn
eo = Paas3
a1 —a12 0 a1 + Braz
P, Brazi  Prazz  —Prazs er2(Br) = 2 =
0 0 Baass 1
5\/((111 — Pragz2)? — darzaz

Table 4: Table of equilibrium points, Jacobian matrices, and eigenvalues.

Stability results and remarks:

e P is always a saddle point.

e For P:
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—Ifes < 1iﬁc7, then Ay < 0, and P; is a saddle point.

— Ifc5 > 1_?_—607, then A > 0, and P; is stable.

e For Ps:

— The coefficients of the matrix Jp, are

~ 04(1 —.fl) ,fl (1 —f1)(fl +C4)CGC7
ann=1-27 — ——"2 a9 = — , Q91 = 2 ,
11 1 7 + ca 12 7 + ca 21 ((1}'1 i 07)2
. Cex1 . (1 —f1)2(.’l,'~1 +C4)2+010(1 — £1)(@1 + c4)
a2z = —C5 + — , 23 = = 5 )
21+ cr [(1 —271)(@1 + ca) + c10)

012(1 — ,’1,71)2(.%71 + 04)2 + 010012(1 — fl)(fl + 04)
[(1 = 21) (21 + ca) + c10]?

— We select c5 as the bifurcation parameter in order to find the instability thresh-
old for P,. The Hopf bifurcation causes the equilibrium point P> to lose sta-
bility at c5 = ¢5, where the real parts of the eigenvalues e; o = 0 are located.
We select the parameters discussed in [10] and arrange them in Table[5] taking
into account 5, =1, B = 1.

a3z = —c11 +

Parameter cyq ce cr cs (&) C10 c11 C12
Value 0.25 | 0.8 | 0.25 | 0.01 | 0.1 | 0.28 | 0.06 | 0.25

Table 5: Parameter values.

We find that the real part of the eigenvalues e; 2 equals zero at the value
¢5 = 0,48, from this, we reach the following results:

x If c5 < 0,48, the equilibrium point P, is unstable.

x If ¢5 > 0,48, the equilibrium point P, is stable.
To emphasize these results further, we provide an example, we select two

values for c¢5, and based on them, we calculate the equilibrium point P, and
we analyze the stability in each case.

We present the results in Table [6]

Equilibrium . . .
cs . P Jacobian matrix FEigenvalues and
point P stability
0.1283,

0.25 (0.1136,0.3223,0) —0.8254 —0.9374 —1.6603
—0.3112

0 0 —0.3112
P; is unstable
—0.8334 + 0.11814,

(0-4167 —0.6250 0 ) ~0.8334 — 0.1181,

(0.1136 —0.3124 0 ) —1.1794,

0.5 | (0.4167,0.3889,0) 0.300  —1.2500 —1.4950
—0.3046

0 0 —0.3046
P, is stable

Table 6: Stability study results for the dynamical system for two values of c¢5.
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e The interior equilibrium point P3 = (7, x5, x%):

We address the instability of the inner equilibrium point P3 using a numerical
example due to the intricacy of the equation involving zj. We select the
same set of parameter values with c5 = 0.25, 51 = 1, and By = 1 as shown
in Table We use Liu’s criteria to investigate the instability of P3 via the
Hopf bifurcation. Assume that the bifurcation parameter is ¢;1. We obtain
that the matrix Jp, has the characteristic equation as a function of ¢11: A% +
kl(Cll))\Q —+ k2(011)>\ + kg(Cll) = 0, where kl(cll) = 0.1412011 - 00084187,
ko(c11) = 7.8822 % 10~ %¢y; — 0.025663; k3(c11) = 0.00023312 — 0.0038824c1;.
We consider A(ci1) = ki(c11)ka(c11) — ks(er1), according to Liu’s criteria
[12], [3], Ps becomes unstable through the Hopf bifurcation if there exists
a critical value ¢1; such that kl(én) > O, kg(éll) > O, A(éll) = O7 and
dA

dCll N
C11=C11

we get ¢11 = 0.065964. For 0 < c¢11 < 0.065964, the coexistence equilibrium
Pj5 is stable; for ¢;; > 0.065964, it is unstable. We choose 81 = B2 = 1 and
c11 = 0.06 as a specific case. Then P; = (0.9240,0.0893,0.1412) is the only
feasible coexistence equilibrium point. The Jacobian matrix evaluated at Ps,
which is denoted as Jp,, is given by

# 0. After selecting the parameter values as previously indicated,

—-0.9241 —-0.7871 0
Jp, = 0.3912 —1.1659 —2.6884 |,
0 0.2551  —0.2556

A3 + kA2 + ko) + k3 = 0 is the characteristic equation of the matrix Jp;,
where k1 = 2.3455, ko = 2.6053, and k3 = 0.9878. Since k1 > 0, k3 > 0,
and ki1ke — ks = 5.1229 > 0, we may conclude that Ps is stable based on the
Routh-Hurwitz criteria.

Choosing ¢1; = 0.07 and ;1 = 0.7, B2 = 0.49 as another example yields unsta-
ble values P, = (0.1136,0.3223,0) and P53 = (0.9046,0.1101, 0.1482).

Figures and [3] will be used to illustrate this final example.

Figure 1: Two trajectories converging to different periodic attractors, (a) Trajectory for
B1 = 0.7, B2 = 0.49, initial point =(0.2,0.1,0), (b) Trajectory for 8; = 0.7, By = 0.49,
initial point =(0.3,0.1,0.001).
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Figure 3: (a) Projection of the trajectory onto the zyxs plane, (b) Projection of the
trajectory onto the xsx3 plane, (c) Projection of the trajectory onto the xqx3 plane.

In the system, two stable limit cycles coexist: one around the equilibrium point P
in the ziz2 plane, and the other around Pj3 in three-dimensional space, illustrating bi-
stability. The trajectories are sensitive to initial conditions, suggesting the possibility of
chaos.

4 Behavior of Subsystems

First, we present the model in the singular limit, that is, in the case when either g; — 0
or B2 — 0, or both may occur. For 0 < 81 < 2 < 1, the trajectory of the entire system
is a perturbed solution of subsystems. After time is divided into fast, intermediate,
and slow timescales, we list the subsystems of the system in Table |7} Concatenated
slow-intermediate-fast flow, or the solutions of the aforementioned subsystems, make up
the unique trajectory. A schematic example of a unique slow-intermediate-fast cycle
is shown in Figure which consists of one slow flow segment (the thin black line),
three segments of intermediate flows (the medium blue line), and two segments of fast
flows (the thick red line). The critical manifold of the fast subsystem is the set of all
equilibrium points as follows:

MO = {(z1,22,23) : &1 = 0,29, z3 > 0}, M = {(z1, 2, 23) : g1(x1,22) = 0,23 > 0},
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Condition Subsystem
dxq
ahn 1—2) — = 9),
dt T ( Il) T1+ca 1191(961,21“2),
fr =0 dxzo
(Fast) "
dos _
dt
dry
dt
B2 — 0,81 >0 dxo ceT1 Z3
— = Pixy | —cs + - = bix 1, %2, T3),
(Intermediate) dt Praa | =es x1+ e xo+ (cs+ coxa) T3 + C10 Brwaga(w1, @2, 3)
dzs _
dt — .
T
— =0,
dt ’
f1,B2 = 0 dzo -0
(Slow) dt ’
dxs i C1229 ( )
—= =13 |-c = x393(x2, T3).
dt 8 1 22 + (cs + cox2) 3 + 19 393172, %3

Table 7: Description of subsystems in the model.

it expressly looks like this Mt = {(z1,22,23) : 22 = @(x2) = (1 — 22) (22 + ¢4), 72 >
0,z3 > 0}. There is a fold in this surface, and we can find the fold curve by
C = {(z1,22,23) : ¢'(x1) = 0,22 = p(x1), x3 > 0}, implying =1 maz = 177(:4

With the exception of the fold curve C, where it loses its hyperbolicity, M is hy-
perbolic everywhere. The non-trivial critical manifold M* = 0 is divided into typically
hyperbolic attracting and repelling sub-manifolds by the fold curve C as follows: M}
{(z1, (1), 23) : 1 > T1maw, x5 > 0} and M} = {(z1, o(x1),23) : 1 < T1,maz, 3 > 0},
respectively. The trivial critical manifold M (zox3-plane) and the manifold M! intersect
at a curve that is described by 71 = {(0,cq, x3) : x5 > 0}.

The transcritical bifurcation curve, 77, splits the plane into hyperbolic sub-manifolds
that are typically repellent and attractive, respectively. Next, the manifold My’s at-
tracting and repelling sub-manifolds are M? = {(0,zq,73) : 72 > ©(0),23 > 0}, and
MP = {(0,z2,23) : 3 < ¢(0),z3 > 0}, respectively.

For (1, B2, where 0 < 1, 82 < 1, Fenichel’s theorem [5] guarantees the existence of
locally invariant perturbed sub-manifolds, the essential manifolds M° and M have the
sub-manidolds MJ 5 and Mj , , respectively, with the exception of the non-hyperbolic
curves C and 7;. Additionally, the corresponding attracting M}

a,B1
M 1) 5,.8, Sub-manifolds are perturbed by the attracting (M}) and repelling (M}) sub-

T

., and repelling

manifolds of the critical manifold. Consequently, the perturbed sub-manifolds Mgl’ By
and M, /%1, 5, dictate the dynamics of the entire system for B, B2 # 0 locally.

The intermediate subsystem is defined on the manifolds M°? and M' with z;
constant, therefore we analyze the intermediate system in the plane z3 = ¢/, parallel
to the zyxo-plane. Substituting 3 = ¢’ in the expression of g3, we obtain an explicit
expression of the non-trivial nullcline of the intermediate subsystem as follows:

eser(1+ eod )z + (escrcs + ¢7)d’ + eserern
(ce + colce — c5)c! — c5)wa + (cges — cseg — 1) + c1o(ce — ¢5)

Ir =

(6)

The number of equilibrium points is related to the value ¢’ and other background
parameters.
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For example, in Figure we represents that for ¢/ = 0.1, the system has a unique
unstable equilibrium surrounded by a stable limit cycle.

(a) (b)
Figure 4: The dynamics of the subsystems: (a) A schematic representation of the slow-
intermediate-fast cycle for 8; = 0.005 and B2 = 0.0035, (b) The dynamics of the inter-
mediate systems for ¢ = 0.1, 1 = 0.1 and 5 = 0.

Understanding the dynamics generated by the intermediate subsystem of the complete
system is particularly important for certain specific instances. The primary goal of this
work is to examine many chaotic dynamics that the system exhibits and to find out
how the system’s chaotic regimes may be impacted by the various timescales.

5 Dynamical Analysis of Chaos

5.1 Lyapunov exponents

We represented the Lyapunov exponents by assuming two values for 5; and s and
obtained the following results.

Lyapunov exponents
Lyapunov exponents

0 100 200 300 400 500 600 700 800 900 1000 0 1000 2000 3000 4000 5000 6000 7000
t t

(a) (b)
Figure 5: (a) Lyapunov exponents for 51 = 1,8, = 1, (b) Lyapunov exponents for
B1 =0.1, 82 = 0.05.

Comparison: The presence of this type of Lyapunov exponents in Figure indi-
cates greater complexity in the system’s behavior, where there is local convergence in
one direction with dispersion or chaos in others. This suggests a higher sensitivity of
system to initial conditions compared to the system after temporal segmentation ,
resulting in a more complex and chaotic behavior. The role of this study using temporal
segmentation becomes evident, as it has made the system’s behavior clearer.
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5.2 Entering chaos gradually

We demonstrate how the timescales parameters affect the chaotic dynamics. Our simu-
lations begin at §; = B2 = 1 and are progressively decreased to determine the period-
doubling cascade that leads to chaos. In Figure [6a] we note that the species live along
a periodic orbit in the absence of multiple timescales. On the other hand, in Figure
[6D] the 1-periodic orbit experiences a period-doubling bifurcation as 31 and S, decrease,
we achieve a 2-periodic orbit. In Figure we obtain a 4-periodic orbit. Thus, with
consecutive period-doubling bifurcations, the system becomes chaotic from periodic (see

Figure .

Figure 6: The periodic-doubling bifurcation with varying 5 and (s, (a) Period 1 for
B1 =1and B2 =1, (b) Period 2 for f; = 0.25 and 83 = 0.125, (c) Period 4 for 5, = 0.2
and B2 = 0.1, (d) Chaos for 81 = 0.1 and B2 = 0.05.

6 Conclusion

The ecological interpretations of the results presented in this paper underscore the im-
portance of understanding the environmental impacts of changes in key parameters of
environmental models. As the reproduction rate of the first predator approaches zero, it
reflects the environmental response of the food chain and predators. Reducing the repro-
duction rate leads to a decrease in the population of the first predator, indirectly affecting
the higher predator, which relies on the first predator as a food source. It is worth noting
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that the environmental effects of these changes are not limited to the individual level but
also extend to the ecosystem level as a whole. Due to the complex interactions between
living organisms and environmental factors, the ecosystem can transition into a state
of chaos, where behavior becomes unpredictable and dynamics are unstable. Therefore,
this research sheds light on the importance of analyzing the environmental impacts of
changes in the key parameters of environmental models and their role in determining the
stability and evolution of ecosystems in the long term.

In summary, this research makes a significant contribution to understanding the envi-
ronmental impacts of changes in ecological systems and identifying factors that influence
their stability. This helps in developing strategies for conserving biodiversity and ensur-
ing environmental sustainability.
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Abstract: E-commerce is used as a transaction medium for buying and selling in
digital form, providing many conveniences. The various types of e-commerce that
exist make consumers confused about choosing good quality e-commerce. Therefore,
this study aims to recommend determining the best e-commerce. One of the models
used in this study is the SAW (Simple Additive Weighting) method because this
method can provide an accurate assessment based on the criteria values and preference
weights that have been determined by the authors. The SAW method can also choose
the best alternative from several existing alternatives. Consideration of the use of
this method is based not only on decisions made alone but also on considerations
from several previous studies. The results obtained from this study using the SAW
(Simple Additive Weighting) method with the highest score for customer satisfaction
is Tokopedia with a value of 0,992.
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1 Introduction

Indonesia is currently experiencing very rapid technological developments compared to
those of several years ago. This is proven by many new innovations emerged in developing
technology in Indonesia. The very rapid development of technology also affects daily
activities [1]. For example, in the fields of business, health and socio-culture. Online
media provide information very quickly because the need for information continues to
increase. Therefore, many of us use the internet to access information from information
providers [2].

One of the influences of increasingly advanced technology is in transactions in the
online shopping or e-commerce business sector. E-Commerce is all activities related to
transactions or trades carried out using electronic devices and internet networks and is
better known as online commerce or online buying and selling [3], |[4]. This activity is
one of the activities never separated from daily life because the online buying and selling
activities create wider opportunities for traders and buyers, starting from production re-
quests, goods demand up to reachability not only between sub-districts but also between
cities, provinces and even between countries [5].

The e-commerce system makes it easier for someone to make online transactions, but
behind all the convenience gained, there are also negative things arising from e-commerce,
for example, many people have bought products, but when the product reaches the
buyer’s hands, it does not actually match what is stated in the product information,
starting from color, size, to the estimated date of delivery. So, commonly, people are
now still confused about which e-commerce company is the best to minimize the worry
that comes with online transactions. For that reason, a Decision Support System (DSS)
is needed [6], [7]. DSS is a computer-based system that makes it easy to produce an
objective decision from several alternatives and interconnected criteria [8].

It is necessary to carry out a selection using a decision support system to help speed
up the selection process by algorithmic logic or appropriate methods so that the results
obtained have a high level of accuracy. In this research, the selection of the best e-
commerce was conducted by applying the SAW method. Based on previous studies, the
SAW method has often proven useful to other researchers in completing their investiga-
tions. Using the SAW method can provide accurate assessments based on the criteria
values and preference weights determined by the researchers. The SAW method can
also select the best alternative from several existing alternatives because of the ranking
process after determining the weights for each attribute [9], [10], [11].

In the research conducted in [12], a fuzzy logic approach was applied in determining
computer specifications for a complete computer package, according to the needs of each
buyer, in terms of both brand and fuzzy logic such as processor speed, hard disk capacity,
memory capacity, monitor size, power supply size, and VGA size. The results of testing
the system, with 10 sample users, showed an accuracy of 68%.

2 Research Method

This research was conducted in Semarang. The method used was Simple Addtive Weight-
ing (SAW).
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2.1 The simple additive weighting (SAW)

The SAW (Simple Additive Weighting) method is often called the weighted sum method.
The basic concept of the SAW method is to find a weighted sum of performance ratings for
each alternative on all attributes. The SAW method requires the process of normalizing
the decision matrix (z) to a scale that can be compared with all existing alternative
ratings [13].

(1)

Min ZTij

. M;x"jmij if j: atribute of benefit,
* if j : atribute of cost,

Xij

where 7;; is the normalized performance rating, Maz is the maximum value of each row
and column, Min is the minimum of each row and column, z;; are the rows and columns
of a matrix.

Here, 7;; is the normalized performance rating of alternative A; on attribute Cj;i =
1,2,...,mand j =1,2,...,n. The preference value for each alternative (V;) is given as

n
‘/Z' = Z wjrij- (2)
j=1
A larger V; value indicates that alternative A; is more selected.

2.2 The SAW method procedure

1. Determine the criteria to be used as a reference in decision making, namely C;.
2. Determine the suitability rating of each alternative for each criterion.

3. Create a decision matrix based on criteria (C;), then normalize the matrix based
on equations adjusted to the type of attribute.

4. The final result is obtained from the ranking process, namely the sum of the mul-
tiplication of the normalized matrix R with the weight vector, so that the largest
value is selected as the best alternative (A;) as a solution.

3 Results and Discussion

3.1 Determining alternative

The process of determining alternatives is carried out by giving questionnaires directly
to random e-commerce customers in the city of Semarang. And the results obtained are
as shown in the following tables.

Table[l| shows the alternative names or e-commerce used in selecting online shopping
applications.

3.2 Determining criteria

The criteria used in selecting e-commerce are shown in Table 2.
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Alternatives Codes

Blibli Aq
Bukalapak Ay
Lazada Az
Shopee Ay

Tokopedia As

Table 1: Alternatives.

Criteria C; Description
Cy Appearance
Cy Choice of product/fiture
Cs Access speed
Cy Service
Cs Promo
Cs Delivery

Table 2: Criteria used to select e-commerce.

Value Rating Scale
1 Very unsatisfied
unsatisfied

Fairly satisfied

Satisfied

Very satisfied

Tt W N

Table 3: Rating scale.

3.3 Rating scale

The researchers provide values/rating scale for all existing alternatives. The rating scale
is shown in Table 3.
Next, each criterion with its given weight is shown in Table 4.

Criteria C} Description Weight
Ci Appearance 10%
Oy Selected product/fitures 20%
Cs Access speed 15%
Cy Service 15%
Cs Promo 25%
Cs Delivery 15%

Table 4: Weight criteria.
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3.4 Case example

Case example :

The authors will determine which e-commerce is most popular among the public using
several criteria, that is, appearance, choice of products/features, speed of access, service,
promos and delivery.

Determining customer sati sfaction
with E-comerce

Appeatatice I [Chuice_omeductf‘ [ Accesslpesd W[ Service J ‘ Promo |
Fiture

Figure 1: Hierarchy of determining the most preferred e-commerce.

3.5 Application of SAW mehod

The following are the research data used, previously summarized using Microsoft Excel
software.

1. Determining the Suitability Rating.
The next step in determining the suitability rating is shown in Table 5.

2. Determining the Decision Matrix.
The next step is to form a decision matrix (x) using the suitability rating table for
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Alternatives Average Value
Ch Cs Cs Cy Cs Cs
Ay 4.1 4 3.9 4.2 3.9 3.6
Ay 4.273 4.182 4.091 4 4.364 4.091
As 4.143 3.929 4.071 3.857 3.714 3.571
Ay 4.033 4.067 3.767 4 4.033  4.033
As 4.5 4429 4.5 4.5  4.286 4

Table 5: Suitability rating.

each alternative for each criterion as follows:

4.1 4 3.9 4.2 3.9 3.6
4.273 4.182 4.091 4 4.364 4.091
X =] 4143 3929 4.071 3.857 3.714 3.571
4.033 4.067 3.767 4 4.033 4.033

4.5 4429 45 4.5  4.286 4

Next, calculate the normalized value of each alternative using the method in equa-
tion (1). It should be noted that researchers here use the benefit attribute because
in this research, the criteria determined refer to benefits, not costs.

a. Appearance Criterion (Ch)

4.1 4.1
_ =-==0,911
= max{4.1;4.273;4.143;4.033;4.5} 45
4.273 4.273
_ — = 0.949.
"2 max{4.1;4.273;4.143;4.033; 4.5} 4.5
b. Fiture Criterion (C2)
= 1 = = 0,903
M2 ax{4;4.182;3.920;4.067;4.420}  4.420 0
4.273 4.182
_ - =0.944.
22 max{4; 4.182; 3.929; 4.067; 4.429}  4.429
c. Access speed Criterion (C3)
3.9 3.9
= =22 =0,867
s max{3.9;4.091;4.071;3.767;4.5} 45
4.091 4.091
_ - = 0.909.
23 max{3.9;4.091;4.071;3.767;4.5} 4.5
d. Service Criterion (Cy)
B 4.2 _ 42 oa
14 max{4.2;4.3;3.857;4;,4.5) 45 0
4 4
Tog = = — = 0.889.

max{4.2;4.3;3.857;4;4.5} 4.5
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e. Promo Criterion (C5)

3.9 3.9

— = = 0,894,
15 max{3.9;4.364; 3.714; 4.033;4.286}  4.364
4.364 4.364
ros = — -1
max{3.9;4.364;3.714;4.033;4.286}  4.364
f. Delivery Criterion (Cg)
3.6 3.6
- = = 0,879
"6 max{3.6;4.091;3.571;4.033;4}  4.091
4.091 4.091
rog = = =1

max{3.6;4.091; 3.571;4.033;4} ~ 4.091

Then the normalization results are transformed into a normalization matrix, the
normalization matrix for this research is as follows:

0.911 0.903 0.867 0.933 0.894 0.879
0.949 0.944 0.909 0.889 1 1
R=1 0921 0.887 0.905 0.857 0.851 0.873
0.896 0.918 0.837 0.889 0.924 0.986
1 1 1 1 0.982 0.978

3. Ranking.
The final step is to calculate the final preference value (V;) obtained from the sum of
the multiplication of normalized matrix row elements (R) with preference weights
(W). The weights used are as follows:

W ={0.10;0.20;0.15; 0.15;0.25; 0.15}.
The formula used is the formula in equation ,

Vi = (0.10)(0.911) + (0.20)(0.903) + (0.15)(0.867) + (0.15)(0.933) +
0.25)(0.894) + (0.15)(0.879) = 0.89705 (blibli),

(

(0.25)(

Vo = (0.10)(0.949) + (0.20)(0.944) + (0.15)(0.909) + (0.15)(0.889) +
(0.25)(1) + (0.15)(1) = 0.9533 (bukalapak),

Vs = (0.10)(0.921) + (0.20)(0.887) + (0.15)(0.905) + (0.15)(0.857) +
(0.25)(0.851) + (0.15)(0.873) = 0.8775 (Lazada),

Vi = (0.10)(0.896) + (0.20)(0.918) + (0.15)(0.837) + (0.15)(0.889) +
(0.25)(0.924) + (0.15)(0.986) = 0.911 (shopee),

Vs = (0.10)(1) 4 (0.20)(1) + (0.15)(1) 4+ (0.15)(1) +
(0.25)(

0.25)(0.982) + (0.15)(0.978) = 0.9922 (tokopedia).

4. Description of Research Data Analysis Results
Among V1, V5, V3, Vy and Vi, the highest value is V5 = Tokopedia with the result
of 0,992 from the calculation using the Simple Additive Weighting method. It is
concluded that Tokopedia is the e-commerce with the highest customer satisfaction
based on predetermined criteria. Then the most satisfied criteria or services are
C1 (Appearance), Cs (Service), and Cy (Access speed) with a higher average value
compared to other criteria or services.
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4 Conclusion

4.1

Conclusions

Based on the results of customer satisfaction survey research on e-commerce using the
SAW (Simple Additive Weighting) method, several conclusions can be drawn. These
conclusions are presented as follows:

1.

10.

11.

4.2

In terms of the appearance criteria (C), Tokopedia has the highest average value
with a score of 4.5.

In terms of the product/feature choice criteria (Cs), respondents are more satisfied
with Tokopedia e-commerce.

In terms of the accesses speed criteria (C35), respondents are more satisfied with
Tokopedia e-commerce.

In terms of the service criteria (Cy), respondents are more satisfied with Tokopedia,
Bukalapak, and Shope e-commerces having the same scores.

In terms of the promo criteria (C5), respondents are more satisfied with Bukalapak
e-commerce.

In terms of the delivery criteria (Cg), respondents are more satisfied with Bukalapak
e-commerce.

According to the data obtained by the researchers, the e-commerce with the highest
value for customer satisfaction is Tokopedia with a value of 0.992.

The e-commerce with the lowest level of customer satisfaction is Lazada, with a
value of 0.877.

The e-commerce most used by respondents is Shopee with 30 respondents.
The e-commerce least used by respondents is Blibli with 10 respondents.

The customer satisfaction survey ranking for e-commerce using the SAW (Sim-
ple Additive Weighting) method is from top to bottom, respectively, Tokopedia,
Bukalapak, Shopee, Blibli, and Lazada.

Suggestions

Based on the research results, several problems were revealed, so several suggestions were
made, these suggestions are as follows:

1.

2.

Insufficient number of respondents or less widespread distribution of the g-form.

It is suggested that respondents filling out the g-form, receive a prize for the fastest
completion or it be drawn randomly after all respondents have completed the g-
form.

The criteria specified are only a few, they should be added so that respondents can
assess e-commerce in more detail.
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Abstract: In this paper, the operator equations AX XB =C and AXB X =
C; where A, B, C and X are bounded linear operators on the Hilbert space H,
are investigated and criteria of solvability are established. First, in a Hilbertian
framework, by extending the famous Fuglede’s theorem to a certain class of operators
that are not necessarily normal, we show that some classical criteria, as Roth’s removal
rule for the rst equation, remain valid even under assumptions on A and B weaker
than usual. Second, in a Banachian framework, we establish our criteria of solvability
by using the inner inverses of the operators a.g and a.g de ned on L(H) by
A;B(X) =AX XB and A;B(X) =AXB X.

Keywords: Fuglede-Putnam theorem; elementary operators; operator equations;
inner inverses.
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1 Introduction and Basic De nition

Let H be an in nite complex Hilbert space and L(H) be the Banach space of all bounded
linear operators fromH into H. For T 2 L(H); let ker(T), R(T), (T)and ,(T) stand
for the null space, range, spectrum and point spectrum ofr, respectively. We recall some
de nitions of the local spectral theory.
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