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1 Introduction

Recently, the behavior of dynamical systems has been widely investigated [1, 2, 3, 4].
Cohen—-Grossberg neural networks, which were first proposed by Cohen and Grossberg
in [5] are typical dynamical systems and have received increasing interesting due to their
promising potential applications in many fields such as optimization, associative memory,
pattern recognition, signal and image processing. The stability of Cohen—Grossberg
neural network with or without delays has been widely studied by many researchers
[6, 7, 8, 9]. Moreover, many sufficient conditions on the stability of equilibrium point for
Cohen—Grossberg neural networks with constant coefficients have been available [10, 11,
12].
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As is well known, the investigation on the neural dynamical systems not only involves
a discussion of stability, but also involves many other dynamical behavior such as periodic
oscillatory behavior, almost periodic oscillatory properties, chaos and so on. There exist
some results on the existence of periodic solutions of Cohen—Grossberg neural networks
with variable coefficients [13, 14, 15, 16]. In practice, almost periodic oscillatory is more
accordant. Some authors have researched almost periodic solutions for neural networks,
and obtained several interesting results [17, 18, 19, 20]. However, To the best of our
knowledge, few authors discuss almost periodic solutions for Cohen—-Grossberg neural
networks with variable coefficients [21].

In this paper, our objective is to study further Cohen—Grossberg neural networks with
variable delays. By applying Banach fixed point theory, differential inequality techniques,
we get some sufficient conditions ensuring the existence and exponential stability of
almost periodic solutions for Cohen—Grossberg neural networks with variable delays.
These conditions obtained are easy to check and in practice. Moreover, in this paper,
the assumptions of boundedness, monotonicity, and differentiability for the activation
functions are not available.

The rest of the paper is organized as follows. In Section 2, some notations, defini-
tions and model description are given. The existence and uniqueness of almost periodic
solutions is established in Section 3. In Section 4, we derive some sufficient conditions
on exponential stability of almost periodic solutions. Finally, an example is given to
demonstrate the validity of our results in Section 5.

2 Model Description and Preliminaries

Consider the Cohen—Grossberg neural networks with variable delays as follows:

@@)—-%M@Kﬂ)PK%KU)—E:Cmﬁﬁﬂfﬂﬂ)—E:duﬂﬁﬂfﬂt—ﬁﬁﬁ)+hﬁ),(U
j=1 j=1
where t > 0, ¢ = 1,2,...,n; n is the number of neurons, x;(t) is the state of neuron i

at the time ¢; a;(z;(t)) and b;(x;(t)) represent an amplification function and an appro-
priately behaved function at the time ¢, respectively; f;(z;) is the activation function of
the j-th unit; ¢;;(t) and d;;(t) denote the neural connection at the time ¢; I;(t) is the
external inputs at the time ¢, 7;(¢t) > 0 is transmission delay.

The initial conditions of system (1) are of the form z;(t) = ¢;(t), t € [-7,0], T =
maxi<;<, 7j(t), p; € C (C & C[[-7,0], R"]), and ¢; is assumed to be bounded and
continuous on [—, 0].

Definition 2.1 [22, 23] Let z(¢t): R — R™ be continuous in . x(t) is said to be
almost periodic on R if, for any € > 0, it is possible to find a real number [ = I(¢) > 0
such that, for any interval with length I(¢), there is a number § = d(e) in this interval
such that |z(t 4+ 0) — x(t)| < oI, for any ¢t € R.

Throughout this paper, we assume that c;;(t), d;;(t), 1;(t), ¢i(t) are continuous almost
periodic functions. For an arbitrary continuous function f(t): R — R, we define

f=$yﬂmai=gyﬂM-

We list some assumptions which will be used in this paper as follows:



NONLINEAR DYNAMICS AND SYSTEMS THEORY, 8(3) (2008) 287-298 289

(H1) a;(t) is continuous and 0 < a; < a;(t) <a; forall te R, i =1,2,...,n.

(H2) There are positive constants k; such that bz() >k, bz() denotes the derivative of
bi(-), and b;(0) =0, i=1,2,...,n.

(H3) There are constants a; > 0 such that |f;(z) — f;(y)| < aj|z —y| for any z, y € R,
and f;(0)=0, j=1,...,n.

Definition 2.2 The almost periodic solutions z*(¢) of system (1) is said to be global
exponentially stable, if there exist constants € > 0 and M > 1 such that

lz;(t) — 2% < M|l — ¢*[le™", ¢t>0, i=1,2,...,n,

where ¢* is the initial value of z*, ||¢ — ¢*|| = sup max |p;(s) — @I (s)].
—00<s<0 1<i<n

Definition 2.3 [21] Let y € R™ and P(t,y) be a n x n continuous matrix defined
on R x R™. For any continuous function v(t): R — R", the following system

y(t) = P(t,v(t))y(t)

is said to be an exponential dichotomy on R if there exist constants k,l > 0, projection
S and the fundamental matrix Y, (t) satisfying

|V, ())SY, H(s)|| < ke ') for ¢ >,
1Yo ()T = S)Y, H(s)|| < ke ™79 for ¢ <s.

Lemma 2.1 [21] If the linear system y(t) = P(t,v(t))y(t) has an exponential di-
chotomy, then almost periodic system

y(t) = P(t,v(t))y(t) + g(t, v(t))
has a unique almost periodic solution y(t) which can be expressed as follows:
t 00
vt) = [ VuOSY slals. () ds — [ V.0 - )Y, s)gls, o) ds
—o0 t
Lemma 2.2 [22, 23] Assume that e;(t) is an almost periodic function and

1 t+T
TETOOT/t ei(s)ds>0, i=1,2,...,n.

Then the linear system y(t) = e(t)y(t) admits an exponential dichotomy, where e(t) =
diag{e:(1)}.

Definition 2.4 [24, 25] A real nxn matrix W = (w;; )nxn is said to be an M -matriz
if w; <0,4,5=1,2,...,n,i# j, and W= >0, where W~! denotes the inverse of W.

Lemma 2.3 [24, 25] Let W = (Wij)nxn with w;; <0, 4,5 = 1,2,...,n, 1 # j.
Then the following statements are equivalent:

(1) W is an M-matriz;



290 YINGPENG CAO AND BAOTONG CUI
(2) there exists a vector n = (1,12, -.,Mn) > (0,0,...,0) such that nW > 0;

(3) there exists a vector & = (£1,&a,...,6,)T > (0,0,...,0)T such that W¢ > 0.

Lemma 2.4 [24,25] Let A >0 be an nxn matriz and p(A) < 1, the (E,—A)~! >0,
where p(A) denotes the spectral radius of A.

From (H1), the antiderivative of ﬁ exists. We choose an antiderivative g;(z;) of
—L__ that satisfies ¢;(0) = 0. Obviously, g;(z;) =

ai(w;) ﬁ
that g;(x;) is increasing with respect to x;, and the inverse function g; *(z;) of g;(x;) is
existential, continuous, and differentiable. So, g; '(z;) = a;(x;), where g;~'(x;) is the
derivative of g; !(x;) with respect to z;, and composition function b;(g; *(z)) is differen-
tiable. Denote u;(t) = g;(x;(t)). It is easy to see that 4, (t) = g;(x;)&;:(t) = #St))(t) and

By a;(z;) > 0, we obtain

2;(t) = g; ' (u;). Substituting these equalities into system (1) gives that

i(t) = =bilg; (wi(0) + 3 i (0F5(95 (u (1))
- . (2)
+ 3 di () fi(g;  (uy(t = 75(1)) = Li(t), >0

ui(t) = gi(wi(t)) £ ¢i(t), —7<t<0.

Considering b;(g; " (ui(t))) = bi(g; " (wi(t)))| =, - ui(t), system (2) can be written as
the following system:

where e;(ui)(t) 2 bi(g;  (wi(t)))|a=e;, bi(g;  (ui(t)))|.=e, denotes the derivative of
bi(g; '(2)) at point z = &;, 2 € R, &; is between 0 and u; ().

Let e;(u;)(t) be an almost periodic function, the system (1) has a unique almost
periodic solution which is globally exponentially stable if and only if system (3) has a
unique almost periodic solution which is globally exponentially stable.

It is easy to see that |g; ' (u) — g; *(v)| = |g; ' () (u —v)| = |ai(p)||u — v| < @ilu—v),
where p is between v and v.

For convenience, we introduce some notations. We will use x = (1,2, ...,7,)T € R"
to denote a column vector, in which the symbol () denotes the transpose of a vector.
For matrix A = (aij)nxn, AT denotes the transpose of A, and FE,, denotes the identity
matrix of size n. A matrix or vector A > 0 means that all entries of A are greater than or
equal to zero. A > 0 can be defined similarly. For matrices or vectors A and B, A > B
(rep. A > B) means that A— B >0 (rep. A— B > 0).
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3 Existence and Uniqueness of Almost Periodic Solutions

In this section, we shall discuss the existence and uniqueness of the almost periodic
solution of system (3).

_ Theorem 3.1 Suppose that (H1)-(H3) are satisfied, and p(A~H(C+D)) < 1, where
O = (Eijajaj)an, D = (dijajaj)an, A = diag(klgl,kQQQ,...,kngn). Then, there
exists exactly one almost periodic solution of system (3).

Proof Set the vector a(t) = (Q1(t), d2(t),..., @n(t)T, for Vo € R", we define
the norm: ||4(t)|| = maxi<i<n |[Gi(t)|. Let A = {a(t) = col{a;(t) | 4(t): R — R™, is
continuous almost periodic function}. For any @ € A, we define its induced model as
follows:

i) = sup ||a(t)]| = i (t)-
lall = sup [[a(t)]| = sup max @)

Obviously, (A, || -||) is a Banach space. For any {@;(¢t)} € A, consider the following
system:

;i (t) = —eq(@;(t))ui(t) + Zcij(t)fj (g; ' (a;(1)))

+ ) dii (095 (@t —75(1))) — Lit),

j=1
where i = 1,2,...,n. From H(1) and H(2), we get e;(u;(t)) > kia; > 0 and

1 t+T
— o S . .
TETOO T /t ei(ui(s))ds > TETOO kia; >0

Similar to the analysis of [21], we know that following system:

U(t) = Q(a())U(t)

has an exponential dichotomy on R, where

Q(0)(t)) = diag(e1(1(t)), e2(ta(t)), ..., enltn(t))).

Thus by Lemma 2.1 and Lemma 2.2, system (4) has a unique almost periodic solution
ug(t) which can be expressed as follows:

ug(t) = col{ /; e~ Js eil@(@)de [22 cij(s)fi (g5 (5(5)))

. (5)
TS dig ()5 05 (g (5 — 75(5)))) — 11-(5)} ds}.

j=1
Now define a mapping 7: A — A by setting
Tj(t):,fj(t), VieA.
Next, we prove that T is a contraction mapping. For any V&, 2* € A, from (H3) we have

T(a(t)) = T(u*(1))|
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- (] [ e e S o) a5 60 ~ it (56)
j=1

" Zdu (F3 (g iy (s — 73 (90))) — (g (u (s — m(s»)))]ds ,

ey

‘ / el u<o>>do—[zcm (305 5(5)) = Fr05 ()

dnj(s) (f(95 " (5 (s = 70 (5)))) = fi(g5 ' (u (S_TnJ(5)>>))]d5

<
Il
-

+
- |

IN
VN
H

e*klﬁl(tfs) |:Z a1a1|UJ u;(5)| (6)

o0

+
NE

dyjonmliy(s — m1(s)) — 23(s — Ty >>|]ds,

n
ke, {Z G Oninij(5) — u’(s)]

o,
Il
—-

—

8

:

QnGn |t (s — Tnji(s)) — u;‘(s — Tnj (s))|] ds>

Z klal Clj +81j)a1§1 sup|ﬁj(t) —u;(t)|, ceey
= teR

M:

T
ny) " (Cnj + dinj)onTn sUp |15(1) — u;*(ﬂl) ,
1 teER

<.
Il

which implies that

(sup (T ((0)) — TG (D)), -, sup|(T(@(1) ~ T ()l)

tER teER

< (Z(klﬂl)l@j + dyj)on@y sup |a; () — ui(t)], ...,

o teR
n T
5 (n,) ™ @y + o sup i5(0) = 50 ) )
T
< (supin(0) = w0, ... suplan(0) - (0]

where F = A~*(C + D). Let m be a positive integer. Then, from (7), we get

(sup (T (1)) — T (), - sup | (7™ @(1)) — T (u ()l )

tER teER
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< P (supl(T™ 1 (@(e) ~ T )l sup TN @(0) ~ T ()l )

teR teR
< P (sup (@) = T (). 509 (T a(0) ~ T O))n])
T
< F™ (supln (1) = wi(0) . sup in(t) = w3 ()]) ®)

Since p(F) < 1, we obtain lim, 4. F™ = 0, which implies that there exists a
positive integer IV and a positive integer 3 < 1 such that

FN = (A C+D))N = (hij)nxn, and Y hi; <8, i=1,2,...,n.  (9)
j=1

In view of (8) and (9), we have

(T (a(t) = T (u* (1)))] < jggl(TN(ﬂ(t)) =TV (w" (1))l

< (sup max |a;(t) — u;(t)|) Zhij < glla(t) — u*(t)]|,

teR 1<isn

forallt € R, i=1,2,...,n. It follows that

1T (@(t)) = T (u™ ()] = sup max [(T™ (a(t) — T (" (1))s] < Blla(t) —u*(#)].

teRr 1<i<n

This implies that the mapping 7%: A — A is a contraction mapping.

By Banach fixed point theorem, there exists a unique fixed point u* € A* such that
Tu* = u*. From (4) and (5), we know that u* satisfies system (3), therefore, it is the
unique almost periodic solution of system (3). We complete the proof. O

4 Exponential Stability of Almost Periodic Solutions

In this section, we shall discuss the global exponential stability of the almost periodic
solution of system (3).

Theorem 4.1 Suppose that (H1)-(H3) are satisfied, and the condition in Theorem
3.1 holds, then there exists exactly one almost periodic solution of system (8) which is
exponentially stable, i.e. all other solutions of system (8) converge to this almost periodic
solution exponentially.

Proof By Theorem 3.1, we have known that system (3) has a unique almost periodic
solution, then we shall prove the exponential stability of almost periodic solution.

Let u(t) = (ui(t), u2(t), ..., un(t))T be an arbitrary solution and wu*(t) =
(ui(t),us(t),...,us(t))T be an almost periodic solution of system (3) with initial val-

ues ¢(t) = (¢1(t), d2(t), ..., ¢n(t))" and ¢*(t) = (61(t), #3(t), ..., 5 (t))", respectively.

Set
yi(t) = ui(t) — (ui (1), Fj(y;(0) = fiy;(t) + (uj(t)) — f(uj(2)),
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where 7,7 =1,2,...,n. It is easy to see that system (3) can be reduced to the following
system:
yi(t) = —ei(u(t))ya(t) + Z cij(t )+ Y dig (0 Fy(y; (¢ — 735(1))- (10)
j=1
Since p(F) = p(A~'(C+D)) < 1, it follows from Lemma 2.4 that F, — A _1(6 D) is an
M-matrix. In view of Lemma 2.3, there exists a constant vector £ = (£,,&,,...,£,)"

(0,0,...,0)T such that

That is,

_kigizi+za(ézj +Eij)ai6i <0, 2=1,2,...,n

j=1
Therefore, we can choose a constant d > 1 such that
E=dé> sup |y(t)], i=1,2,...,n,
7<t<0
and
_kigi& + Zgﬂ (Eij + Eij)aiai = [— ki@igi + ZZJ (Eij + Eij)()éiai d < O,
j=1 j=1

where i =1,2,...,n. Set

Mi(&‘) = Efi — kiQigi =+ Zgj(ﬁij + Eije”)aiai, 1=1,2,...,n

j=1

Clearly, M;(¢), i =1,2,...,n, are continuous functions on [0, wp]. Since

Ml(O) = —kigiéi + Z@-(Eij +Eij)04iai < O, = 1, 2, oo, n
Jj=1

we can choose a positive constant w € [0,wp] such that

Mz(w) = (w — klgl)gz —|— Zgj(éij —|— Eije“”')aﬁi < O, ’L = 1, 2, cee, . (11)
j=1
We consider the Lyapunov functional
Vilt) = [ga(hle”, i=1,2,...,n. (12)
Obviously, for any y;(t) # 0, Vi(t) > 0. Calculating the upper right derivative of V;(t)
along the solution y(t) = (y1(t),y2(t),...,yn(t))" of system (10) with the initial value
¢ = ¢ — ¢*, we have

DF(Vi(t)) < —kiay|ys(t)]e*" + Z Cijlyi(t) Z i(t =735 (1)) e + wlyi(t)]e"

IN

= {(w—k a;)|yi ()| + E Cijlyi(8) | + E diglyi(t = 7i;(t))] i | €
j=1
(13)
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where 1 =1,2,...,n. We claim that
Vi(t) = |lyi(t)]e?t < &, forall t>0, i=1,2,...,n. (14)
Contrarily, there must exist ¢ € {i = 1,2,...,n} and ¢; > 0 such that
Vilt;) =& and V;(t) <&, Vte(—oo,t;), j=1,2,...,n, (15)
which implies that
Vilt;) —& =0 and V;(t)—¢ <0, Vte(—oo,t;), j=1,2,...,n. (16)
Together with (13) and (16), we obtain
0 < D¥(Vi(t:) — &) = D*Vi(ty)
< [(w — kaa)lys (D) + D eslya(D) st + D dilyi(t — 7 (1) |eviats |
Jj=1 j=1
= (w = kig)&i + it ( i@‘ﬂyi(tiﬂ@mi + iaiﬂyi(fi — Tij (fi))|€w(tiT”(ti))em”(ti))
Jj=1 j=1

< (w—kia)& + Y &(@; + diye ) aim.

j=1
(17)
Thus
0 < (w—Fkig;)& + Z & (e + dije* ) aya;
j=1
which contradicts (11). Hence, (14) holds. It follows that
. N ,—wt
lyi(t)] < lrgiagxn{gz}e . (18)

Letting ||¢|| = [|¢—¢*|| > 0, it follows from (18) that we can choose a constant M > 1
such that

i) — 27 ()] = [y ()] < 121%;(”{@}6*” < Mg — ¢ [le™", (19)

where ¢ =1,2,...,n, t > 0. Thus, the almost periodic solution of system (3) is globally
exponentially stable.
We complete the proof. O

Corollary 4.1 Suppose that (H1)-(H3) are satisfied, and E,, — A~'(C + D) is an
M-matrix, then there exists exactly an almost periodic solution of system (3) which is
exponentially stable, i.e. all other solutions of system (3) converge to this almost periodic
solution exponentially.

Proof Notice that E,, — A™*(C + D) is an M-matrix, it follows that there exists a
vector = (1,m2,...,m,)T > (0,0,...,0)T such that

(B, — A~ (C+D))n>(0,0,...,0)T.
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That is,

n
—klgln—l—Z(E” —I—Eij)aiﬁm < O, = 1,2,...,TL.
j=1

Therefore, Corollary 4.1 follows immediately from Theorem 4.1. O

Remark 4.1 In Theorem 4.1 and Corollary 4.1, we do not need the assumptions
on boundedness, monotonicity, and differentiability for the activation functions. Clearly,
the proposed results are different from those in [5, 6, 14] and the references cited therein.
Therefore, our results are new and they complement previously known results.

5 An Example

In this section, we give an example to illustrate that our results are feasible.

Example 5.1 Consider the following system with continuously distributed delays:

i(t) = —ai(xi(t)) [bi(xi(t)) =Y e fi (e (0) =D dig(t) fi (¢ = m5(1)) + Ii(t)} ;

j=1 j=1
(20)
where i = 1,2. Let f;(z) = 3(Jz + 1| — |2 — 1|), we have a; = 1 (j = 1,2).
Taking
1 1 T
(a1 (z1 (1)), az(zo(t)T = (2 T arctanzy (t),2 + Tor arctan:cg(t)) :
9 . 9
(bl(Il(t)),bQ(IQ(t)))T = (Il,IQ)T, Il (t) = 5 smt, IQ(t) = 5 COSt,
thus we obtain a; = a9y =1, a1 = a2 = 3, 1_91292251 =by=1 1 =1, = %,
kl = kg =1. Let
1 . 1 .
(611(t) c12(t)> B 1—3s1nt 1—3s1n2t
I 1 ’
can(t) ex(t) Spsindt Losindl
1 1
(dll(t) d12(t)> _ 1—3cost 1—3cos2t
da1(t)  daa(t) %cos3t icos4t

13

- - - - 1
Noting that €11 = €13 = Co1 = Cos = d11 = di2 = da1 = da2 = 1—3, we get

6 6
13 13

So, we have
- = 12
pATNC+D) = < L.

Thus, it follows from Theorem 3.1 and Theorem 4.1 that system (20) has exactly a unique
almost periodic solution, which is globally exponentially stable.
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Remark 5.1 System (20) is a simple form of Cohen-Grossberg neural networks with

variable delays. In this system, L{ = L§ = 3—10, L% = Lg* = 1. If we apply Corollary
4.1 in [15, 16], and choose n = (n1,m2) = (1,1), we obtain § = 2, p(K) = 120 > 1,

this doesn’t satisfy the conditions in Corollary 4.1 in [15, 16]. So, the results in [15, 16]
cannot be applicable to this system. This implies that our results are essentially new.

Remark 5.2 Since fi(z) = fo(z) = $(Jz + 1| — |z — 1|), we can easily verify that
the assumptions of boundedness, monotonicity, and differentiability for the activation
functions are not available. So, the proposed results in [5, 6, 14] and the references cited
therein can not be applicable to system (20).

6 Conclusion

In this paper, the existence and exponential stability of almost periodic solutions for
Cohen-Grossberg neural networks with variable delays are considered. Some new suf-
ficient conditions are obtained by applying Banach fixed point theory and differential
inequality techniques. Some previous results are improved and extended.
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