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Existence of Solution for a General Class of Strongly

Nonlinear Elliptic Problems

Y.Akdim ∗ and M.Ouboufettal

LAMA Laboratory, Department of Mathematics, Faculty of Sciences Dhar El Mahraz,
University Sidi Mohamed Ben Abdellah, P.O. Box 1796 Atlas Fez, Morocco.

Received: April 27, 2020; Revised: May 30, 2024

Abstract: In this paper, we study the existence of solution for a general class of
strongly nonlinear elliptic problems associated with the differential inclusion β(u) +
A(u)+g(x, u,Du) ∋ f , where A is a Leray-Lions operator from W 1,p

0 (Ω) into its dual,
β is a maximal monotone mapping such that 0 ∈ β(0), while g(x, s, ξ) is a nonlinear
term which has a growth condition with respect to ξ and no growth with respect to
s but it satisfies a sign condition on s. The right-hand side f is assumed to belong
to L∞(Ω).

Keywords: inclusion problems; Leray-Lions operator; maximal monotone mapping;
Sobolev spaces; truncation.

Mathematics Subject Classification (2010): 35J60, 35J70, 70K99.

1 Introduction

Let Ω be a bounded domain in RN (N ≥ 1) with sufficiently smooth boundary ∂Ω. Our
aim is to show the existence of solutions for the following strongly nonlinear elliptic
inclusion:

(E, f)


β(u) +A(u) + g(x, u,Du) ∋ f in D′(Ω),

u ∈ W 1,p
0 (Ω), g(x, u,Du) ∈ L1(Ω), g(x, u,Du)u ∈ L1(Ω),

where A is a Leray-Lions operator from W 1,p
0 (Ω) into its dual W−1,p′

(Ω) (1 < p < ∞)
defined as A(u) = −div(a(x, u,Du)), f ∈ L∞(Ω), β is a maximal monotone mapping

∗ Corresponding author: mailto:youssef.akdim@usmba.ac.ma

© 2024 InforMath Publishing Group/1562-8353 (print)/1813-7385 (online)/http://e-ndst.kiev.ua321
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322 Y. AKDIM AND M.OUBOUFETTAL

such that 0 ∈ β(0) and g is a nonlinear lower term having ”natural growth” (of order p)
with respect to Du, with respect to u, we do not assume any growth restrictions, but we
assume the ”sign condition” g(x, s, ξ)s ≥ 0.

The particular instances of the problem (E, f) have been studied for β ≡ 0, Boccardo,
Gallouët and Murat in [7] have proved the existence of at least one solution for the
problem. Let us point out that another work in this direction can be found in [6].

For g ≡ 0, it is known (cf. [5,10,18,20]) that the problem (E, f) has a solution in the
standard sense, the so-called weak solution, that is, a couple (u, b) ∈ W 1,p

0 (Ω) × L1(Ω)
such that b ∈ β(u) a.e. in Ω and∫

Ω

bφ+

∫
Ω

a(x, u,Du) ·Dφ =

∫
Ω

fφ, ∀φ ∈ W 1,p
0 (Ω) ∩ L∞(Ω).

In another important work [2], Akdim and Allalou have proved the existence of a
renormalized solution for an elliptic problem of diffusion-convection type in the frame-
work of weighted variable exponent Sobolev spaces

(E)


β(u)− div(a(x,Du) + F (u)) ∋ f in Ω,

u = 0 on ∂Ω.

We also refer the reader to [1,3,4,8,12,13,17,19] for more results on problems in this
direction. One of the motivations for studying (E, f) comes from applications to electro-
rheological fluids (see [16] for more details) as an important class of non-Newtonian fluids.

The present paper is organized as follows. In Section 2, we give assumptions and
the statement of result. The proof of the theorem is given in Section 3, it consists of
the following steps. First, we define approximation equations. We then prove an a
priori estimate in W 1,p

0 (Ω) for the solutions uε of these approximate equations. Finally,
we prove that the truncations Tk(uε) are relatively compact in the strong topology of
W 1,p

0 (Ω), a result which allows us to pass to the limit and obtain the existence result. In
the last Section 4, we will present an example for illustrating our abstract result.

2 Assumptions and Main Result

2.1 Assumptions

Let Ω be a bounded domain in RN (N ≥ 1) with sufficiently smooth boundary ∂Ω and
1 < p < ∞ be fixed.

Let A be a nonlinear operator from W 1,p
0 (Ω) into its dual W−1,p′

(Ω) ( 1p + 1
p′ = 1)

defined by A(u) = −div(a(x, u,Du)), where a : Ω× R× RN → RN is the Carathéodory
function satisfying the following assumptions:
(H1)

a(x, s, ξ) · ξ ≥ λ|ξ|p, where λ > 0, (1)

|a(x, s, ξ)| ≤ α(k(x) + |s|p−1 + |ξ|p−1), where k(x) ∈ Lp′
(Ω), k ≥ 0, α > 0, (2)

(a(x, s, ξ)− a(x, s, η)) · (ξ − η) > 0 for ξ ̸= η ∈ RN . (3)
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Let g : Ω× R× RN → R be the Carathéodory function such that
(H2)

g(x, s, ξ)s ≥ 0, (4)

|g(x, s, ξ)| ≤ h(|s|)(c(x) + |ξ|p), (5)

where h : R+ → R+ is a continuous increasing function and c(x) is a positive function
which is in L1(Ω).

Let β : R → 2R be a set valued, maximal monotone mapping such that 0 ∈ β(0) and
consider
(H3) f ∈ L∞(Ω).

2.2 Main result

Consider the strongly nonlinear elliptic inclusion problem with the Dirichlet boundary
conditions

(E, f)


β(u) +A(u) + g(x, u,Du) ∋ f in D′(Ω),

u ∈ W 1,p
0 (Ω), g(x, u,Du) ∈ L1(Ω), g(x, u,Du)u ∈ L1(Ω).

Definition 2.1 A weak solution to (E, f) is a pair of functions (u, b) ∈ W 1,p
0 (Ω) ×

L1(Ω) satisfying b(x) ∈ β(u(x)) a.e. in Ω, g(x, u,Du) ∈ L1(Ω), g(x, u,Du)u ∈ L1(Ω)
and

b− div(a(x, u,Du)) + g(x, u,Du) = f in D
′
(Ω).

Our objective is to prove the following existence theorem.

Theorem 2.1 Under the assumptions (H1) − (H3), there exists at least one weak
solution of (E, f) in the sense of Definition 2.1.

3 Proof of Theorem 2.1

Step 1: Approximate problems

From now on, we will use the standard truncation function Tk, k ≥ 0, defined for all
s ∈ R by Tk(s) = max{−k,min{s, k}}.

Let 0 < ε ≤ 1, we introduce the approximate problem

(Eε, f)


βε(T 1

ε
(uε))− div(a(x, uε, Duε)) + gε(x, uε, Duε) = f,

uε ∈ W 1,p
0 (Ω),

where

gε(x, s, ξ) =
g(x, s, ξ)

1 + ε|g(x, s, ξ)|

satisfies

gε(x, s, ξ)s ≥ 0, |gε(x, s, ξ)| ≤ |g(x, s, ξ)|, |gε(x, s, ξ)| ≤
1

ε
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and where βε : R → R is the Yosida approximation of β. Note that, for any u ∈ W 1,p
0 (Ω),

we have

⟨βε(u), u⟩ ≥ 0, |βε(u)| ≤
1

ε
|u| and lim

ε→0
βε(u) = β(u).

We refer the reader to [9] for more details about the maximal monotone mapping.

Since |βε(T 1
ε
(uε))| ≤

1

ε2
and gε is bounded for any fixed ε > 0, there exists at least

one solution uε of (Eε, f) (cf. [14], [15]), i.e., for each 0 < ε ≤ 1 and f ∈ W−1,p′
(Ω),

there exists at least one solution uε ∈ W 1,p
0 (Ω) such that∫

Ω

βε(T 1
ε
(uε))φ+

∫
Ω

a(x, uε, Duε) ·Dφ+

∫
Ω

gε(x, uε, Duε)φ = ⟨f, φ⟩ (6)

holds for all φ ∈ W 1,p
0 (Ω), where ⟨., .⟩ denotes the duality pairing between W 1,p

0 (Ω) and

W−1,p′
(Ω).

Step 2: A priori estimates

Taking uε as a test function in (6), we obtain∫
Ω

βε(T 1
ε
(uε))uε +

∫
Ω

a(x, uε, Duε) ·Duε +

∫
Ω

gε(x, uε, Duε)uε =

∫
Ω

fuε, (7)

as the first term on the left-hand side is nonnegative and since gε verifies the sign condi-
tion, by (1), we have

λ||uε||pW 1,p
0 (Ω)

≤ C||f ||L∞(Ω)||uε||W 1,p
0 (Ω),

where C is a positive constant coming from the Hölder and Poincaré inequalities, then

||uε||W 1,p
0 (Ω) ≤ C1. (8)

Moreover, from (7) and (8), we infer that

0 ≤
∫
Ω

gε(x, uε, Duε)uε ≤ C2. (9)

For δ > 0, we define H+
δ : R −→ R by

H+
δ (r) =


1 if r > δ,
r

δ
if 0 ≤ r ≤ δ,

0 if r < 0.

Clearly, H+
δ is an approximation of sign+

0 .



NONLINEAR DYNAMICS AND SYSTEMS THEORY, 24 (4) (2024) 321–330 325

We use the test function φ = H+
δ (βε(T 1

ε
(uε))− k) in (6), we obtain∫

Ω

βε(T 1
ε
(uε))H

+
δ (βε(T 1

ε
(uε))− k) +

∫
Ω

a(x, uε, Duε) ·D(H+
δ (βε(T 1

ε
(uε))− k))

+

∫
Ω

gε(x, uε, Duε)H
+
δ (βε(T 1

ε
(uε))− k) =

∫
Ω

fH+
δ (βε(T 1

ε
(uε))− k).

By using (1) and the fact that βε is monotone increasing with βε(0) = 0, we have∫
Ω

a(x, uε, Duε)(H
+
δ )

′

(βε(T 1
ε
(uε))− k)β

′

ε(T 1
ε
(uε)) ·Duε ≥ 0.

Since gε verifies the sign condition, we obtain∫
Ω

gε(x, uε, Duε)H
+
δ (βε(T 1

ε
(uε))− k) ≥ 0.

Consequently, we get∫
Ω

(βε(T 1
ε
(uε))− k)H+

δ (βε(T 1
ε
(uε))− k) ≤

∫
Ω

(f − k)H+
δ (βε(T 1

ε
(uε))− k).

Taking δ → 0 yields ∫
Ω

(βε(T 1
ε
(uε))− k)+ ≤

∫
Ω

(f − k)+. (10)

Similarly, one can show∫
Ω

(βε(T 1
ε
(uε)) + k)− ≤

∫
Ω

(f + k)−. (11)

Combining (10) and (11) gives∫
Ω

(|βε(T 1
ε
(uε))| − k)+ ≤

∫
Ω

(|f | − k)+.

Choosing k > ||f ||∞, we obtain

||βε(T 1
ε
(uε))||∞ ≤ ||f ||∞. (12)

Step 3: Basic convergence results

By (12), there exists b ∈ L∞(Ω) such that

βε(T 1
ε
(uε))

∗
⇀ b in L∞(Ω). (13)

Since uε remains bounded in W 1,p
0 (Ω), we can extract a subsequence, still denoted

by uε, such that

uε ⇀ u weakly in W 1,p
0 (Ω)

and
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uε → u a.e. in Ω.

We already know that for any fixed k ∈ R∗+,

Tk(uε) ⇀ Tk(u) weakly in W 1,p
0 (Ω).

Our objective is to prove that

Tk(uε) → Tk(u) strongly in W 1,p
0 (Ω).

We shall use in (6) the test function

vε = φ(zε),

where

zε = Tk(uε)− Tk(u) and φ(s) = seλs
2

.

We get∫
Ω

βε(T 1
ε
(uε))vε +

∫
Ω

a(x, uε, Duε) ·Dvε +

∫
Ω

gε(x, uε, Duε)vε =

∫
Ω

fvε.

From now on, we denote by η1(ε), η2(ε), ... various sequences of real numbers which
converge to zero when ε tends to zero.

Since vε converges to zero weakly∗ in L∞(Ω), we have∫
Ω

fvε → 0,

this implies that

η1(ε) =

∫
Ω

βε(T 1
ε
(uε))vε +

∫
Ω

a(x, uε, Duε) ·Dvε +

∫
Ω

gε(x, uε, Duε)vε → 0.

Note that∫
Ω

βε(T 1
ε
(uε))vε =

∫
{|uε|≤k}

βε(T 1
ε
(uε))vε +

∫
{|uε|>k}

βε(T 1
ε
(uε))vε.

The fact that the second term on the right-hand side is nonnegative and
χ{|uε|≤k}βε(T 1

ε
(uε)) is uniformly bounded, together with the Lebesgue dominated con-

vergence theorem provide that∫
{|uε|≤k}

βε(T 1
ε
(uε))vε → 0.

This implies that∫
Ω

a(x, uε, Duε) ·Dvε +

∫
Ω

gε(x, uε, Duε)vε ≤ η2(ε).

Using the same arguments as in [7], we obtain

0 ≤
∫
Ω

[a(x, Tk(uε), DTk(uε))− a(x, Tk(uε), DTk(u))] ·D(Tk(uε)− Tk(u)) ≤ η3(ε).
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Finally, a result in [8] (see also [11]) implies

Tk(uε) → Tk(u) strongly in W 1,p
0 (Ω). (14)

Step 4: Passing to the limit

In virtue of (14), we have for the subsequence

Duε → Du a.e. in Ω,

which with

uε → u a.e. in Ω

yields, since a(x, uε, Duε) is bounded in (Lp′
(Ω))N ,

a(x, uε, Duε) ⇀ a(x, u,Du) weakly in (Lp′
(Ω))N (15)

as well as
gε(x, uε, Duε) → g(x, u,Du) a.e. in Ω. (16)

We now use the classical trick in order to prove that gε(x, uε, Duε) is uniformly equi-
integrable.

For any measurable subset E of Ω and for any m ∈ R+, we have∫
E

|gε(x, uε, Duε)| =
∫
E∩{|uε|≤m}

|gε(x, uε, Duε)|+
∫
E∩{|uε|>m}

|gε(x, uε, Duε)|

≤
∫
E

|gε(x, Tm(uε), DTm(uε))|+
1

m

∫
E

gε(x, uε, Duε)uε.

Using (5) and (9), we obtain∫
E

|gε(x, uε, Duε)| ≤ h(m)

∫
E

(c(x) + |DTm(uε)|p) +
C2

m
.

Since the sequence (DTm(uε)) converges strongly in (Lp(Ω))N , the above inequality
implies the equi-integrability of gε(x, uε, Duε).

In view of (16), we thus have

gε(x, uε, Duε) → g(x, u,Du) strongly in L1(Ω). (17)

From (13), (15) and (17), we can pass to the limit in (6):∫
Ω

βε(T 1
ε
(uε))φ+

∫
Ω

a(x, uε, Duε) ·Dφ+

∫
Ω

gε(x, uε, Duε)φ =

∫
Ω

fφ,

we obtain∫
Ω

bφ+

∫
Ω

a(x, u,Du) ·Dφ+

∫
Ω

g(x, u,Du)φ =

∫
Ω

fφ for any φ ∈ W 1,p
0 (Ω) ∩ L∞(Ω).

Moreover, since gε(x, uε, Duε)uε ≥ 0, gε(x, uε, Duε)uε → g(x, u,Du)u a.e. in Ω and

0 ≤
∫
Ω

gε(x, uε, Duε)uε ≤ C,

by Fatou’s lemma, we have
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g(x, u,Du)u ∈ L1(Ω).

Step 5: Subdifferential argument

It remains to prove that u(x) ∈ D(β(x)) and b(x) ∈ β(u(x)) for almost all x ∈ Ω.
Since β is a maximal monotone graph, there exists a convex, l.s.c and proper function

j : R → [0,∞] such that β(r) = ∂j(r) for all r ∈ R.

According to [9], for 0 < ε ≤ 1, jε : R → R defined by jε(r) =

∫ r

0

βε(s)ds has the

following properties:

i) For any 0 < ε ≤ 1, jε is convex and differentiable for all r ∈ R so that j′ε(r) = βε(r)
for all r ∈ R and any 0 < ε ≤ 1.

ii) jε(r) → j(r) for all r ∈ R as ε → 0.

From i), it follows that for any 0 < ε ≤ 1,

jε(r) ≥ jε(T 1
ε
(uε)) + (r − T 1

ε
(uε))βε(T 1

ε
(uε)) (18)

holds for all r ∈ R and almost everywhere in Ω.
Let E ⊂ Ω be an arbitrary measurable set and χE be its characteristic function. Let

hl : R → R be defined by hl(r) = min(1, (l + 1− |r|)+) for each r ∈ R.
We fix ε0 > 0, multiplying (18) by hl(uε)χE , integrating over Ω and using ii), we

obtain

j(r)

∫
E

hl(uε) ≥
∫
E

jε0(Tl+1(uε))hl(uε) + (r − Tl+1(uε))hl(uε)βε(T 1
ε
(uε)) (19)

for all r ∈ R and all 0 < ε < min(ε0,
1

l
). As ε → 0, taking into account that E is

arbitrary, we obtain from (19)

j(r)hl(u) ≥ jε0(Tl+1(u))hl(u) + bhl(u)(r − Tl+1(u)) (20)

for all r ∈ R and almost everywhere in Ω.
Passing to the limit with l → ∞ and then with ε0 → 0 in (20) finally yields

j(r) ≥ j(u(x)) + b(x)(r − u(x)) (21)

for all r ∈ R and almost everywhere in Ω, hence u ∈ D(β) and b ∈ β(u) for almost
everywhere in Ω.

With this last step, the proof of Theorem 2.1 is concluded.

4 Example

Let Ω be a bounded domain of RN (N ≥ 1). Let us consider the Carathéodory functions

a(x, s, ξ) = |ξ|p−2ξ,

g(x, s, ξ) = ρs|s|r|ξ|p, ρ > 0, r > 0,
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and β is the maximal monotone mapping defined by

β(s) = (s− 1)+ − (s+ 1)−.

It is easy to show that the Carathéodory function a(x, s, ξ) satisfies the growth con-
dition (2), the coercivity condition (1) and the strict monotonicity condition (3). Also,
the Carathéodory function g(x, s, ξ) satisfies the conditions (4) and (5).

Finally, the hypotheses of Theorem 2.1 are satisfied, therefore, for all f ∈ L∞(Ω), the
following problem

β(u)−∆p(u) + g(x, u,Du) ∋ f in D′(Ω),

u ∈ W 1,p
0 (Ω), g(x, u,Du) ∈ L1(Ω), g(x, u,Du)u ∈ L1(Ω),

has at least one solution.

5 Conclusion

This paper focuses on establishing the existence of solution for a general class of strongly
nonlinear elliptic problems associated with the differential inclusion β(u) + A(u) +
g(x, u,Du) ∋ f , where A is a Leray-Lions operator from W 1,p

0 (Ω) into its dual, β is
a maximal monotone mapping such that 0 ∈ β(0), while g(x, s, ξ) is a nonlinear term
which has a growth condition with respect to ξ and no growth with respect to s but it
satisfies a sign condition on s. The right-hand side f is assumed to belong to L∞(Ω). In
the future, we aim to expand this study for a measure or L1 sources.
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[9] H. Brézis. Opérateurs maximaux monotones et semi-groupes de contractions dans les es-
paces de Hilbert. North-Holland Mathematics Studies, No. 5. North-Holland Publishing Co.,
Amsterdam-London; American Elsevier Publishing Co., Inc., New York, 1973.

[10] H. Brézis and W. Strauss. Semi-linear second-order elliptic equations in L1. Journal of the
Mathematical Society of Japan 25 (1973) 565–590.

[11] F. E. Browder. Existence theorems for nonlinear partial differential equations. Global Anal-
ysis (Proc. Sympos. Pure Math., Vol. XVI, Berkeley, Calif., 1968) Amer. Math. Soc.,
Providence, R.I. (1970) 1–60.
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are Support Vector Machine (SVM) and K-Nearest Neighbors (K-NN). This paper
optimizes hotel management through the application of occupancy forecasting by us-
ing the SVM and K-NN methods. The simulation results by the RapidMiner software
and both methods using 90% of training data and 10% of testing data show that the
RMSE produced by the SVM method is 0.011, while the RMSE produced by the
KNN method is 0.116. Thus, the SVM method has higher accuracy than the K-NN.
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1 Introduction

Almost all countries in the world, including Indonesia [1], strive to develop their tourism
potential to earn as much foreign exchange as possible. The role of tourism is very
important for a country/region because it has a very broad multiplier effect. Efficiently
managed hotels are able to win the competition. Therefore, making the right forecasting
and estimation model is of a great help for hotel managers to manage hotels effectively and
efficiently, so software development is needed for forecasting and estimation systems [2–4].

In general, forecasting can be grouped into quantitative forecasting and qualitative
forecasting. Qualitative forecasting which is based on intuition and empirical experience
becomes subjective. Subjective forecasting is difficult to implement due to the limitations
of the human brain in analyzing information and causal relationships that affect the
business. If such qualitative forecasting is done by several people separately, the results
are likely to have considerable variation. On the other hand, if it is carried out jointly,
it is likely that there is no similarity in the forecasting results, or an influential person
in the group determines the results [5].

Some previous research used Forecast to help predict the desired number or data.
In 2021, the one conducted by Rini et al. [6] used forecast to predict the number of
dengue cases, in 2022, Anshori [7] forecasted the number of restaurants to be closed
using ANFIS, while Susanto et al. [2] used Backpropagation Neural Network. In 2023,
Anshori [1], did a hotel forecast using Linear Support Vector Machine [8, 9]. As for the
estimation methods, many were applied in the fields of robotics such as AUV motion,
mobile robots and finger arm robots [10,11].

Some reliable forecasting methods among others are Support Vector Machine (SVM)
and K-Nearest Neighbors (K-NN). SVM is a machine learning method able to analyze
data and sort it into one of two categories [12]. SVM works to find the best hyperplane
or decision boundary function to separate two or more classes in the input space. The
hyperplane can be a line in two dimensions and can be a flat plane in multiple planes.
Meanwhile, K-NN is an algorithm functioning to classify data based on training data sets,
taken from K-Nearest Neighbors. With k, the number of nearest neighbors, the study
in this paper is to optimize hotel management through the application of occupancy
forecasting by the SVM and K-NN methods [13].

2 Occupancy Data of Hotel Y

Occupancy data of hotel Y are presented in Tables 1-3.

3 Algorithm of K-Nearest Neighbors

K-Nearest Neighbors is a classification algorithm for data grouping into several classes
based on the closest distance or similarity of the data to the training data. K-NN performs
classification based on the closest distance calculated from Euclidean. Euclidean Distance
is a calculation used to find the distance between 2 points in Euclidean space. Euclidean
distance calculation is shown in the equation

Euc =
√

(x2 − x1)2 + (y2 − y1)2. (1)

Notes:
d(x1, xj) : Euclidean distance;
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2017 2018 2019
Room Occ Room Room Occ Room Room Occ Room

Available (%) Sold Available (%) Sold Available (%) Sold

January 7,006 48,6% 3,262 7,006 46,6% 3,262 7,006 50,5% 3,536
February 4,480 63.7% 2,853 6,328 61.3% 3,880 6,328 63,6% 4,027
March 7,006 72.3% 5,066 7,006 72.3% 5,066 7,006 66,6% 4,663
April 6,780 64.9% 4,402 6,780 64.9% 4,402 6,780 69,9% 4,736
May 7,006 63.4% 4,444 7,006 63.4% 4,444 7,006 57.5% 4,025
June 6,780 61.2% 4,150 6,780 61.2% 4,150 6,780 75,3% 5,106
July 7,006 76.4% 5,351 7,006 76.4% 5,351 7,006 74,6% 5,223

August 7,006 73.8% 5,172 7,006 73.8% 5,172 7,006 61,6% 4,316
September 6,780 70.6% 4,787 6,780 70.6% 4,787 6,780 58,7% 3,977
October 7,006 81.7% 5,723 7,006 81.7% 5,723 7,006 72,3% 5,068
November 6,780 80.3% 5,443 6,780 80.3% 5,443 6,780 79,7% 5,406
December 7,006 70.6% 4,943 7,006 70.6% 4,943 7,006 77,1% 5,401

Table 1: The occupancy data of Hotel Y for 2017–2019.

2020 2021 2022
Room Occ Room Room Occ Room Room Occ Room

Available (%) Sold Available (%) Sold Available (%) Sold

January 7,006 49.8% 3,487 7,006 44.5% 3,118 7,006 51,1% 3,582
February 6,554 59.8% 3,921 6,328 50.9% 3,224 6,328 49,5% 3,132
March 7,006 42.7% 2,992 7,006 65.9% 4,614 7,006 57.4% 4,023
April 6,780 16.8% 1,140 6,780 61.9% 4,200 6,780 42,6% 2,891
May 7,006 18.7% 1,308 7,006 52.8% 3,698 7,006 76,4% 5,353
June 6,780 27.0% 1,830 6,780 70.6% 4,790 6,780 65,7% 4,455
July 7,006 37.1% 2,600 7,006 32.0% 2,242 7,006 60,6% 4,246

August 7,006 46.1% 3,227 7,006 40.6% 2,845 7,006 52,1% 3,650
September 6,780 45.3% 3,070 6,780 68.7% 4,658 6,780 53,4% 3,618
October 7,006 62.0% 4,341 7,006 80.7% 5,652 7,006 62,2% 4,360
November 6,780 76.9% 5,212 6,780 71.0% 4,816 6,780 68,6% 4,652
December 7,006 66.8% 4,682 7,006 81.0% 5,672 7,006 71,2% 4,985

Table 2: The occupancy data of Hotel Y for 2020–2022.

2023
Room Occ Room

Available (%) Sold

January 7,006 48,1% 3,372
February 6,328 52,1% 3,294
March 7,006 57,4% 4,023
April 6,780 36,0% 2,441
May 7,006 62,0% 4,345

Table 3: The occupancy data of Hotel W for 2023.

xi : record data to i;
xj : record data to j;
ar : data to-r from i, j.
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3.1 Algorithm of Support Vector Machine

Since then, SVMs have been used in text, hypertext and image classification. SVMs can
work with handwritten characters and the algorithm has been used in biology labs to
perform tasks such as protein sorting. SVMs work to find the best hyperplane or decision
boundary function to separate two or more classes in the input space. The hyperplane
can be a line in two dimensions and can be a flat plane in multiple planes.

Figure 1: Support Vector Machine Model.

The algorithm of SVM is shown in Figure 2.

3.2 Implementation of the K-Nearest Neighbors Algorithm on data

The implementation of the K-NN algorithm on hotel occupancy data in the RapidMiner
software is shown in Figure 3.

3.3 Implementation of Support Vector Machine Algorithm on Data

The application of the SVM method to the occupancy data model is shown in Figure 4.

4 Simulation Results

In this paper, the simulation used two algorithms, where both the SVM and K-NN
methods were compared when using several types of training data and testing data.
There are 3 types of training and testing data grouping cases, that is, the first case
(case 1) in which the training data is 70% and the testing data is 30%, the second case
in which the training data is 80% and the testing data is 20%, and the third case in
which the training data is 90% and the testing data is 10%. After modeling in the
RapidMiner software using the occupancy data of Hotel Y, the SVM and K-NN methods
were implemented, resulting in Figures 5 – 7.

Figure 5 is as an explanation related to case 1, with 70% of training data and 30% of
the testing data. It can be seen that the forecasting results by the SVM method have a
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Figure 2: Algorithm of Support Vector Machine.

Figure 3: Implementation of the K-NN algorithm on occupancy data of hotel Y.

smaller error than those by the K-NN because the simulation-resulted graph shows that
the SVM method has almost the same value as the real data. It can be seen in Table 2
that the RMSDE by the SVM method is 0.014 and that by the K-NN method is 0.137.
So, the SVM method has a smaller error of about 0.1.

Figure 6 is as an explanation related to the first case (case 1) with 80% of training
data and 20% of testing data, it can be seen that the forecasting results by the SVM
method have a smaller error than those by the K-NN because the simulation-resulted
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Figure 4: Implementation of the SVM Algorithm on occupancy data of Hotel Y.

Figure 5: Simulation Results of hotel Y occupancy forecast using 70% of training data and
30% of testing data.

graph shows that the SVM method has almost the same value as the real data. It can
be seen in Table 2 that the RMSE by the SVM method is 0.029 and that by the K-NN
method is 0.134. So, the SVM method has a smaller error of about 0.1.

Figure 7 is as an explanation related to the first case (case 1), with 90% of training
data and 10% of testing data. It can be seen that the results of forecasting by the SVM
method have a smaller error than those by K-NN because the simulation-resulted graph
shows that the SVM method has almost the same value as the real data. It can be seen
in Table 2 that the RMSE by the SVM method is 0.011 and the RMSE by the K-NN
method is 0.116. So, the SVM method has a smaller error of about 0.1.

Table 4 above shows that the SVM method has a higher accuracy and a smaller error
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Figure 6: Simulation results of hotel Y occupancy forecast using 80% of training data and 20%
of testing data.

Figure 7: Simulation results of hotel Y occupancy forecast occupancy using 90% of training
data and 10% of testing data.

SVM KNN
70% 80% 90% 70% 80% 90%

Training Training Training Training Training Training
data and data and data and data and data and data and

30% Testing 20% Testing 10% Testing 30% Testing 20% Testing 10% Testing
data data data data data data

RMSE of 0.014 0.029 0.011 0.137 0.134 0.116
Forecasting results

Table 4: The RMSE comparison using SVM and K-NN.

than the K-NN for all three cases. When compared, overall, it is clear that using SMV in
case 3 shows the smallest RMSE value. When considering the SMV method alone, case
3 has the smallest RMSE value because the training data is larger than those of cases 1
and 2. Likewise, for the K-NN, case 3 has a smaller RMSE value than cases 1 and 2.
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5 Conclusion

Based on the results of the discussion above and the forecasting results as in the graph
above, it can be concluded that the SVM method has a higher accuracy and a smaller
error than the K-NN method for all three cases. When compared, as a whole, using SMV
in case 3 shows the smallest RMSE value. When considering the SVM method alone,
case 3 has the smallest RMSE value because the training data is larger than those of
cases 1 and 2. Likewise, for K-NN, case 3 has a smaller RMSE value than cases 1 and 2.
Thus, the SVM method is highly reliable for hotel occupancy forecasting.
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2 Faculté des Sciences et de la Technologie,
USTHB, B. P. 32, El-Alia 16111, Bab-Ezzouar, Alger, Algeria.

3 Department of Mathematics, Faculty of Exact Sciences,
University Constantine 1, Frères Mentouri,

Applied Mathematics and Modeling Laboratory, Constantine 25 017, Algeria.
4 Department of Mathematics, College of Science, Qassim University, SAudi Arabia.

5Department of Mathematics, Faculty of Science, University of 20 Aout 1955 - Skikda, Algeria.

Received: October 22, 2023; Revised: June 9, 2024

Abstract: In this work, we study approximations of solutions of fractional differ-
ential equations of order α by using an implicit finite difference scheme (IFDS). A
discretization and development of the scheme is obtained by using different approaches
to fractional derivatives. The implicit finite difference scheme (IFDS) approach is fol-
lowed in order to derive a simple discretization of the space fractional derivatives. The
consistency, stability and convergence of the method are proved. Several examples il-
lustrating the accuracy of the method are given. Moreover, we study the stability and
convergence of the implicit finite difference scheme (IFDS) applied to the numerical
solution of the fractional differential equations of order α. Two tests for our problem
are solved numerically to verify the effectiveness of the proposed numerical scheme.

Keywords: fractional derivatives; stability; consistence; convergence; numerical
scheme.

Mathematics Subject Classification (2010): 93A30, 26A33, 65N06, 34K28.

∗ Corresponding author: mailto:soufiane.benyoussef@univ-tiaret.dz

© 2024 InforMath Publishing Group/1562-8353 (print)/1813-7385 (online)/http://e-ndst.kiev.ua340

mailto:soufiane.benyoussef@univ-tiaret.dz
http://e-ndst.kiev.ua


NONLINEAR DYNAMICS AND SYSTEMS THEORY, 24 (4) (2024) 340–353 341

1 Introduction

In viscous boundary problems, there is a viscodynamic operator in the Biot poroviscoelas-
tic theory which may be formulated with a fractional derivative (see [9, 10, 13, 14]). The
power law and stretched exponential temporal responses of nonideal capacitors can also
be shown to relate to the electro-elastic and electro-visco-elastic models. A fractional-
order differential equation is a generalized form of an integer-order differential equation.
This one is useful in many areas, e.g., for the depiction of physical, mechanical and bio-
logical models of several phenomena in pure mathematics and applied science. Numerical
analysis (see for more details [5, 15, 16]) is a very important branch of mathematics in
which we analyse and solve sevaral problems which require calculations with different
techniques. The important role of numerical methods for fractional calculus is how to
apply numerical methods for fractional integrals and fractional derivatives (see [2,4,14]),
for example, finite element methods (FEM), finite difference methods, Multi-Grid meth-
ods (MGM) for fractional partial and ordinary differential equations. The development of
fractional differential equations and their solutions are carried out by using the Simulink
Matlab Program (see for more details [1,3,7,17]), which calculates the approximate solu-
tions of fractional differential equations of order α by using the implicit finite difference
scheme (IFDS). The structure of this paper is organized as follows. Section 2 includes
the basic concepts of the implicit finite difference scheme (IFDS) and we present the
steps of discretization and development of the scheme and several techniques of the pro-
posed approach. Section 3 discusses the stability of the approximate scheme presented
in Section 2. In Section 4, we prove the convergence of the approximate scheme for the
fractional differential equations of order α . In Section 5, we focus on the solvability of
the approximate scheme. Finally, Section 6 includes the examples of specific algorithms
for a variety of boundary and initial conditions and conclusions are presented in Section
7.

2 Discretization and Development of the Implicit Finite Difference Scheme

In this section, we apply the NSFD to obtain the numerical solution for the linear partial
differential equations with time-fractional derivative






∂α u
∂tα + a(x, t ) ∂2 u

∂x2 (x, t ) + c(x, t ) ∂u
∂x = f (x, t ) 0 < x < L, t > 0, 0 < α < 1,

u(0, t) = q(t),
u(L, t ) = p(t),
u(x, 0) = s(x).

(1)

Let ϕ 1(h) and ϕ 2(k) be two strictly positive functions and [0 , L ] be the interval of in-
terest. For the numerical scheme, define x i = iϕ 1(h), where i = 0, M and t j =
jϕ 2(k), where j = 0, N . The parameters ϕ 1(h) and ϕ 2(k) are the space and time steps,
respectively. Now, let us assume that

u(x i , t j ) = uj
i and f (x i , t j ) = f j

i , (2)

and
a(x i , t j ) = aj

i and c(x i , t j ) = cj
i ,

where uj
i is the numerical approximation of u(x i , t j ) and f j

i is the numerical approxima-
tion of f (x i , t j ).
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There exist different approaches to fractional derivatives [11]. For simplification, we
consider the interval [0, t],

∂α (x,t ) u(x, t )
∂tα (x,t ) =

(
1

Γ(1 � α (x,t ))

Rt
0

u ξ (x,ξ )
( t � ξ ) α ( x,t ) dξ if 0 < α < 1,

ut (x, t ) if α (x, t ) = 1 .
(3)

Initially, as the boundary value problem needs to be discretized to be able to solve (1), it
is first necessary to discretize the variable-order time-fractional derivative (3) as follow:

∂α (x i ,t j +1 ) u(x i , t j +1 )
∂tαx i ,t j +1 ) =

1
Γ(1 � α (x i , t j +1 ))

Z t j +1

0

uξ (x i , ξ )
(t j +1 � ξ ) α (x i ,t j +1 ) dξ

=
1

Γ(1 � α (x i , t j +1 ))

jX

s=0

Z (s+1) k

sk

uξ (x i , ξ )
(t j +1 � ξ ) α (x i ,t j +1 ) dξ.

Then we obtain

∂α (x i ,t j +1 ) u(x i , t j +1 )
∂tα (x i ,t j +1 ) =

1
Γ(1 � α (x i , t j +1 ))

jX

s=0

Z (s+1) ϕ 2 (k )

sϕ 2 (k )

�
∂u
∂ξ

� s+1

i

dξ
(t j +1 � ξ ) α (x i ,t j +1 ) .

The first-order spatial derivative can be approximated by the following expression:
�

∂u
∂ξ

� s+1

i
=

us+1
i � us� 1

i
ϕ 2(k)

+ ∆( ϕ 2(k)) . (4)

Adopting the discrete scheme given in (9), we discretize the variable-order time-fractional
derivative as

∂α (x i ,t j +1 ) u(x i , t j +1 )
∂tα (x i ,t j +1 ) =

1
Γ(1 � α (x i , t j +1 ))

jX

s=0

us+1
i � us� 1

i
ϕ 2(k)

Z ( j � s+1) ϕ 2 (k )

( j � s) ϕ 2 (k )

dη
η α (x i ,t j +1 )

=
1

Γ(1 � α (x i , t j +1 ))

jX

n =0

uj � n +1
i � uj � n

i
ϕ 2(k)

Z (n +1) ϕ 2 (k )

nϕ 2 (k )

dy
η α (x i ,t j +1 ) ,

then we get

∂α (x i ,t j +1 ) u(x i , t j +1 )
∂tα (x i ,t j +1 ) =

ϕ 2(k) � α (x i ,t j +1 )

(1 � α (x i , t j +1 ))Γ(1 � α (x i , t j +1 ))
�

jX

n =0

(uj � n +1
i � uj � n

i )[(n + 1) 1� α (x i ,t j +1 ) � n1� α (x i ,t j +1 ) ].

Let η = t j +1 � ξ and having in mind that Γ(1+ α ) = α Γ( β ) and expanding the summation
for n = 0, we find

∂α (x i ,t j +1 ) u(x i , t j +1 )
∂tα (x i ,t j +1 ) =

ϕ 2(k) � α (x i ,t j +1 )

Γ(2 � α (x i , t j +1 ))

�
uj +1

i � uj
i +

jX

n =1

(uj � n +1
i � uj � n

i )� (5)

[(n + 1) 1� α (x i ,t j +1 ) � n1� α (x i ,t j +1 ) ]
�

,
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where δ j +1
i (n) = ( n+1) 1� α (x i ,t j +1 ) � n1� α (x i ,t j +1 ) , 8j = 0, N � 1. We will use the central

difference approximation of space derivative is as follows:

∂u(x i , t j +1 )
∂x

=
uj +1

i +1 � uj +1
i � 1

ϕ 1(h)
+ ∆( ϕ 1(h)) . (6)

The second-order spatial derivative can be approximated by the following expression:

∂2u(x i , t j +1 )
∂x2

=
uj +1

i +1 � 2uj +1
i + uj +1

i � 1

ϕ 2
1(h)

+ ∆( ϕ 2
2(h)) . (7)

Using approximations (5), (6) and (7), the semi-linear diffusion equation (1), we obtain

ϕ 2(k) � α (x i ,t j +1 )

Γ(2 � α (x i , t j +1 ))

�
uj +1

i � uj
i +

jX

n =1

(uj � n +1
i � uj � n

i )δ j +1
i (n)]

�
+ aj

i
uj +1

i +1 � 2uj +1
i + uj +1

i � 1

ϕ 2
1(h)

+

(8)

+ cj
i

uj +1
i +1 � uj +1

i � 1

ϕ 1(h)
= f j +1

i , 8i = 1, M � 1 and 8j = 1, N � 1,

where

r j +1
i = aj

i
ϕ 2(k) α (x i ,t j +1 ) Γ(2 � α (x i , t j +1 ))

ϕ 2
1(h)

, wj +1
i = cj

i
ϕ 2(k) α (x i ,t j +1 ) Γ(2 � α (x i , t j +1 ))

ϕ 1(h)

ρ j +1
i = ϕ 2(k) α (x i ,t j +1 ) Γ(2 � α (x i , t j +1 )) .

The initial and boundary conditions are u0(x i ) = si , 8i = 0, M, and uj +1
0 =

qj +1 , uj +1
M = pj +1 , 8j = 0, N � 1. We obtain the following approximate scheme for

equation (1):





(r j +1
i � wj +1

i )uj +1
i � 1 + (1 � 2r j +1

i )uj +1
i + ( r j +1

i + wj +1
i )uj +1

i +1

= uj
i �

P j
n =1 (uj � n +1

i

uj � n
i )δ j +1

i (n) + ρ j +1
i f j +1

i , 8i = 1, M � 1 and 8j = 1, N � 1,
uj +1

0 = qj +1 , uj +1
M = pj +1 , 8j = 0, N � 1,

u0
i = si , 8i = 0, M.

(9)

The coefficients δ j +1
i (n) ( j = 0 , .., N � 1; i = 0 , .., M ) satisfy the following properties:

ˆ P1: δ j +1
i (0) = 1.

ˆ P2: 0 < δ j +1
i (0) < 1.

3 Stability of the Approximate Scheme

In this section, we use the method of Fourier analysis to discuss the stability of the
approximate scheme (9). Consider the following equation:






(r j +1
i � wj +1

i )uj +1
i � 1 + (1 � 2r j +1

i )uj +1
i + ( r j +1

i + wj +1
i )uj +1

i +1 =
uj

i �
P j

n =1 (uj � n +1
i � uj � n

i )δ j +1
i (n) + ρ j +1

i f j +1
i ,

8i = 1, M � 1 and 8j = 1, N � 1.
(10)
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Now, we define the following function:

uj (x) =

(
uj

i , if x i � 1
2

< x < x i + 1
2

, 8i = 1, M � 1,
0 otherwise,

uj (x) has the Fourier series expansion

uj (x) =
+ 1X

p= �1

ξ j (p)e
2 πp

L x , 8j = 0, N,

where

ξ j (p) =
1
L

Z L

0
uj (x)e� 2 πp

L x dx.

Assume that the solution of the equation (9) has the form

ν j
i = ξ j eµθhi , (11)

where θ = 2πp
L , µ 2 = � 1. Now, replacing (11) in equation (10), we have

ξ j +1 (r j +1
i (eµθh + eµθh ) + wj +1

i (eµθh � e� µθh ) + 1 � 2r j +1
i )

= ξ j �
jX

n =1

(ξ j � n +1 � ξ j � n )δ j +1
i (n), (12)

then we get

ξ j +1 (1 � 4r j +1
i sin2(

θh
2

) + 2 µw j +1
i sin(θh )) = ξ j �

jX

n =1

(ξ j � n +1 � ξ j � n )δ j +1
i (n). (13)

One can see that equation (13) can be rewritten as

ξ j +1 =
ξ j �

P j
n =1 (ξ j � n +1 � ξ j � n )δ j +1

i (n)
1 � 4r j +1

i sin2( θh
2 ) + 2 µw j +1

i sin(θh )
, (14)

then we have the following result.

Theorem 3.1 The implicit �nite di�erence scheme (9) is unconditionally stable for
0 < β < 1 if

9C > 0 kuj k2 = jξ j j � Cku0k2 = Cjξ 0j, j = 1, N.

Proof. We use proof by recurrence forj = 1, in view of (14),

jξ 1j =
����

ξ 0

1 � 4r 1
i sin2( θh

2 ) + 2 µw 1
i sin(θh )

����=

jξ 0j
q

16[(r 1
i )2 � (w1

i )2] sin4( θh
2 ) + 8[2( w1

i )2 � r 1
i ] sin2( θh

2 ) + 1
= C0

i jξ 0j � Cjξ 0j

such that C = max 0� i � M C0
i . We assume that the following statement is true:

jξ j j � Cjξ 0j, j = 1 , 2, ..., N, (15)
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and we prove that the following statement is true:

jξ j +1 j � Cjξ 0j, j = 0, N � 1, (16)

we have

jξ j +1 j =
����

ξ 0 �
P j

n =1 (ξ j � n +1 � ξ j � n )δ j +1
i (n)

1 � 4r j +1
i sin2( θh

2 ) + 2 µw j +1
i sin(θh )

����=

jξ 0 �
P j

n =1 (ξ j � n +1 � ξ j � n )δ j +1
i (n)j

q
16[(r j +1

i )2 � (wj +1
i )2] sin4( θh

2 ) + 8[2( wj +1
i )2 � r j +1

i ] sin2( θh
2 ) + 1

= C j
i jξ 0 �

jX

n =1

(ξ j � n +1 � ξ j � n )δ j +1
i (n)j

� C j jξ 0j +
jX

n =1

(jξ j � n +1 j + jξ j � n )jj δ j +1
i (n)j � C j (2N � 1)jξ 0j � Cjξ 0j

such that

C j
i =

1
q

16[(r j +1
i )2 � (wj +1

i )2] sin4( θh
2 ) + 8[2( wj +1

i )2 � r j +1
i ] sin2( θh

2 ) + 1
,

8i = 0, M and 8j = 0, N � 1,

C j = max
0� i � M

C j
i , C = (2 N � 1) max

0� i � M
C j , 8j = 0, N � 1.

So we find jξ j +1 j � Cjξ 0j, j = 0 , 1, .., N � 1. The approximate scheme (9) is uncondition-
ally stable, which concludes the proof of Theorem 3.1.

4 Convergence of the Approximate Scheme

In this section, we use the method of Fourier analysis to discuss the convergence of the
approximation error

ej
i = u(x i , t j ) � uj

i . (17)

Replacing (17) in equation (10), we obtain

(r j +1
i � wj +1

i )ej +1
i � 1 + (1 � 2r j +1

i )ej +1
i + ( r j +1

i + wj +1
i )ej +1

i +1

= ej
i �

jX

n =1

(ej � n
i � ej � n � 1

i )δ j +1
i (n) + ϵ j

i (18)

for all i = 1, M � 1 and j = 1, N � 1. Then the error ej
i takes the following form:

ϵ j
i = ϕ 2(k) α (x i ,t j +1 ) Γ(2 � α (x i , t j +1 ))[∆( ϕ 2((k)) + ∆( ϕ 1(h))] .

Now, we define the grid function ej (x) by

ej (x) =

(
ej

i , if x i � 1
2

< x < x i + 1
2

, 8i = 1, M � 1 and 8j = 1, N � 1,
0, otherwise,
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and

ϵ j (x) =

(
ϵ j

i , if x i � 1
2

< x < x i + 1
2

, 8i = 1, M � 1 and 8j = 1, N � 1,
0, otherwise.

Then en (x) and ϵ n (x) have the Fourier series expansions

ej (x) =
+ 1X

p= �1

γ j (p)e
2 πm

L x , ϵ j (x) =
+ 1X

p= �1

λ j (p)e
2 πp

L x , 8j = 0, N, (19)

and

γ j (p) =
1
L

Z L

0
ej (x)e� 2 πp

L x dx, , λ j (p) =
1
L

Z L

0
ϵ j (x)e� 2 πp

L x dx, (20)

then
Z L

0
jej (x)j2dx =

+ 1X

p= �1

jγ j (p)j2 and
Z L

0
jϵ j (x)j2dx =

+ 1X

p= �1

jγ j (p)j2, 8j = 0, N.

Now, we take the norm in the two previous relations, then we get

kej k2
2 =

M � 1X

i =1

jϕ 1(h)ej
i j2 =

+ 1X

p= �1

jγ j (p)j2, 8j = 0, N, (21)

and

kϵ j k2
2 =

M � 1X

i =1

jhϵ j
i j2 =

+ 1X

m = �1

jλ j (p)j2, 8j = 0, N. (22)

Now, we suppose
ej

i = γ j eµτhi and r j
i = λ j eµτhi . (23)

Replacing (23) in equation (18), we find

γ j +1 (r j +1
i (eµθh + eµθh ) + wj +1

i (eµθh � e� µθh ) + 1 � 2r j +1
i )

= γ j �
jX

n =1

(γ j � n +1 � γ j � n )δ j +1
i (n) + λ j . (24)

Equation (24) can be rewritten as

γ j +1 =
γ j �

P j
n =1 (γ j � n +1 � γ j � n )δ j +1

i (n) + λ j

1 � 4r j +1
i sin2( θh

2 ) + 2 µw j +1
i sin(θh )

. (25)

Theorem 4.1 The implicit �nite di�erence scheme (9) is convergent for 0 < α < 1
if

kej k2 = jγ j j � C � (ϕ 1(h) + ϕ 2(k)) , 8j = 1, N,

such that
ϕ 1(h) + ϕ 2(k) �! 0 when (h, k)! (0, 0).
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Proof. We use the proof by recurrence forj = 1, we have

jγ 1j =
����

γ 0 + λ 0

1 � 4r j +1
i sin2( θh

2 ) + 2 µw j +1
i sin(θh )

����

=
jγ 0 + λ 0j

j1 � 4r j +1
i sin2( θh

2 ) + 2 µw j +1
i sin(θh )j

=
jγ 0 + λ 0j

q
16[(r 1

i )2 � (w1
i )2] sin4( θh

2 ) + 8[2( w1
i )2 � r 1

i ] sin2( θh
2 ) + 1

�
jγ 0j + jλ 0j

q
16[(r 1

i )2 � (w1
i )2] sin4( θh

2 ) + 8[2( w1
i )2 � r 1

i ] sin2( θh
2 ) + 1

=
jλ 0j

q
16[(r 1

i )2 � (w1
i )2] sin4( θh

2 ) + 8[2( w1
i )2 � r 1

i ] sin2( θh
2 ) + 1

,

we have γ 0 = e0
i = u(x i , 0) � u0

i = 0 . By the convergence of the series on the right-hand
side of (22), there is a positive constantC1 such that

9C1 > 0 : jϵ 0
i j � C1(ϕ 1(h) + ϕ 2(k)) , 8i = 0, M,

then we have

9C1 > 0 : kϵ 0k2 = jλ 0j � C1
p

L (ϕ 1(h) + ϕ 2(k)) .

Subsequently, we obtain

jγ 1j �
C1

p
L

q
16[(r 1

i )2 � (w1
i )2] sin4( θh

2 ) + 8[2( w1
i )2 � r 1

i ] sin2( θh
2 ) + 1

(ϕ 1(h) + ϕ 2(k))

� C � (ϕ 1(h) + ϕ 2(k)) .

Let us write

C � = max
0� i � M

C1
p

L
q

16[(r 1
i )2 � (w1

i )2] sin4( θh
2 ) + 8[2( w1

i )2 � r 1
i ] sin2( θh

2 ) + 1
.

We assume that the following statement is true:

jγ j j � C � (ϕ 1(h) + ϕ 2(k)) , 8j = 1, N, (26)

and we prove that the following statement is true:

jγ j +1 j � C � (ϕ 1(h) + ϕ 2(k)) , 8j = 1, N, (27)
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then we have

jγ j +1 j =
����

γ j �
P j

n =1 (γ j � n +1 � γ j � n )δ j +1
i (n) + λ j

1 � 4r j +1
i sin2( θh

2 ) + 2 µw j +1
i sin(θh )

����

=
jγ j �

P j
n =1 (γ j � n +1 � γ j � n )δ j +1

i (n) + λ j j

j1 � 4r j +1
i sin2( θh

2 ) + 2 µw j +1
i sin(θh )j

=
jγ j �

P j
n =1 (γ j � n +1 � γ j � n )δ j +1

i (n) + λ j j
q

16[(r j +1
i )2 � (wj +1

i )2] sin4( θh
2 ) + 8[2( wj +1

i )2 � r j +1
i ] sin2( θh

2 ) + 1

�
jγ j j +

P j
n =1 (jγ j � n +1 j + jγ j � n j)jδ j +1

i (n)j + jλ j j
q

16[(r j +1
i )2 � (wj +1

i )2] sin4( θh
2 ) + 8[2( wj +1

i )2 � r j +1
i ] sin2( θh

2 ) + 1

�
C � (2N � 1)(ϕ 1(h) + ϕ 2(k)) + jλ j j

q
16[(r j +1

i )2 � (wj +1
i )2] sin4( θh

2 ) + 8[2( wj +1
i )2 � r j +1

i ] sin2( θh
2 ) + 1

.

By the convergence of the series on the right-hand side of (22), there is a positive constant
C1 such that

9C1 > 0 : kϵ j
i j � C1(ϕ 2(k) + ϕ 1(h)) , 8i = 0, M and 8j = 0, N,

we obtain

9C1 > 0 : kϵ j k2 = jλ j j � C1
p

L (ϕ 2(k) + ϕ 1(h)) , 8j = 0, N.

So

jγ j +1 j � C j
i

�
(2N � 1)C � + C1

p
L

�
(ϕ 2(k) + ϕ 1(h))

� C
�

C � +
C1

p
L

2N � 1

�
(ϕ 2(k) + ϕ 1(h))

= C � (ϕ 2(k) + ϕ 1(h)) ,

then we have

C j
i =

1
q

16[(r j +1
i )2 � (wj +1

i )2] sin4( θh
2 ) + 8[2( wj +1

i )2 � r j +1
i ] sin2( θh

2 ) + 1

8i = 0, M and 8j = 0, N � 1,

where
C j = max

0< i<M
C j

i , and C = (2 N � 1) max
0< i<M

C j , 8j = 0, N � 1,

such that the constant L is given by

L =
�

C � (1 � C)(2N � 1)
C1C

� 2

.

So we find
jγ j j � C � (ϕ 1(h) + ϕ 2(k)) , 8j = 1, N. (28)

Therefore the implicit finite difference scheme (9) is convergent, which concludes the
proof of Theorem 4.1.
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5 Solvability of the Approximate Scheme

We have the second result on the solvability of the approximate scheme which is given
by Theorem 4.1.

Theorem 5.1 The approximate scheme(9) is uniquely solvable.

It can be seen that the corresponding homogeneous linear algebraic equations for the
approximate scheme

ϕ 2(k) � α (x i ,t j +1 )

Γ(2 � α (x i , t j +1 ))

�
uj +1

i � uj
i +

jX

n =1

(uj � n +1
i � uj � n

i )δ j +1
i (n)]

�
+ aj

i
uj +1

i +1 � 2uj +1
i + uj +1

i � 1

ϕ 3(h)

+ cj
i

uj +1
i +1 � uj +1

i � 1

ϕ 1(h)
= f j +1

i ,

8i = 1, M � 1 and 8j = 1, N � 1,

where

r j +1
i = aj

i
ϕ 2(k) α (x i ,t j +1 ) Γ(2 � α (x i , t j +1 ))

ϕ 2
1(h)

, wj +1
i = cj

i
ϕ 2(k) α (x i ,t j +1 ) Γ(2 � α (x i , t j +1 ))

ϕ 1(h)

ρ j +1
i = ϕ 2(k) α (x i ,t j +1 ) Γ(2 � α (x i , t j +1 )) ,

are 




(r j +1
i � wj +1

i )uj +1
i � 1 + (1 � 2r j +1

i )uj +1
i + ( r j +1

i + wj +1
i )uj +1

i +1

= uj
i �

P j
n =1 (uj � n +1

i +1

uj � n
i )δ j +1

i (n) + ρ j +1
i f j +1

i , 8i = 1, M � 1 and 8j = 1, N � 1,
uj +1

0 = qj +1 , uj +1
M = pj +1 , 8j = 0, N � 1,

u0
i = si , 8i = 0, M.

(29)

Proof. Similar to the proof of Theorem 3.1, we can also verify the solutions of
the equations (25) satisfy kuj k2 � Cku0k, 8j = 1, N, we have u0 = 0, so we get
uj = 0 , 8j = 1, N. This indicates that the equations (29) have only zero solutions, the
approximate scheme (9) is uniquely solvable, which concludes the proof of Theorem 5.1.

6 Examples and Numerical Experiments

Here, we present different numerical experiments to support the theoretical and numerical
analyses of the previous sections. The following variable-order time-fractional diffusion
equation is considered:






∂α u
∂tα + ∂2 u

∂x2 (x, t ) + ∂u
∂x = f (x, t ) 0 < x < L, t > 0, 0 < α < 1,

u(0, t) = 0 , u(1, t) = 0 ,
u(x, 0) = 10x2(1 � x),

(30)

where N=M= Nx =50, 100, 150, 200, and we have tested our numerical approximations
by two values of α (x, t ). First, we have α (x, t ) = sin( x.t ) 2

4 . But, in the second part,
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α (x, t ) =
p

(cos(x.t ) 2 +
p

x.t
4 and the function f (x, t ) are used to test our approaches, where

the function f (x, t ) is given by

f (x, t ) = 20 x2(1 � x)
�

t2� α (x,t )

Γ(3 � α (x, t ))
+

t1� α (x,t )

Γ(2 � α (x, t ))

�
+10( � 3x2 � 4x + 2)(1 + t)2.

The exact solution is given by

u(x, t ) = 10 x2(1 � x)( t + 1) 2.

By the implicit finite-difference scheme discretization method, the derivatives can be
approximated as follows.

First, we choose the dominator functions in the following form:

ϕ 1(h) = h and ϕ 2(k) = 2( ek � 1).

Let now [0, 1] be the interval of inerest we discretise the domain first. We define

x i = iϕ 1(h) where i = 0, Nx and t j = jϕ 2(k) where j = 0, Nx ,

where ϕ 2(k) represents the time step size andϕ 1(h) represents the space step length. Let
us assume that

f (x i , t j +1 ) = f j +1
i = 20x2

i (1 � x i )
� t2� α (x i ,t j +1 )

j +1

Γ(3 � α (x i , t j +1 ))
+

t1� α (x i ,t j +1 )
j +1

Γ(2 � α (x i , t j +1 ))

�
+ (31)

+10( � 3x2
i � 4x i + 2)(1 + t j +1 )2,

qj +1 = 0 , (32)
pj +1 = 0 , (33)

where uj
i is the numerical approximation of u(x i , t j ) and f j

i is the numerical approxima-
tion of f (x i , t j ).
We obtain the following approximate scheme for equation (30):






(r j +1
i � wj +1

i )uj +1
i � 1 + (1 � 2r j +1

i )uj +1
i + ( r j +1

i + wj +1
i )uj +1

i +1

= uj
i �

P j
n =1 (uj � n +1

i +1

uj � n � 1
i )δ j +1

i (n) + ρ j +1
i f j +1

i , 8i = 1, Nx � 1 and 8j = 1, Nx � 1,
uj +1

0 = qj +1 , uj +1
N x

= pj +1 , 8j = 0, Nx � 1,
u0

i = si , 8i = 0, Nx ,

(34)

where

r j +1
i = aj

i
ϕ 2(k) α (x i ,t j +1 ) Γ(2 � α (x i , t j +1 ))

ϕ 2
1(h)

, wj +1
i = cj

i
ϕ 2(k) α (x i ,t j +1 ) Γ(2 � α (x i , t j +1 ))

ϕ 1(h)

ρ j +1
i = ϕ 2(k) α (x i ,t j +1 ) Γ(2 � α (x i , t j +1 )) , (35)

and
δ j +1

i (n) = ( n + 1) 1� α (x i ,t j +1 ) � n1� α (x i ,t j +1 ) , 8j = 0, Nx � 1.
In this example, we have tested the numerical solution when N=M=Nx =50, 100, 150,

200 and α (x, t ) = sin( x.t ) 2

4 . But, in the second part of our test, α (x, t ) =
p

(cos(x.t ) 2 +
p

x.t
4

when N=M= Nx =50, 100, 150, 200. Finally, various numerical tests are presented in
both one dimension and for general meshes to illustrate the capacity of the schemes and
compare theoretical and experimental results.
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