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1 Introduction

As is known, the direct Liapunov method [12] proves to be one of universal techniques
of qualitative analysis of dynamical systems. Though the results achieved for the last
decades in the development of this method (see [1,4,9,15]) a series of general problems
of motion stability theory shill remain in the focus of attention of many mathematicians
and mechanical scientists. One of such problems is the problem of constructing suitable
Liapunov functions (functionals) for certain classes of systems of equations.

For linear equations with constant coefficients and constant delay the problem on
functional construction in [7, 6] is associated with solution of transcendent equations.
Note that practical solution of the transcendent equation (see [7], p. 441)

det(\[ — A — Be ") =0, (1.1)
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may prove to be a problem difficult to be solved, especially in the case when the system
under investigation is of large dimensions.

In the case when equation (1.1) is solved, stability of zero solution follows automati-
cally and construction of the functional has the meaning of converse theorem.

In the context of our approach the methods of construction of functionals from [6, 7]
etc. may be useful in the construction of diagonal elements of matrix-valued functional
provided all necessary constants and comparison functions in their above and below
estimates will satisfy appropriate conditions.

General conclusion of the carried out analysis is as follows. The approaches involving
solution of transcendent equation are hardly applicable for the construction of functionals
for large-scale delay systems. In the case of systems of small dimensions the proposed
methods of functional constructions can be applied to construct diagonal elements of
matrix-valued functional, however the methods in themselves can not solve the problem
on stability of the initial large scale system.

The aim of this paper is to present a new method of constructing the Liapunov
functionals for the class of linear delay systems. The method is based on the idea of
approximation of functional differential equation by the system of difference equations
(see [4]) in combination with the idea of application of matrix-valued Liapunov functi-
onal (see [16]). This allows one to extend the class of admissible functionals suitable for
construction of the Liapunov functionals for the system of equations under consideration.

An auxiliary result in this paper is a method of constructing the matrix-valued functi-
on for a system of difference equations of larger dimensions (see [18]).

2 Notation and Assumptions

In this section we introduce main designations used in the paper and assumptions on the
systems under consideration.

Let 7 > 0 be given and C = C([-r,0], R") be the space of continuous functions
mapping [—r,0] into R™. For ¢ € C we define the norm

lell = sup [@(6)], (2.1)

—r<6<0
where | - | means the Euclidean norm in R™. Let Cy be an open subset of C for the
elements of which ||¢|| < H and 0 € Cy. If z: [-r,a) — R™ and is continuous,

0 < a < 400, then for each t € [0,a) in Cy z(s) = z(t+s), —r < s < 0. In addition
to norm (2.1) we apply the norm

0 1/2
lollza = { / |s0(9)|2d9} )

in the space Lo([—r,0], R™) of Lebesque functions integrated with square.
We study below the system with finite delay

dx

i F(z,z), x4, =¢0€C, to>0, (2.3)
where z € R, F' € C(R" x C, R™), which has a linear approximation
dx
= Ax(t) + Bx(t — r) + f(x,x¢). (2.4)

i
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Here A and B are constant n X n matrices, z(t) is n-dimensional vector, » > 0, f €
C(R"™ x C,R™). The linear approximation of system (2.4)

d
d_gtc = Ax(t) + Ba(t —r) (2.5)
is decomposed into two subsystems

dx
! = Auxl(t) + A12$2 (t) —+ B11$1 (t — ’I”) + 312{E2(t — T),

dt (2.6)

dz
d—t2 = A121(t) + A2w2(t) + Barw1(t — 1) + Baawa(t — 1),

where z; € R™, i = 1,2, (2f,23)T = 2, A;; and B;; are constant matrices of the

appropriate dimensions for which the independent sybsystems are

dx
d—l = Allxl(t) + Bllzzrl(t — T),
t

dx (2.7)
d—t2 = AQQIQ(t) + BQQIQ(t — T).

For system (2.6) the matrix-valued functional
Uz, p(-)): R"™xC"™ — R**? (2.8)

is constructed of some scalar elements v;;(¢1,92), ¢,7 = 1,2, under additional assumpti-

ons on matrices A; and By;,i = 1,2 of system (2.7).
The scalar functional (cf. [3])

v(w,on) =0 Uz, ())n, n€RL, n>0, (2.9)
together with upper right derivative number [9]
Dt o(z, gp,n)|(2.4) : R"xC—R

is the Liapunov—Krasovskii functional, if it solves the problem on stability of the state
x =0 of the system (2.4).
We recall that Do (z, ¢, 77)’(24) is calculated by the formula
+ _ T+
D ’U(.’I], 12 77)‘(24) =1 D U(‘Tv @)‘(24)”7

where

D*U(2,¢)] 5.4, = limsup{[U( + 0F (2.0, £(0) + 0F (2,0)) — Ul, 0(0))}0 ")

6—0+

is calculated element-wise. Before we start the solution of the problem on construction
of functional (2.8) we need some results for the system of difference equations.
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3 An Approach to Construction of Liapunov-Krasovskii Functionals

Now we consider autonomous linear system (2.5). Assume that for subsystems (2.7) the
functionals

0
o1 (1) = 9T (0)Prig (0) + 267 (0) / K1 (0)¢1(0) do

0 0 0
T / ST(O)T1(0)1(0)dO + / / SR (E)m (E.m)n (n) dé dn,

. (3.1)

v23(i22) = 93 (0) Paaips(0) + 262 (0) / K (0)2(0) do

0 0 0
4 / ST (O)T(0)p2(6) d6 + / / T (€12 €. m) o2 () dE .

are constructed somehow, where Pj1, Ps2 are constant symmetric positive definite matri-
ces

3

Ky, Ty € C([=r, 0], R™™™), K2,Ty € O([—7,0], R"2*"2),
M€ O([_T7 O] X [_Tv 0]7 Rn1><n1), Y2 € C([_Ta O] X [_Ta O]a anxnz).

Further we employ the idea of approximation of system (2.6) by system of difference
equations. With this in mind we divide the segment [—r,0] into N equal parts of length

"
d_tl’ i = 1,2, are approximated by the differences

(z;(t +h) — 2;(t))h~1. The system of difference equations corresponding to system (2.7)
is (cf. Hale [4])*

ill(T + 1) = (Inl + hAll)gll(T) + hBllfle(t) + hA12§21(t) + hB1252N(t),
%12(7' + 1) = §11(T>,

h, i.e. Nh = r; the derivatives

TiN(T+ 1) =Tin_1(7),
To1(7 4+ 1) = (Iny + hA22)T21 + hB22Zan (T) + hA12T21(T) + hB12Zan (1),

%22(7' + 1) = §21(T>,

(3.2)

Ton (T + 1) = Zan—1(7),
where I,,,, I, are identity matrices of the corresponding dimensions.

The point 7;(0) = (¢:(0), @i(=h), ..., p;(=Nh))T corresponds to the initial functi-
on specifying solution 7 = (71,73)T of system of difference equations (3.2).

Further we present system (3.2) in matrix form

?El(T + 1) = Allfl(T) + A1252(7‘),

5[72(7' + 1) = Agl/fl(T) + AQQEQ(T), (33)

*It should be noted here that for stability analysis of the zero solution of system (2.3) with
decomposition (2.6) a formal approach presented by Hale [4], p. 138—141, is employed.
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where 7; € R+ 7y € Rr2(VHD and

In, +hA11 Op, On, hBi1
G| In Om o 0w Ou |
In, + hAss On, ... On, hBa
Ao | Iw Om o Ow Om |
hAi2 Onyxng hB1s
12[12 _ Onixny Onixng -+ Onixng 7
Ony xn, Ony xns
hAs1  Onyxn, hBa1
G [ O Onns o Onrn
O’ﬂg)(nl Onz Xny

Let k be arbitrary number, then vector (71 (kh), x4 (kh))T is a phase vector for system

(3.3) for any t = kh. For sufficiently small h vector Z;(kh), i = 1,2, is an exact enough

approximation of solutions of system (2.7) at points kh, k=0,—1,...,—N.
Functionals v11(¢1) and wvaa(p2) are approximated by the quadratic forms

~ ~ ~T75 ~ ~ ~ ~T75 ~
11 (1) = 77 PuZi, 022(T2) = T Pasl, (3.4)
where . . -
NPy, k111 k:112 kin
~ k11 O‘%l 04%2 N
Py=| k2 ap ap AN | s
1 1 1
kin oy ooy aNN
T T T
N Pyo k%1 k%Q kqn
B ko1 o1 O N
P22 = k22 a12 a22 e aQN
2 2 2 2
5y aiy ooy .. ayy

Here the constant matrices Py1, Pao, kji, oo, i =1,2,...,N, j = 1,2, of the correspondi-

i
ng dimensions are determined as

kji = K;(—hi), o), =T;(—ih), i=1,2,...,N, j=1,2,
0411]:/71(_}127_]7’.7)7 0412]:/72(_hl7_h.7)7 z7.7:17277]\77 7’#.7
We construct the non-diagonal element wv12(Z1,72) of the matrix-valued functional
U(Z1,Z2) in the bilinear form

vio(F1, B2) = T Praoia, (3.5)
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where matrix 1612 satisfies the equation

I _ L~~~ g o~ o~
Af | PigAgy — Py = —n—A1T1P11A12 — n—A;rlP22A22 (3.6)
72 m
and has the form

NP12 s 83 ... s

- 51 qi1  q12 ... GIN

Py = 53 21 Q22 .- Q2N

S}V gN1 d4nN2 gNN

Here Po, si , @i; are matrices and 71, 72 are positive constants.
In terms of equation (3.6) we get

(NP12 + ’I”Arlrlplg + 5%)(177,2 + hAQQ) + S% + hArlrlsf + qi1 — NP12
"

77 — P11 A — hT—A11P11A12 - h kllAllklNAm (3.7)
- 2 AT Pyy — 7“ hA21P22A22 - hA;flngA N
sf—s§_1+hA’fls§+q1i=——hA ko, i=2,...,N, (3.8)
hs!Bay — qi1n = —%hkﬁBu, i=2...,N, (3.9)
hBY 2 — g1 = —%hBQle% i=2,...,N, (3.10)
1Py By + hr A%, Py By + hs! Bay — 5% = —%TPHBH
- hA 1Pi1Bi2 — —hk11312 - Tnﬂhz‘lzleBm, 310
rBE Py + hrBlT1P12A22 +hBYs? — sl = -1 hB;flpuA12
_ e "B, P [ BB, Pz — ”j thlk;fz, (3:42)
s+ hs}A22 — st +qin = —hkyi A, i=2,...,N, (3.13)
NN = h<Bir1322 + BBy, + @321322), (3.14)
2 m
gii = const, @;; = qi—1,-1, t,J=2,...,N. (3.15)
From equation (3.7), in view of (3.4) and h — 0 we get*
AT Pia + PigAgg = _%PHAH - %A%ng - % (51(0) + S2(0)). (3.16)
Similarly in view of (3.15) we get from (3.9)
q1i = qN+1-i,N = h(s}v+2—i322 + le,N+2—iB12)' (3.17)

* From here on in formulas (3.7) —(3.14) and (3.18) passage to the limit as h — 0 is formal.
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Then, in view of (3.17) equations (3.9) imply

(52—5 )h —|—A11$ +5N+2 13224—”—]{31 N42— 1312———A;Flk21, 1=2,..., N,
(3.18)
and passing to the limit as h — 0 we obtain
_dS; m T
90 + A 52(9) + S1(—r — 6‘)322 + gKl(— —6)B12 = ——A21K2 (6‘) (3.19)

Similarly to the above, in view of (3.14) we get from (3.19)

as
_d—91 +51(0) Azz + By Sa(—r — 0) + %B%Kg(_r —-0) = _%Kl (0) A1z (3:20)

Taking into account (3.14) we find from (3.11) and (3.12) as h — 0 the initial conditions

So(—1) = T<P12B22 + mPuBm),
2 (3.21)
Si(—1) = T<B;F1P12 + %BQTle)-

In the expression of the bilinear form 3;v12(Z1,22) the formal limiting passage (h — 0)
yields the expression for the functional

0
ralip02) = 2 (0)Praea(0) + 17 0) [ S2(6)ialt) dt

-Tr

0 0 £
+1650) [ SEOw@ a3 [acet© [{sie-n-
Ea i ke (3.22)

0
+%K1T(§—77—r)312}s02( ) dn + ~ /dé‘sol !{31152 n=&=7)

+ %BQTIK2(77 —¢- T)}sﬁz(n)dn-

In order to formulate stability conditions for system (2.6) in terms of the matrix-
valued functional U(p1, ¢2) with components (3.1) and (3.22) it is necessary to estimate
its and their upper right derivative numbers along solutions of system (2.6). To this end
we define concretely the choice of functionals (3.1) as

k(e)(prlr(e)Dl ©1(0) db, (23)

\o

v11 (1) = 1 (0)Pr1¢p1(0) +

\ao

v22(02) = @3 (0)Pazpa(0) + [ k(0)p; (8)Dayp2(6) db, (24)



396 A.A. MARTYNYUK AND V.I. SLYN'KO

where Pi1, P22, Dy and D5 are positive definite matrices of the corresponding dimensions
1
d k(0) =1+ —6.
and k() + 5

Basing on the system of equations

dsS
d—; = AT1S5(0) + Si(—r — 0) Baa, (25)
ds
d_(; = S51(0)Ags + B}, Sa (=1 — 0), (26)
1
AT Piy + PjaAg = —%P11A12 - %A;flpm - ;(51(0) + 52(0)) (27)

under initial conditions

Sa(—r) = T(P12B22 + ﬂ1311312),
Z; (3.28)
Sl(—T) = T(BlTlplg + EBgl_PQQ),

where P € RM*"2 S Sy € CY([-r,0], R"*"2), ny,my are positive constants we
construct functional v12(¢1,p2) in the form

0
rali02) = T (O)Praea(0) + 17(0) [ S2(6)ial6) dt

-Tr

0 0 €
263 0) [ SEOn@ s+ [deol©) [ Sie—n-r)Bragalndn (.29
1 . —r . —r —r
+;/d&pf(Q/BﬁSz(n—£—T°)<pz(77) dn.
Lo

Since for the functionals v;;(+), 4,7 = 1,2, the lower estimates

1
v11(01) > A (P11) 1 (0)] + 5/\m(D1)||%01||%2

1
v22(2) 2 A (Po2) |02 (0) + 5Am (D2)ll2IZ, (3.30)

vi2(p1, 92) > — || Pr2|l[1(0)[|p2(0)] — 2221 (0)|[|2] L,
— s lp2(0)[|le1ll, — (e[| Bua || + 212 Bazl)llo1 | 2. |21l 2,

and the upper estimates
1
v (1) < A (Pu)len (0)]% + 5/\M(D1)||<%71||2L2

1
va2(p2) < Ant (Po2)l@2(0)* + 5An (D2) e |12, (3.31)

v12(p1, p2) < [|Pr2]l[01(0)[lp2(0)] + 22|01 (0)|[l2]| L
+ sa12|p2(0)[ll¢1l| L, + (a1 || Bua || + 12l Bazl) |1l L. [l o2l L, 5
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are satisfied, where

1/2

{/Hsl |2d9} %{/HSQ(mH?do} ,

71 = 1{/0/0|51(§—77—7°)|2dfd77}1/2=
" T ™

M1 = 1{/0/0|32€ n—r)ll dﬁdﬁ}lﬂa
T

for the functional
v(e1sp2,m) = 0" U1, p2)n = 17 v11(p1) + 2mipvi2(e1, 92) + n3v22(p2)
the bilateral estimate
uTHYCHu < v(p1, p2,n) <u"HYCHu, (3.32)
is valid, where

u = (l1(0)], [p2(0)], le1llz,, le2llr,),
H = diag(n1,m2,m1,m2), ¢ = 1| Bu1ll + »12|| Baz||,

Av(Pin) || Prall 0 o
O — [Pzl Anr(P22) sl 0
0 » Am(Dr) ¢ ’
72 0 ¢ A (D2)
Am(Pi1)  —||Pr2]] 0 — 3
—[[Pr2l|  Am(P22) ) — 0
1
2 0 _C 5)\m(D2)

3), (3.24) and (3.29) we use the upper right deri-

Further together with functionals (3.23)
1,2:

vative numbers D*vij(-)|(2'6), i,j=

3

D+U11(801)‘(2v6) = o7 (0)(AT, P11 + P11 A1 + D1)1(0)

1
- 5@?(—7“)171@1(—7“) + 1 (0) P11 Bi1g1(—r) + 1 (0) P11 A12602(0) (33)
0

1
+ 1 (0) P11 Biaga(—r) — > /901T(9)D1<P1(9) do,

—-Tr

D+U22(802)‘(2v6) = 3 (0)(A3y Pag + Pag Ay + D2)p2(0)

- %wg(—T)Dlwz(—T) + 5 (0) P22 Baa@a (=) + ¢35 (0) Pz A21601(0) (34)



398 A.A. MARTYNYUK AND V.I. SLYN'KO

0

/ S1(0) Daips(6) do),

-Tr

D v12(p1,92)] .6 = #1 (0 )(Auplz + PiaAss + = (51( )+ 52@))) ©2(0)

1

+ ¢35 (0) P2 Barp1 (—1) — o

—_

+ s¢1 (0)(Pra Az +A21P12)<P1(0)+%s02( )(AlyPra + Py A12)02(0)
+ 1 (0)P12321s01(— ) + 5 (—=7) By Piag2(0)

l\D

1

+1ed(on)Bl, / S2(6)p2(6) 48 + 13 (0)F, / S2(6)pa6) ds (35)
1

+;<P1 /51 Je1(0) d9+ 901 B21/51 Jpa (0
m

g 1 (0)P11Bragpa(—r) — Zi o1 (—7)B3; Pa22(0).

In view of expressions (3.33) —(3.35) for the upper right derivative number of functional
v(p1,p2,n) in the domain of values R™ x C™ we have the estimate

D+U(‘P17 P2, 77)‘(2 6) Sy E1111 + uy 22u2, (3.36)
where
T
ur = ([e1(0)]; ler(=r)l; leallz.)
uz = (lp2(0)], lo2(=r)l, llp2llz.)”
and ¥y = [of;]?,_), B2 = [03;]?,_, are constant matrices with the elements

0’%1 = /\M(A’ll‘lpll + P11A11 + Dl)’fﬁ + 771772/\M(P12A21 + A;Flplg),
1 1
O30 = —5)\m(D1)77%7 033 = _gAm(Dl)"ﬁa

oty = | Pull I|1Buallni + || Pzl || Ba1 [ mima,

033 = 51| Bar||mmna, o153 = sa1 | Aot ||[mne,

0’%1 = AM(A;FQPQQ + P22A22 + DQ)’I]% + 771772/\M(P21A12 + A?Qpéli),

1 1
ng = —5)\m(D2)?7§7 053 = _Z)‘W(Dﬂngv

oty = || Paz|| || Ba2lIn3 + || Pzl || Bazlmima,
033 = 50| Biz|lmna,  oi3 = s Arz|mne,

1 1 2 2 s g . .
UZ] = Uji7 UZ] = Uji7 1,] = 172,3, (3 # 7

In the partial case when Bj; =0 and Bgs = 0 system (2.6) becomes

dl‘l
dt
dl‘g
dt

= Apx1(t) + Arpxa(t) + Biaza(t — 1),
(3.37)
= Asx1 (t) + Agoxo (t) + Boi1x1 (t — 7“).
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Besides, system of equations (3.25) - (3.27) becomes

dSs ¢ ds,
W - A1152(9)7 W

1
AL Pio + PiaAgy = _%PHAR - %A;ﬂsz - ;(51 (0) 4+ S2(0))

= 51(0) Az
(3.38)

under the initial conditions

r r
Sa(—r) = :1 P11 Bia, Si(-7r) = :2 B3, Pao. (3.39)

The first group of equations (3.38) can be integrated in the explicit form

Sl (9) = 7;72 B21 PQQ eXp{AQQ (9 + ’I”)}

(3.40)
52(6‘) = E exp{A (9 + T)}PllBlg.

Letting # =0 we find

,
51(0) = 7;72 B3, Py exp{Asar},

S2(0) = E * exp{A];r} P11 Buo.

Therefore equation (3.27) becomes

AT Pia + PigAgy = _E(P11A12 + exp{A];7} P11 B12)
. (3.41)
- H(Ar2r1p22 + B3, Pos exp{Asor}).

Necessary and sufficient existence conditions for unique solution of equation (3.41) follow
from Lankaster [11].

Diagonal elements of the matrix-valued functional U(¢1,p2) are taken in the form
of (3.23), (3.24) for wy(¢1) = v11(p1) and wa(p2) = vaa(p2), and non-diagonal element
wi2(p1,p2) is represented as

0
w12(1,02) = 91 (0)Pragpa(0) + Zl 71 (0) /GXP{AlT1 (0 + 1)} P11 Biagpa(0) do

-r

(3.42)

+ @ T /321P22 exp{A22(9 + T)}g@l( )

For estimation of functional (3.42) we shall formulate one auxiliary result (see [2]).

Lemma 3.1 Let A be a constant n X n—matriz, then estimate

n—1
[| exp At|| < eAtZ 2t|\A|\) t>0,
k=0

is valid, where A = max{ReX X € 0(A)}, o(A) is a spectrum of matriz A.
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Using this result one can estimate || exp At|| as follows. Let € > 0 be a sufficiently small
positive number. Consider function [17]

n—1
. 1

F0) =™ Y7 S, =0
k=0 "

In view of the fact that f(¢t) — 0 as t — oo we conclude that there exists M, = max ft)

and find the estimate
| exp{At}|| < M.eA+)t for > 0. (3.43)

Applying estimate (3.43) it is easy to find

0 1/2 1/2
] . e2(A1te)r _q
= =3 [ 2(S10)5T0) Y < BYBou| [Pl Mot | S—— | =,
%1 T{/ M (S10)ST( ))} < 1Bl 1P| 1[ 2(A1 + o) o
0 1/2 1/2
1 m 62(A2+5)T —1
=23 [ 2(S:0)570) t < LB [ Pal M| S—— | =6,
o T{/ 1 (52(0)53 ( ))} < 1BelliPu] 2[ 2(Az + o) «

—-Tr

where M., and M, are the corresponding constants and A; and As are maximal real
values of spectra of matrices A1; and Ass respectively.
Thus, for the scalar functional

w(@lu@Qun) = 77T U(SOMSOQ)T] (344)

the estimate
T 77T T T 7
u H " CHu < w(p1,92,n) <u H CHu, (3.45)

is valid, where

u=(le1(0)], l@2(0)], lenllze, lp2llz.)™,  H = diag(ni,n2,n1,m2),

A (Prn) [Pzl 0 &
O— |Pral|  Ans(Po2) & 0
0 &1 A (Dh) 0 ’
52 0 0 /\M(DQ)
Am(Pr1) =[Pzl 0 —&o
—[[ P2 Am(P22) . —& 0
C= 0 —& 5/\m(D1) 0
1
—& 0 0 5)\m(D2)

In view of estimates (3.36) and (3.43) in the region of values R" x C™ it is easy to find
the estimate of the upper right derivative number of functional (3.44) along solutions of
system (3.37)

DT (1, 2, ’7)‘<3,37> < ul Quwy + ud Qows, (3.46)
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and Q) = [w}]? 1, Qo = [w};]?,;_, are constant matrices with the elements

wiy = A (AL Pi1 + PiiAv 4 Di)ng + mmeAn (P2 Aoy + A3 P),
why = (DO, why = =5 (Do),

wis = [|Prall | Barllmmz,  wis = &1l Barllmma,  wiz = &l Aot llmm,

wiy = A (A3 Pos + Pas Aso + Do) + mme A (Pa1 A1 + AT, Pah ),
Wiy = _%)‘m(DQ)nga wis = —%/\m(Dz)nS,

Wiy = [|Prall | Brzllmme,  wis = & Bizllmne,  wis = & Avzllmmne,

1 _ 1 2 _ 2 o .,
Wi =Wy, Wi = Wiy 6J=1,2,3, i # 7.

Under some restrictions on the sign-definiteness of matrices C, C, and ¥;, X5 the
constructed functional is the Liapunov-Krasovskii functional and applying this functional
in Section 4 we shall establish new sufficient conditions for asymptotic stability of the
equilibrium state 2 = 0 of quasilinear system. For system (3.37) the proposed method of
constructing matrix-valued functional is more efficient, since system of equations (3.38)—
(3.39) is integrable in the explicit form. By means of functional v(p1, ¢2) in Section 4 we
shall establish sufficient stability conditions for the equilibrium state of system (3.37).

4 Stability Analysis of Quasilinear Delay Systems

We consider an autonomous quasilinear delay system (2.4) with decomposition

d
% = Anai(t) + Apaa(t) + Buai(t —r) + Bt — ) + fi(z, 2),

(4.1)
d
% = Aglzl(t) + AQQ.IQ (t) —+ B21I1(t — ’I”) + BQQIEQ(t — T) + fQ({E, xt),

where 7; € R™, i =1,2, . = (27,23 )7, A;; and B;; are constant matrices of appropri-
ate dimensions.
We make the following assumptions on the functions f;(z,z:), i = 1,2.

Assumption 1 The functions fi(z,xz:), i = 1,2, satisfy the following conditions
(1) the functions f; € C(R™ x C™, R"™) for i=1,2;
(2) the functions f;(0,0) =0 iff © =z, =0;
(3) there exist constants cij,lij >0, 4,5 =1,2, such that
|fi(z, z0)| < calz1(0)] + cizlw2(0)] + lir[|1] L, + lizll22]| L.

where | - | is an Euclidean norm in R™, || - |1, is the La-norm.

For the linear system
d:zcl

= Anzy(t) + Aoz (t) + Buizi(t — ) + Biaxa(t — 1),
(4.2)

dx
d_t2 = Aog121(t) + Aoexa(t) + Borz1(t — r) + Bagza(t — 1),
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using the results of Section 3 we construct the matrix-valued functional
U: R"x C"— R*>?

with the elements (3.23), (3.24) and (3.29).
Applying functional U(p1,p2) one can establish sufficient stability conditions for
solution x =0 of system (4.1). First, we introduce the designations

1
2er1||Pull + e[ Pzl 0 (1Pl + 5l Przil
0 0 0 )
1
(| Pr1|l11 + §||P12Hl21 0

AY,

o

1
2c22| Pazl| + c12|| P2l 0 HP22||Z22+§HP12||112
AY, = 0 0 0 ;
1
HP22H122+§||P12WI2 0

o

2c12||Pr1|| + 2c1 || Pozl| + coal| Pra|| + c11|[ Pral| 0 2| Paalllor + || Prallli2
AXqio = 0 0 0
2(|Prallaz + || Pr2f|l22 0 0

Theorem 4.1 Let system of equations (4.1) be such that

(1) there exist solutions of equations (3.25)— (3.27) under initial conditions (3.28) for
some n € Ri, n>0;

(2) matrices C and C in estimate (3.52) are positive definite;
(3) matrices X1+ Ay and Yo + AXo are negative definite;

(4) inequality
[Z12]] < Aur(Z1 4+ AZ ) A (S + AS,)

holds true.
Then the solution x =0 of system (4.1) is uniformly asymptotically stable.

Proof Condition (2) of Theorem 4.1 ensures the possibility of constructing the
“scalar” functional v R™ x C" x R%Z — Ry, v(p1,92,m) = 0" U(p1,¢2)n, satisfying
the conditions of definite positiveness and decrease. The upper right derivative number
of the functional v(p1,@2,n) admits the estimate

DJF'U(SQl, ®2, 77)’(4_1) < urlr (X1 + AXq)ur + 2u?212u2 + u2T (B2 + AXo)ug,

where
uy = (|1 0)], lor (=), llerllea) ™, w2 = (Jo2(0)], [o2(=7)], ll@2llL.)”

Conditions (3) and (4) ensure definite negativeness of D% v(¢1,¢2,7)|(s.1). Thus, the
solution & = 0 of system (4.1) is uniformly asymptotically stable and the constructed
functional v(¢p1,p2,7n) is the matrix-valued Liapunov-Krasovskii functional. O

Corollary 4.1 Let system of equations (4.2) be such that
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(i) there exist solutions of equations (3.25)—(3.27) under initial conditions (3.28) for
some 7 € Ri, n > 0;

(ii) matrices C' and C in estimate (3.32) are positive definite;

(iii) matrices 31 and X5 are negative definite.

Then solution z =0 of system (4.2) is uniformly asymptotically stable.

In the partial case, when Bj; = 0 and Bsy = 0 sufficient conditions of uniform
asymptotic stability of solution 2z = 0 are formulated in terms of estimates (3.45) and
(3.46) for matrix-valued functional U(p1,@2) with the elements

wi1(p1) = @1 (0)Pri1(0) + [ k(0)pq (6)D1p1(6) d6,

waa(p2) = ©3 (0) Pazipa(0) + [ K(0); (6) Dagpa(6) d 6,

S—c o

w12(1, 2) = @1 (0)Pr2g2(0)
0

+ T(0) [ explATy (6 +1)) P Bragalt) do

-r

0

+2o50) / B, Pay exp{ Asa (8 + 1) o3 (6) db.

Theorem 4.2 Let system of equations (4.1) be such that
1) Bi1 =0, By =0;
2) matrices C and C in estimates (3.45) are positive definite;

4

(
(2)
(3) matrices Q1 + A%y and Qo+ AXy from estimate (3.46) are negative definite;
(4) inequality

(1Z12]] < Ap (1 + AZ) A (Q2 + AX)
holds true.
Then solution x =0 of system (4.1) is uniformly asymptotically stable.
The proof is similar to the proof of Theorem 4.1.
Corollary 4.2 Let system of equations (4.2) be such that
(i) matrices B1; =0 and Bas = 0;
(ii) matrices C' and C' in estimate (3.45) are positive definite;

(iii) matrices €1 and 5 in estimate (3.46) are negative definite.

Then solution z =0 of system (4.2) is uniformly asymptotically stable.
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5 Application

As applications of results of Section 3.3 we consider oscillations of a harmonic oscillator.
The perturbed motion equation of the oscillator is

2z

dz
) +udt+w 2p(t) + ca(t —r) =0, (5.1)

where z is a state variable, w, ¢, u > 0 are constants. Introduce an auxiliary variable

d
Y= d_:tc and present equation (5.1) as a system
dx
=Y
gt (5.2)
d_zé = —wix(t) — py(t) — cx(t —r).

Applying the proposed technique of construction of the Liapunov functionals for system
(5.2) we construct a scalar functional w(p1,p2) as

w(p1,v2) = v11(p1) + 2v12(p1, Y2) + Va2 (p2), (5.3)
where
: 0
v11(p1) = 795 (0) + 7v2ds / (1 + Z)w?(@ ae,
0

2 0 2

() = 0002 [ (145 ) 40) a0,
0
72_w2_06_ur —pur — b
vzl oa) = 2T 0)a(0) = 26 a(0) [ € (6) 0,

and ~, d; and ds are indefinite positive constants.

Functional (5.3) can be estimated from below by means of the Cauchy—Bunyakovsky
inequality

2 w? — ce™HT
(wl,wz>>v<p(0>+w(0)—2—l<p1 ) p2(0)]

||901( |Z, + ||902( Iz, —2|C|€_’"\/ |<P2 ()], -
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The derivative of functional (5.3) along solutions of system (5.2) is

2w?(y? — w? — ce™HT
DY w(pr,¢2)| 5 = (dWQ 2 . )>90§(0)
2

d 2 d 2 2 2 _ _ —pur
CDY ey 3, - 2T )

0 _
5 ¥ 5 e . p1(0)pr(=7)
0 0 (5.4)
+ 2067#7“&}2@1(0)/67”9@1(9) do + 26267‘”901(—7“)/67“9
2(72 —w? —ce M)\ dy o do 2
+ —2n+dat - 2(0) = 5 @2 (=r) = o~ llp2(0)|IL,-
12
The analysis of (5.4) shows that it is reasonable to take constants v = w? 4 ce™H" + o
dy = 'l;i and do = % Applying the Cauchy-Bunyakovsky inequality once again we
Y

estimate derivative (5.4) of functional (5.3)

2w (Y2 —w? — ce M
D+’LU(301,Q02)|(5.1) < (d172 - ( )>SD%(O)

I
S ey - B oy, + 2O T ) ()
+ 2|cle ™ w 2“ |<P1 N e (),
+2c%e7HT |901 )] o1 ( )”Lz
<_2ﬂ+d2+ e =)0 - 2 ) - B a0

Conditions of positive definiteness of functional w(y1, ¢2) and negative definiteness of
functional D w(e1,@2)|(5.2) yield new conditions of asymptotic stability of zero solution
of equation (5.2) in the form of the system of inequalities

24r(1 — e=217) 42
p u >|C|\/T em2r) + 217

< = )
el 2 (1 e~ 2mT) w 4c?r(1 — e=207)

wr _ —2ur /1’ w
(2w +2ce™ ™+ )(u w? =221 —e )) 5

6 Concluding Remarks

It is of interest to apply the proposed approach for a class of neutral functional differential
equations with time-varying delay. In [14] the Liapunov functional V(z(t)) is used and
a condition for asymptotic stability of zero solution of the system under consideration is
established.

Another class of equations being of interest for the application of the method are the
logic-dynamical hybrid systems given by a set of subsystems which are linear differential-
difference equations with constant coefficients and constant delay (see [10]).



406

A.A. MARTYNYUK AND V.I. SLYN'KO

An urgent direction of applications is the analysis of the robust stability of nonlinear

uncertain neural networks with constant or time-varying delay (see [13]) as well as the
problem of robust dynamic parameter-dependent output feedback stabilization under
H, performance index for a class of linear time-invariant parameter-dependent systems
with multi-time delays in the state vector and in the presence of norm-bounded nonlinear
uncertainties (see [8]).
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