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Abstract: The aim of this study is to present new oscillation theorems for certain
classes of second-order nonlinear functional differential equations of the type

2" (t) + p(t) f(x(t), z(7(t))) = 0, (%)
2" (t) + p1(t) fr(t, x(t), «'(t))x' () + q(t) g1 (z(7(t)) = 0, t € [to, 00), to > 0.

In the study of Eq. (%), no sign condition on p(t) is explicitly assumed. Also, we study
the behavior of the nonoscillatory solution of Eq. (x).

Keywords: nonlinear; functional differential equations; oscillatory solution;
nonoscillatory solution.

Mathematics Subject Classification (2000): 34K11, 34K12, 34C10.

1 Introduction

Over the last three decades, many studies have dealt with the oscillation theory for
functional differential equations. For an excellent bibliography and later developments
of this theory, we refer to the books by Agarwal, Bohner and Wan-Tong Li [1], Erbe,
Kong and Zhang [3], Gopalsamy [4], Gyori and Ladas [6], Ladde, Lakshmikantham and
Zhang [10]. In this note, we consider the second-order nonlinear functional differential
equations of the form

2"(t) + p(t) f (x(t), x(7(t))) =0, (1.1)
2"(t) + pr(t) fu(t, (1), 2" ()" (t) + q(t)g1(x(7(t)) =0, t € [to, o0), (1.2)
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where p € C([tg, ), R),p1, ¢ € C([to, 00), RY), f € C(R% R), fi € C([to, o0) x
RZ RT), g1 € C(R,R), ygi(y) > 0, VO # y € R,7 € C([to, 00), RT), 7(t) > 0
for all large ¢t and 7(t) — oo as t — oo. In case p(t) is positive, the oscillation crite-
ria for Eq. (1.1) and its special case

2(6) + () Fi (2(7(1))) = 0, ¢ € [to, o)

is extensively studied by many investigators in this area (see, [7,8,13-15] and the refer-
ences cited therein). All of them restrict the sign condition on p(t); i.e.,,p(t) > 0, Vt €
[to, 00). For the oscillation of Eq. (1.1), our study is free from such restriction. Also, as
far as the author knows there is no oscillation result in literature for Eq. (1.2). The ideas
of [2] are used to extend the oscillation results for Eq. (1.2). Let ¢ : [7(to), to] = R is a
continuous function. By a solution of Eq. (1.1) (resp. Eq. (1.2)), we mean a continuously
differentiable function x : [7(tg), oo] — R such that xz(t) = ¢ (t) for 7(tp) < to and x
satisfies Eq. (1.1) (resp. Eq.(1.2)) V¢ > to. We restrict our discussion to the nontrivial
solutions of Eq. (1.1) (resp. Eq. (1.2)). A nontrivial solution of Eq. (1.1) (resp. Eq. (1.2))
is said to be oscillatory if it has arbitrarily large zeros, i.e., for any Ty > to, 3t > T
such that x(t) = 0, otherwise the solution is said to be nonoscillatory.

The paper is organized as follows. Section 2 deals with the oscillation theorems for
Egs. (1.1) and (1.2). The behavior of nonoscillatory solution of Eq. (1.1) is discussed in
Section 3. In Section 4, we construct some examples for the illustration of these results.

2 Oscillation Theorems

We begin this section with the list of hypotheses:
(H1) p(t) > 0 for ¢ sufficiently large.

(HZ) f(yl, yz) > 0if y; > 0; f(yl, yz) <0ify; <0,Vi=1, 2.
(H3) f(y1, y2)is a continuously differentiable function w. r. t. y; and y and
suppose there exists a > 0 such that a%if(yl’ y2) >« fory; £0,Vi=1, 2.

(H4) There exist a C' function u defined on [tg, 00), a C* function F on R and

. . J(w))?
a continuous function J on R such that F'(u) = vaJ(u), F(u) > ( (4)) .

(H5) li)sniioa}f %t{t[(u’(s))Q —p(s)F(u(s))]ds < 0.

(H6) Let U ={(t, s) € [tg, o) X [tg, c0)such that ¢ > s > 0}.
There exists a function G € C(U, R) such that G(¢, s) > 0,
ZG(t,s)<0 on Uand G(t,t) =0, Vt > t.

(H7) Let there exist h € C*(([to,o0), (0, 00)) such that h'(t) < 0,Vt € [tg,00) and
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(i) ?oq(s)h(s)ds = 0.

t
(ii) liirisup mtj‘G(t, 5)q(s)h(s)ds = oo, Vt* > to.
o0 o

(H8) Let there exist h € C([to, 00), (0, 00)) such that — oo < tf %dt < o0
0

o0 o f;:(u))
and [ gq(t)h(t)exp &
to

(H9) g1 € CY(B, R) such that ygi1(y) >0, VO#y € R and 3 8> 0 such that

S
dt = oo for some t* > tg.

gi(y) >8>0, VO#y € B, where B= (—oc0, —N)U (N, o), N > 0.

(H10) [ < q(s)ds) du = oo.
to u
Remark 2.1 Hypotheses (H4), (H5) are the extension of the conditions introduced
by V. Komkov [9] and (H9), (H10) are given by Baculikovd [2].

Lemma 2.1 Let 2 be a nonoscillatory solution of (1.1) on [T, 0o) and let (H1)—(H3)
hold. Then for all large t, we have x(t)z'(t) > 0.

Proof Without any loss of generality, this solution can be supposed to be such that
x(t) > 0 for t > Ty > T. Further, we observe that the substitution w = —z transforms
(1.1) into the Eq. B

u”(t) + p(t) f (u(t), u(r(t))) =0, (2.1)
where f(uy, uz) = —f(—u1, —uz). The function f is subject to the same conditions as f.
So, there is no loss of generality to restrict our discussion to the case when the solution x
is positive on [T}, 00). If this lemma is not true, then either 2/(¢) < 0 for all large ¢ or /()
oscillates. By (H1), we choose T; sufficiently large so that p(t) > 0, 2/(t) <0, V¢ > T;.
This implies that
t
/ p(s)ds >0, and o' (7(t)) <0, Vit > Ty.
T
Hence, we have

| p6)e), alr)ds = e, a(r)) ] pleds— [ (G rats) ar(s))a ()

T

8 / / ?
e a(s), (D) ()7 (9) ( [ ployio ) ds = 0,0 =

T

Now integrating (1.1), we get
Z'(t) <2'(Th) <0, YVt > Ty,

which contradicts the fact that z(t) is nonoscillatory.

If 2/ (t) is oscillatory. Then 3{t,} C [to, o) such that ¢, — oo as n — oo and
#'(t,) = 0,V¥n € N. Let £ > T} be the zero of /. This implies that z’(f) = 0, 2 (f) < 0,
from which one can prove that 2’ can not have another zero after it vanishes for large ¢,
which is a contradiction. This completes the proof of the lemma.
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Remark 2.2 For a lemma, similar to Lemma 2.1 under a similar hypothesis, we refer
the reader to [11].

Theorem 2.1 Under the hypotheses (H1)—(H5), Eq. (1.1) is oscillatory.

Proof Suppose on the contrary, (1.1) has a nonoscillatory solution x(t). Then there
exists some t1 > to such that either z(¢t) > 0 or x(t) < 0, Vit > t;.

Case 1. z(t) > 0,Vt > t;. By Lemma 2.1, we have z(t)z’'(¢t) > 0, for all large ¢.
So, we choose a T sufficiently large such that x(¢t)z’(t) > 0, V¢ > T. This implies that
2/ (7(t)) > 0, Vt > T. Now we note that the following identity is valid on [T, c0) :

Fu(t))

(u'())* — p(t)F(u(t)) + m
z(t),

SOF() D) | al@ OO o
< awa@»)‘< 7). 2(r () >+«<ﬂmwim2+““”

2 (O F(ult)) e 2OV () T
><<aw vw»)+{(“ ]'

Since z being a solution of (1.1), so, we get

<wwf—pwpw@>2(

An integration over [T, 0o) yields

So,

which contradicts to (H5).

Case 2. z(t) < 0,Vt > t;. For large t, we have, z(t) < 0, z(7(¢)) < 0, Vt > T,
where T is sufficiently large. By Lemma 2.1, we have 2/(t) < 0, V¢t > T. Now the rest
of the proof of case 2 is similar to the proof of case 1 and we omit the proof for brevity.
This completes the proof of the theorem.

The next lemma is used in the proof of the next theorems.
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Lemma 2.2 Let pi(t) > 0 and q(t) be continuous non-negative and not identically
zero on any ray of the form [t*, 00), t* >ty and assume that

() fi(t, =, y) <|y |, —oco <,y <oo,t>ty and some constant A > 0.

an<1+A}agw)“¢L@mwxﬁx>m

/too o </t ‘pl(‘”d")) ds = 00, if A =0.

If 2(t) is a non-oscillatory solution of Eq. (1.2), then x(t)x'(t) > 0 for all large t.
For the proof of this lemma, we refer the reader to [5].

Theorem 2.2 Let p1(t) > 0 and q(t) be continuous non-negative and not identically
zero on any ray of the form [t*, 00), t* > to. Let 7(t) < t, for large t. Let the conditions
(i), (il) hold. Then under the hypotheses (H8)—(H10), Eq. (1.2) is oscillatory.

Proof Suppose on the contrary, (1.2) has a nonoscillatory solution x(t). Then there
exists some t1 > to such that either z(t) > 0 or z(t) <0, Vit > ;.

Case 1. z(t) > 0, VYt > t;. By Lemma 2.2, we have z(t)z’(t) > 0, V¢ > T, where
T > tg is sufficiently large. We define

2()h(t)
v = atoy 2T (22)

where h is appearing in (H8). Differentiating w(¢) and by Eq. (1.2), we get

L OO DA, 20, (1) 20K (1)
vt = 91 (D)) AR + )

(g ()2 () (R(t)

(@ ((r(1)))?
) (g @ O) () (D) W (@)
< —aOh(?) 912 (D) TR
Since ' is a decreasing function for ¢ > T and 7(¢) < t. So,

W0 < oy — 0 &%m»<>+ ﬂﬁ”- 0

Now we claim that x(t) — oo as ¢ — oo. Suppose not, then 0 < z(t) < M < oo, as
t — o0o. We may also assume that 0 < z(7(t)) < M < oo, as t — oo. Since /() is
positive and decreasing, so lim;_,o 2/(t) exists and is finite. An integration of Eq. (1.2)
from ¢ to oo, yields

/too 2 (s)ds = — /too p(s)fi(s, z(s), 2'(s))x' (s)ds — /too q(8)g1(x(7(s)))ds, t > T.

This implies that 2’(c0) — (s)))ds or

|
&%8
=8

w%)zlmﬂﬁm@@@ﬂﬂasz- (2.4)
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Let
d= mi
Lo g1(u)
for some L > 0. Then 0 < § < g1(x(7(s))). From inequality (2.4), we get
z'(t) > 5/ q(s)ds.
t

An integration over (¢, t) of the above inequality yields

(t) > 2(0) + 5/; (/:o q(s)ds) du.

Letting ¢ — oo in above inequality, we get a contradiction from (H10). So, our claim is
true and hence z(7(t)) € B for all large t. Now from (2.3) and (H9), we get

/ B _ (w®)?Br'(t) | W(Hw(t) _ W (t)w(t)
() < —a(on(e) - “OP T o LD < gne) + 20 (2.5)
From inequality (2.5), we get
_ 7 W) g F R g [ g _ @ g,
w(t) < w(Ty)exp T[ " expi " —expi " /q(s)h(s) exp i " g, (2.6)

T

wheret > Ty > T. Letting t — oo, from (H8), we get w(t) — —oo, which is a contradiction
as w(t) > 0.

Case 2. z(t) < 0, Vt > t1. The proof of case 2 is similar to the proof of case 1 and
we omit the proof for brevity. This completes the proof of the theorem.

Theorem 2.3 Let (H8) be replaced by (H7(i)) in Theorem 2.2. Then Eq. (1.2) is
oscillatory.

Proof Suppose on the contrary, (1.2) has a nonoscillatory solution z(t). As in the
foregoing text, there exists some t; > 0 such that either z(t) > 0 or z(t) < 0, Vit > ;.
Case 1. z(t) >0, V¢ > t;. By Lemma 2.2, we have z(t)z'(¢t) > 0, Vt > T, where T > 0
is sufficiently large. We define

'(t)h(t)
w(t) = —————2, Vt > T, (2.7)
g1(z(7(1)))

where h is appearing in (H7). As in the proof of Theorem 2.2, we have Inequality (2.5)

h (t)w(t)

/
< _ A
W) < ~alo)ht) +
In view of (H7), we get

W (1) < —a(®)h(t). (2.8)

An integration over (T, 0co) yields

Letting ¢ — oo in above inequality, we get a contradiction from (H7(i)).
Case 2. z(t) <0, Vt > t;. The proof of case 2 is similar to the proof of case 1 and we
omit the proof. This completes the proof of the theorem.
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Theorem 2.4 Let (H6) hold and suppose (H8) be replaced by (H7(ii)) in Theorem
2.2. Then Eq. (1.2) is oscillatory.

Proof Suppose on the contrary, (1.2) has a nonoscillatory solution x(t).
Case 1. z(t) >0, V¢ > t;. By Lemma 2.2, we have z(t)z'(t) > 0, Vt > T, where T' > 0
is sufficiently large. We define

2 h()
wlt) = S 0)

where h is appearing in (H7). From (2.8), we have

Vit > T,

/ Glt, s)a(s)h(s)ds < —Gi(t, wlt) + G(t, TYw(T) + / 9GWt 9) )ds

T T 0s
< G(t, T)w(T),

which implies that

1 t
— G(t h(s)ds < w(T).
o |, G uohe)s < w(r)
Letting ¢t — oo, we get a contradiction from (H7(ii)).

Case 2. z(t) < 0, Vt > 1. The proof of case 2 is similar to the proof of case 1 and
hence is omitted.

Remark 2.3 Theorems 2.2,2.3 and 2.4 can be applied to sublinear and superlinear
equations as the boundedness of g/ (y) is not required near zero.

3 Behavior of Nonoscillatory Solutions

In this section, we study the behavior of nonoscillatory solutions of Eq. (x). In fact, we
study the behavior of nonoscillatory solutions of

2(t) + P(t) f(x(t), x(7(t))g(2' (1)) = 0, € [to, o0), (3.1)

where P € C([ty, ), RY), f € C(R?, R), g € C(R, R). Let there exist k& > 0,1 >
0 such that f(g;’y) >k >0V0#2xeceRyeRand gly) >1 >0,y € R. Let

7 € C([to, 00), R). Let there exists p > 0. Consider the second-order linear differential
equation

2" (t) + AP(t)z(t) = 0, A > 0. (3.2)

We establish that all nonoscillatory solutions z(t) of Eq. (3.1) are such that y(t) = O(x(t))
as t — oo, where y is any oscillatory solution of Eq. (3.2), VA € (0, u]. The technique
of Philos et al. [12] is employed to establish the following result. This result gives a new
direction in the study of nonoscillatory behavior of functional differential equations.

Theorem 3.1 Let x be any nonoscillatory solution of Eq. (3.1) and y be an oscilla-
tory solution of Fq.(3.2). Then y(t) = O(x(t)) as t — oo.

Proof Since z is any nonoscillatory solution of Eq. (3.1), so there exists some Ty > ¢
such that x(t) # 0, Vt > Tp. There are two cases.
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Case 1. z(t) > 0, Vt > T,. We define

oy
’U(t) = I—t), Vi > TQ
‘We obtain n (028
rn Y —v(t)z
’U(t)— x(t) , Vt>T,
and

From Egs. (3.1), (3.2) and (3.3), we get

i) — (2O | AP | vOPOSG. s o 1)

a(t) x(t) a(t)
Now we will show that v is bounded on the interval [Ty, o). Assume on the contrary
that v is unbounded on [Ty, co). As —y is also an oscillatory solution of Eq. (3.2) and
—v = =¥ on [Ty, co). We may suppose that v is unbounded from above. Clearly, v is
oscillatory. Thus, we can choose a sufficiently large T' > T so that

V'(T)=0,v(T) >|v(t)| for To <t<T (3.5)
and v"(T) <0, (see, [Thm. 2,12]). In view of Eq. (3.5), from Eq. (3.4), we get
o(T)P(T)[f (x(t), z(7(t)))g(«(T)) = Az(T)] < 0.

That is,
fa(t), x(r()g("(T)) = Ax(T) < 0. (3.6)

From the hypotheses, we get

D >k >0, and g(z'(T)) > 1> 0. (3.7)
That is,
f@(T), 2(1(1)))g("(T)) — klx(T) _
x(T) '
We choose p = kI, since A € (0, ], we obtain
FT), o (T))g(e! (1) = alT) _ .

x(T)
Egs. (3.6) and (3.8) implies that x(T") < 0, which is a contradiction.

Case 2. z(t) < 0, Vt > Ty. The proof of case 2 is similar to the proof of case 1 and
we omit the proof for brevity. This completes the proof of the theorem.

Remark 3.1 As a hypothesis, " Eq. (3.2) is oscillatory ¥V A > 0” is used by Lynn Erbe
[11].
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4 Examples

Finally, we give some examples to illustrate our results.

Example 4.1 Consider the differential equation

" (t)+ (1 - %T) 2(t) + (x(t)*" ' + (%) + (:v (%))%H] =0, mneN,t>0.

(4.1)
Eq. (4.1) can be viewed as Eq. (1.1) with p(t) =1— Si;;t, fly, yo) =1 + 3™+ oy +
y3" T, 7(t) = L. With the choice of o = 1, F(u) = u?, u(t) = t, it is easy to see that
the hypotheses of Theorem 2.1 are satisfied. An application of Theorem 2.1 implies that
(4.1) is oscillatory.

Remark 4.1 Here p(t) # 0, Vt € [tg, 00), so none of the known criteria [8,13,14]
can obtain this result to Eq. (4.1).

Example 4.2 Consider the differential equation

2" (t) + (et + t% + %) <:v(t) +z (%) +x (%)5> =0, t>0. (4.2)

Eq. (4.2) can be viewed as Eq. (1.1) with p(t) = e ™"+ % + &, f(y1, ¥2) = y1 +y2 +
y3, 7(t) = £. With the choice of o = 1, F(u) = u?, u(t) = ¢, it is easy to see that
the hypotheses of Theorem 2.1 are satisfied. An application of Theorem 2.1 implies that
Eq. (4.2) is oscillatory, whereas none of the known criteria [8, 13, 14] can obtain this result
to Eq. (4.2).

Example 4.3 Consider the differential equation

" 1o @)
x (t)+t+—1x 6+ <|$(%ﬁ> =0, t>0. (4.3)

Eq. (4.3) can be viewed as Eq. (1.2) with p;(t) = H-le filt,z,y) =1, q(t) = &, q1(y) =
‘J"%, 7(t) = £. With the choice of h(t) = 1, it is easy to see that the hypotheses of
Theorem 2.2 are satisfied. So, by Theorem 2.2, Eq. (4.3) is oscillatory.

Example 4.4 Consider the differential equation

3
t
() + (2 (1) + € (:1: <§)> = 0. (4.4)
Eq. (4.4) can be viewed as Eq. (1.2) with pi1(t) =1, fi(t, z,y) =y, q(t) = €', g1(y) =
y?, 7(t) = £. Since fi(t, z, y) = y, so in view of Lemma 2.2(i), A = 1. With the choice
of h(t) = e™¢, it is easy to see that the hypotheses of Theorem 2.3 are satisfied and by
Theorem 2.3, Eq. (4.4) is oscillatory in view of Lemma 2.2(i).

Acknowledgments

The author would like to thank the National Board for Higher Mathematics (NBHM),
DAE, Govt. of India for providing him a financial support under the grant no. 40/1/2008—
R&D-11/3230.



326 J. TYAGI
References
[1] Agarwal, R.P., Bohner, M. and Wan—Tong Li. Nonoscillation and oscillation: theory for

2]
3]
[4]

[5]

6]
7]
8]
9]
[10]
11]
12]
13]
14]

[15]

functional differential equations. Marcel Dekker, New York, 2004.

Blanka Baculikovd. Oscillation criteria for second-order nonlinear differential equations,
Arch. Math. (Brno) 42 (2006) 141-149.

Erbe, L.H., Kong, Q. and Zhang, B.G. Oscillation theory for functional differential equa-
tions. Dekker, New York, 1995.

Gopalsamy, K. Stability and oscillations in delay differential equations of population dy-
namics. Kluwer Academic, Dordrecht, 1992.

Grace, S.R., Lalli, B.S. and Yeh, C.C. Oscillation theorems for nonlinear second order
differential equations with a nonlinear damping term. SIAM J. Math. Anal. 15 (1984)
1082-1093.

Gyori, 1. and Ladas, G. Oscillation theory of delay differential equations with applications.
Clarendon, Oxford, 1991.

Hamedani, G.G. Oscillation theorems for second order functional differential equations J.
Math. Anal. Appl. 135 (1988) 237-243.

Bardley, J.S. Oscillation theorems for a second-order delay equation J. Diff. Egs. 8 (1970)
397-403.

Komkov, V. A generalization of Leighton’s variational theorem Applicable analysis 1 (1972)
377-383.

Ladde, G.S., Lakshmikantham, V. and Zhang, B.G. Oscillation theory of differential equa-
tions with deviating arguments. Dekker, New York, 1987.

Lynn Erbe. Oscillation theorems for second-order nonlinear differential equations Pro.
Amer. Math. Soc. 24 (1970) 811-814.

Philos, Ch.G., Purnaras, [.K. and Sficas, Y.G. On the behavior of the oscillatory solutions of
first or second order delay differential equations J. Math. Anal. Appl. 291 (2004) 764-774.

Travis, C.C. Oscilllation theorems for second-order differential equations with functional
arguments Pro. Amer. Math. Soc. 31 (1972) 199-202.

Yeh, C.C. An oscilllation criterion for second-order nonlinear differential equations with
functional arguments J. Math. Anal. Appl. 76 (1980) 72-76.

Rogovchenko, Yu.V. Oscillation criteria for certain nonlinear differential equations J. Math.
Anal. Appl. 229 (1999) 399-416.



