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Abstract: This paper explores the spectral properties of a non-self-adjoint integral-
di erential operator de ned on an unbounded domain. The operator is governed by
the Dirichlet-type conditions. We utilize the pseudo-spectral theory to demonstrate
that the operator’s spectrum is localized in the real numbers.
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1 Introduction

Non-self-adjoint and unbounded operators are fundamental in numerous branches of
physics and chemistry, where phenomena like convection, di usion, and reactions are
widespread, see [1{3] and references therein. In this study, we focus on the spectral
analysis of a non-self-adjoint integral-di erential operator of convection-di usion-reaction
type, de ned on an unbounded domain and subject to the Dirichlet-type conditions. The
operator under consideration, denoted as L, is de ned by the expression

z

L=+ J r+0E+y) + KKzt (zhdzde

Convection equations can be considered as dynamic systems [4{6], where the state of
the system evolves over time. They describe the transport of a quantity under the
e ect of a velocity eld and can be analysed using the theory of dynamical systems and
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semi-groups of operators. This approach makes it possible to study the stability and
asymptotic behaviour of the solutions. The spectral analysis of the associated operator
provides information about the propagation of the initial perturbations.

This study is distinguished by the unbounded and non-self-adjoint characteristics
of the operator, which render it a subject of great interest within this eld of re-
search [7,/8]. The primary contributions of this study lie in utilizing the pseudo-spectral
theory, see [9,/10], to demonstrate that the spectrum of the operator L is localized in
R. This innovative approach provides a promising alternative to the traditional spectral
theory, with potential implications across various application domains. Our method-
ology is based mainly on the pseudo-spectral theory, splitting the spatial domain into

nite-dimensional domains, then returning to the limit and recovering all the spectral
properties. This technique was used in [11}12].

Nevertheless, despite the notable advancements made, this study is subject to certain
limitations, particularly with regard to the assumptions made about the integral operator
within the integral-di erential operator. These assumptions may prove challenging to
verify in practice, although their relevance remains compelling.

The structure of this paper is designed to provide a comprehensive understanding
of the problem under study. We begin by de ning the theoretical framework in Section
2, then proceed to examine the restriction of the operator L to a bounded domain to
localize its spectrum in Section 3. Next, in Section 4, we explore the relationship between
the operator L and its restriction using the pseudo-spectral theory.

2 General Framework

Let be an open unbounded set in R? de ned as follows:
= (Xy)2R?:x>0and Xx<y<X ;

with its boundary denoted by @ . We de ne the space L2( ), the Hilbert space of
complex-valued (classes of) functions de ned almost everywhere on , provided with
their usual inner product h; i. Let L be the integro-di erential operator de ned on

L2( ) by
z

L=+ J or +03+y) + Ky:zib) (z0dzdt;

where Kk is a real-valued function de ned on , satisfying
)8(xy); (1) 2 jk(xy;Z;0))  ki(xy)ka(z;1);
(H) ii)ki2L4( )andky, 2 L2( );
i) 8(xy) ()2 5 eYk(xy;zt) =e*k(z; X y):
The operator T is given as follows:
T = +

r +(x2+y?);

where this operator falls into the category of convection-di usion operators, see [13].
Additionally, the operator K is de ned as follows:

8 2L2( ):8(xy)2 : K (xy)= k(xy;z;t) (z:t)dzdt
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representing the integral operator associated with the reaction term [14]. The sesquilinear
form q is de ned as follows:
z z z

0(1; 2)= I 1T dxdy+ Yoy adxdy+ (2 +y2) 1 odxdy +hK 1 oi;
X

and Q the quadratic form associated with g, is
z z z

Q)= jr jdxdy+ Yoir dxdy+ (G +yD)j Pdxdy +0K ;i
Using the Cauchy-Schwarz inequality, we obtain
Z Z
y . y L
X :r dxdy , X Jr jdxdy
1

kr ko y+ (X +y?)j jPdxdy

Hence, q is a sectorial form de ned on the linear space
z
n o
V=HI()\ 2L ): (P+y?)jjPdxdy <+1

and L is the operator associated with g and its domain is
n z o
D(L) =H?()\Hg( )\ 2L%(): (C+y?)j jPdxdy <+1

Consider the eigenvalue problem, which represents the main problem addressed in
this paper:

P

g Find ( ; ) 2 (C; D(L)nf0g) :
)_ L = on ;
2

=0on@ :
We de ne the decreasing family f go< <1 of open bounded sets of R? as
= (xy)2R*: <x< 'and (1 H)x )<y<@ Hx ) ;
this family converges to  when tends to 0. For all  2]0;1[, we de ne on L?( ) the
sesquilinear form q by
q (1 2):R rl:ﬁdxdy+R 2'( g odxdy
+R (X% +y?) 1 dxdy+ <K 1; 2 >;
where Z

K = k (X;y;z;t) (z;t)dzdt;

and k is the restriction of k in . It is evident that k 2 L?( ). To avoid any
confusion, h; i is the usual inner product de ned on L?( ). We note also that q is a
sectorial form de ned on H3( ) and the operator associated with q is L , de ned on

D(L ) =H?*( )\Hs( )
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3 Spectrum of L

This section will examine the spectrum of the operator L . The results are presented in
Theorem 1. We begin by de ning the inner product on L?( ) by

z
ha 20 = &Y 1(xy) 20x y)dxdy;

where its associated norm is denoted by k:k , which is equivalent to the usual norm
kK:k_2¢ y. Note that the spectrum sp(L) is de ned as

sp(L)= z2C:(L zl) 'isnot bounded operator
and so, spp(L) consists only of the eigenvalues of L. Finally, spess(L) = sp(L) n spp(L).
Lemma 3.1 For all 2]0;1[, L is self-adjoint with respect toh; i .

Proof. Let 2 D(L ), for all (x;y) 2 , we de ne “(x;y) = e2 (X;y). So, we
obtain that

=( +yBe X8y + 20 +y) e
Let 1; » 2 D(L ). By the Green formula and using the above equation, we get
z - z 5 o
hT 4; 2i =  rrdxdy + Z(x2 +y?) 7 2dxdy: €))

On the other hand, under the assumption (H), we get
hK 1, 2i :h]_;K 2i: (2)

Consequently, from and , the operator L is self-adjoint with respecttoh; i .

As aresult, sp(L ) is a real value. Because of the impossibility of extending the inner
product h; i over L?( ), it is not possible to ensure that L is self-adjoint.

We de ne the coe cient Cpg = 9?95—), where d is a measure on R2. The coe cient

Cpr is known as the Poincare-Friedrich constant [15]. The following theorem localises
the essential and point spectra in the real line for the operators L .

Theorem 3.1 For all, 2]0;1[, the essential spectrum of L ;spess(L ) is included in
72 Kk ki 2( y; +1 , and the point spectrum of L , spy(L ) is included in [CPE +
2 kk k2 y, +A[

Proof. For all 2]0;1[and 2 D(L ), we have
. 1 Loo— 1 . .
Re(hL ; i) = E(hL ; 1+hL ;|)=§(hL ; i+h L i)
Re(hA ; 1) +Re(hK ; i):
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So, using the Green formula and integrating by parts, we get

Z
hA i = ( yOx  x@y + (x*+y?) ): dxdy
Z Z 0 Z
= r .r dxdy ——ds + y @x dxdy
e_ On
Z Z Z
y@x( )dxdy +  x @y dxdy X@y ( )dxdy

Z

+  (X®+y?)j jPdxdy;

since 2 HE( ), thisimplies =0aeon@ , we simplify certain terms as

Z 0 Z Z 1

CogndsTO by = x 190G dx=0;

and 2 Z . )
yox( Jdxdy= [y ]y dy=0:

So, 7

hA s i= (rjfd y @ x @ + (< +y?)j jP)dxdy: 3
With the same argument, we nd

Z
hiA i= (rP+y B +x 8 +Z+y?)j j?)dxdy: (4)

Thus, by adding to and using the Poincare inequality, we get
Z
Re(hA ; )= (r P+ (< +y?)j jdxdy (Cpf + Dk ki y:

Now, let us estimate the term Re(hK ; i). By applying the Cauchy-Schwarz inequality
twice, we obtain

JRe(hK 1)] JhK 5

% z o1y '3
@ k (x;y;z:t) (z;t)dzdt dxdyA 2(x; y)dxdy
z z 'y 2 '3
k?(x;y; z; t)dxdydzdt 2(z; t)dzdt
z o
2(x; y)dxdy

Kk kiz¢  yk ko o
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Thus,
Re(hK ; i) kk kpz¢ kK22 y;

then
Re(hL ; i) (Cpg+ 2 Kk kyz DK k2 y: (5)

Forall 2Rsuchthat <CpZ2+ 2 Kk kyz yand 2 D(L ), we have the result
k(L 1) kize )y (CpE + 2 KK kiz( y K ke oy (6)

Indeed, for all 2R,
k(L 1) k2 y=kL ki» y 2 Re(<L ; =)+ kki y 0 (7

then (Re(hL ; i))> k ki, kL kf,  ,, which implies that

(Re(hL ; i))*, :
KL kfz( TR S 2 D(L ) nf0g:
L2(C )
Injecting the last inequality in (7), we get
Re(hL ; i
k(L 1) ko (((2—» YK K2y
k kLZ( )

by (), for all 2 Rsuchthat <Cp2+ 2 kk kiz( y; we nd
k(L D) K2y (Cpg+ 2 Kk kiy y K Kiz¢ y;

we conclude (6).
The operator L I is injective for < CpZ2 + 2 Kk k2 y, Which means
that the point spectrum of L is included in [Cpé + 2 Kk k2 y, +A[

Now, we de ne the problems (P ) and (P ) as follows:

8
E forallg2 L?( ); nd 2 D(L )nf0g:
P )§ L =gon ;
= =0ona@
and 8
< nd 2H3( )nfog:
P) .
“a.(sv)=I(v)forv2HI( );
where
Z Z Z
a.(;v)= r rvdxdy + 2’( or vadxdy +  (x2+y? ) vdxdy +hK ;vi;
and Z

I(v) = gvdxdy:
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The sesquilinear form a . (; ) is continuous and coercive in H}( ) for < 72
kk Kkiz2¢ y. Indeed, using the Cauchy-Schawrz inequality
s Gl K ke krvkg )+z; ki kizq ykIrvkis( )+
(®+y?) vdxdy + (x*+y? ) vdxdy
+kk k|_2( )k k|_2( )kaLZ( )
gkr k|_2( )krVkLZ( )+C1k k|_2( )kaLZ( )
+kk k|_2( )k k|_2( )kaLZ( )
where C, = sup g(x2 +y?) , we have
ja. (;v)] C(; ;kk k|_2( ))k kHl( )kaHl( )
with 3
C(; ;kk k|_2( )) = maxfE;Cl + kk k|_2( )g:
For the coercivity of a . (:;:), we have
WK 50 kK ke Hk Kz )
So,
Z YA
a.(;) = jr j2dxdy + 3’( :r  dxdy
z
+  (X®*+y?  )jjPdxdy +hK ;i
7 L
kr k2 % kr ki y+ (< +y?)j jPdxdy
z
+  (E+y? ) jPdxdy kK Kpz yk ke
1 2 H 1 2 2 2 2
Ekr kfz¢ y+min E(X +y°) K kiz¢ y Kk ki K Kiz( )
1 2 2 2
Ekr kLz( )+ ? kk k|_2( ) k k|_2( ):
Then
1 2 5
a.(;) min 5;7 Kk kiz( y k ng( y:

Otherwise, the semilinear form I is continuous in H( ). Therefore, the Lax-Milgram

theorem gives that, for all g 2 L2( ) and for all such that <31 2 kk ki 2 Y

the problem (P ) has a unique solution u 2 H3( ) forallv 2 H3( ). This solution also

satisfy the problem (P ). We conclude that (P ) has unique solution, for all  2]0; 1].
this completes the proof.
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4 Pseudo-Spectra and Spectra of L

In this section, we will establish the relationships concerning the spectrum and the
pseudo-spectrum of the operators L and L . We need to show an important density
lemma. We denote by D( ) the space of in nitly di erentiable functions de ned on
with compact support in it, and we denote by k k_ the graph norm of the operator L,
which is de ned by k k. =KL Kkpz¢ y+Kk Kpz( ).

Lemma 4.1 D( ) is dense in D(L) with respect to the graph norm k:k, .

Proof. See [12].

We will show an important set equality, which gives us a relationship between the
pseudo-spectrum of L and the pseudo-spectrum of L . The de nition of the pseudo-
spectrum of an unbounded linear operator A on a Hilbert space H, denoted sp (A), is
the set of 2 C for which there exists a vector x 2 H with kxk = 1 such that

k(A Dxk < :
Formally, this is written as
sp(A)=F 2C:9x 2 H;kxk =1;k(A Dxk < g¢:

This de nition indicates that for each in the pseudo-spectrum, there exists a unit
vector x such that the action of A I on x is very small. In other words, is almost
an eigenvalue of A in the sense that A acts on x almost like multiplication by , see [10].

Theorem 4.1 For all " > 0, we have the relation

C
sp-(L) = sp-(L ):

0< <1

L
Proof. Let 2 sp-(L ). So, there exists i 2]0;1[ such that 2 sp.(L ,). But
o< <1
the operator L , is self-adjoint, for that, there exists u 2 D(L ,) with k k; 2 =1
such that
k(L

On the other hand, we have D( ) is dense in D(L ,) with respect to the graph norm
(see Lemma . Then, there exists a sequence ( n)a2n in D( ) such that

|) kLZ( ») <™

1

Sk K, =0

where k k| =k k2 y+kL, kiz¢ ) isthe graph norm.
Asaresult, (L, 1) n)aznconvergesto (L, 1) inL?( ). Now, forall >0,
there exists N 2 N such that for alln N, we have
k(L , 1) nkiz¢ ) k(L 1) kiz¢ )
K nkiz¢ ) K Kiz¢ )

Let =" k(L 1) kiz¢ ) >0. Then there exists no 2 N such that

1

KL, 1) nokize )

K nokiz( )
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we nd n, 2D( ,). Then we extend ,, by zero to , we denote its extension by T, .
So, it is clear that &, 2 D(')  D(L) and we have k™n,kiz¢ ) = K nokiz¢ ). Let

Vhg = ﬁgk 2 D( ,) and its extension by zero to is de ned by wn, = k~:2k 2D().
Then

kL, 1) nokiz¢ )
K nokiz¢ )

k(L |)Vn0k|_2( )= k(L 1 |)Vn0k|_2( D) =
So, we nd that 2 sp.(L).
Reciprocally, let 2 sp.(L). There exists 2 D(L) with k k;2¢ y = 1 such that
k(L 1) Ky <™

By Lemma there exists a sequence ( n)nan in D( ) such that k , k., T 0.
According to the same arguments as above, there exists n; 2 N such that

KL D) nkez ®)

K nikiz( )
as supp n, , there exists ¢ 2]0; 1[ such that supp n, o- We get from that

k(L DV, kiz¢ ) <" and v, 2D(L ,);

(o}

where v, = Wg(o) We conclude that 2 sp.(L ). This completes the proof.

Remark 4.1 It is clear that the operators (L ) 2j0:1; are normal operators with
respecttoh; i .

The following theorems are the main focus of our results. The "-neighborhood of a
set S in C is denoted by N-(S).

Theorem 4.2 For all " > 0, we obtain the relation

L
sp-(L ) = N-( sp(L )):

o< <1 o< <1

L
Proof. Let 2 sp-(L ). There exists 1 2]0;1[ such that

0< <1
2sp-(L ;) = N-(sp(L ,)):

L
So, =z+s,wheres2sp(L ,)andjzj<". Buts2 sp(L ), this implies that

o< <1

L
=z+52N«( sp(L )):

o< <1

L L
Reciprocally, let 2 N-( sp(L )). Then =z +s, wheres 2 sp(L ) and
o< <1 o< <1

jzj<". Thereis 5 2]0;1[ such that =z +s2 N-(sp(L ,)) =sp-(L ,). Then

2 L sp.(L ):

o< <1
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The next theorem is our main result, characterising the spectrum of the operator L
as a union of operators spectrum of L ;  2]0; 1[, which allows to determine that the
spectrum of the operator L is purely real.

Theorem 4.3 The spectrum of L is localized in R, where

C
sp(L) = sp(L ):

o< <1

Proof. We apply Theorem 4.1 and Theorem 4.2, we nd

L L
sp-(L) = sp-(L ) = N-=( sp(L )):

o< <1 o< <1

AN
We use the propriety N-(S) = S, where S is a set in C. Also, we use the fact that

o<"<1

N\
sp(L) = sp-(L):

o<"<1

Then we conclude that

N\ \ C C
sp(L) = sp-(L) = N-( sp(L )) = sp(L ):

o<'"<1 o<"<1 o< <1 o< <1

This completes the proof.
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1 Introduction

The nonlinear di usion equation is a partial di erential equation that describes the be-
havior of a di using quantity in a medium where the di usion rate depends on the
concentration or magnitude of the quantity itself, these are suggested as mathematical
models of physical problems in many elds such as image processing, heat conduction
in composite materials, reaction-di usion systems, nonlinear di usion in uid mechanics
and population dynamics [1§3].

Fractional di erential equations (FDEs) generalize ordinary and partial di erential
equations by incorporating fractional derivatives instead of integer-order derivatives.
FDEs have attracted considerable attention because they can describe complex phenom-
ena characterized by long-range memory, anomalous di usion, and fractal-like behavior,
fractional di erential equations (FDEs) are used to model a wide range of phenomena in
various elds such as visco-elasticity, biological, electrical circuits, control systems, and
geological systems [4{8]. These are just a few examples of the diverse range of applications
where FDEs are treated. Fractional calculus and FDEs provide a powerful mathematical
framework to capture complex dynamics, memory e ects, and non-local interactions in
various systems, as well as a variety of other physical phenomena. Recently, there has
been a lot of progress in the study of fractional di erential equations [9/13]. This is due
to several recent studies in this eld, see the monographs of Kilbas et al. [14], Miller
and Ross [15], Samko et al. [16], and the papers of Agarwal et al. [17], Anguraj A. and
Karthikeyan P. [18], Belmekki et al. [19], Daftardar-Gejji and Jafari [20}21], Kaufmann
and Mboumi [22], Kilbas and Marzan. [23], Yu and Gao [24], Oussaeif [25], and also the
general references in Baleanu et al. [26], and the references therein.

However, many phenomena can better be described by integral boundary conditions,
which are often used in problems where the system’s physical or mathematical character-
istics require considering the solution’s cumulative behavior over a speci c¢ region. They
can arise in various elds, including heat transfer, uid mechanics, quantum mechan-
ics, and population dynamics. Bouziani [24,27] has extensively studied the topic and
generated signi cant interest in various works. The recent surge in interest in nonlinear
fractional reaction-di usion (RD) equations [28}]29] can be attributed to their ability to
exhibit self-organization phenomena and introduce the fractional index as a new param-
eter in the equation. Moreover, the analysis of these equations from both analytical and
numerical perspectives has generated considerable attention. These equations provide
a fertile, promising research area, o ering rich mathematical insights. Despite e orts
to investigate fractional RD equations under speci ¢ boundaries and initial conditions,
explicit solutions are often elusive. This study delves into a more comprehensive exami-
nation of a generalized model for nonlinear time-fractional RD equations.

The aim of this paper is to expand the utilization of the energy inequality method to
establish the existence and uniqueness of weak solutions in functionally weighted Sobolev
spaces. Speci cally, we focus on a class of initial-boundary value problems with a non-
local condition referred to as the "integral condition" for a broader range of nonlinear
partial fractional di erential equations. To the best of our knowledge, this particular
class of equations has not been previously investigated. Additionally, this work serves as
an explanation and complement to our previous paper [24]. Furthermore, this research
introduces novel theoretical concepts involving Bouziani fractional spaces.
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2 Preliminaries

Let =[0;T] be a nite interval of the real numbers R and () denote the gamma
function. For any 0 < < 1 being a positive integer, the Caputo and Riemann-Liouville
derivatives are, respectively, de ned as follows:

e The left Caputo fractional derivative of order is de ned respectively by

7t
1 @ (xs) 1
a ) @s (t s)

0

°D, (x;t)=

ds: (D)

* The right Caputo fractional derivatives of order is de ned respectively by

1 Zr@(x;s) 1
a ) s (s 1)

t

D (xt) = ds: )

« The left Riemann-Liouville fractional derivative of order is de ned respectively

by
D
R 1) — ° ' .
D, (xt) = a )@to D) ds: 3)
< The right Riemann-Liouville fractional derivative of order is de ned respectively
by
zZ
1 @ (%)
R ) — ° .
tD (x5t = a G ds: 4)

t

Many authors think that Caputo’s version is more natural because it makes the
handling of homogeneous initial conditions easier. Then the two de nitions and
are linked by the following relationship, which can be veri ed by a direct calculation:

(x;0) .

@

De nition 2.1 [30,[31] For any real > 0 and nite interval [a;b] of the real axis

R, we de ne the semi-norm

§D¢ (xit) =g Dy (%) + ®)

. .2 _ 2
JVJIH ( ) - RDtV L2( )
and the norm

Kvkipy () = KvkEo( ) +jVity (- (6)
Next, we de ne '"H ( ) as the closure of Cg-( ) with respect to the norm k Kigy ()
De nition 2.2 [30,[31] For any real > 0 and nite interval [a;b] of the real axis

R, we de ne the semi-norm

.. 2
JVJEH () = ?D \ L2( )
and the norm . . .
kvkey () = kvkiz y +iVieg ¢y )
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In what follows, we de ne 'H (' ) as the closure of Ci-( ) with respect to the norm
KKiy ( y-

De nition 2.3 For any real > 0 and nite interval [a;b] of the real axis R, we
de ne the semi-norm
jvi? _ (RDeViE D V)12( )
HO) cos( )

and the norm . R )
kvkey () = kvkiz( y+Viey (y: ©)

Lemma 2.1 [30,31] For any real 2R, ifu2'H ( ) andv 2 Cg( ), then we
have

DU (®);v(®)z¢ y = (UE)E D V(D)2 y:
Lemma 2.2 [30,31] For0< <2, &1landu2HZ( ), then
RD,u(t) =R DZuRDZu(t):

Lemma 2.3 [30,31] For any real 2 Riand & n+ 3, the semi norms j ji,, (y
Jirw ¢y and jjey ( 4 are equivalent, then we pose

Jha (y=lien )y =lden (y:

Lemma 2.4 [30,31] For any real > 0, the space RH,( ) with respect to the norm
is complete.

De nition 2.4 We denote by L,(0;T;L2(0;1)) = L, (Q) the space of functions
which are square integrable in the Bochner sense with the scalar product
Zy
UWLemiem = ()i Do dt ©)

Since the space L,(0; 1) is a Hilbert space, it can be shown that L,(0; T;L(0; 1)) is
a Hilbert space as well. Now, let C1(0;T) denote the space of in nitely di erentiable
functions on (0; T) and Cgt(0; T) denote the space of in nitely di erentiable functions
with compact support in (0; T).

3 Bouziani Functional Spaces

We introduce the function spaces needed in our investigation. Let L?(0;1) and
L2(0; T; L?(0; 1)) be the standard function spaces. Also, we denote by Cq(0; 1) the vector
space of continuous functions with compact support in (0:1). Since such functions are
Lebesgue integrable with respect to dx, we can de ne it on Co(0;1). The bilinear form
is given b
g y Z,
(uw) = = U=, WdX; (10)
0
R« R1 . - .
where =xu = Ju(;)d and =,u = _u(;)d . The previous bilinear form is
considered as a scalar product on Cy(0; 1) for which Cy(0; 1) is not complete.
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De nition 3.1 We denote by B2(0; 1) a completion of Co(0; 1) for the scalar product
, which is denoted by (; )g2(0;1)- It is also called the Bouziani space or the space
of square-integrable primitive function on (0;1). By the norm of the function u from
B?(0; 1), we can understand the non negative number

kukgzo.1y = (U U)B2(0;1) = K=xUK| 209y
For u 2 L?(0; 1), we have the elementary inequality

1
KuKg2 0.1y 5 Kuk{ > 9.1y : (11)

We denote by L2(0; T;B?(0;1)) = B?( ) the space of functions, which are called the
square integrable in the Bochner sense with the scalar product

z 1
(UW)gz( y = . ((u; ):(w; ))B2(0;1ydX (12)

for which B2( ) is a Hilbert space.

4 Solvability of Solution of Di usion Fractional Dirichlet Problems

4.1 Formulation of the problem

In this part, we assume = (0;1)and 1 =(0;T)with0 T +21. Also, we consider
the following nonlinear fractional problem:

8
< °D, u(x;t) @@—X(a(x;t)i@”é’;t)) + bu(x;t) = F(x; t;u; &); 8(x;t) 2 Q;

' x
- R u(x;0)=0 8x 2 (0; f); ()]
- xKu(x; t)dx =0 8t 2 (0;T) and k = f0; 1g;
where Q = I is an open bounded interval of R and a; b; ¥ are known functions. Also,

we suppose the following conditions:

e (A)) Weassumethat0 ag a(x;t) a;anda, @zg)‘)((’ft) a; for all (x;t) 2 Q.

* (A2) We assume that the compatibility conditions

z
xXu(x;t)dx = 0 8t2 (0;T) and k = f0;1g

are veri ed.

4.2 The associated linear problem

In this part, we show the existence and uniqueness of the strong solution of the linear
problem. The proof is based on an a priori estimate and the density of the set of values
of the image of the operator generated by the problem

8

< Deu(it) (@t )EEE) +bult) = Fx1:8(xi 1) 2 Q;

) R u(x;0) =0 8x 2 (0;1); (P1)
N xKu(x;t)dx =0 8t 2 (0;T) and k = f0; 1g;
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whose di usion problem is given as follows:

su=D,ux:t) 2@ty L huect = Foot) (13)
@x @x
with the initial condition

lu=u(x;0) =0 8x2[ 1;1] (14)

and the integral conditions

z

x®u(x;t)dxdt =0 8t 2 (0;T) and k = f0; 1g; (15)
where f(x;t) is a given function and satis es the assumption 0 1, for which

x;t)2Q.

4.3 A priori estimation

In this part, we aim to establish an a priori bound and prove the existence of a solution
to the problems (13)-(15) with Lu = F, where L = (\_;1) and F = f is the operator
equation corresponding to problems -. To obtain a full overview about such an
estimation, the reader may refer to [32]. The operator L acts from E to F, which is
de ned as follows. The Banach space E consists of all functions u(x;t) with the nite
norm

2 _,— 2 2 .
Kukg = k=xUK] 2(q) + KUK] 2(q): (16)
The Hilbert space F consists of the vector-valued functions F = f with the norm
Zt
2 _ 2 2 — 3,2 .
kKvkg = kfk,_%Q) + . I kfk,_?m) dt + k=4 k,_am : 17

4.4 A priori bound

Theorem 4.1 If the assumption (A;) is satis ed, then for any function u 2 D(L),

there exists a positive constant ¢ independent of u such that
Z. !

— 2 2 2 2 — =2
kexUkC ooy + KUK 2y K KFKEa + 1 KFKE:  dt+k=xTkE. o (19)

0
for which D(L) is the domain of de nition of the operator L de ned by

D(L) = fu2 L*(Q) = =xu 2 L*(Q)g;
satisfying conditions (15).

Proof. By taking the scalar product in L2(Q) on and the operator
z 1 z &

Mu = u(;t)d d;
X 0
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(19)

(20)

dxdt

(21)

(22)

where Q = (0; T), we obtain
YA 1 z &
(Bu;MU) 2(0 y = “Dyu; u( ;tHd d
3 g L2(Q)
&
@) 9" o ¢
0
z, Z . X L(Q)
+ bu(x;t); u(;Hd d = fju :
x 0 ) L2(Q) L2(Q)
The successive integration by parts of integrals on the right-hand side of yields
Z Z, 72,
RD, u;Mu L2 = Dy u(x;t): u( ;t)d d dx
X 0
Z Z Z,
= ‘D; u(;t)d ;. u(;t)d dxdt
z° 7, ° z,
= ‘DZ u( ;t)d °DZ u( ;t)d dxdt
Q 0 0
2
= CD?: u
t L2@Q)
and
e eu g out p, 2t 2
f(af) Mu = f( (x;1) ) u(;Hd d
L(Q) x 0
% 2,
= a(x; t)@”(X Y u(:td  dxdt
Q 0
z Z 24 (x- Z x
= a(x;t) (u(x;t))2 dxdt 1 w u( ;t)d dxdt
Q 2 q x 0
2 az, .2 .
ao kukLz(Q ) 7 k—xukLz(Q ) .
Consequently, we have
4 2, Z,
(bu;Mu),_(Q) = b(x;t)u(x;t) u(;)d d dxdt
X 0
z 1 yA &
b u(x;t) u( ;)d d dxdt
Q X 0
AN Z,
b u( ;td u(;t)d dxdt
Q 0 0
Z
b (=xu(x;t)* dxdt
Q
bk:Xukzl_z Y
Substituting (20] . and (22) into (19) gives
szxu +ag kuk,_z(Q ) k—xuk,_z(Q y bkuk,_z(Q ) "Mu :

L2(Q)

(23)
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Now, we estimate the last term on the right-hand side of by applying the Cauchy
2 np2

inequality jabj o + > with ". In other words, we have
_ 2 a
DI g, kuk(zq ) 5 Kotz ) +bokukizgg
z A 2,
f(x;1) u( ;t)d d dxdt
Q X 0
2 Zx 2 W2 Zy 2
- u( ;td  dxdt+ - f(;td  dxdt: (24)
2" 9 o 2 9 o

By using the Cauchy-Schwartz inequality, we obtain

1 Z Z X 2 " z Z X 2
— u( ;td dxdt + = f(;t)d dxdt
l n
L (=ulct))idxdt+ = (=4F (x;1)% dxdt
2" o 2 q
(U t)Pdxdt+ - (F(x;t))% dxdt
4 q 4 qQ
1 "

This, consequently, yields

2

CH7Z — 2 i 2
DZ=xu 20 )+ ap+b = kuk,_%Q , kkaz(Q )
and
DZ=u + kuk? " kK
- 2 N 2
XY 20 @) 4min 1; ag+b & L

Now, we present

" 4min 1 ag+b =

as
I Dyu(x;t)) =u(x;t)+ 7 (x):

This leads to
_ 2 2 2 _ 2,2 .
k=xukiziq )+ kuk,_%o;l) Cl kfk,_?o;l) +k=x"Kl 2¢0.1 !
Consequently, we have
— L2 2 _ a2 )
k=xuki2qy CI kfk,_%Q ) +k=x"K 2 !
So, nally, we get

2 2 .
kuk(;  Ckfkia

where
C:1 = maxf1;Cg
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and

_ 2 2 2 2 _ 3,2
kexUkfeq ) +hukia  Cu | KFKE: KPR, k=K 2

With the use of successive integration (0; T), we get

Zy
— 2 2 . 2 2 _ =2
k—xuk,_%Q )+kuk|_?Q R (Cimaxfl;Tg) . | kfk,_%Q )dt+ kfk|_§Q ) + k=« k,_%Q R
which implies
k= (Cimaxfl;Tg)?
for which
kukge  kkLukg : (26)

Let R(L) be the range of the operator L. However, since we do not have any infor-
mation about R(L), except that R(L) F, we must extend L so that holds for the
extension, and its range is the whole space F. For this purpose, we state the following
proposition.

Proposition 4.1 The operator L : E ¥ F has a closure.

Proof. Let (un),oy D (L) be a sequence where

un, %0 in E

and

Lu, ¥ F0 inF : 27)
Herein, we must prove that

f O
The convergence of u, to 0 in E leads to
un» 10 in D'(Q) : (28)

According to the continuity of the derivation of D’ (Q) in D’ (Q), the relation involves

u, YO in D'(Q) : (29)

Moreover, the convergence of \_u, to f in L? (Q) gives
\u, I¥fF in D(Q) : (30)

As we have the uniqueness of the limit in D°(Q), we conclude from and that
f = 0. Then, L is closable of this operator with the domain of de nition D(L).

De nition 4.1 A solution of the operator equation
Lu=F

is called a strong solution to problems (13)-(15). The a priori estimate can be
extended to strong solutions, i.e., we have the estimate

Z+ !

— 2 2 2 2 — 3,2
k=xuklagy +kukiagy Kk KFk(a + 1 kfka dt+k=x k(s |

0 )
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We deduce from the estimate the subsequent result.

Corollary 4.1 The range R(L) of the operator L is closed in F and is equal to the
closure R(L) of R(L), that is, R(L) = R(L).

Proof. Let z 2 R(L). Then, there is a Cauchy sequence (zn), oy in F constituting
of the elements of the set R(L) such that

iy =z
There is then a corresponding sequence u, 2 D(L) such that
Zn = Lup:
With the use of estimate (18), we get
kup ugkg CKkLup Lugk ¥ 0;

where p;q tend towards in nity. We can deduce that (un), oy is @ Cauchy sequence in
E. So, as E is a Banach space, there exists u 2 E such that

lim un,=uinkE:
n ¥+

By virtue of the de nition of L ( Ii.rrjrlun =uinkE,if Ii.r’rllLun = Ii'rr}rlzn =z,
n x n f n x

then . Ii.rrllLun =1z as L is closed, so Lu = z), the function u satis es

v2D L ; Lv=1z:

Then z 2 R(L), and so we have
R(L) R(L):

Also, we conclude here that R(L) is closed because it is Banach (any complete subspace
of a metric space (not necessarily complete) is closed). Thus, it remains to show the
reverse inclusion. To this aim, it should be noted that either z 2 R(L) and then there
exists a Cauchy sequence (zn),,oy in F constituting of the elements of the set R(L) such
that

or z 2 R(L) because R(L) is a closed subset of a completed F and so R(L) is complete.
There is then a corresponding sequence u, 2 D(L) such that

Lun = zn:
As a result, we get from that
kup ugkg C Lup Luq o ¥ O

where p and g tend towards in nity. We can then deduce that (un),,y is a Cauchy
sequence in E, and so as E is a Banach space, there exists u 2 E such that

lim u,=u inkE:
n ¥+
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Once again, there is a corresponding sequel (Lup),oy  R(L) such that
Lu, =Lunon R(L); 8n 2 N:
So, we obtain
lim Luj=2z:
n T+

Consequently, we obtain z 2 R (L), and then we conclude that

RL R(L):

4.5 Existence of solution

Theorem 4.2 Let the assumptions (A;) be satis ed. Then for all F = (f;0) 2 F,
there exists a unique strong solution u =L ¥ =L 1% of the problem -.

Proof. We have Z

(LuyW)e = \_u:wadxdt; (31)
Q
where
W = (w;0):

So, for w 2 L2 (Q) and for all u 2 Do(L) = fu; u2 D (L) : “‘u = 0g, we have
z

u:wdxdt = 0:
Q

By putting w = u and using the same estimate as previously, we obtain

_ 2
‘DZ&=xu +kuk’, =0;
L2(0;1) (0:1)

which implies
kuk 0> u=0:

So, we getu=w =0.
Corollary 4.2 If for any function u 2 D(L), we have the following estimate:
Kukg  CKLuUKg ;
then the solution of problem (P1), if it exists, is unique.
Proof. Let u; and u, be two solutions to problem (P3), i.e.,

ta: z E =) Lu; Lu, =0;
where L is a linear operator. As a result, we obtain
L(up uy)=0: (32)
Now, according to , we obtain
kui ukZ  ckOkZ =0;

which, consequently, gives
U; = Uo:
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5 Solvability of the Weak Solution of the Nonlinear Problem

This section is devoted to the proof of the existence and uniqueness of the solution of
the nonlinear problem (Pr):

8 .

< Deut)  F@x)EED) Fbutat) = Ftu; §):8( 1) 2 Q;

R u(x;0)=0 8x2( 1,1); (P2)
xKu(x; t)dx =0 8t 2 (0;T) and k = f0; 1g;

for which the function f is Lipchitzian. As a consequence, there is a positive constant k
such that

f x;t;ul;% f x;t;uZ;%
@x @x )
H© ' (33)
@uy  Quy
k kuy Uszz(Q)+ —_— —_—
O0x  0x |2(q

Now, we shall prove that (P2) has a unique weak solutign. To this end, we let u 2 Cﬁ(Q)
and u 2 C*(Q). Also, we shall compute the mtegral Q(f:Xv)dxdt. For this purpose,
we assume u;v 2 F(Q), Qx"u(x t)dx = 0, and xKu(x; t)dx = 0 for all k = 0; 1g.
By using the condition on u and v, we have
z z
(°Dyu =, v)dxdt = (v ¢ Dy =, u)dxdt;
Q Q

Q

z z 0
( (a(x t)—) = Vv)dxdt= (v a(x;t)—u)dxdt;
Q @x

and z z
b (u =,v)dxdt = (v =,u)dxdt:
Q Q
It then follows, from [24], that
z z ou z
A(u;v) = (v °Dy =, u)dxdt + (v a(x;t)——)dxdt (v =, u)dxdt:
Q Q @x Q

De nition 5.1 A function u is called a weak solution of problem (P;) and u 2
L2(0; T H*(0; 1)).

By building a recurring sequence starting with u® = 0, we can de ne the sequence
u®™ . as follows: given the element u™ b, for n = 1;2;3;:::, we will solve the
following problem:
D UMty @06 )TN 4+ p(x; UM (x; 1) = Fx; tu D; eus 2
xku(”)(x t)ydx =0  8t2(0;T) and k = f0; 1g:

);
(P3)

Theorem 5.1 According to the study of the previous linear problem and by xing n,
problem (P3) admits a unique solution u®™ (x; t).
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Now, by supposing
z® ) =u™P et u®(x1);
we might get a new problem, which has the form
=D, z™  axtzy  +b(x;t)z(™M = p™ D(x;t);

R PAQ) ();<:0) =0; (P4)
xKz(M(x; t)dx = 0; 8t2 (0;T); k =f0;1g;

where ™ " D
n n
" Dy =F xtu®; T f gy ; @U@T
with the condition 7
zZMx:0)=0and x<zM(x;t)dx=0 8t2(0;T); k = f0;1g: (34)

Lemma 5.1 Assume that condition holds, then for the linearized problem (P4),
we have the following a priori estimate:

7 () 2 1) .
L2(0;1;H1(0;1)) L2(0;1;HL(0;1))

where is a positive constant given by
| gl

5 2
= S
for which " 1.
R, R
Proof. Multiplying equation (P4) by Xl c‘fz”( ;)d d and integrating the result
over Q yield
z Z, Z,
(RD, zM(x; 1) Z"(;t)d d dxdt
- R
@ ez () Tt T
— a(xt) —= z"(;t)d d )dxdt
(g 205D o PGnd d)
Q
z Z, Z,
+ bz™M(x; t) zZ"(;t)d d dxdt
o X 0
Z Z, Z,
= p(" D(x;t) Z"(;0)d d  dxdt (35)
X 0
Q

By using the standard integration by parts for each term in (P4) coupled with condition
(34), we obtain

Z (o3 Z X 2 Z
°D, z"(;t)d dxdt+a; (2" (x;t))% dxdt
Q 0
z a " b 1 2
B+ N (v +1\2 n 1) .
> vyt @)y dxdt+oo p dxdt: (36)

Q Q
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On the other hand, by applying the operator =, to equation (36)), we get

0ZO) _ o1
= P

°D, (=,Z") +a(x;t) Bx 37)
Consequently, by taking into account condition (37), multiplying the obtained equality
by @@LX, and then integrating the result over =(0;1) (0; ), where 0 T, we
obtain 7 ; 2
¢ ny zn 0Z™(x; 1)
(*Dy Z2") Z"dxdt+ a(x; t) o dxdt
’ z (3)

Zn
= = p™ D(x:t ez? dxdt:
o P P D) X

Now, by using Lemmas [2.2 2.3} 2.4} and [5.T] coupled with the Cauchy inequality with *,
we obtain

z Z 2
2 ) (-
DEZ" dxdt+  ax:t) W dxdt
Q Q
1 ? (n 1) 2 “? @z" 2
o = p (x;t) dxdt+ 7 o X dxdt: (39)
Combining the last two inequalities and gives
Z. Z » y ,
°D, z"(;t)d  dxdt+ °DZz"  dxdt
Q 0 Q
Z Z @Z(”)(X't) 2
+ a  (Z"(t))ldxdt+  a(xt) T dxdt
2 2
% p(™ D dxdt + Zi =, p" D(x;t) dxdt
Z ° ? Z
3, " b oy "Toezn ?
+ =+ -+ = (1)) dxdt + = dxdt: 40

By eliminating two rst integrals on the left-hand-side of inequality and using the
Cauchy inequality with ", we get

as " b @ 0ZM™(x: t) 2!
. 3 n/(y- 2 ’
H = - = )y "+ — 4 dxdt
(@) 1
1 z 2 z 2
—@ p D dxdt+ =, p™ V) dxdtA: (41)
2 Q
Q
Therefore, we have the estimate
2 1 2
= pin D el 2 (n 1
xP L2(0;1) 4 a o p L2(0;1)
2
} p(n 1 (42)

4 L2(0;1)
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and
z 2
p(™ D dxdt
° Z
Z(n Yo 2
2 zZ" D (x;t) + 0z™ 2y dxdt
@x
Q
Z 2
2 (n 1) -
SR AN 1) » 827 700 dtdx: (43)
0 L2(0;1) @X L2(0;1)
Now, substituting and into yields
z C 2
" 2 m)( -
a(x;t) a b zZM (1) 4+ 0270y dtdx
¢ 2 2 L2(0;1) 0x L2
Z 2
5 2 2 z( D -y
R z" D () L 027 °CY dtdx: (44)
2" 5 L2(0;1) @x L2(0;1)
Sincea(x;t) % 5 2 0,we nd
z C 2
). 2 @ZM™M(;1)
2™ (1) i WA dt
0 ( L2(0;1) @X L2(0;1)
Z 2
2 2 n -
5,, zZ" V() L 27 20 dtdx:
2 0 L2(0;1) @X L2(0;1)

The right-hand side here is independent of , and hence we shall replace the left-hand
side by the upper bound with respect to to obtain the desired inequality, i.e.,

2
7 ? 5% Smp? :
L2 HY(0)) 2" L2(0;1;H(0;1))

2]
This forms the criteria of convergence of the series z(M, which converges if 52—2 <1,
n=1

a_
thatis, if = %. Since ZM(x;t) =u™*D(x;t) u"(x;1), it follows that the sequence
(U™),on Will be de ned by

>
u ;)= zZ®+u@(x;1);

n=1

which converges to an element u 2 L2 0;1;H!(0;1) .
Therefore, we have established the following result.

Theorem 5.2 Under the condition , the solution for problem (P;) is unique.
Proof. Suppose that u; and u, in L2 0;1;H?(0;1) are two solutions of (P4), then
Z=u; Upsatis esZ2L? 0;1;H'(0;1) . As a result, we have

Qu(x;t)
@x

°D, u(x; ) @@—X(a(x; 9 )+ bu(x; t) = #0 )
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and z
xkzZM(x;)dx =0  8t2(0;T); k = f0; 1g;
where 0 0
Uy (VLR
#x;)=F X tjuy,,— f X tuy,—
06 1) = 2 B
Following the same procedure as in establishing the proof of Lemma[5.1] we get
Z(n) Z(n 1) .
L2(0;1;H(0;1)) L2(0;1;HL(0;1)) |

where is the same constant as in Lemmal5.1] Since <1, then we obtain

(1 ) Z(n 1) .
L2(0;;HL(0;1))

form which we conclude that u; = u, in L? 0;1;H(0;1) .

6 Conclusion

This paper has explained the important factors needed to ensure a solution stands out
and ts well within a certain type of mathematical space. This is particularly relevant
to a set of problems involving equations with fractions and reactions that change over
time. We have gured out these factors by using certain mathematical estimates and
techniques. By building upon previous work and using a step-by-step method, we have
con rmed that there is indeed a unique solution to these tricky equations. There will be
future research and applications on fractional partial di erential equations.
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Abstract: Arti cial neural networks (ANN) consist of a group of the virtual neurons
that are designed by computerized programs which use a variety of mathematical
fractional equations. In this paper, we introduce the Reproducing Kernel Hilbert
Space (RKHS) method for solving some certain fractional di erential systems in the
arti cial neural networks eld, which is the Hop eld network, using the conformable
derivative.
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tive, arti cial neural networks, di erential systems, chaotic attractors.
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1 Introduction

Arti cial Neural Networks (ANN) is a recently emerging powerful computer-aided design
(CAD) technology for modeling devices and circuits. These networks consist of a set of
virtual neurons that are generated by computer programs that use a number of fractional
mathematical equations to process the data that come from the neurons. The Hop eld
network is a variety of recurrent arti cial neural networks. Its idea arose from the behav-
ior of particles in a magnetic eld such that each particle is communicated (completely
linked) with another particle by magnetic forces. This is referred to as activation in the

Corresponding author: mailto:y.chellouf@centre-univ-mila.dz

© 2024 InforMath Publishing Group/1562-8353 (print)/1813-7385 (online)/http://e-ndst.kiev.ua460


mailto: y.chellouf@centre-univ-mila.dz
http://e-ndst.kiev.ua

NONLINEAR DYNAMICS AND SYSTEMS THEORY, 24 (5) (2024) [460({472, 461

case of neurons. As a result, both particles or neurons spin, encouraging one another
to continue this rotation. The Hop eld neural networks come in two versions: binary
and continuous. In the binary form, all neurons are linked to each other, there is no
connection from a neuron to itself, in the continuous version, all connections, including
self-connections, are allowed. The Hop eld network neurons will allow each other to
rotate while they are in a spinning state. The movement of the particles is to process
information, so they will be in the activation situation. For example, if two particles
are in a rotating state to process information, this is known as binary activation in the
Hop eld neural networks [1].

For obtaining the solution of the Hop eld neural network equation systems, we pro-
pose the reproducing kernel Hilbert space method which was used for the rst time at
the beginning of the 20th century by S. Zaremba for the harmonic and biharmonic func-
tions to nd solutions for boundary value problems (BVPs). The RKHS approach is a
valuable framework for creating numerical solutions in applied sciences. This theory has
been successfully extended to a variety of important applications in numerical analysis,
computational mathematics, image processing, machine learning, probability and statis-
tics, and nance [2{5], and it has been shown to be very e ective in di erent elds of
integrative equations [6,7], integrative di erential equations [8{12] and partial di erential
equations [13}/14], and others [15{19], especially when the derivative order is fractional.

Recently, a new de nition in the fractional calculus has been introduced concern-
ing the conformable fractional derivative. This concept is a natural extension of the

rst-order derivative, and it satis es some of the properties which are lost in the other
fractional de nitions such as those of the derivative of product and quotient of two func-
tions formulas, and the chain rule.

This paper is organized as follows. In Section 2, some basic de nitions and concepts
are presented. We construct the reproducing kernel Hilbert spaces and present the struc-
ture of the analytical and approximate solutions in Section 3. In Sections 4 and 5, the
convergence and error estimator are discussed to provide a number of numerical results to
demonstrate the e ciency and accuracy of the reproducing kernel Hilbert space method.
Finally, in Section 6, a short conclusion is provided.

2 Preliminaries and Backgrounds

In this section, we present some concepts and meanings of the conformable fractional
derivative and the critical RKHS materials that will be used in this study.

De nition 2.1 Let the function f : [0; 1) ¥ R, then the conformable fractional

derivative of f of order 0 < 1 is given by
1
(D )0 = lig TEEX ) TEI,

Moreover, if fis -di erentiable in some (0; ) and limy s ¢ )(x) exists, then £( )(0) =
limy w o FC(X).

De nition 2.2 Leta 2 (0;1) and f : [0;1) ¥ R be an fractional integral
function, then the ""conformable fractional integral™ of f is given by
‘%t

() = 13(x ) = @ dt

a

where the integral is the usual Riemann integral.
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Theorem 2.1 For x a and f being any continuous function in the domain of I ,
we have

D (I,f)(x) =f(x):
Proof. See [20].
Theorem 2.2 If f is di erentiable and 2 (0;1], then for 8x > a, we have
I,D,f(x) =f(x) f(a):

De nition 2.3 Let X be a nonempty set, then the function K: X X ¥ Cisa
reproducing kernel of the Hilbert space H if and only if

1. K(;;x)2X;8x2 X,
2. 8x 2 X;8u2H:hu(:); K@ x)i = u(x):

Here, the second condition is "the reproducing property"; the value of the function u
at the point x is reproduced by the inner product of u with K(;;x). For instance, the
reproducing kernel is unique, symmetric and positive de nite.

De nition 2.4 The space J'[a;b] is de ned by
Ma;b] = uju® are absolutely continuous, i =1;2;:::;;m 1 and u(™ 2 L2[a;h] .
The inner product and the norm of 9'[a; b] are given by
P . - R
huivi = ot u®@v@(a) + 2 u™ (v (t)dt
with
q——
kuk m = hujui m:
2 2
3 Statement and Solution of the Problem

Consider the general HNN problem as follows:

D X() = X()+WF(:iX); .

X0 = A )
where X = (x1( )ix2(); xa( )T 2 R, W = (W) 2 My F =
(FL(X); F2(X);  ;Ffa(X)), and Ag = (a1;a; ;an) such that a ; = 1;::;n, are

constants.

D represents the conformable fractional derivative, and 2 T = [a;b], f are non-
linear (generally non-linear) continuous functions. To nd the approximate solutions of
the problem , we utilize the RKHS algorithm over the long interval T = [a; b].
Consider the spaces i[a;b]; 2[a;b] which are de ned, respectively, by

I[a;b] = uju is absolutely continuous, and u’2 L?[a;h] ;

n o
2[a;b] = uju; u’ are absolutely continuous, and u; u%u® 2 L2[a;b]; u(a) =0
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We give the inner product and the norm in the above spaces, respectively, as follows:

8 ) Rp
% hu; vi 4 =qu(a)v(a) +  u'(s)V(s)ds;

kuk .+ = hujui 4;
2 2

. Ry
hu; vi =qu(a)v(a) +U@)Vi(a) + , u(s)v¥(s)ds;
- kuk z = hu; ui 2!

Suppose that the interval T = [a;b] is divided into M subintervals [ ™ 1; M]; m =
1;::: M, of equal step size z = bMa, by using the nodes ™ = mz. Firstly, we apply
the RKHS approach over the interval [a; ] to nd the numerical solution. For the
subintervals [ ™ %, ™: m 2, we apply the RKHS method directly after using the
initial conditions obtained over [a; !]. Repeate the process and then generate a sequence
of approximate solutions over fla; ;[ % ?];::[ M % Mlg.

3.1 Implementation of the process

The method steps can be summarized in the following points:

= Homogenize the initial conditions, and construct the space 3 in which each func-
tion satis es the homogenous initial conditions of , then use the space 3.

e Take K and R as the reproducing kernel functions of the spaces 3 and 3,
respectively, which are de ned by

R(t)=mmosh(t+ b a)+coshjt j b aj;
and

K t_1 ( a)(a® 2+3t2+ ) a(G+3t+ )) t;

M=% & a)@2a? ©+3 2+1) a6+3 +1) >t

and de ne the linear bounded operator L: 3 ¥ Zsuchthat LX( )=D X().

« Apply the conformable fractional integral to both sides and using X(a) = 0, we
get
X()=F(;X);
X(a) = 0: @)

e Choose a countable dense set ftigij;l from [a; b] for the space 3[a; b], and so de ne
the complete system ;( )=L (), where i( )=Rg( ), and L is the adjoint
operator of L.

= Derive an orthonormal functions system () ij;l of the space 3[a;b] from the
Gram-Schmidt orthogonalization process of f j( )gi:;1 as follows:

_ K
i()= B k() i=12
k=1
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such that B;;j are positive orthogonalization coe cents which are given by
1 1 Pi 1By
; Bii = ; Bij = k=t ST

Bpp=——
Y 12 i 1.~ 2 2 i 1,~ \2
k |k k:l(Clk) K |k k:l(clk)

i<

where Cijk =h ;; kiwg-
Lemma 3.1 ( ) can be written as follows:
i( ) =LeKe( )] =t
Proof. See [19].

Theorem 3.1 If L is an invertible operator, and if ftigilz1 is dense on [a;b], then
i )9i1=1 is the complete function system of the space 3[a; b].

Proof. See [19].

P — _
Theorem 3.2 For every X( ) 2 3[a;b], the series i:;o X(); () 2 () are
convergent in the sense of kik 2ash]- And if ftigilz1 is a dense subset on [a;b], then the
solutions of (T)) are given by
X XK _
X()= BikF( k; X( ) i( ): (3)
i=1 k=1

Proof. The steps of the proof are detailed in [19]. The next algorithm explains
the implementation of the procedure for solving a system of di erential equations in
numerical form in terms of their network nodes based on the RKHS method.

3.2 Existence and uniqueness

Let the continuous function F = (fy;f;;::;;f,) and the Banach space E =
f(;X)2R R"j 2J; X 2Bg, where

[0;TI;
X 2R" kX Xgk bg:

J =
B =
Suppose that F satis es the Lipchitz condition, i.e., 8 ( ; X); (;Y)2E; 9K 0 such

that
KF(:X) FCiY)k,  KK(;X)  (5Y)k:

Theorem 3.3 If F satis es the following conditions:
1. F satis es the Lipchitz condition.

2. KF(;X( )k, C.
n . o
3. T min-a + perwk; @+ Bmaekrwk,)
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then the system has a unique solution on [0; T].

Proof. For all ( ;X) 2 E, and by applying the conformable fractional integral to
both sides of system , we get

X(s) + WF(s; X(s))d

X()= 8 s="(iXO))
a
We need to show that ”( ; X( ))isamap from E to E. Let ( ;X ( )) 2 E, for all T,
we have
R )
KX 7(oXo( Nk, = KXk, =, XOTHEEXENgs

2
[kXk, + KWk, : KF k,] (T—2-)

[kXk, + C kWk,] (1—2

since T a + W and kFk, C,so k™( ;X( )k, b. Then *(;X())isa
map from E to E.

Now, we prove that ~( ;X( )) is a contraction. Let ( ;X()); (;Y()) 2 E, we
have

K25 X)) 7CY Ok,

T2 ykX Yky+(T—2)KWK,kF( :X()) F(:Y( )k,

(F—2)kX Yk, + K(Z—2)kWk, kX Yk,

= (—2)kX Yk, 1+KKkWk,
since T sarrRwigy + @ o then (X2 )1+ KkWk,] 3,50 "(;X())is a
contraction. Thus, by the Banach xed point theorem, there is a unique Xxed point,
then the solution is unique on [0; T].

Algorithm 3.1 Use the following stages to approximate the solutions of the problem
based on the RKHS method.
Input: The endpoints of [a;b], the unit truth interval [a;b], the integers n and m, the
kernel function K¢( ), the di erential operator L , the initial condition Ay , and the
function F.
Output: Approximate solution Xn( ).

e Stage A: Fixed 2 [a;b] and sett 2 [a;h]
fori=1;::;ndo

{ stage 1: settj =a+ =;

1

{ stage 1: ift let
K@®=3%t a@a® t?+6 +3t a(6+t+3));
else let
K@®=3% a@a 2+6t+3t a6+ +3t):

{ stage 2: Fori=1;::;ndo
set
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i( ) =LK () =:
Output the orthogonal functions system ().

« Stage B: Obtain the orthogonalization coe cients B;; as follows:

For i=1;::;n;
For j=1;:u50 set Ciw=h i ji 2 and By; = m
Output C;; and By;.
. 2 Pi . 2y 1
e Stage C: For i=1;:;n,set Bijj=(k jk 2 k=1(Cik)) = ;
o else  if j & i et Bij =  ( jo; CikBig)i(k iK%,
LA (Ci?2) 7.
Output the orthogonalization coe cients Bjj.
. — P;
- Stage D: For i=15n set ()= ,—;Bik (D).
Output the orthonormal functions system ;(t):
e Stage E: Set ;= and choose Xg( 1) =0;
For i=1;:5n; set
P;
i =  k=1BnkF( ki Xk 1(«))
set
P, —
Xn( )= =1 i ()
Outcome the numerical solutions Xn( ).
4  Numerical Experiments
Example 4.1 Consider the following HNN system:
D X = X +WF(X); )
X(@©) = [ 0:109; 0:832;1:721] ;
where
O 1
2 12 0

w=@ 2 1:7  1:15A, and F = tanh(X).
475 0 11

Using the RKHS method for solving the system and taking n = 500, we get the
following results.

Example 4.2 Consider the following system:

D X
X(0)

X 4+ WF (X); )
[1:048; 0:2233; 0:3150] ;

where
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)

i

==
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N

Figure 1: Chaotic attractors for =1.

- =
N>

©

Figure 2: Chaotic attractors for = 0:9.

=

-

Q(@

(S

—

Figure 3: Chaotic attractors for = 0:95.

(@) 1
1:4 1:2 7
wW=@11 0 28A andF =tanh(X).
k 2 4

Using the RKHS method for solving the system and taking n = 250, we get the
following results.



468 YASSAMINE CHELLOUF etc.

Figure 4:  Chaotic attractors of HNN for Example such that: (a): = 0:95; k = 0:95/
(b): =0:85; k=0:95/ and (c): =0:75; k = 0:95.

Example 4.3 Consider the following HNN system:
DX = X+WF(X); )
X(0) = [0:0225;0:1788; 4:831]";
where

(@) 1

3:4 1.6 07
wW=@25 0 095A andF =tanh(X).

k 05 0

Using the RKHS method for solving the system @ and taking n = 300, we get the
following results.
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Figure 5: Chaotic attractors for =landk= 9.
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Figure 6: Chaotic attractors for =0:95and k= 9.

Figure 7: Chaotic attractors for =09 and k= 9.
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Figure 8: Chaotic attractors for =0:85and k= 9.

Figure 9: Chaotic attractors for =1and k= 20.

5 Conclusion

The Fractional Hop eld Neural Networks enhance complex nonlinear dynamics mod-
eling by incorporating fractional calculus concepts, capturing long-term dependencies
and memory e ects more accurately, which is crucial for the investigation of real-world
phenomena.

In this paper, we e ectively used the RKHS method to solve numerical equation
systems for the Hop eld Neural Network Equation Systems. We have demonstrated
the accuracy and e ciency of the method in solving the systems of Hop eld neural
network equations through the results we got in the numerical examples. In the future,
we recommend that more research be done on the RKHS method for neural network
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systems. We also expect good results by solving the systems of Hop eld neural network
equations with the Caputo and Atangana-Baleanu fractional derivatives.
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Abstract: We consider a dynamic contact problem with friction in thermo-
viscoelasticity with long memory body. The body is in contact with an obstacle.
The contact is frictional and bilateral with a moving rigid foundation which results
in the wear of the contacting surface. The problem is formulated as a coupled system
of an elliptic variational inequality for the displacement and the heat equation for the
temperature. We establish a variational formulation for the model and we prove the
existence of a unique weak solution to the problem. The proof is based on a classical
existence and uniqueness result for parabolic inequalities, di erential equations and
xed point arguments.

Keywords: frictional contact; thermo-visco-elastic; xed point; dynamic process;
variational inequality; wear.

Mathematics Subject Classi cation (2010): 74M10, 74M15, 74F15, 49340,
70k75, 93-10.

1 Introduction

Scienti c research and recent papers in mechanics are articulated around two main com-
ponents, one devoted to the laws of behavior and the other devoted to boundary condi-
tions imposed on the body. The boundary conditions re ect the binding of the body with
the outside world. Recent researches use coupled laws of behavior between mechanical
and electric e ects or between mechanical and thermal e ects. For the case of coupled
laws of behavior between mechanical and electric e ects, general models can be found
in [5,6]. For the case of coupled laws of behavior between mechanical and thermal e ects,
the transmission problem in thermo-viscoplasticity is studied in [3], the contact problem
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with adhesion for thermo-viscoplasticity is considered in [1]. Situations of contact be-
tween deformable bodies are very common in the industry and everyday life. Contact
of braking pads with wheels, tires with roads, pistons with skirts or the complex metal
forming processes are just a few examples. The constitutive laws with internal variables
have been used in various publications in order to model the e ect of internal variables
in the behavior of real bodies like metals, rocks, polymers and so on, for which the rate
of deformation depends on the internal variables. Some of the internal state variables
considered by many authors are the spatial display of dislocation, the work-hardening of
materials. In this paper, we consider a general model for the dynamic process of bilat-
eral frictional contact between a deformable body and an obstacle, which results in the
wear of the contacting surface. The material obeys a thermo-viscoelasticity constitutive
law with long memory body. We derive a variational formulation of the problem which
includes a variational second order evolution inequality. We establish the existence of
a unique weak solution of the problem. The idea is to reduce the second order nonlin-
ear evolution inequality of the system to the rst order evolution inequality. After this,
we use classical results for rst order nonlinear evolution inequalities and equation, a
parabolic variational inequality and the xed point arguments.

The paper is structured as follows. In Section 2, we present the thermo-visco-elastic
contact model with friction and provide comments on the contact boundary conditions.
In Section 3, we list the assumptions on the data and derive the variational formulation.
In Section 4, we present our main existence and uniqueness results.

2 Problem Statement

Problem P: Find adisplacement eldu: [0:T] ¥ RY% astress eld : [0:T] ¥ S¢
the temperature : [0:T] ® Ry and the wear ' : 3 [0:T] ¥ R4 such that
R
=AC"(u)) +G("(u()) + . B(t s)"(u(s))ds (M )
in [0:T];
U=Div +fy in [0:T]; )
- div(Kr )= M:ru+g; in [0:T]; 3)
u=0;on 1 [0:T]; 4)
=h;on , [O0:T]; (5)
= u;jj= ;
_ oy =0 o ©®
= u v 0; 1= k ; k=0:0on 3 [O:T];
kijg- j=ke( ®) h(Guijyons [OT]; (7
=0 in 1+ [ 2 [OT]; ()
u(0) = uo;u(0) = u1; (0) = 0;1(0) = Lo; in ; ©))
where (1) is the thermo-visco-elastic constitutive law with long memory, we denote "(u)
(respectively, A;G, ; ) the linearized strain tensor (respectively, the elasticity tensor,

the viscosity nonlinear tensor, the third order piezoelectric tensor and its transpose), (2)
represents the equation of motion, where represents the mass density, we mention that
Div is the divergence operator, (3) represents the evolution equation of the heat eld,
(4) and (5) are the displacement and traction boundary conditions, (6) describes the
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bilateral frictional contact with wear described above on the potential contact surface

3, (7) is the pointwise heat exchange condition on the contact surface, where k;; are
the components of the thermal conductivity tensor, v are the normal components of the
outward unit normal v, ke is the heat exchange coe cient, g is the known temperature
of the foundation. (8) represents the temperature boundary conditions. Finally, (9)
represents the initial conditions.

3 Variational Formulation and Preliminaries

For a weak formulation of the problem, rst, we introduce some notation. The indices i;
J; k; I range from 1 to d and summation over repeated indices is implied. An index that
follows the comma represents the partial derivative with respect to the corresponding
component of the spatial variable, e.g., uj;j = g;‘l . We also use the following notations:
H =L2( )¢ =fu=(ui)=u; 2 L%( )g;
H= =(i)= 5= ji2L2( )
Hi=u=(u)="(u) 2H=H1( )°
H; = 2H=Div 2H:

The operators of deformation " and divergence Div are de ned by
"(u) = ("ij (U)); i (U) = 3(Uij + Uji) Div = ()

The spaces H; H;H; and H; are real Hilbert spaces endowed with the canonical inner
products given by

(u; V) =RR ujvidx; 8u;v 2 H;

(; wm= ij ij0x;8 ; 2 H;
UVIH, = (U V) + ("(U);"(V)H; 8usv 2 Hy;
(; v, =C; )nu+(Div ;Div )nu; ; 2H;1.

We denote by j ju (respectively, j ju,j ju,and j jui) the associated norm on the space
H ( respectively, H, H; and Hy ).

LetH = HY2( ))Yand :HY( )4 ¥ H be the trace map. For every element v
2 (H( )Y, we also use the notation v to denote the trace map v of v on , and we
denote by v and v the normal and tangential components of v on  given by

vV =V ]V =V VI

Similarly, for a regular (say C') tensor eld : ¥ S9 we de ne its normal and
tangential components by

=) =

We use standard notation for the LP and the Sobolev spaces associated with  and
and, for a function 2 H?!( ), we still write to denote its trace on : We recall that
the summation convention applies to a repeated index.
When is a regular function, the following Green’s type formula holds:
Z

(;"(V)y +(Div ;v), = 'vda 8v 2 Hi: (10)

Next, we de ne the space
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V=fu2H;=u=0 on 10
Since meas ( 1) > 0, the following Korn’s inequality holds:
J"(Win ek jvjy, 8v2V; (11)

where ck > 0 is a constant which depends only on and ;. On the space V, we use
the inner product
(U vv = ') "(V)k; (12)
let j:j,, be the associated norm. It follows by (12) that the norms jij, and jij, are
equivalent norms on V and therefore, (V; jij, ) is a real Hilbert space. Moreover, by the
Sobolev trace theorem, there exists a constant ¢y depending only on the domain ; 1
and 3 such that
Wiz 5o Cojviy 8v2V: (13)
Finally, for a real Banach space (X; jijx), we use the usual notation for the space
LP (0:T;X) and W&P (0:T;X), where 1 p A;k = 1;2::::; we also denote by
C (0:T;X) and C* (0:T; X) the spaces of continuous and continuously di erentiable func-
tion on [0:T] with values in X, with the respective norms:

Xico:T:x) = t?[g)T(]jX ®jx s

iXj Ty = Mmax jx (t)jy + max X (t :
XJci0:T;x) t2[0:T]J Dix Dlon] ()x

In what follows, we assume the following assumptions on the problem P. The elasticity
operator A : sd ¥ 9 satis es

8
%(a) 9 La >0 such that : jJA(X;"1 A(X;"2)j Laj™t "2
8" ;" 2S% are:x2 ;

14
=(c) The mapping x ¥ A(X;") is Lebesgue measurable in  for all " 2 sd; (14)
~(d) The mapping x ¥ A(x;0) 2 H:
The viscosity operator G : sd  sd ¥ sdsatis es
8
E(a) 9Le>0:j6(x;"1) G(X;"2)j Lej"t "1j;8"1;"22SY; aerx2 ;
®) Mg >0:(60¢™) GG ") mMefn A 8wR28% o
=(c) the mapping x ¥ G (X;") is Lebesgue measurable in  fo rall * 2 sd:
~ (d) the mapping x ® G(x;0) 2 H:
The relaxation tensor B : [0:T] S¢ ¥ S9such that (;x; ) A (Bijkh (t;X) kn)
satis es ¢
(@)Bijkh 2 WEL(O:T; L1 )); (16)

(b)B (1) = B(t) ;8; 25S% pp:t2[0:T]; aeiin
The functionh : 3 R4 ¥ R, satis es

@9L =0:jh (xry) h (X;r2)j Lpjr1 rzj 8ri;ra2R4; aex2 g;
(o) x ¥ h (x;r) 2 L2%( 3) is Lebesgue measurable in 3;8r 2 R4:
(17)
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The mass density satis es

2 L1( ) there exists >0 such that (x) caex 2 (18)
The body forces, surface tractions, the densities of electric charges, and the functions
and satisfy
8

fo 2 L2(0:T; H); h 2 L2(0:T; L2( ,)9);
q2WHEOT;L2( )i R 2WHE(OTIL2( 9))ike 2 L1( iR4);
= (mj;);mij =m;i 2L );

K= (kij); kij = kji 2L7(); (19)
8ck >0;8( i) 2R%kij i j kil
2L1( 1) (0 > 0;aeion 3

= 2L1( 3); (x)>0;aeon 3
The initial data satis es
Uo2Viur 2L%( ); 02 L%( )i %o 2 L™( a): (20)
We use a modi ed inner product on H = L?( )Y given by
((u;v)) = ( U; V) 2¢ ya;8uv 2 H:
That is, it is weighted with . We let H be with the associated norm
kvky, = ( v;v)%z( yas 8v 2 H:

We use the notation (:;:)vo v to represent the duality pairing between V% and V . Then
we have
(U;v)vo v = ((u;v));8u 2 H;8v 2 V:

It follows from assumption (18) that k:k,, and j:j,, are equivalent norms on H, and also,
the inclusion mapping of (V;j:j,, ) into (H;k:k,,) is continuous and dense. We denote by
V? the dual space of V. Identifying H with its own dual, we can write the Gelfand triple
V. H=H" V.

We de ne the space

E=Ff 2HY( )= =0on [ 20 (21)
We de ne the function f(t) 2V by
(F@);v)y = R fo(t)vdx + R ) h(t)vda; 8v 2 V;t 2 [0:T];
forallu;v2V; 2 W andt2][0:T], and note that condition (19) implies that
f2L20:T;VY: (22)

We consider the wear functional j :V V T R,
Z

J(uiv) = jujCijv v jda (23)
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Finally, we consider :V V I R;
z

(u;v) = ju jv da;8v2V: (24)
3

We de ne for all " > 0,

- O © S
gv)= | Jjgi( v v jE+")da;8v2V:
Wede neQ:[0;T]YE;K:E YE andR:V ¥ E by
R R
(Q; Je» £ = ke r(t) ds+ q dx;8 2E; (25)
PR . s R
(K3 e g= Kij g g X+ ke ds;8 2E; (26)

i;j=1
R
(Rv; Jge g = 3h (v j) dx (M:rv) dx;8v2V,; ; 2E: 27

Using the above notation and Green’s formula, we derive the following variational for-
mulation of mechanical problem P.

Problem PV : Find a displacement eld u : [0:T] ¥ V; a stress eld
[0:T] ¥ SY; the temperature : [O:T] ¥ Ry and thewear 1: 3 [O0:T] ¥ R+
such that

UEiw U)o v+ (O UODaFIW) JEUOF e
Gw)  @um)  fE);w u) ; 8uw2V;

() + K (1) = Ru(t) + Q(t); on E (29)
1= k (30)

4 Existence and Uniqueness Result

Our main result which states the unique solvability of Problem PV is the following.

Theorem 4.1 Let the assumptions (14) (20) hold. Then Problem PV has a unique
solution (u; ; ;1) which satis es

u2CYO:T;H)\W¥2(0:T;V)\W22(0:T;VY); (31)
2 L2(0:T;Hy);Div 2 L2(0:T;VY); (32)
2WE2(0:T; E) N\ L2(0:T; E) \ C(O:T; L2( )); (33)

12 CYO:T; L?( 3)): (34)

We conclude that under the assumptions (14) (20), the mechanical problem (1) (9)
has a unique weak solution with the regularity (31) (34): The proof of this theorem
will be carried out in several steps. It is based on the arguments of rst order nonlinear
evolution inequalities, evolution equations, a parabolic variational inequality, and xed
point arguments.

First step: Letg 2 L2(0:T;V)and 2 L2(0:T;V?") be given, we deduce a variational
formulation of Problem PV .

Problem PV, : Find a displacement eld ug :[0:T] ¥ V such that

8
2(ug ()W ug M)ve v +(G"(ug (O);w Uy (D)ve v +( ()W Ug Ivo v
_J@w) j@ug ®) F®:w ug (O)ve v i Bw2Vit2[0T]; (35)
“ug (0) =up;ug (0) =us:
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Wede nef (t) 2V for a:eit 2 [0:T] by
(f (O);wW)yo v = (F(1) (D);W)yo v;8w 2 V: (36)

From (22), we deduce that
f 2L%0:T;VY: 37)

Let now ug :[0:T] ¥ V be the function de ned by

Zt
Ug (t) = vy (S)ds+ up; 8t 2 [0:T]: (38)
0

We de ne the operator G:V" ¥ V by

(Gv;w)yo = (G"(v(D); "(W))H; 8v;w 2 V: (39)

Lemma 4.1 Forall g 2 L2(0:T;V)and 2 L%(0:T;V", PVy has a unique solution
with the regularity

Vg 2C(O:T;H)\L2(0:T;V) and vq 2 L2(0:T;V'): (40)

Proof. The proof from (35) nonlinear second order evolution inequalities is given
in [2,41[7},8].

In the second step, we use the displacement eld ug to consider the following varia-
tional problem.

Second step: We use the displacement eld ug to consider the following variational
problem.

Problem P 4 : Find 4 2 E such that

5 (M +K g () =Rug (1) +Q(t); on E: (41)

Lemma 4.2 Under the assumptions (14) (20); the problem P 4 has a unique so-
lution
o 2WI2(0:T;E) \ L2(0:T;E) \ C(0:T; L2( )):

Proof. Since we have the Gelfand triple E  L?( ) E’: we use a classical result for

rst order evolution equations given in [9] to prove the unique solvability of (41). Now,

we have o 2 L?( ): The operator K is linear and continuous, so a( ; ) =(K ; J)go g

is bilinear, continuous and coercive, we use the continuity of a(:;:) and from (19), we
deduce that

a(; )=(K; )g g dKipagya ad¥ Jglr Jg Fikejia ) diz¢ 5 iz 5
Cjlel lg:
We have
P R R
a( ; ): (K ; )EO E = kij@?Tj 0 dx + ke 2ds:

<
ij=1 ' 3

()]
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By(19), there exists a constant C > 0 such that

(K; e g Cilg:
We have ¢ 2 L?( ): Let
FO2E": (F); )eo ¢ =(Ryg () +Q(t); ) 8 2E:
Under the assumptions (17), (19), we have
R R R
s JRUiZodt<1; JjQMikdt<1;  jFjdedt<1:
We nd
F 2 L2(0:T;E):
By a classical result for rst order evolution equations,
9 y 2W12(0:T;E’) \ L2(0:T; E) \ C(0:T; L2( )):
Consider the operator
(L2(0:T;V VY X L30TV VDY,
(@ )=0( 1(9); 2());892L*(0:T;V);8 2L*0O:T;V;
l(g) = Vg ; Rt
(20 )wWhve v = (AC'U®));"W)DH + (B s)"(u(s))ds (M "(W))H
+ (g w); , ,
i (92 2) (91; Z)jLZ(O:T;V VO):j( 1(92); 2(2))  ( 12(92); 2 1))jL2(0:T;V OX
. .2 . 2
=j 1(92) 1(91)J|_2(0;T;v V) +j 2(2) 2( l)JLZ(o;T;V YOR

(42)
We have the following result.

Lemma 4.3 The mapping : L2(0:T;V V% ¥ L2(0:T;V VY has a unique
element (g ; )2 L20:T;V VY such that
@; )=@; X (43)
Proof. Let (gi; i) 2 L2(0:T;V VY. We use the notation (u;; ”;). For (g; ) =
(gi; i);i=1212,lett2[0:T]. We have
1(9) = vg : (44)

So
91 ROF  vi®) v (45)
It follows that
(va(®)  va(®);va(t)  va(D) + (G"(va(t)) G (va(t));"(va(t)) "(va(t)))+
(1®  20;vi(®)  v2() +5(91:vi(®)  J(@1;v2(Y)  J(92;va(D) +J(g2;v2(Y)) O

(46)
From the de nition of the functional j given by (23), and using (13); (19), we have

J(@2;v2()  J(92;va()  J(G1;v2(D) +5(91;va()) Clgr  Qay Jvi Valy i (47)
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Integrating inequality (46) with respect to time, using the initial conditions v,(0) =
v1(0) = vp, using (13);(15); using Cauchy-Schwartz’s inequality and the inequalities

2ab  £a®+TEb?and 2ab  7-a% +mgh? , by Gronwall's inequality, we nd

Zt Zt
Vi) va(0)ie  C( 10 92(s)j5, ds + REC) 2(9)i50ds):  (48)

So Z. Z.
jor  gio  C( L 106) 92(s)j5, ds + 116 2(9)i 0 ds): (49)
And we have
Z t
C20iwWve v = (ACUOD: @D+ BIE 9)"(UEDds OM:" W)+ (iw):

(50)
From the de nition of the functional given by (24), and using (13); (19), we have

(915 v2(1)) (91;va(1)) @2:v2(®) + (92;vai() Cjgr  Q2)y jvi Vojy ¢ (51)

So R
1 20K CGuit) U®i + 5iuis)  wE) ds+ (52)
b1 2z +i0(D)  92(D) ):

By (46), using the inequalities 2ab  Z=-a + Z¢b? and 2ab  Z-a® + T2b% we nd

1. 2 Re. 2 1 Re. 2
zJVl(Q v2(Djy + Mg jva(s) Vz(g)lv ds 5 o) 1(8)  2(s)fyods+

+% JkV1(S) V2(S)j\2, ds+C m%; Jjgl(s) 92(S)j\2, ds+ (53)
cC & 0th1(5) V2(S)j\2, ds:

So
Z Z Z,

) v2(s)jy ds  C( REC) 2(S)j5 ds + 10 g2(S)i5 ds):  (54)
By (41), we nd

A0 SO0 L0 L KO KGR O O e g
:(R(Vl) R(Vz); 1(t) z(t))E0 E-

We integrate (55) over [0.T], we use the initial conditions 1 (0) = ,(0) = o; and we
use the coercive of K and the Lipschitz continuity of R to deduce that

1. .2 Re. -2
5] 1(9 Z(t)JLZ( )+C o)l 1(s) Z(S)JLz( )dS
C o i) Va®ivi1(s) 2(S)iiz y0s :

Using the inequality 2ab ~ %a? + 2b%, we nd

1; .2 Rt. 2

201 ®  2iz,*+C gi1(8)  2(9iiz ,ds
t 1 H -

% o Vi(s) Vv2(8)lyds+Cj1(s) 2(8)z ,ds:
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Also, Z,
ji®  2if, C RACIRZ (s)i5 ds: (56)
By (54); we nd
A t z t
i 2@, C RO 2 (5)j20 ds + 0@ g2 (9)i5 ds :  (57)

So,
Zt Zt
i@ i, C L0 g2 (s)je ds + 11O 2(S)iceds © (58)
Also,
Zt Zt Zt
juil® uw@®ic+  juis) u9isds C( jva(s) Va(S)io+  jui(s) ux(9)i)ds:
0 0 0
(59)
And
juil®  uw®i o
RtRs- -2
o olui(r) ux(n)jy drds O:
So,
Zt Zt
jur Wil + jur wjids C o (va(s)  Vva(S)id +jui(s) ua(s)iZ +
0 0
ZS
+ jui(r)  ux(nji dr)ds:
0
By Gronwall’s inequality, and using (54), we have
Zt Zt Zt
U Wy + jur Wjyds CCja(s)  2)iveds+  jou(s)  g2AS)iy ds):
0 0 0
(60)

And using (49) and (58), we nd
z t
@) @ diery vo @D @ veds 6

Thus, for m su ciently large, ™ is a contraction on L2(0:T;V V% and so has a
unique xed point in this Banach space. We consider the operator L : C(0:T; L?( 3)) ¥
CO:T;L2( 3)); z,

LI@® = k (s)ds; 8t 2 [0:T]: (62)
0

Lemma 4.4 The operator L : C(0:T;L?( 3)) ¥ C(0:T;L?( 3)) has a unique ele-
ment ! 2 C(0:T;L?( 3)) such that

Lt =1:
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Proof. Using (62); we have
z t
Lha® LOia, ko 50 O (63)

From (1); we have

. . Re,. PEELS .
ILL® L0,y Colu® WO + giuE) wEfds o
+j1® 2B y)ds:

By (56) and (59); we nd
Z t Z t
jur wfl + jur wjyds+ja(®)  20if jva(s) va(s)iy ds: (65)
0 0

So,
. .2 Rt. .2 R .2 Rt. -2
Jur ugjy + ogjur Ugfy ds+ja(t)  2(Diz )y C(gva(s)  va(s)iy ds+
+j11(1) O )

So, we have
Z t

jur Wy + jur Wy ds+ja(®) 205, Citi®) aDifs ,,:  (66)
0

By (64), we nd jLYIi(t) LI2(b)j 2 CROtj!l(s) 12(S)iL2( 4, ds: Thus, for m
su ciently large, L™ is a contraction on C(0:T;L?( 3)) and so L has a unique Xxed
point in this Banach space. Now, we have all the ingredients to prove Theorem 4.1.

Existence. Let (g ; )2 L?(0:T;V VY be the xed point of de ned by (42);
let ¥ 2 C(O:T;L?( 3)) be the xed point of L! de ned by (62); and let (u; ) =
(ug ; g ) be the solutions of Problems PVy  and P ¢ . It results from (35); (41)
that (ug ; g ) is the solution of Problem PV: Properties (31) (34) follow from
Lemmas 4:1 and 4:2.

Uniqueness. The uniqueness of the solution is a consequence of the uniqueness of
the xed point of the operators ;L de ned by (42); (62); and the unique solvability of
the Problems PV, and P ¢ . This completes the proof.

5 Concluding Remarks and Perspectives

This paper studies electromechanical and thermomechanical contact problems with or
without friction within the framework of the mechanics of continuous media. This in-
volves extending the previous results on the existence and uniqueness of the solution by
new techniques. We will also try to obtain the properties of the solution for di erent
boundary conditions (traction displacement, contact with or without friction, contact
with adhesion, etc.) In the study of this type of problem, there is also a question of
developing numerical methods for the resolution of the nonlinear equations concerned.



484

C. GUENOUNE, A. BACHMAR AND S. BOUTECHEBAK

References

(1]

(2]

(3]

(4]

(5]

(6]

(7]

(8l

(9]

A. A. Abdelaziz and S. Boutechebak. Analysis of a dynamic thermo-elastic-viscoplastic
contact problem. Electron. J. Qual. Theory Di er. Equ. 71 (2013) 1{17. MR3151718.

A. Bachmar, S. Boutechebak and T. Serrar. Variational Analysis of a Dynamic Electrovis-
coelastic Problem with Friction. J. Sib. Fed. Univ. Math & Phy. 12 (1) (2019) 68{78.

I. Boukaroura and S. Djabi. A Dynamic Tresca’s Frictional contact problem with damage for
thermo elastic-viscoplastic bodies. Stud. Univ. Babes-Bolyai Math. 64 (3) (2019) 433{449.

G. Duvaut and J. L. Lions. Inequalities in Mechanics and Physics. Springer-Verlag, Berlin,
1988.

R. D. Mindlin. Elasticity, piezoelectricity and crystal lattice dynamics. J. Elasticity 2 (1972)
217{280.

R. D. Mindlin. Polarization gradient in elastic dielectrics. Int. J. Solids Structures 4 (1968)
637{663.

K. I. Sa dine and S.Mesbahi. Existence Result for Positive Solution of a Degenerate
Reaction-Di usion System via a Method of Upper and Lower Solutions. Nonlinear Dyn.
Syst. Theory 21 (4) (2021) 434{445.

M. Selmani and L. Selmani. Frictional Contact Problem for Elastic-Viscoplastic Materials
with Thermal E ect. Berlin, Helberg, 2013.

M. Sofonea, W. Han and M. Shillor. Analysis and Approximation of Contact Problems with
Adhesion or Damage. Chapman Hall/ CRC, New York, 2006.



Nonlinear Dynamics and Systems Theory, 24 (5) (2024) [485({|494) R

ATH
Publishing
Group

ror T
2

Relationship between Persymmetric Solutions and
Minimal Persymmetric Solutions of AXA() =B

S. Guerarra

Dynamic Systems and Control Laboratory, Department of Mathematics and Informatics,
University of Oum EI Bouaghi,
Mathematics and Computer Science Department, Ghardaia University, Algeria.

Received: January 26, 2024; Revised: September 8, 2024

Abstract: The minimal rank persymmetric solution of the quaternion matrix equa-
tion AXAQ) = B is de ned as the matrix X that minimizes the rank of the di erence
AXAO) B or, equivalently, r AXA() B = min, where B is persymmetric. In
this paper, we focus on the quaternion matrix equation AXA() = B. Our aim is
to investigate the inclusion relationships between two sets, 1 and 2, where 1,
2 are, respectively, the set of persymmetric solutions and the set of minimal rank
persymmetric solutions of the quaternion matrix equation AXA(? = B. Then, we
deduce the necessary and su cient conditions for the following relations to hold:
1 \ > & ?, 1 2 and 1 2.

Keywords: linear system; persymmetric solution; Moore-Penrose inverse; rank.

Mathematics Subject Classi cation (2010): 15A24; 15A09; 15A03; 93B30;
93B25.

1 Introduction

Throughout this paper, R and C stand for the real number eld and the complex number
eld, respectively. Let H™ " be the set of m n matrices over the real quaternion algebra:

H= ag+aii+ayj+askji?=j?=ijk= 1; agai;a;as 2R

The symbols A and r (A) stand for the conjugate transpose and the rank of A,
respectively. I, denotes the identity matrix of order m. The Moore-Penrose generalized
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inverse of a given matrix A 2 H™ " is de ned to be the unique matrix A* 2 H" ™
which satis es the following four matrix equations:

(@) AXA = A, (b) XAX =X, (C) (AX) =AX, (d) (XA) =XA.

The Moore-Penrose inverse has been the subject of many studies (see [1], [8]).

Furthermore, Fa and Ea stand for the two projectors FA = I, ATA and Ea =
lm  AA™ induced by A 2 H™ ". We denote the n n permutation matrix whose
elements along the southwest{northeast diagonal are ones and whose remaining elements
are zeros by V.

In 1843, Irish mathematician Sir William Rowan Hamilton made a signi cant con-
tribution when he introduced quaternions. However, it is important to note that the
quaternion algebra H is an associative noncommutative division algebra over the real
number eld R. It has applications in diverse elds such as computer science, orbital me-
chanics, signal and color image processing, and control theory, see e.g. [7], [10], [16], [19].

Consider the quaternion matrix equation

AXAO) =B, 1)

where A2 H™ ", B =B() 2 H™ ™ are given matrices, and X 2 H" ™ is an unknown
matrix.

The two main objectives of matrix theory, which has focused on matrix equations,
are rst to establish the conditions in which a solution exists and then to provide a
general solution for the problems. The e orts are focused on de ning the behaviors of
the solutions based on the identi cation of the general solution. Numerous criteria are
included in this, namely, ranks, ranges, norms, de niteness, etc.

In information theory, engineering systems, linear estimation theory, linear system
theory, and other elds, persymmetric and perskew-symmetric matrices are just as help-
ful as symmetric and skew-symmetric matrices. For example, in [14], Wang et al. pro-
vided symmetric, persymmetric, and centrosymmetric solutions for certain systems of
quaternion matrix equations, in [17], Xie and Sheng presented the problem of generating
a matrix A with speci ed eigenpair, where A is an anti-symmetric and persymmetric
matrix, in [15], Wang et al. derived the expressions of the least squares Hermitian
persymmetric and bisymmetric solution for the quaternion matrix equation AXB = C
by using the semi-tensor product of matrices and the real vector representation of the
quaternion matrix. For further related works, one may refer to [9], [4], [10].

Wang et al. in [13] gave the following de nition.

De nition 1.1 Let A = (aj) 2 H™ ", A = (gi) 2 H" Mand AQ) =
(@m j+1:n i+1) 2 H™ ™, where &j; is the conjugate of the quaternion aji: Then
AO) =V,A Vi, We say that the matrix A = (ajj) 2 H" " is symmetric if A= A , the
matrix A = (ajj) 2 H" " is persymmetric if A = AC) and the matrix A = (a;;) 2 H" "
is perskew-symmetric if A= ACQ),

The rank of a matrix is a quantity that plays an important role in characterizing the
algebraic properties of matrices, this concept has been the subject of research by many
authors, Tian proposed the notion of least-rank solutions to matrix equations in [11}12]
based on the minimal rank of the linear matrix function A BXC over the eld C. In [2],
Guerarra studied positive and negative de nite submatrices in an Hermitian least-rank
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solution of the matrix equation AXA = B. Further, in [3], she investigated neces-
sary and su cient conditions for the matrix equation AXB = C to have a Hermitian
Re-positive or Re-negative de nite solution. In [18], Xu et al. used the Moore-Penrose
inverse to deduce the necessary and su cient conditions for the existence of Hermi-
tian (skew-Hermitian), Re-nonnegative (Re-positive) de nite, and Re-nonnegative (Re-
positive) de nite least-rank solutions to AXB = C and presented explicit representations
of the general solutions in cases for which the solvability conditions were satis ed.

Motivated by the works mentioned above, and in view of the applications of and
interest in quaternion matrices, in this study, we investigate the inclusion relationships
between two sets, as well as the set of persymmetric solutions and the set of minimal
rank persymmetric solutions of the quaternion matrix equation (I).

The following lemma is due to Matsagalia and Styan 8], and can be easily generalized
to H.

Lemma 1.1 Let A2HS ", B2Hs X, C2H' *, D2H' K. Then

r A, B =r(A)+r(EaB)=r(B)+r(EgA), )
r 8 =r(A)+r(CFa)=r(C)+r(AFc), @)
r 8 P =r(®)+r(C)+r(EsAFc). @

The following formulas are derived from (@), (3), and (@):
3

A B 0
r EAC BEN —r4C 0 R5 r(N) r(R).
R 0 N O
M L __ M L O
"' EsA EkB " A B R 'R
2 3
I\Iil QEN =r4 L B5 r(N).
N O N

2 Relationship between Persymmetric Solutions and Minimal Persymmetric
Solutions of AXA() =B

It is well known that the persymmetric solution and the minimal persymmetric solution
of the quaternion equation are not necessarely unique, throughout this section, we
adopt the following notations:

n O

1= X2H" "=AXAO =B (5)
n (0}

b= Xm2H" "=r B AXAQO) =min . (6)

Notably, the two sets equations in and (6) may not necessarily be equal. In this
section, we focus on the necessary and su cient conditions for the following relations to
hold:

1\ 265, 1 2and 1 2!
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We need the following lemmas.

Lemma 2.1 [5] Let A2 H™ " B = B() 2 H™ ™_ Then the matrix equation
has a persymmetric solution if and only if R(B) R (A). In this case, the general
persymmetric solution can be expressed as

+O

X =A"BA*"’ +FaV +VOFRL),
where V 2 H™ " is arbitrary.

Lemma 2.2 [5] Let A2 H™ ", B =B() 2 H™ ™ pe given. Then the expression
of general minimal rank persymmetric solution of is given by

X= sOM*s+sOuO +us,, (7
where
A B 0 _
M— O A() ,S— In ,Sl—EMS,

and U 2 H™ " is arbitrary.

Khan et al. in [5] [Theorem 2.4], derived the minimal rank formula of the quaternion
matrix expression

pX;Y)=G LX (LxX)©? cycO

with respect to the pair of matrices X and Y =Y (), where G2 H™ ™ L 2 H™ " and
C2H™ Maregiven, X 2H" MandY =Y ()2 H™ ™ are variable matrices, and then
derived the following result.

Lemma 2.3 [5] Let G=GO) 2H™ ™ L 2H™ " pe given, and X 2 H" ™ be a
variable matrix. Then

h

i
min r G LX (LX) =r L

G :
X2Hn m o LO) 2r(L): €)

The following lemma is due to Liu and Tian in [6], and can be easily generalized to
H.

Lemma2.4 Let D 2 HS ", N 2 HS ! and K 2 HX ' be matrices such that
R K()  R(N). Then

O = mi
Jhax, D NXK (NXK)'7 =min r D N ,r 0 KO , 9
_ O _ K D N
szncllnkr D NXK (NXK) =2r D N +r 0 KO 2r K 0 °
(10)

The main result of this work is the following theorem.
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Theorem 2.1 Let A2 H™ "and B =B() 2 H™ ™ ke given, and suppose that X,
Xm are persymmetric solutions and minimal persymmetric solution of Eq. , respec-
tively, and let ; and , be as given in and @ respectively. Then the following
hold:

(a) Eq. has persymmetric solutions and minimal rank solutions, that is, 1\ , & ;
if and only if

2 3
A B 0 0 ©
o AO 0 0 o0 B
re A 0 0 0 B =2r(A) +2r AO
0 0 B A 0
0o 0o AO o0 AO

(b) All the persymmetric solutions of Eq. are minimal rank persymmetric solutions
of Eq. (1), thatis, ; » if and only if
3

2
A B 0 0
0 AO 0 A<>Z_ A B
rgA 0 0 B =r(A)+2r A B o r A B =r 0 AO
0 0 A B

(c) All the minimal rank persymmetric solutions of Eq. are persymmetric solutions
of Eq. (1), thatis, 1 » if and only if

2 3
A B 0 0 0
0 AO 0 0 0
gA 0 0 0 B§=2r A B or A=0.
o AQ)
0 O A B 0
0 0o AO 0

Proof. (a) The intersection 1\ » & ; means that Eq. has minimal rank
persymmetric solutions and persymmetric solutions, which implies the minimum rank of
the matrix expression X Xy, is zero, that is,

min r(Xx Xm)=0. 11

xo Min - r( m) 11)

According to Lemmas [2.Tand [2.2] the expressions for the general persymmetric solution
and the minimal-rank solution of the matrix equation can be written as follows:

X =A*BA* + FaV +VOFL),
Xm= SOM*s+sOuO +us;:

We can write the expression X X, as follows:

X Xm=A"BA* +FaV +VOF{? +sOM*s sOuO) us,

h i

O \Y
=A"BA" "+sOM™s+ Fa {0 ()
. h ()I Vv O)

Fa S u®

=G+ HW + (HW) ), (12)
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h i

where G = A*BA*’ +SOM*S,H= F, s{) andw = U\ﬁ y s arbitrary
with appropriate size.
Applying (8) in Lemma[2.3/to yields
. _ () _, H G _
o lr’n;pmz 2r(X Xm) rT\]AI/nI’ G+HW + (HW) r 9 HO 2r(H):

By applying Lemma [1.T] and three elementary block matrix operations and simplifying
by AA*B = B, we obtain

3
Fa SO A*BA* +sOM*s

H G
0 0 Sy
2 O 3
A*BA* +SOM™*s Fa SOFy0,
=r4 EaC) 0 o S
EmS 0 0
2 3
0 I, SO 0 o0
(N o 0 AO o0
= S 0 0 0 M 2r(A)  2r (M)
AA*BAY A 0 0 o0
MM™*S 0 M 0 0

2 3
0o I, SO o0 o
I, 0 0o AO o0
=S 0 0 0 M 2r(A) 2r(M)
0 A 0 B 0
0 0 M 0 M
2
0 In In O 0 0 O
I, 0 0 0 AO 0 o0
0 0 0 O 0 A B
=r81, 0 0 O 0 0 AO 2r(A)  2r(M)
0 A 0 © B 0 O
0 0 A B 0 A B
0 0 0 A0 o0 o0 AO
2 3
0 I, O 0 0 0 O
I, 0 O 0 0 0 o0
0 0 O 0 0 A B
=rQ 0 0 0 0 AO 0 AO 2r(A) 2r(M)
0 0 A 0 B 0 0
0 0 A B 0 A B
0o 0 o AO 0 0 AO
2 3
A B 0 0 ©
o A 0 0 o0
=2n+8 A 0 0 0 B 2r(A) 2r(M), (13)
0 0 B A 0
o 0 A0 o0 AO
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and
h i
r(H)=r Fa s{’

2 3
I, sO)

=r4 A 0 5 r(A r(m)
0 M

r(A) r(M)

B
=n+r(A)+r AO

r(M): (14)

_ B
=n+rooa0

By substituting and into (L1), we obtain (a).
b) Note that 2 means that all the persymmetric solutions of Eg. are
minimal rank persymmetric solutions, hence the inclusion ; 2 is equivalent to

)r(nzaxlxr:|2n 2r(X Xm) =0. (15)

Applying in Lemma [2.3)to the matrix expression X X, yields

i = mi +sOM* Oy
Xrnrjlznzr(x Xm) Xl:rnnznzr X+SY/MTS S;7U us;

SO X +sOM*s

=r 2r (Sy1). 16
0 s, (S1) (16)
The 2 2 block matrix in can be written as
s x+sOM*s  _ sO AYBATC + Fav +VOF{) +SOM*S
0 Sl 0 Sl
(0] 1

) + +O) OIVES
S; ATBA +SUIMT™S Fa vV 0 I

=g ° > ’ O & w

+ FAVOIn

0
Applying (@) to yields
) +
max  S1. X+SOMTs
X2 1 0 Sl
8 o
s A*BA*? +SOM*S  Fa 3
20 % s 0o 5 =
. 2 1 3
=min I, s A*BA*"’ +sOM™*s
% ré 0 0 S S %
- 0 0 In 7
8 2 3 o
3 A B 0 O =
= mi 2+§0A()OA()2 A) 2r(M),2n_: 18
—mmgn rad a 0 0 B r(A) r(M), ng. (18)
- 0 0 A B ”
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Furthermore we have

r(S1) =r(EmS)
= S M r(M)

0O A B
= 0,0 AO (M)

=n+r A B r(M): (19)
Substituting into and combining and yield

max min r(X Xpm)

<o o 3 o
% 0 0 E
0 A( ) 0 AQ) é =

— min g r(A) 2r A B , . (20)
0 A B =

- 2r A B +2r(M)

Finally, by substituting into (15), we obtain the desired results in (b).
¢) The inclusion 1 2 means that all the minimal rank persymmetric solutions of
Eq. are persymmetric solutions, then the inclusion ; 2 is equivalent to

errn]ax2 min r(X Xm) =0: (21)
Then we have
minr (X Xm) = min A*BA* Xy +FaV +VORL) (22)
Applying (8) to yields
" #

Fa ATBAY Xq,

minr(X Xm)=r 2r (Fa): 23
(X Xp)=r "’ FO (Fa) (23)

From Lemma|[L.1 we have
rFa)=r 0 r@A)=n r): (24)

The 2 2 block matrix on the right-hand side of can be rewritten as

8 w o #
Fa A*BA* X _, Fa A*BA* +sOM*s sOuO  us,
0 FS) 0 FS
" (@] #
_, Fa A'BAT +sOM*s s\ U0 0 |
0 FS 0 "
A
O) )
+ SiToyOo o, : (25)

0
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Hence, by applying (9) to (25)), we obtain

" #
+ +0O
nax p Fa ATBA o Xm
Xm2 2 0 FA
8 . # 9
%r Fa A*BA* +sOm*s  s{) %
O ,
| 50 FS 0, B
= min In Fa A*BA* +sOM*s
% 80 o0 % £ §
- 0 0 In -
8 2 3 o
% A B 0 0 0 E
0 AO 0 0 0 =
=min_2n+r2 A 0 0 0 B 2r(A) 2r(M), 2n_ : (26)
= 0O 0 A B 0 =
- 0 0 0 AO o0 -

Substituting into and combining and yield

max minr(X Xp)

2 P8 3 9

% A B O 0 0 %

o AO 0 0 0 =
=mn_r2A 0 0 0 B 2r(M), r(A)_ : 27)

240 0 A B 0 =

B 0 0o 0 AO 0 z

By substituting into (2I), we obtain the desired results in (c).

3 Conclusion

In the previous sections, we have studied some algebraic characterizations of relationships
between two sets consisting of two types of solutions for the same quaternion matrix
equation AXA() = B. These two types are, respectively, the persymmetric solutions
and the minimal rank persymmetric solutions. Further, the persymmetric solutions exist
under the solvability conditions where the matrix equations will be consistent, otherwise,
the minimal rank persymmetric solutions always exist. Also, the results obtained clearly
illustrate the fundamental characteristics and attributes of some prominent linear matrix
equations and their relationships when we have used the matrix rank method, which is
considered a useful and e ective approach for solving various matrix equality and matrix
set inclusion problems.
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Abstract: In 2023, the author [6] introduced a new integral transform called the
Khalouta transform which is a generalization of many well-known integral transforms.
In this paper, our aim is to generalize the formula of the Khalouta transform to the
conformable fractional order. Moreover, we present and prove some main properties
and theorems related to the conformable fractional Khalouta transform. In order to
illustrate the validity, e ciency, and applicability of the proposed technique, we apply
the conformable fractional Khalouta transform to solve some fractional di erential
equations. Finally, the results show that our new technique is powerful, e ective, and
applicable for the both conformable fractional problems.

Keywords: fractional di erential equations; Khalouta transform; conformable frac-
tional derivative; exact solutions.

Mathematics Subject Classi cation (2010): 34A08, 26A33, 70K75, 93-06.

1 Introduction

Fractional di erential equations are a very important mathematial tool for modeling
many applications in real life sciences and engineering such as uid dynamics, mathe-
matical biology, electrical circuits, optics, quantum mechanics, biophysics, wave theory,
polymers, continuum mechanics, etc. [1,/4}5,(7,/11{13]. There are many de nitions of
fractional derivatives and integrals used in many applications and natural phenomena
such as Riemann{Liouville [10], Liouville{Caputo [9], Caputo{Fabrizio [3], Atangana{
Baleanu [2] derivatives and so on. In 2014, Khalil et al. [8] introduced a new de nition
of the fractional derivative which is called the conformable fractional derivative, and it
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is very easily computed compared with other previous de nitions. In recent years, many
mathematics researchers have been interested in solving fractional di erential equations
using di erent fractional integral transform. The main objective of this paper is to ex-
tend the de nition of the Khalouta transform [6] to a fractional order in the sense of the
conformalble derivative and to give new interesting results for solving various types of
conformalble fractional di erential equations.

2 Basic Notions and Preliminaries

De nition 2.1 [8] The conformable fractional derivative of order is de ned for a
functionu: [0;+1) ¥ R by

n (] g+l ] [11
d u (t+"t ) u (t);t>

n) = =i
C'" Ju(t) a u(t) .[IP”(I)

0;

wheren 1<n n;n 2 N and [ ] is the smallest integer greater than or equal to
provided C(" Ju(0) = I'iry c(™)u(t) is n di erentiable and I.ir(l)w C(u(t) exists.
t¥0* t¥0+

As a special case, if 0 < 1, then we have

cOu(t) = (;jTu(t) = lim u+rt ) u®.

provided C( Ju(0) = I.irg)w COlu(t) is  di erentiable and I.irg)w COlu(t) exists.
teo* te¥o*

The most important and useful rule is that: If u(t) isan n di erentiable function at
t>0andn 1<n n; n 2 N; then

cyy =t 1 ul I(p):

De nition 2.2 [8] The conformable fractional integral of order is de ned for a
functionu: [0;+1) ¥ R by
z t z t
1Oy = u®d t= u®t o< 1;t>0:
0 0

Ifu:[0;+1) ¥ isan di erentiable function and 0 < 1; then
cOu) =t Ju(v); 1)
and
cOMOu(r) = u(w):
3 Conformable Fractional Khalouta Transform

De nition 3.1 The conformable fractional Khalouta transform of a piecewise con-
tinuous function u : [0;+21) ¥ R of exponential order is de ned on the set

n i (o)
S = u(t):9K;#;# >0 ju) <Kexp( #jt j); ift 2( 1) [0;1)
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by the following integral:

Z:L
KH u®] = K (s :)=— exp > uot ldt
7 0
= im S exp U oyt e
| 0
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where s >0; >0and > 0 are the Khalouta transform variables, is a real number

and the integral is taken along the line t =
Theorem 3.1 Letu:[0;+1) ¥ R be a real value function such that
KH [u®] =K (s; ;)

and 0 < 1; then h i
K(; ; )=KH u (t)l

Proof. Using De nition 3.1 we get

Zl
K(; ;) = S exp st u(t dt
0
x = Yy dx=t ldtandt=( x)*
st sX 1
= — exp — u(( x) )dx
i i
= KHu (t)

Theorem 3.2 Letu:[0;+1) ¥ Rbean di erentiable function and 0 <
then h i s s
KH CcOu(t) = =KH [u(®)] —u(0):

Proof. Using De nition 3.1 and equation (I), we have

h i sZ1 st
KH cQOu) = = exp — COut Idt
2,
= = exp St u(Ht  1dt
ZO
a1
= = exp st u’(t)dt:
0
With integration by parts, we get
h i
KH cOum = > lim exp St
s Za st ’
+— exp —— u(bt idt

= u +KH [u(®)])

SKH [u®] u():

1
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Theorem 3.3 Letu:[0;+1) ¥ Rbeann di erentiable function and 0 < 1;
then -
h

1 n
KH COu(t) = ——KH [u(®)]

n

u(0):

n n

Proof. The proof follows using the induction process on n and Theorem [3.2]

4 Conformable Fractional Khalouta Transform for Some Functions

Theorem 4.1 Leta;b;c2Rand 0 < 1; then

1) KH [b] =b:
Cl — € c .
2) KH [t = e ~+1 :
t" n
yKH — = S (n+1):
t S
4)KH exp a— =
) p s a
. t as )
5 KH sin a— = g2y 22
. t as
t s?
7YKH cos a— = m:
t s?
8) KH cosh a— = 2 222

Proof. Using Theorem [3.1] we get

1)
KH [b] = KH[b] = b:
2)
KH [t = KH (t)* = °KH t°
= R a E+]_
S
3) If we put c =n ; then
KH [t" ]=KH ( ) = "KH[t"]:

So

n

t n
KH — =KH[t"]= e (n+1):



4)

5)

6)

7)

8)
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t
KH exp a—

KH sin

KH sinh

KH cos

KH cosh

~+

~t

~+

~+

2 0 . 13
("

KH 4exp @a A5
KH t)] =

[exp (at)] = —

2 0 .13

_ (9~
KH4sin@a—— A5
as

KH [sin (at)] = m:

2 o 13

) (9
KH4sinh@a—— A5

. as
KH [sinh (at)] = m:

2 0 13

1

(v~
KH4cos@a—— A5

2

KH [cos (at)] = m:

2 (0} 13

t)*
KH4cosh@a— A5

s2
KH [cosh (at)] = W:

5 Properties of Conformable Fractional Khalouta Transform

Theorem 5.1 Let u;v:[0;+1)

and

and let

;. 2Rand 0 <

T R be given functions such that

KH [u@®l=K (s; ; )

KH VOI=H (i & )

1; then we have
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1) Linear property
KH [ u® v(@®)]= KH [u()] KH [v(t)]:

2) Shifting property

t S S
KH ex a— u(t) = K (s; D)
p O = KG)

3) Integral property h i
KH 1Ou() =?KH [u®]:

4) Convolution property
KH [(u (Ol= K (s: i )H (s 0 )

where u v is a convolution of two functions de ned by
z t z t
u v)y= , u( vt  )d = , u(t  )v()d:

Proof. 1) Using De nition (3.1} we get
s
KH [ u(t) vi)] = — exp — (u() v(H)t ldt
= = exp — u(t ldt
= exp — v())t dt
= = exp st u(t  dt

S exp st v(t)t 1dt

KH [u(®)] KH [v(t)]:
2) Using Theorem we get

2 O .1 3
(9" N
KH exp al ut) = KH%exp@ a—— Auy(( t)7)5
h i
= KH exp( at)u(( t)7)
st st
= 2 exp = exp( at)u(( t))dt
0
s 21 s 1
= — exp —+a t u(( t)y)dt
70
st s+a

t u(( ) )dt:

@
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If s+a )t =sxandt= 2, then we have dt = 2—dx, so equation
becomes
]
Z 4 1=
t s SX sX s
KH exp a— u(t) = exp — u dx
o s+a s+a
7 , ! Ll
s s 1 sX sx
= — exp — dx
s+a 0 s+a
s
= K (s; ;):
s+a ( s+a )

3) Using Theorem we get
i h i s
1Ou) = 10u(0):

h i s
KH cOOuy@) = =—KH
But CC1C)y(t) = u(t) and 1€ u(0) = 0; so we have
h i
KH 10u(t) = KH [u®]:

4) Using Theorem [3.1] and the convolution de nition, we get

h i
KH [(u V()] = KH (u v) (t°
s 21 st
= 2  exp — (uv) (bt dt (3)
0
sZa st Ct 1 1
= = exp  — u (t )y v () d dt
0 0
From the region R = f( ;t) 2 R?: 0 tand 0 t +1g, we can change the
order of integration, i.e., equation becomes
z 1Z 1
S st 1 1
KH [(u v)(®)]=— exp — u (t )y v () ddt: @
0
Substituting x =t and dx = dt in equation , we get
YA 1Z 1
KH [ uw)®] = op STy (0t v () ddx
= = exp ﬁu(x)ldx
70
1 s N
exp — v ( ) d
oS z .
=? exp — u (x) dx
z3
S S 1
— exp — v ( ) d
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6 Applications
Application 1 Consider the linear conformable fractional di erential equation
cOu@) u@)=10< 1; (5)

subject to the initial condition
u(0) = 0: (6)

Applying the conformable fractional Khalouta transform on both sides of equation
and using Theorem [5.1} we get
KH hc< )u(t)l KH [u(t)]=KH [1]: @)
When using Theorems [3.2] and equation (7) becomes
SKH u®] u@© KH [u@®)]=1: ®)
Substituting the initial condition @ and simplifying equation , we have

KH [u(®)]

= S 1: )

Taking the inverse conformable fractional Khalouta transform of both sides of equa-
tion (9), we get

u(t) = exp t 1: (10)

For =1, the result in equation reduces to the exact solution for the standard
form of equations (5) and (6)) as follows:

ut) =exp(t) 1:

Application 2 Consider the linear conformable fractional di erential equation
@) _ a2t .
C¥ u() u)=sin — ;0< 1; (11)
subject to the initial conditions

u(0) = 2;¢¢ du(0) = o: (12)

Applying the conformable fractional Khalouta transform on both sides of equation
and using Theorem[5.1] we get

h i
.2
KH C®Jut) KH [u®)]=KH sin CLE (13)
When using Theorems [3.3] and equation (13) becomes

2 2
S KH [u®] —55u() KH [u(t)]=szisﬁ:

(14
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Substituting the initial conditions and simplifying equation (14), we have
2s 33 2s?
(s2+4 2 2)(s2 22)+52 2 2

1 2s 2 s 252
gsz+422+§52 22+32 2 2" (15)

KH [u®] =

Taking the inverse conformable fractional Khalouta transform of both sides of equa-
tion (15)), we get
2t

u(t) = %sin a4 +§sinh U otocsh & (16)

For =1, the result in equation reduces to the exact solution for the standard
form of equations and as follows:

u(t) = % sin (2t) + gsinh (t) +2cosh (t):
Application 3 Consider the linear conformable fractional di erential equation
CCIu) +cOu(r) = t—;0 < 1; 17
subject to the initial conditions
u(0) = 0;¢¢ du(0) = 0;C? du(0) = 0: (18)

Applying the conformable fractional Khalouta transform on both sides of equation
and using Theorem [5.1] we get
h .

i h
KH Cc®)lu(t) +KH

i
cOu(t) =KH LI (19)

When using Theorems [3.3] and equation becomes

3 sd S S
——3KH [u@®)] —Zu)+—KH [u@®)] —u()= < 2): (20)
Substituting the initial conditions and simplifying the equation (20), we have
4 4
KH [u(t)] = 2(Z+ 27
2 2 2
= 52 + Sz_,_s s 1
% ;2 3+ szj% 1 (21)

Taking the inverse conformable fractional Khalouta transform of both sides of equa-

tion (21), we get

t? t _
u(t) = 532 +cos — 1: (22)

For =1, the result in equation reduces to the exact solution for the standard
form of equations and as follows:

2

u(t) = % +cos(t) 1:
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7 Conclusion

In this paper, we carefully proposed a new conformable fractional integral transform
known as the conformable fractional Khalouta transform which presents a promising
tool for solving fractional di erential equations. The conformable fractional Khalouta
transform was successfully applied to nd solutions of conformable fractional di eren-
tial equations. It can be concluded that the proposed methodology is very powerful
and e ective in nding analytical solutions for wide categories of fractional di erential
equations.
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Lyapunov exponents, Lyapunov dimensions, Poincare plots and attractor plots are
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to verify the existence of chaotic attractors for the particular system parameters.
It is found that the amplitude and position of the proposed chaotic attractors can
be controlled. The numerical simulations revealed that the new system has many
complex dynamics which can be used for various applications. Finally, the chaos
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1 Introduction

Chaotic systems are characterized by unpredictability, sensitivity dependent on initial
conditions and system parameters, fractal dimension and Lyapunov exponents. Due to
this complex behavior, for the past decades, researchers have reported many chaotic
systems with unique features such as stable equilibrium [1], di erent equilibria|[2], non-
hyperbolic equilibrium points [3], fractional order [4], hidden attractors [5}6] and found
many applications in science and engineering elds [7{9]. The Lyapunov exponent val-
ues and Lyapunov dimension play important roles in the design of chaotic systems. A
nonlinear system must have at least one positive Lyapunov exponent to have chaotic
dynamics. For a chaotic system with dissipative ow, the sum of Lyapunov exponent
values should be non-zero and negative. The Lyapunov dimension value for a dissipative
chaotic system must be a real number. In a dissipative system, the system limit sets
are con ned to a specic limit set of zero volume, and the asymptotic motion of the
chaotic system settles onto a strange attractor of the system. The chaotic system with
conservative ow is reported in |10] as described in Equation ):

X=Y;
y= x+ayz (1)
z=b y4

where the parameter values area = b=1. The Lyapunov exponent values of the system
(1) arel; = 0:0836,I, =0 and I3 = 0:0836. The Kaplan-Yorke dimension of the system
([) is DL = 3. In this paper, a new chaotic system with dissipative ow is constructed by
adding a liner term x and by adjusting the parameter in the third di erential equation
of (@).

The amplitude control [11,/12] and o set boosting control [13,14] are the important
research problems in the chaotic systems. The amplitude control in the chaotic system
can be achieved by multiplying the chaotic signals with a constant parameter. The am-
plitude control of chaotic signals has many applications such as chaotic modulation and
signal processing. The o set boosting control of the chaotic attractors can be achieved
by adding a constant parameter with the particular signal. The o set boosting control
can be used to convert the bipolar chaotic signal into the unipolar signal or vice versa.
The proposed system has the complete amplitude control feature, that is, the amplitude
of all the signals can be controlled in the new system. The attractors of the proposed
system can be o set boosted along thex and z directions.

Due to the butter y e ect and sensitivity to the initial conditions, the synchroniza-
tion of even the identical chaotic systems is a challenging research work. The chaos
synchronization has engineering applications such as secure transmission system. In the
last three decades, many methods have been reported to address the problems in chaos
synchronization [15{18]. The adaptive chaos synchronization deals with the design of
adaptive controllers to stabilize the chaotic signals globally. In the chaos synchronization
methodology, a particular system can be considered as a master system and another or
same system can be considered as a slave system. The main idea of the chaos synchro-
nization is to design an adaptive controller so that the slave system follows the output of
the master system asymptotically. In this paper, an adaptive controller is designed for
the proposed system and veri ed the stability of the controlled system through the Lya-
punov stability theory. The numerical simulation indicates the e ciency of the proposed
synchronization methodology.
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2 Description of New Chaotic System

The new chaotic system can be described mathematically as the following dynamics:

X=Y;
y= x+ayz 2)
2= ¥+

wherex;y; z are the state signals and is the system parameter. The parameter values
are chosenas=1and =4,

3 No Equilibrium Points

The equilibrium points of the system @) can be calculated by equatingxk =0, y =0 and
z=0in Eq.(8),

y =0; (3a)
X + ayz =0; (3b)
y® + x =0: (3¢)

From (Ba), y = 0. If we replacey = 0 in (Bb] and (8c}, we will get x =0 and x =
respectively. It is clear that Eq. and Eq.@ contradict each other and no solution
exists for Eq.@). It can be concluded that the new system) has no equilibrium points.
The system Q) can be able to generate chaotic attractors even though there are no
equilibrium points.

4 Chaotic Dynamics

In this section, the various chaotic dynamics of the system[(R) such as the Lyapunov ex-
ponents and Lyapunov dimension, dissipativity, sensitivity, Poincare plot, and attractors
diagram are veri ed by numerical simulations.

4.1 Lyapunov exponents and Lyapunov dimension

The Lyapunov exponent values of the system ) are calculated using classical Wolf’'s
algorithm with the simulation time of 10000 sec and step size 0.1. The Lyapunov values
of the system @) areLE;, = 0:05223LE, = O;LE3 = 0:07433 for the parameters
a=1, =4 and the initial condition (1 ; 1;1). The Lyapunov dimension D, of the
system (3) can be calculated as

1+ 17 0:05223

D =2+ = 2=2+ =2:7026
- il3] 0:074333

Since the Maximum Lyapunov Exponent (MLE) of the system @) has a positive value and
the Lyapunov dimensionD_ has a fractional value, the proposed systen (2) satis es the
conditions required for it to be chaotic. Figure[]] represents the time history of Lyapunov
exponents of the system ) overt 2 [0; 10000], which indicates that the system has at
least one positive Lyapunov exponent value for the entire simulation time.
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0.1

0.05

0 5000 10000
Time

Figure 1. Time variation of the Lyapunov exponents of the system Q).

4.2 Dissipative nature

Since the sum of all the Lyapunov exponent values, i.e.l; + I, + I3 = 0:092494, has
a negative value, the proposed systenﬂZ) has dissipative behavior. It can be concluded
that a dissipative system @) can be constructed from the conservative systen[[l).

4.3 Sensitivity to initial conditions

The sensitivity to small variations in the initial conditions and unpredictability are the
essential characteristics of the nonlinear dynamical system to be chaotic. Figuie| 2 shows
the time variation of x andy signals of the system ) with the initial conditions (1; 1;1)
(Blue), (1; 1;1:0001) (Red) and (1000L 1;1) (Green). Figure@ depicts that the state
signals of the system [12) have di erent trajectories after the simulation time t = 220sec

ot

-4

Time
(a) x signal (b) y signal

Figure 2: Time variation of x and y signals with the initial conditions (1; 1;1) (Blue),
(1; 1;1:0001) (Red) and (0001, 1;1) (Green).
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4.4 The Poincae plot

The Poincake plot can be used to nd out the chaotic behavior in a dynamical system by
embedding a data set in a higher-dimensional state space. The Poincae sections of the
system (2) are plotted with the simulation time 50000 and step size @ and presented
in Figure B It can be observed from Figure[B that the Poincae sections have a set of
distinct points, which indicates that the system (@ has chaotic behavior. It is interesting

]

(a) xy plane (b) yz plane

Figure 3: Poincae plot of the system () with the initial conditions (1 ; 1;1).

to note that the system (2) can have chaotic behavior even though there is no equilibrium
point within itself. For the parameters a=1and =4, the system @ produces chaotic
attractors as shown in Figure[4.

5 Dynamical Analysis

The dynamical analysis of the proposed systenﬂZ) is conducted with the help of classical
non linear tools such as the bifurcation diagram and Lyapunov exponent spectrum. The
bifurcation and Lyapunov exponent plots can be obtained by varying the system param-
eter gradually up to a particular level. The bifurcation diagram can be used to analyze
the various states of a nonlinear dynamic system such as chaotic state, periodic state and
limit cycle oscillation under the particular range of system parameter. The Lyapunov
exponent spectrum having at least one positive Lyapunov exponent value in the region
of system parameter indicates the sensitivity to the initial conditions or the existence
of the chaotic dynamics in the particular system. Figure[3 depicts the bifurcation and
Lyapunov exponent plots of the system [2) for the variation of the parameter 2 [0;5].
Figure indicates that the system @) has chaotic dynamics from =1:2to =25.
Figure also represents that the system has chaotic dynamics in the regions2 [1:2; 5]
at which the system @) has positive Lyapunov exponent values.

6 Amplitude Control

The amplitude of the chaotic signals can be controlled in the proposed systen[kZ) by
rescaling the system variables using the control parameter. If the signals are rescaled
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©) yz (d) xyz

Figure 4: Chaotic attractors of the new system Q) with the parameter = 4 and the
initial conditions (1 ;1;1).

1
0
& -1
2
3 1 2 S 4 5
L
@ (b)

Figure 5: (a) Bifurcation diagram, (b) Lyapunov spectrum of the system @ with the
initial conditions (1; 1;1).
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as x, y and z in the system @), then the system Q) becomes a complete amplitude
controllable system @):

X=Y;
Y= ax+yz; (4)
zZ= Sy + x:

The system @) also has no equilibrium points because of the contradiction between the

second and third equations of ). The bifurcation diagram of the system ) with =1

(Blue), =0:7 (Red) and =1:5 (Green) is given in Figure which indicates that the

bifurcation level increases for < 1 and reduces for > 1. Figures[6B {6d are the chaotic

attractors of the amplitude controlled system (@) with =1 (Blue), =0:7 (Red) and
=1:5 (Green).

6
135, D 0 2 4 13 2 0 2 4 6
Y X
© (d)

Figure 6: (a) Bifurcation diagram of the system @) (b-d) Chaotic attractors of the
system @) with =1 (Blue), =0:7 (Red)and =1:5(Green).

7 O set Boosting Control

The o set boosting control of the chaotic signal is important for the various applications
where the conversion of bipolar chaotic signals into unipolar chaotic signals and vice
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versa is required. The system ) can be o set boostable along the and z directions
when we add a booster parameter with the signals. Equations[]S) anc[{G) indicate the
dc o set boosted system along thex and z directions, respectively, where and are
the booster parameters,

X=Y,
y= ax+ )+yz (5)
z= YO+ (x+ )
X=Y,;
y= ax+y(z+ ) (6)
2= ¥+ x
4 20
2 10
- 0 N0
-2 -10
40 3 0 5 10 29 ) 0 2 4
X X
@ (b)

Figure 7: The o set boosted attractors of the system @) with the initial conditions
(1; 1;1). (a) x direction, (b) z direction.

Figure [7] represents the dc o set boosted attractors of the system[(2) along thex and
z directions with the control parameter =0 (Blue), = 5 (Red)and =5 (Green),
=0 (Blue), =10 (Red) and = 10 (Green). Note that the signals are shifted
to a positive direction for the negative booster and the signals are shifted to a negative
direction if the booster parameter has a positive value.

8 Adaptive Synchronization

One of the important practical applications of chaotic systems is secure communication in
which the chaotic systems can act as the transmitter (master system) and receiver (slave
system). In the past few decades, chaos synchronization has received great attention
owing to its applications in designing secure communication systems. In this section, the
adaptive synchronization of the proposed system is addressed for practical applications.
The adaptive synchronization between the system[(R) is achieved using nonlinear feedback
control and master-slave synchronization methodology. To achieve chaos synchronization,
the system @) is considered as the master system and the syste@] (8) is considered as the
slave system. The main idea of the synchronization is to design the adaptive controllers
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u by which the slave systerr@) follows the master system@?) in an adaptive manner,

X1 = Y1,
Yi= Xyt ayizg, (7)
3= y?+ X1

X2 = Y2+ Ug;
Y2 = Xzt ayxZp + Uy, (8)
= yS + Xo + Uzt

The adaptive synchronization errors can be de ned as given in Equation ):

€1 = X2 X1,
&=Y2 Y 9)
€3 =2y Zj.

Thus, the error dynamics can be written from the equations [7)-[9) as given in [(1D):

€= X2 X3= €+ U
&=y 1= e+alyzz Yiz1)+ Uz (10)
&= zn=e Yy5+y§+us

According to the adaptive methodology, the adaptive controllers can be written from

as follows:

U= & Kkiey;
u=e &a2z2 Vvi1z1) Kkoep; (11)
e+ yS y? kses;

us

where & is the estimate value of the unknown parametera and kj; ky; ks are the gain
of the controllers. By substituting (LI} in ({0}, the error dynamics can be modied as

follows:
= keq;

€a(Y2Z2 Y121) ko&; (12)
kzes:

i1
€
€3

Here, the parameter errore, = a & and thus the parameter error dynamics can be
written as

&= A (13)
Now, consider a positive Lyapunov de nite function as follows:
\L= el + €6 + €363 + 6,64 (14)
By substituting (12) and (L3} in the equation ([L4), we get
V= ki€ ko€ ks&+ exlex(y2zo  yiz1) A (15)

If we choose the parameter error dynamic = ex(y2z2  Yi1Z1), then the Lyapunov
de nite function becomes as follows:

\L= klef kz% kg%
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which is a negative de nite Lyapunov function. According to the Lyapunov stability
theory, the equation ) indicates that the adaptive synchronization errorse;; e;; e3 and
the parameter errore, decay exponentially to zero with time. For the simulation purpose,
the initial conditions are chosen for master Q’) and slave systenﬂS) agl, 0:5; 2gand
f 1;2:5; 3g, respectively.

Figures[8a {[8¢ represents the synchronized signals of the master and slave chaotic sys-
tems. Figure[8d represent the time variation of adaptive synchronization errors between
the master and slave systems. Figuré¢ 8d indicates that all the signals are synchronized
after 12 seconds and the error becomes zero.

signal y

2 ‘ -4 . . ‘
0 5 10 15 0 5 10 15 20
Time Time
@ (b)
5 6
L °
Z e,
o 4 €
N g
. 50
g o o2
.on 5
= =
m
O L
-5 ‘ ) - ‘
0 5 10 15 0 10 20 30
Time Time
©) (d)

Figure 8: (a-c) The time variation of adaptively synchronized signalsx;y; z, respectively,

(d) The time variation of the error signals.

9 Conclusion

A novel three-dimensional chaotic system having no equilibrium points has been studied
in this work. The results of the numerical simulation indicate that the proposed system
satis es all the conditions required for it to be chaotic. The dynamical analysis indicates
that the new system does not lose its chaotic dynamics with a small variation of the
parameter value. It is proved that the amplitude of all the signals of the proposed
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system can be controlled up to a particular level, which can be used to design a chaotic
ampli er. The numerical simulation of the o set boosting control indicates that the x
and z signals of the new system can be DC o set boosted. The DC o set boosting
control behavior of the new system can be used to reduce the number of modulator
devices in communication systems. The practical application of the proposed system is
addressed by achieving chaos synchronization between identical systems. The adaptive
synchronization methodology based on the Lyapunov stability method has been applied
to synchronize the proposed system. The MATLAB results proved that the designed
adaptive controllers can achieve chaos synchronization within a very short simulation
time.
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Abstract: A ROV (Remotely Operated Vehicle) is a product of technological de-
velopment that functions to perform tasks in the water. Major tasks are coral reef
exploration, oil re neries, underwater monitoring, and at-sea accident rescue. The
ROV or unmanned submarines have 6 degrees of freedom. In operation, the ROV
requires a navigation system, that is, ROV position estimation in its diving and
emerging. Some reliable motion estimation methods frequently used are the Ensem-
ble Kalman Filter Square Root (EnKF-SR) and Particle Filter methods. The EnKF
method is used to estimate the state of a dynamic system, and it is used in various
elds such as meteorology, hydrology, ecology, geophysics, and robotics. Whereas the
Particle Filter one is a powerful tool to handle monitoring, estimation, and prediction
problems in various contexts involving uncertainty and dynamic changes. And this
paper performs the ROV diving and emerging motion estimation using the EnKF-
SR and Particle Filter methods. Both methods are proven to be reliable on other
platforms. The simulation results in this paper showed that the EnKF method has a
higher accuracy than the Particle Filter one by showing an accuracy of 98% by the
Particle Filter method and an accuracy of 99% by the EnKF-SR method.

Keywords: ROV; estimation; ensemble Kalman lter, EnKF-SR, particle Iter.
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1 Introduction

Indonesia is an archipelago country, therefore it requires a vehicle for its underwater
mapping and maintenance. One of such vehicles is a Remotely Operated Vehicle (ROV),
a vehicle that operates under the sea and is controlled by an operator from land. In
operation, the ROV requires a navigation system to know the position of the ROV. Its
position is then used by the operator to control the ROV motion to the desired place|[1].

The ROV can be used for the inspection of underwater structures such as oil and gas
pipelines, subsea cables, renewable energy installations, and other underwater facilities
[2]. ROVs allow repairs and maintenance to be done without the need for human diving
which can be dangerous and costly, and they are frequently used for search and rescue
operations, especially in the case of missing submarines or aircraft. The ROV can assist
in searches, identify locations, and provide vital information for rescue teams |3, 4].

In addition to ROVs, there are AUVs (Autonomous Underwater Vehicles) having
almost the same function. In the AUV, the control is automatic. So, to carry out a
mission, the AUV is given a special program to perform certain tasks, then the robot
does them according to the program without being controlled by a pilot/operator. The
AUV itself requires batteries to do its job, so the time to do its mission is very limited.
The advantage of the ROV is that since it is connected to a data cable and a power
cable, its use can be very long and maximized [5]. The pilot/operator in moving the
ROV usually uses the camera in the ROV and then displays it on the monitor screen to
monitor whatever is seen in the water. The ROV various sensors are usually installed
to monitor various indicators while its operation in the water, namely water density,
temperature, current, etc |6].

This study started with the modeling of the 6-DOF motion equation by combining
rotational and translational motions. Then the position estimation method was applied
to determine the movements of the ROV when diving underwater. Some of the position
estimation methods for ROV or AUV motion estimation ever applied in the previous
studies were the Fuzzy Kalman Filter 7], Extended Kalman Filter [8,(9], EnKF-SR [10],
Unscented Kalamn Filter [11], H-In nity [12]|and EnKF [13,/14]. Of the six position
estimation methods above, the EnKF and Particle Filter methods were applicable to
both linear and nonlinear models. The EnKF method is used to estimate the state of the
dynamic system. It can be used in various elds such as meteorology, hydrology, ecology,
geophysics, and robotics. The Particle Filter is a powerful tool to handle monitoring,
estimation, and prediction problems in various contexts involving uncertainty and dy-
namic changes. And the study of this paper is to estimate the ROV diving motion by
using the EnKF and Particle Filter methods.

2 Remotely Operated Vehicle (ROV) with 6-DOF

The pro le of the ROV can be seen in Figure[] and the speci cations of the ROV can
be seen in Tablell.

This study focused on the diving and emerging motion only so as to observe 6 Degrees
of Freedom for which the motion equations are as follows [14]:
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Figure 1 : Pro le of Rescue ROV [5)6].

Table 1 : Speci cations of Rescue ROV [5,[6].

Weight 15 Kg
Length Length 900 mm
Beam 300 mm
Controller Wired Control ArduSUB with Joystick
Sensors Depth Sensor, Sonar
Camera TTL Camera
Lighting 1500 LM, 145 Beam Dimmable
Battery 11 :8 V Li Po 5200 mAh
Material Carbon Fiber
Main Propulsion T200 Motor Thruster Include Propeller
Maneuver Propulsion ~ T200 Motor Thruster Include Propeller
Service Speed 1 6 knots
Operation Depth 5 10m
Surge:
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3 Algorithm of Square Root Ensemble Kalman Filter and Particle Filter
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Figure 2 : Flowchart of the application of the EnkF-SR algorithm to the dynamic system

model |15,16].
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1 Initialization t = 0

Fori=1,..,N

Sample X{ ) ~p(Xo); t =1

¢

endfor

2. Sampling Step 3. Selection Step

Fori=1,..,N Fori=1,..,.N

Sample XF]N P (X, ‘X[“_)L) Draw N with probability proportional to W!(’.)
0 0 add x® 10
7 = (00 P

endfor Endfor

Fori=1,.,N Sett « t + 1 and go to step 2

Evaluate importance weight wg[(J =i (1’}, X S) )

endfor

Normalize the importance weigh

Figure 3 : Flowchart of the application of the Particle Filter algorithm to the dynamic system
model |17].

4  Simulation Results

The simulation is used and generated 250 and 500 ensembles. The starting point given
in each trajectory is x(0)=0, y(0)=0, and z(0)=0. With the trajectories in diving and
emerging motions, the position estimation results in the XY, XZ, and XYZ planes by
using the EnKF-SR and Particle Filter methods with generation of 250 ensembles were
obtained as in Figured4 and’b. In addition, a table of RMSE values for the EnKF-SR and
Particle Filter methods is displayed, in which the EnKF-SR method uses 300 ensembles
as shown in Table[2.

Tjecory Esimation of ROV in XY Flane Trjecury Esimation of ROV in %2 Plane
1 "
Pleshs e % — Fafrerca
L] —&— EnkF-5R o - —5— EnkIFSR
i —+— Parficle Filter —t— Perdiche Filer
it i
04 B
[iF] i
LT - { —
- &
0z R |
04 q
08 i
a8 g 1
1 ']
a 5 0 15 20 25 & 1] 35 0 a 5 U] 15 20 25 k1] 35 40

H{rmester ) X frmieter)

Figure 4 : Position Estimation of ROV Diving and Emerging Motions in XY and XZ Planes
with 250 ensembles.

Figure [4 shows that the ROV follows the trajectory predetermined in the XY plane
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and in diving and emerging motions. The error obtained in the simulation by generating
250 ensembles is the X position with the smallest error of 0.08235 m or a position error
of 8.2 cm from the target passed, which is 35 m or an error of 0.0023% by the EnKF-SR
method, for the Z position, 0.00467 m, there is a position error of 0.47 cm from the
target passed, which is 4 m or an error of 0.0011% by the EnKF-SR method. The small
position error by the three methods is due to the small RMSE of each DOF. Meanwhile
the results by the Particle Filter method produced a position error of 0.1235 m for the
X position and 0.00895 m for the Z position.

Trjeciory Estimation of ROV in X2 Plane

Rusfomnc e
—&— EnkF-SR
—+— Paxiicle Filler

Zirnabar)

X {rneter’)

Figure 5 : Position Estimation of ROV Diving and Emerging Motions in the XYZ Plane with
250 ensembles.

The trajectory combinations predetermined in the XY and XZ planes are then dis-
played in the three-dimensional plane as shown in Figur¢|5. In the XYZ plane, the
ROV follows the trajectory where the ROV moves forward and dives then rises upward
(emerging) without turning motion. The three methods are very accurate as shown in
Table [2 indicating that by the EnKF-SR method, in the X position, the position error is
8.2 cm from the passed target of 35 m or an error of 0.0023% and in the Z position, the
position error is 0.47 cm from the passed target of 4 m or an error of 0.0011%, while the
Paticle Filter method has an error in the X position of about 0.0035% and that in the Z
position of about 0.0022%.

Figure [ shows that the ROV follows the trajectory predetermined in the XY plane
with diving and emerging motions. The error obtained in the simulation by generating
250 ensembles is the X position, the smallest error is 0.06978 m or it has a position error
of 6.97 cm from the traversed target of 35 m or an error of 0.0019% by the EnKF-SR
method, for the Z position, 0.00359 m, it has a position error of 0.359 cm from the
traversed target of 4 m or an error of 0.00089% by the EnKF-SR method. The small
position error in the three methods is due to the small RMSE of each DOF. Meanwhile
the results by the Particle Filter method produced a position error of 0.1051 m for the
X position and 0.00722 m for the Z position.

The XYZ plane is a combination of the trajectories made in the XY and XZ planes
and then displayed in the three-dimensional plane as shown in Figurg]7. In the XYZ
plane, the ROV follows the trajectory where the AUV moves forward, dives, then rises
upward (emerging) without turning movement. The three methods are very accurate,
shown in Table[3. By the EnKF-SR method, in the X position, the position error is 6.97
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Trjectory Estimaion of ROV in XY Plane Trajeciory Extirmation of ROV in X-Z Plane
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Figure 6 : Position Estimation of ROV Diving and Emerging Motion in XY and XZ Planes
with 500 ensembles.

Tmjectony Estimaton of ROV in XYZ Plans

— Reference
—a—EnKFER
—— Particke Filter

Figure 7 : Position Estimation of ROV Diving and Emerging Motions in the XYZ Plane with
500 ensembles.

cm from the target passed, which is 35 m or an error of 0.0019%, and in the Z position,
the error is 0.359 cm from the target passed, which is 4 m or it has an error of 0.00089%,
while by the Paticle Filter method, in the X position, it has an error of about 0.003%
and in the Z position, it has an error of about 0.0018%.

Table [2 shows that by generating 250 and 500 ensembles, the EnKF-SR method has
a higher accuracy than the Particle Fililter method for the position in the translational
and rotational motion. The EnKF SR method has a more accurate position estimation
in the translational and rotational motions than the Particle Filter. This shows that the
X position error is a ected by the translational and rotational motions in the X axis, that
is, surge and roll, while the Z position error is a ected by the translational and rotational
motions in the Z axis, that is, heave and pitch. Thus, overall the EnKF-SR method has
a higher accuracy than the Particle Filter with either 250 ensembles or 500 ensembles.
However, both estimation methods can be implemented for the position estimation of
the ROV and other autonomous vehicle systems.
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300 ensembles 500 ensembles
Particle Filter EnKF-SR Particle Filter EnKF-SR
Position X 0.0035% 0.0023% 0.003% 0.0019%
Position Y 0 0 0 0
Position Z 0.0022% 0.0011% 0.0018% 0.00089%
Simulation Time 9.5114 s 9.8378 s 125114 s 12.7624 s

Table 2 : Comparison of Errors generated by EnKF-SR and Particle Filter in Diving and
Emerging Motions.

5 Conclusion

Based on the results of the discussion and analysis above, by generating 250 and 500
ensembles, the EnKF-SR method is more accurate than the Particle Filter method for the
position in translational and rotational motions. The EnKF-SR method has a position
error in translational and rotational motions and is more accurate than the Particle Filter.
This shows that the X position error is in uenced by the translational and rotational
motions in the X axis, that is, surge and roll, while the Z position error is in uenced
by the translational and rotational motions in the Z axis, that is, heave and pitch. In
conclusion, overall the EnKF-SR method is more accurate than the Particle Filter one
with either 250 ensembles or 350 ensembles. However, both motion estimation methods
can be implemented for the position estimation of the ROV and other autonomous vehicle
systems.
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Abstract:  Diabetes Mellitus is a disease when the body has abnormalities in insulin
secretion, insulin performance or both, maintaining excess sugar in the blood. Dia-
betes Mellitus is caused by an imbalance between the supply and demand of insulin
facilitating the entry of glucose into cells. Reduced or absent insulin makes glucose
retained in the blood and leads to an increase in blood sugar, while cells become
de cient in glucose badly needed for cell survival and function [8]l The frightening
consequence of diabetes mellitus is that patients are at a high risk of cardiovascu-
lar disease, kidney disease, rupture of blood vessels, heart attack, stroke, leg ulcers,
infection, amputation and all risks. Diabetes Mellitus is also a disease that shows
an increase in glucose due to insulin de ciency which can cause macrovascular, mi-
crovascular and neurological complications. Considering those as described above,
this study is intended to provide a decision support system for public to get informed
of the risk of diabetes militus so as to take an immediate action. The methods used in
this research are the SAW(Simple Additive Weighting) and WP (Weighted Product)
methods to diagnose the diabetes militus symptoms.
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1 Introduction

Diabetes is a disease familiar in the world of medicine and society. Diabetes mellitus
usually a ects various social classes and public circles. Diabetes mellitus is a chronic
metabolic disease characterized by increased blood glucose (hyperglycemia) due to an
imbalance between the supply and demand of insulin facilitating the entry of glucose
into cells so that it can be used for cell metabolism and growth. Reduced or absent
insulin makes glucose retained in the blood and causes an increase in blood sugar, while
cells become de cient in glucose very much needed for cell survival and function [[8].

Diabetes or commonly called 'kencing manis’ (in Bahasa Indonesia) is a dangerous
disease that can lead to the death of patients. Diabetes mellitus is a chronic disease that
may last a lifetime. The frightening consequence of diabetes mellitus is that patients are
at a high risk of cardiovascular disease, kidney disease, rupture of blood vessels, heart
attack, stroke, leg ulcers, infection, amputation and all risks. Diabetes Mellitus is also
a disease that shows an increase in glucose due to insulin de ciency which can cause
macrovascular, microvascular and neurological complications.

Most people are often unaware of the bad e ects caused by diabetes and do not know
that they may be at the risk of su ering from this disease |5]. The reason for this is
the lack of information for people regarding diabetes mellitus, their limited funds and
time to consult a doctor [4]. Considering the several problems above, enough information
is needed to help solve those problems. For this, an e ective analysis tool is required.
That is a decision making support system, information system used to make decisions
e ectively and e ciently on structured and unstructured problems.

The decision support system is intended to overcome the problems and to assist people
in diagnosing diabetes symptoms. The bene ts of the decision support systems include
providing solutions that deliver faster and more reliable results, increasing decision mak-
ers’ con dence in their decisions, and saving time, e ort, and money with on-demand
decision support system. It is very much needed to solve problems, especially the prob-
lems that are very complex and unstructured [12]. In this research, we need a method
reliable and e ective to solve the existing problems. The methods used are the Simple
Additive Weighting (SAW) Method and the Weighted Product (WP) Method to be ap-
plied with the Matlab application. The basic concept of the SAW method is to nd a
weighted sum of performance ratings for each alternative on all attributes. Meanwhile,
the WP method uses multiplication to connect attribute ratings, of which the rating of
each attribute must be raised to the power of the weight of the attribute in question.

Both of these methods are simple methods to provide a more accurate assessment
because they are based on predetermined criteria values and preference weights used
to complete the decision-making process and choose the best alternative. Therefore, to
assist the process of determining the results of the diagnosis of the diabetes mellitus
symptoms in this study, the SAW method and the WP method were used. The use
of these two methods is expected to help people nd out whether they have diabetes
mellitus or not with a fast and precise process. As a result, the community immediately
knows and it is not too late to handle it.
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Figure 1 : Research Flowchart.

2 Method

2.1 Research ow chart

The ow of this research began with identifying the problem of diabetes mellitus with
many criteria required, followed by the formulation of the problem. Through existing
problems such as determining the criteria for diagnosing diabetes mellitus symptoms,
solutions can then be determined. Further, to assist in nding out solutions, this can be
resolved through observation and interviews in the data collection process, then from the
data obtained, analyzed and implemented into the SAW method and the WP method.
After all these processes have been conducted, conclusions can be drawn in the form of
the results of the diagnosis of diabetes mellitus symptoms.

2.2 Data collection method

This research was conducted by applying data collection techniques of questionnaires
made with the Google form. If you want to get the data being convincing and real,
the authors review it for direct interviews with people with diabetes mellitus. For the
literature study at this stage, the researcher collects information and data from several

di erent sources such as journals, e-journals, proceedings, books, e-books and the inter-
net, after which the researcher studies them in order to get valid results. From this data
collection technique, the researcher needs several research objects because if only one
sample is taken, then it cannot be used as a conclusion in this study, therefore severalty
of research objects are needed and later used as comparisons when carrying out later
calculations.
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3 Theoretical Framework

3.1 Diabetes Mellitus

Diabetes mellitus is a condition in which the body cannot produce insulin e ectively,
resulting in excessive sugar in the blood. Based on the results of collecting information
from several sources and those of interviews with experts in the health eld, it can be
concluded that diabetes mellitus can be risky due to several factors, including heredity,
overweight, unhealthy lifestyles, and age. This disease can also be triggered by the pres-
ence of other diseases such as hypertension and cholesterol due to high blood pressure
which can make the sugar distribution to cells not run optimally so that it leads to ac-
cumulation of sugar and cholesterol in the blood. On the contrary, if the condition of
blood pressure is within the normal range, then blood sugar is maintained within the
normal range since the insulin is working properly. Considering the factors causing dia-
betes mellitus, they are used as a criterion determinant in this study, which is essentially
expected to assist in the decision-making process.

3.2 Decision Making Support System (SPK)

Decision Support System is an information system that is used to assist in decision
making by using data and several decision models e ectively and e ciently to solve
semi-structured and unstructured problems. The Decision Support System usually does
not change the function of decision makers but only provides support or strengthens the
results in making decisions. The purpose of the Decision Support System is to provide
information, forecasts, and guidance for information users so that they can make decisions
by doing the calculations using predetermined methods so that the results obtained are
more accurate.

3.3 Simple Additive Weighting (SAW) method

The SAW (Simple Additive Weighting) method is often called the weighted sum method.
The basic concept of the SAW method is to nd a weighted sum of performance ratings for
each alternative of all attributes. The SAW method requires the process of normalizing
the decision matrix (x) to a scale that can be compared to all existing alternative ratings.
This method requires the decision maker to determine the weight for each attribute. The
rating of each attribute must be dimension-free in the sense that it has gone through
the previous normalization process. The SAW method recognizes the existence of two
attributes, that is, the prot criterion and cost criterion.

The formula for doing the normalization is as follows :

( Xii i i i
y mﬁijxj if j :atribute of benefit; 1)
ij YNX i jf j :atribute of cost;

Xij

where rj is the normalized performance rating, x; is the attribute of each criterion,
Max xj is the highest value of each criterion andMin x j is the lowest value of each
criterion.

Preference value for each alternative ;) is given as

X0
Vi= wirg; (2
j=1
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whereV; is the nal value of the alternative, w; is the predetermined weight,rj is the
normalised matrix. The higher value of V; indicates that the alternative A; is preferred.

3.4 Weighted Product (WP) method

The Weighted Product (WP) method is a multi-criteria decision analysis, and it is a
multi-criteria decision-making method. The WP method is a set of decision alternatives
described in terms of several criteria. The weighted product method uses multiplication
to link attribute ratings, of which the rating of each attribute must be raised rst to the
power of the attribute weight in question. This process is the same as the normalization
process. In the WP method, matrix manipulation is not required because this method
multiplies the results of the assessment of each attribute. The multiplication results have
not been compared to (divided by) the standard value, in this case, the ideal alternative
is often used as the standard weight value. The weight for the bene t attribute functions
as a positive rank in the multiplication process between attributes, while the cost weight
functions as a negative rank. This process is the same as the normalization process. The
preference for the Ai alternative is given as follows:

e
S = Xihi=1;2m; (3)
j=1

where w; =1, w; is the power of positive value for the bene t attribute and of negative
value for the cost attribute.

Then the ranking process uses the vector v, and the vector v can be obtained by
applying the following formula:

Qn

Wi
V= j:]_xij =102 . 4
= QW 3 W P20iim: 4)

i=1 ]

4 Discussion

4.1 Determining criteria (  Cj)

The data obtained from the questionnaire of the Google form are evaluated then used
as a reference for the decision making process criteria for the cases of diabetes mellitus
symptoms, see Table 1.

No. Criteria Description
1 C, Hereditary
2 C, Age
3 Cs BMI
4 Cs Diet
5 Cs History of other diseases

Table 1 : Criteria.
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4.2 Determining the criterion value based on the weight value

For each criterion of heredity, age, di erence of ideal body weight, diet, history of other
diseases, the value of the criterion is determined with the reference to the value of the
variable given to each criterion. Then this value is considered as an indicator criterion
which later becomes the value determining factor. For reference, see Table 2.

No. Value Description

1 1 Low risk
2 2 Average risk
3 3 High risk

Table 2 : Weight value reference.

1. Hereditary Criterion
The criteria for heredity (o spring of diabetics) are categorized into three types:

rst, neither father nor mother have diabete, second, either father or mother has
diabete, and third, both father and mother have diabetes. When converted with
reference to the weight value determination, the values are as follows:

No. Heredity(C,) Value
1 Neither 1
2 Either father or mother 2
3 Both father and mother 3

Table 3 : Heriditary Criterion.

2. Age Criterion
The age category is converted into the weight value, and the weight value deter-

mining reference is shown in Table 4.

No. Age(C,) Value

1 0-30 1
2 31-45 2
3 > 45 3

Table 4 : Age Criterion.

3. BMI Criterion
berat badan (kg)

The BMI is obtained by using the BMI formula, that is, BMI = finggi badan —(m?) -
The obtained result is converted into the weight value, and the weight value deter-
mining reference is shown in Table 5.

4. Diet Criteria
The diet criterion is converted into the weight value, and the weight value deter-

mining reference is shown in Table 6.
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No. BMI (C3) Value

1 18-25 1
2 < 18 2
3 > 25 3

Table 5 : BMI Criterion.

No. Diet (C,) Value
1 1-2 times a day 1
2 3 times a day 2
3 > 3times a day 3

Table 6 : Diet Criterion.

5. Other disease history Criterion
The criterion of the other disease history is converted into the weight value, and

the weight value determining reference can be seen in Table 7.

No. Other Disease History Cs) Value
1 Not su ering any other disease 1
2 Su ering an internal disease 2
3 High blood tension or high cholesterol 3

Table 7 : Criterion of other disease history.

4.3 Determining the weight of each criterion applied

The next step is to determine the weight for each criterion as shown in Tabl¢ 8.

No. Criteria (C;j) Attribute Value
1 Heredity (C1) Benet 45% = 2 =0;45
2 Age (Cy) Benet 25% = ® =0;25
3 BMI (Cs) Benet 15% = % =0;15
4 Diet (Cy) Benet 10% = 10 =0;10
5  History of other disease C5) Benet 5% = 435 =0,05

Table 8 : Determining the weight of each criterion.

Each criterion in this study has a bene t attribute because all types of criteria prior-
itize the highest value as a reference for selection.
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4.4 Determining the alternatives

Determining the alternatives is done by taking the data based on the criteria predeter-
mined by the researcher. The data were obtained from 15 respondents who lled out
the Google form. The following is a table for each alternative determined based on the
determined criteria, that is, hereditary, age, BMI, diet, and history of other diseases as
shown in Table[3.

No. Name Parents With Age BMI Diet Disease

Diabete History
1 Sl 1 2 1 2 1
2 AN 2 3 3 2 2
3 SK 1 3 1 2 1
4 ST 1 3 1 2 3
5 PL 2 3 1 2 1
6 AZ 1 3 3 1 3
7 AS 1 3 1 2 1
8 E 2 3 1 2 1
9 MY 2 3 3 1 2
10 MT 1 2 3 2 1
11 KT 2 3 3 1 2
12 SA 1 2 1 2 1
13 KS 1 3 3 3 3
14 S 2 2 3 2 1
15 SD 2 2 3 2 1

Table 9 : Determining alternatives.

4.5 Normalizing the matrix by the SAW method

The following is a decision matrix formed in accordance with the value of each alternative
obtained by the researchers by calculation as follows:
1

NNFRPRPNRPNNRRNRRNRE
NNWNWRNWWWWWWWWN
WWWRWWWRRPWRLRRRWR
NNWNREFNRNMNNERENNNNDN
PR WRPNRPNRRPO®RPRORNRE
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The next step is to normalize the matrix based on the types of attributes prede ned
SO as to get the normalized matrix results by calculation as follows:

1 1
ri=—=-=0;5r===1,r33= ==0;5:
11 2 21 2 31 2
Proceed up torss to get the results of the normalized matrix as follows:
0 1

0:500 Q0667 Q333 0667 Q333
1:.000 1000 212000 Q667 Q667
0:500 1000 Q333 Q@667 Q333
0:500 1000 Q@333 Q@667 1000
1:000 1000 Q333 Q667 Q333
0:500 1000 1000 0333 1000
0:500 1000 Q333 0667 0333
1:000 1000 Q333 Q667 Q333
1:000 12000 2000 Q333 Q667
0:500 Q667 1000 0667 Q333
1:000 1000 1000 Q333 Q667
0:500 Q0667 Q333 0667 Q333
0:500 1000 1000 1000 1000
1:000 Q667 21000 Q667 Q333
1:000 Q0667 21000 Q667 Q333

4.6 Ranking process by SAW method

The next process is to have the sum of the matrix R, and later it is multiplied by the
weight of each criterion, then the obtained value is used as a benchmark in determining
the diagnosis of diabetes mellitus symptoms. The following is the alternative ranking
based on the calculation results as shown in Tablg710.

No. Alternative Reference Diagnosis Results
1 Si 0.52 Low risk
2 SA 0.52 Low risk
3 SK 0.60 Fair risk
4 AS 0.60 Fair risk
5 MT 0.62 Fair risk
6 ST 0.64 Fair risk
7 AZ 0.70 Fair risk
8 KS 0.77 High risk
9 E 0.83 High risk
10 PL 0.83 High risk
11 S 0.85 High risk
12 SD 0.85 High risk
13 MY 0.91 High risk
14 KT 0.91 High risk
15 AN 0.95 High risk

Table 10 : The Results of the Ranking by the SAW method.
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4.7 Determining the preference and alternative ranking by WP method

Because the total weight is equal to 1, the next step is to determine the preference for
each alternative.

Sl - (l 0;45)(20;25)(10;15)(20;1)(10;05) =1 : 274561
S, = (2 0;45)(30;25)(30;15)(20:1)(20§05) =2:352158
53 - (1 0;45)(30225)(10;15)(2021)(10205) =1 ’410533

Proceed up toS;5. Then, it is followed by the calculation of the relative preference.

1,274561

2;352158 _ .
1,410533 _ .

And it is continued up to Vis. The following is the alternative ranking determined
based on the calculation results as shown in Tablg_11.

No. Alternative Reference Alternative Preference Diagnosis Results
1 Sl 1.274561 0.048035 Low Risk
2 SA 1.274561 0.048035 Low risk
3 SK 1.410533 0.053160 Low risk
4 AS 1.410533 0.053160 Fair risk
5 MT 1.502895 0.056641 Fair risk
6 ST 1.490182 0.056162 Fair risk
7 AZ 1.639474 0.061788 Fair risk
8 KS 1.829855 0.068963 High risk
9 E 1.926845 0.072619 High risk
10 PL 1.926845 0.072619 High risk
11 S 2.053015 0.077374 High risk
12 SD 2.053015 0.077374 High risk
13 MY 2.194641 0.082711 High risk
14 KT 2.194641 0.082711 High risk
15 AN 2.352158 0.088648 High risk

Table 11 : Results of Preference and Ranking by the WP method.

5 Conclusion

Based on the calculation results as seen above, there were 8 people indicated to have high
risk of su ering from diabete mellitus, that is, KS, E, PL, S, SD, MY, KT, and AN due

to the high values of heredity, body weight, and diet criteria. And, there were 5 people
indicated to be at medium risk of su ering from diabetes mellitus, they are SK, AS, MT,
ST, AZ. Meanwhile, there were 2 people indicated to be at low risk of su ering from
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diabetes mellitus, they are S| and SA. Thus, the decision support system for diabetes
mellitus symptoms was e ectively done by using the Simple Additive Weighting (SAW)
method, or by the Weighted Product (WP) method, with the aim of providing informa-
tion for the public regarding the risk of diabetes mellitus for their immediate action to
take.
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