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Abstract: In this study, we are concerned with proving the existence of multiple
positive solutions of a general second order nonlinear m-point boundary value problem
(m-PBVP)

u®Y (t) 4+ a(t)u® () + b(t)u(t) + Ah(t) f(t,u) =0, t € [0, 1],

u(p(0)) =0, ulo(1)) = 3 aculm),

on time scales. The proofs are based on the fixed point theorems in a Banach space.
We present an example to illustrate how our results work.
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rems, time scales.
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1 Introduction

The theory of dynamic equations on time scales unifies the well-known analogies in
the concept of difference equations and differential equations. Some basic definitions
and theorems on time scales can be found in the books [3, 4]. In the past few years
starting with I'in and Mossiev [8] and Gupta [6], the existence of positive solutions for
nonlinear high-order and second order boundary value problems have been studied by
many authors by using the coincidence degree theory and fixed point theorems in cones
(see [1, 2, 7,9, 11, 12, 15] and references therein).
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The m-point boundary value problems for dynamic equations on time scales arise in
a variety of different areas of applied mathematics, physics and engineering. Recently
Yaslan [14], Sun and Lee [13] obtained some existence results for three point and multi-
point boundary value problems on time scales.

In 2003, Ma and Wang [12] studied the nonlinear boundary value problem

u” (t) + a(t)u'(t) + b(t)u(t) + h(t) f(u) =0, t € (0,1), u(0)=0, au(n)=u(l)

and obtained some existence results if f satisfies either superlinear and sublinear condi-
tions by applying fixed point theorems in cones. We generalized the results of Ma and
Wang in three aspects: (a) we generalized the three point BVP to m-point BVP with a
dynamic equation; (b) we study the eigenvalue problem; (c) we obtain the existence of
at least three positive solutions.

In this paper we deal with the determining the value of A for which the following
m-point BVP has a positive solution:

ulV (1) 4+ a(t)u® (t) + b(t)u(t) + () f(t,u) = 0, t €[0,1], (1)
m—2

u(p(0)) =0, wu(a(1)) =Y awu(m), (2)
i=1

where 0 <n; <1, Vi=1,2,...,m—2, h, f,a and b satisfy:

(H1) f € C([p(0),0(1)] x [0, 00),[0,00));

(H2) h €C(]0,1],]0,00)) and there exists to € [0, 1] such that h(tg) > 0;
(H3) a € (]

= )

; 1]7 [07 OO))? be C([07 1]7 (—OO, O])

This paper is organized as follows. In Section 2, starting with some preliminary
lemmas we state the Krasnosel’skii and Legget-Williams fixed point theorems. In Section
3, we give the main results which state the sufficient conditions for the m-point BVP
(1)-(2) to have at least one or at least three solutions.

2 Preliminaries and Fixed Point Theorems

In this section we state the preliminary information that we need the prove the main
results.

Lemma 2.1 Assume that (H3) holds. Let ¢1 and ¢a be the solutions of

TV (1) +a(t)ef () + b(t)or(t) =0, 3)
¢1(p(0)) =0, ¢1(0(1)) =1, (4)
2 (1) +a(t)gy (8) +b(t)ga(t) = 0, ()
$2(p(0)) =1, ¢2(a(1)) =0 (6)

respectively. Then
(1) @1 is strictly increasing on [p(0),1],  (ii) @2 is strictly decreasing on [p(0),1].

Lemma 2.2 Assume that (H3) holds. Then (3)-(4) and (5)-(6) have unique solutions
respectively.
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The proofs of the Lemma 2.1 and Lemma 2.2 can be obtained easily by generalizing
the proofs of Lemma 2.1 and Lemma 2.2 in [12] to time scales.

For the rest of the paper we need the following assumption
m—2
(H4) 0< > aign(m) < 1.
i=1

In the following lemma we express the Green’s function and the form of the solution of
the linear m-point BVP corresponding to (1)-(2).

Lemma 2.3 Assume that (H3) and (H4) hold. Let y € C[p(0),0(1)]. Then the
problem

u?V (1) + a(t)u?(t) + b(t)u(t) + y(t) = 0, t € [0,1], (7)
m—2
u(p(0)) =0, u(o(1)) = Z aiu(n;) (8)

is equivalent to the integral equation

o(1)

ut) = [ Gl p(s)u(s)Vs + A (), ©)

p(0)

where ,
m— o(1)
A= m721 Z a; </ G(n;, s)p(s)y(s)Vs) , (10)
1- 21 a;pr(n;) =1 P
p(t) = ea(p(t)vp(o))7 (11)
_ 1 ¢1 (t)¢2(3)7 s>t

G5 = S8 o) { O1(5)a(t), > . (12)

Proof First we show that the unique solution of (7)-(8) can be represented by (9).
From Lemma 2.1, we know that the homogenous part of (7) has two linearly independent
solutions ¢1(t) and ¢4 (t) since

o1(p(0)) O (p(0) | _ _ A
d2(p(0)) 5 (p(0)) ‘— o1 (p(0)) # 0.

Now by the method of variations of constants, we can obtain the unique solution of
(7)-(8) which can be represented by (9) where A and G are as in (10) and (12) respectively.
Next we check the function defined in (9) is the solution of the BVP (7)-(8). For this
purpose we first show that (9) satisfies (7). From the definition of the Green’s function
(12), we get

1 t a(1)
u(t) = SE0(0) </p(0) #1(s)p2(t)p(s)y(s)Vs +/t 1 (t)¢2(3)]9(5)y(3)v=9> + Agy(t).
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Hence the derivatives u® and u2V are as follows:

1 t a(1)
W) = s (@9@ [ aromone)s ot | ¢2<s>p<s>y<s>v5> +A0R ()
and
1 p(t)
w0 = sy (870 [ mlee)s + 6 o p0ute)
o(1)
0270 [ T~ o (a0pOu(0) + 4027 (0)

Replacing the derivatives in (7), we deduce
uV (1) + a(t)u® (8) + b(t)u(t) = A(GTY (1) + a(t)g1 () + b(t) o1 (1))

1 t
+ (m o 1 (S)p(S)y(S)VS) (657 () + a(t)3' (t) + b(t)pa(t))

1 o(1)
+($§Gﬂiil ¢A@p@nA®V%)@%V@%+mw¢%uy+mw¢aw)
p(t)

HPNTs 0870 [ oa(ooI7)

t

(48 (61(6) = 68 (D0a(1) (D) (1)

(457 (1)(p(t) — ) ()Y (E) — 68 () (p(t) — ) (OP(D)y (1)
+65 (D01 (1) — 6 (D2 (y(1) )
= POy (63 ()1 (1) — ¢F ()2 (1))

= 5PV — (6T 06a(t) - 957 (61 (1)
= ——=p(y(){ (68 (1 () — 62 (Do (1)

+(p(t) — ) (62 (b1 (t) — 2 (1) pa(1)) ¥}
PO (62 (o)1 (p(t)) — 62 (p(1))ba(

1
ot (p(0))

1
¢A<p< o5 (p(0))”
—y(t).

Therefore the function defined in (9) satisfies (7). Further we obtain that (8) is satisfied
by (9). The first boundary condition of (8) follows from (9), (10) and (12). Now we
verify the second boundary condition. Since

p(t)))
(t)y(t)esa(p(t), p(0)( — 61 (p(0)))

$1(s)p2(o(1)) =0,
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we obtain @
u(o(1)) = /( : G(a(1),s)p(s)y(s)Vs + Adr(o(1)) = A. (13)
p(0
On the other hand, by using equation (10) we find

m—2 m—2 a(1)
> () =Y ( G IP()(s) Vs + A6 (m)))
1=2 1=2 P

z i (i) [0 Gmi, )p(s >y<s>Vs>

m—2

=2 © 1- 21 i d1(n;)
1 m—2 (1)
= — a; (/ nl,s)p(s)y(s)V5> = A (14)
L= > aipr(mi) =1 #(0)

i=1
Combining the equations (13) and (14) finishes the proof. O

In this study we consider the Banach space B of continuous functions defined on
[p(0),0(1)] with the supremum norm. Now we set

— min d1(t)  #2(t)
a(t) = {||¢1<t>||’||¢2<t>||}' (15)

Lemma 2.4 Assume that (H3) and (H4) hold. Let y € C ([p(0),0(1)],[0,00)). Then
the unique solution of (7)-(8) satisfies u(t) > ||ul|q(t).

Proof Let tg be the point in (p(0), (1)) such that ||u|| = u(tg). Next we verify
G(t, ) > Glto, s)qlt). (16)
For this purpose, we consider the following four cases:

(1) t,to < s : In this case,

G(t,s)  ¢i(t) $1(t) min $1(t) Pa(t) |

Gltors) ~ ntie) > ol = ™ Tt =4
(ii) t,tp > s : In this case,

Glts) _ dalt) L a0) | 6i(0) o),

G(to,s)  ¢a(to) ~ lldel] =
(iii) tp < s <t : In this case,

G(t,s)  ¢1(s)g2(t) S Pa(t) S Pa(t)

o1 @I g2 ($)]]

¢i(t) _da(t)

Gtors) ~ 3100 > 5alo) = ol = "™ oo T’ = 1
(iv) t < s <tp: In this case,
G(t,s)  ¢1(t)pa(s) > $1(t) > $1(t) in{ p1(t)  ¢a(t) ¥ = q(t).

Glto,s) _ 61(5)dalto) ~ dn(s) ~ llonll = i@l ||¢> @]
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In the third and the fourth cases we make use of Lemma 2.1. It follows from the fact
1> ¢1(t) > q(t), Vt € [p(0),0(1)] and the inequality (16) that

o(1)

u(t) Glto, 5)p(s)y(s) Vs + Adi (1)}

/\{ /pjo()l)G(t, s)p(s)y(s)Vs + Apy (t)} 2 )\{Q(t) /P(O)
o(1)

o(1)
Gto, s)p(s)y(s)Vs + A (to)

(| Glto, s)pls)y(s)Vs + A) = xa(t)
p(0)
a(t)u(to) = g(0)Jull. ©

Assume that £ := inf{t € T : ¢t > p(0)}, w:=sup{t € T : t < o(1)} both exist and
are included in [p(0),0(1)], and also satisfy p(0) < & < w < o(1). Also assume that
o(w) < (1) and p(&) > p(0) hold.

Lemma 2.5 Assume that (H3) and (H4) hold. Let y € C ([p(0),0(1)],[0,00)). Then
there exists v > 0 such that unique solution of (7)—~(8) satisfies u(t) > ||ull.

Proof Choose

Y

p(0)

v = min{q(t) : € [§, w]}. (17)
It is clear that v > 0 and u(t) > q(¢)||ul] > ~||ul|, Vt € [§,w]. O

To make use of the fixed point theorems we consider the cone

P = {ueBu(t) > 0.t € [p0).o(L]. min u(t) > lul} (18)

on the Banach space B, and set P, = {x € P : ||z|| < r}.

Theorem 2.1 [5] (Krasnosel’skii Fized Point Theorem) Let E be a Banach space,
and let K C E be a cone. Assume Qp and Qo are open, bounded subsets of E with
0€ 0,9 CQ, andlet A: KN (Q_g \ Q1) — K be a completely continuous operator
such that either

(1) [JAu|| < ||lu|| for u e K N, ||Aul| > |Jul| for w € KNI, or
(ii) || Au| > |lu]| for v e K N OOy, ||Aull < |Ju|| for uw € K NN
hold. Then A has a fived point in K N (Qa \ Q).

Theorem 2.2 [11] (Legget—Williams Fized Point Theorem) Let P be a cone in a real
Banach space E. Set

P(,a,0) :={z € P:a <¢(x), |z <b}.

Suppose A : P, — P, be a completely continuous operator and 1) be a nonnegative, con-
tinuous, concave functional on P with ¥(u) < ||lu| for all w € P.. If there exist
0 <p<q<l<r such that the following conditions hold:

(1) {ueP,q,l):Y(u) >q} #0 and Y(Au) > q for all u € P(v,q,l),
(ii) [[Aull <p for all [ju] < p,

(iii) ¥ (Au) > q for u € P(y,q,r) with || Aul| > 1.

Then A has at least three positive solutions uy,us and us in P, satisfying

luill < p, (u2) >q, p < |luz| with ¢(us) < q.



NONLINEAR DYNAMICS AND SYSTEMS THEORY, 9(2) (2009) 185-197 191

3 Main Results

We are concerned with determining values of A, for which there exist positive solutions
of m-point boundary value problem (1)-(2). We use Krasnosel’skii fixed point theorem
and Legget-Williams fixed point theorem to prove the main results. From Lemma 2.3, it
is clear that the solutions of (1)-(2) are the fixed points of the operator

Dyu(t) = /\{ /

p(0)

o(1)
G(t, $)p(s)h(s)f (s, u(s)) Vs + A1 (1) }. (19)

To state the main results we need to define the following extended real numbers:

. . [t u)
— lim inf ) 20
fo= lim imf A T w (20)

t,u)

0 = f( ) 21

17 = g, sup eh®om u @)
t

foo = lim inf  min it ’u), (22)

u—oo  tglp(0),0()] U

fltu)

= lim su max 23
d u—00 ptE[P(O)vo(l)] u (23)
Let K and L be defined by
K = min / G(t, s)p(s)h(s)Vs, (24)
te€,w] 13

a(1) a(1)
L= max / G(t, s)p(s)h(s)Vs < / Gls, )p(s)h(s)Vs.  (25)

t€[p(0),0(1)] J p(0) 0(0)

In the following three main results, we state the criteria on A to make sure the existence
of positive solutions of (1)-(2).

Theorem 3.1 Assume that (H1)-(H4) are satisfied. Then for each X\ satisfying either
one of the following conditions

m—2 m—2
1- i i 1-— i i
o ) . ) ( i;oﬂbl(ﬁ) ) ] . . ( izzloﬂbl(ﬁ)
vKfy L{0 ' ~Kfy Lfoe ’

m—2 m—2
1+ Z ; 1+ Z ;
i=1 i=1

there exists at least one positive solution of (1)-(2).

Proof We claim that ®, : P — P Let u € P. First from the nonnegativity of G
and from the assumptions (H2) and (H3), it is clear that ® u(t) > 0 for ¢ € [p(0),0(1)].
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Next by using (16) and (15), we get

o(1)
min ®yu(t) = min )\{ / G(t, s)p(s)h(s) f(s,u(s))Vs+A¢1(t)}

te[¢,w] te[¢,w] (0)

o(1)
A [, 2060 IR 5. T+ A0n 1))

v

o(1)
Glto, 5)p(s)(s) (s, u(s)) Vs + A}

Y

q(lt){A

p(0)

v

7{)\ /p ;()1)G(to, $)p(s)h(s)f (s, u(s)) Vs + A}

o(1)
> 7{ / o, L0 (. u(s)Ts + A0y (t0)} = | ull.

Thus @ u € P. Also complete continuity of @ u(t) can be obtained easily by the analysis
methods. Now we seek for the fixed points of ®xu(t) which belongs to P.

m—2

1= 3 aigi(mi)
Assume (a) holds. Since X\ < L—fo( Z:1m72 ) there exists € > 0 such that
I+ > o

=1

m—2
/\L(f°+e)( - ; - ) <1.

m—2 -

1= > aipr(mi)

i=1

The use of the definition of fO guarantees that there exists r; > 0, sufficiently small such
that

f(tTW) < fO+e Vuel0,m].

It follows that f(t,u) < (f°+ €)u for 0 < u < 7y and t € [p(0),0(1)]. If u € OP,, then
using the fact G(t, s) < G(s, s) we obtain

o(1)
Bau(t) = A [ Gt (o)) (s, u(s) Vs + Adn(8)]

T: @i o(1)
<A1+ —5 ) [ Gls s)p()hls) (s, u(s)) Vs
1- ;1 aip ()" 7P
m—2
1+ Z (67 a(1)
<A / G(s, 8)p(s)h(5)f (s, u(s)) Vs

1= 3 aiga(ms)” 7Y

=1
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m—2
1+ Z (0%} a(1)
M)+ llull [ Gls.s)ns)vs
1- ; i1 (i) 7o)
7m72
1+ Z (677
= M=) (" + Il < Jlull.

m—2

L= > aii(ni)

=1

IN

Hence if we define the open bounded set
O ={ueP:|ul| <r}, (26)

then
[|®au|] < ||ul|, YVu € OP,, =P NOQ. (27)

1
Now we use the other part of the inequality in part (a), K—f < \. We distinguish this
Y

oo
part of the proof into two parts and first consider the case foo < oco. In this case, we pick
€1 such that vK(foo —€1) > 1. The use of the definition of f., guarantees that there
exists r > rq, sufficiently large so that

f(t,w)

u

> foo —€1, Yu>r.

Therefore, f(t,u) > (foo — €1)u for (t,u) € [p(0),0(1)] x [0,71]. We pick re such that
ro > r > ry and define
Y

Qy ={ueP:|ul| <ra}. (28)

If uw € OP,,, then Lemma 2.5 leads us to have

CI))\u(t)

o(1)
A / ) GO o, u() T + 464 o)
s)p

v

0)
o(1)
A / G(t, 5)p(s)h(s) (5, u(s))V's
p(0)

Afoe — exlul /E "Gt p()h(s)Vs

A foo = e1)yl|ul| K
[lul[- (29)

Y

>
2

Consequently, we consider the case fo, = oo for which the second part of the inequality
in part (a) becomes A > 0. If we choose M sufficiently large so that

AM~ /gw G(t,s)p(s)h(s)Vs > 1 (or AM~yK >1)
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for any t € [p(0),0(1)], then there exists r > r1 so that f(t,u) > Mu for u > ry. Let ro
be defined as above and let u € 9P,,. Then for all ¢t € [p(0), o(s)], we have

o(1)
Byult) > AM / ) GRS

Y

AM | [ul] /: G(t, s)p(s)h(s)V = AMyK||ul| < [|u| (30)

From the inequalities (29) and (30)
[|@rul| > ||ul|, Yu € OP,, = P NINs. (31)

Inequalities (27) and (31) show that the conditions of Krasnosel’skii fixed point theorem
(Theorem 2.1) are fulfilled. Thus from Theorem 2.1, we conclude that ® u has a fixed
point in P N (Q2\ Q). O

The following result states the existence of at least one positive solution of problem
(1)-(2) in a different manner and also bounds the positive solution.

Theorem 3.2 Let f(t,u) satisfy (H1). Assume that there exist two positive constants
ro > 11 > 0 such that the following conditions are satisfied:

(H5) f(t,u) < M;? for (1) € [p(0), 0(1)] x [0,7],
(H6) f(t,u) >~ for (t,u) € [p(0), o(1)] x [0,14],
where
1—mi204'¢ (1) &
) 1P1\UJE o 1
Mo / Gls,5)p(s)h(s)Vs) | (32)
1+ Z Q5 p(O)
N = (7 /Ew G(to,s)p(s)h(s)Vs)i1 (33)

and ty € (p(0),0(1)) such that ||u|| = u(ty). Then the problem (1)-(2) has at least one
positive solution u satisfying r1 < ||u]| < ra.

Proof Let Q2 be defined as in (28). If u € Q5 then [|u|| = ra.
m—2
Baut) < A~ =) [ Gl () (5, u(s) Vs
1= 3 aign(ms)” "7

=1
mi2
1+ o
L T M a(1)
<A——= ) ;2 / G(s, $)p(s)h(s)Vs = rs.
1- Zl ;1 (n;) #(0)

Therefore,
||<I>,\u|| < ||U||7 Yu € 0. (34)
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Let 4 be defined as in (26). Using (16) and (17) we obtain
o(1)
By > A [ Gl p(s)A(s) (5, u(s)) Vs = e / Gto, $)p()h(s) [ (5, u(s))V's
p(0)

M /§_ " Gltor s)p(s)h(s) f (s, u(s)) Vs > Ay L

v

/ G(to, s)p(s)h(s)Vs = ry.

3

Therefore,

Inequalities (35) and (34) imply that the conditions of Theorem 2.1 hold. Hence ®)u
has at least one fixed point i.e., (1)-(2) has at least one positive solution in P N (02 \ 1)
satisfying r1 < ||u|| < 7g. O

Theorem 3.3 Let f(t,u) satisfy (H1) and there exist constants 0 < r1 < rq9 < r3
such that the following assumptions hold:

(H7) f(t,u) < XMy for all (t,u) € [p(0),o(1)] x [0,71],
(H8) f(t,u) > A" Nry for all (t,u) € [¢,w] X [ra, 73],

) S AT My for all (t,u) € [p(0),a(1)] x [p(0),73].
) h

as at least three positive solutions ui,us and us satisfying

(

(
(H9) f(t,u

)-

Then (1)-(2

[lui]] <71, re < min |ua(t)] <rs, r1 <||lug|] <735 and min |us(t)] < ro.
tefe,w) te(§,w]

Proof We verify that the conditions of Legget-Williams fixed point theorem (The-
orem 2.2) are satisfied. For this purpose we first define the nonnegative, continuous,
concave functional ¢ : P — [0, o0) to be ¥(u) := Ir[lgin] |u(t)], the cone P is as in (18),

tel,w

M as in (32) and N as in (33). Then ¢(u) < [Jul| for all u € P.
If uw € Py, then |Jul| < rs. So by using assumption (H9) and the similar calculations as
in Theorem (3.2), we get

m—2
1+ 3 o o(1)
Dru(t) < )\( m72121 ) G(s,8)p(s)h(s)f(s,u(s))Vs
1- 21 @i (pi) 770
m—2
1+ > o (1)

IN

)\( m72i21 )A_lM_lrg/ G(s,s)p(s)h(s)Vs = rs.

L= > aidr(pi) #(0)

i=1

Hence @y : P,y — Po,.

In the same way, if u € P,,, i.e. ||u||] < 71 assumption (H7) yields |[®yul| < 1.
Therefore (ii) of Theorem 2.2 is satisfied.

To check the condition (i) of Theorem 2.2 we choose u(t) =rs, Vt € [p(0),0(1)]. It
is clear that u(t) = r3 € P(¢,72,73). Consequently, since ¢p(u) = ¢(r3) = r3 > ro then
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{u € P(¢p,r2,73) : p(u) > ro} # . Moreover by taking assumption (H8) and Lemma 2.5
into account, we obtain

¢(Pru) = min [@yu(t)] = Ay /: G(to, s)p(s)h(s) f(s,u(s))Vs

teg,w]

Y

)\"Y}\ilN'rQ/ G(to, s)p(s)h(s)Vs = ra.
3
Therefore (i) of Theorem 2.2 holds.

Similarly (iii) of Theorem 2.2 is satisfied. Hence ® u has at least three fixed points
u1, uz and ug satisfying

[lu1]| < 71, 72 < min |ua()] <73, 71 <||lugl| <73 and min |uz(t)| < re. O
te[€,w] te§,w]

To illustrate how our results can be used in practice we present an example.

123 _ 5
Example 3.1 Let T = {0, YAVRPL 1, 7 } We consider the following four point
boundary value problem:
uAY 12 A 16 -3
)+ —=u=(t) — —u(t) +107°(35 + u)e1 (¢,0) = 0, ¢ € [0,1],

5

5
u(0) =0, u(3) = Ju(})+ Julz)

This problem can be regarded as a BVP of the form (1)-(2), where a(t) = 12/5,b(t) =
—16/5,A=10"3,h(t) = 1 and f(t,u) = (35 + u)e1(t,0). Clearly (H1)-(H3) are satisfied.
Let ¢1(t) and ¢2(t) be the solutions of the following linear BVP’s respectively.

12 » 16 5

uAv( t) + U (t) — gu(t) =0 tel0,1], u(0)=0, U(Z) =1,
urV (t) + 1—52 A(t) - ?u(t) =0 tel0,1], u(0)=1, u(%) =0.

It is evident (from the the Corollaries 4.24 and 4.25 and Theorem 4.28 of [4]) that
Gy - P - ()"
G- GF GGy

Also ¢4 (t) satisfies (H4). The Green’s function is of the following form:

(bl (t) = and ¢2(t> =

o = 1024 [ {(3)H - (5 )4t}{( )5(1) - (32D s>t

9= 55 { {( e D ey t2e

p(t) = (%)4’5 ! follows from e, (t,ty) = (1—|—ah) = on T = AN. Furthermore we obtain
~ 0,106,

5 3
1 2\ 45—1 4 2\ 4s—1
/0 G(s, s)(g) Vs~ 0,44 and / G(s, s)(g) Vs~ 0,0025.

and thus M =~ 19,84 and N = 3650.

If we choose 7o > 71 > 0 such that 7 = 5-107% and 7o = 0, 1, then it is straightforward
from Theorem 3.2 that the four point BVP has at least one positive solution satisfying
5-107° < jul| <0,1.
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