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Abstract: In this paper we shall study the approximations of solutions to a
class of second order history-valued delay differential equations in a separa-
ble Hilbert space. Using a pair of associated nonlinear integral equations and
projection operators we consider a pair of approximate nonlinear integral equa-
tions. We first show the existence and uniqueness of solutions to this pair of
approximate integral equations and then establish the convergence of the se-
quences of the approximate solutions to the solution and the pair of associated
integral equations, respectively. Also, we consider the Faedo—Galerkin appro-
ximations of the solution and prove some convergence results. Finally, we give
an example.
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1 Introduction

We consider the following second order history-valued abstract delay differential equation
in a separable Hilbert space (H, || - |, {:,)):

' (t) + Av(t) = f(t,u(t),v(t),u(t —7),v(t — 7)), te(0,T],

w(t) = h(), () = g(t), te[-70], (1)
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where A is a closed linear operator defined on a dense subset of H and v(t) = u/(t)
for all t € [-7,T]. We assume that —A is the infinitesimal generator of an analytic
semigroup {e~*4: t > 0} in H and the nonlinear map f is defined from [0,7] x H* into
H satisfying certain conditions to be specified later.

Regarding the earlier works on existence, uniqueness, regularity and stability of var-
ious types of solutions to evolutions equations, delay differential equations and neutral
functional differential equations under different conditions, we refer to Bahuguna and
Muslim [1, 2, 3], Bahuguna et al [4], Wei et al [5], Balachandran and Chandrasekaran [6],
Lin and Liu [7], Alaoui [8], Adimy [9], Hernandez and Henriquez [10, 11], Blasio and
Sinestrari [12], Jeong [13], Rhandi [14] and the references cited in these papers.

The related results for the approximation of solutions to the first order evolution equa-
tions with and without delay can be found in Bahuguna and Muslim [1, 2], Henriquez [15]
and Muslim [16].

Initial studies concerning existence, uniqueness and finite-time blow-up of solutions
for the following equation

u'(t) + Au(t) = g(u(t)), t=0,
u(0) = ¢,

have been considered by Segal [17], Murakami [18] and Heinz and Von Wahl [19]. Bazley
[20, 21] has considered the following semilinear wave equation

u’(t) + Au(t) = g(u(t)), t=0,

w(0) = 6, (0) =, @

and has established the uniform convergence of approximations of solutions to (2) using
the results of Heinz and von Wahl [19]. Goethel [22] has proved the convergence of
approximations of solutions to (2) but assumed g to be defined on the whole of H. Based
on the ideas of Bazley [20, 21], Miletta [23] has proved the existence and convergence of
approximate solutions to (2).

The authors Bahuguna and Muslim [2] have considered the following first order re-
tarded integro-differential equation

0
u'(t) + Au(t) = Bu(t) + Cu(t — 1) —I—/ a(@)Lu(t+0)df, 0 <t <T <oo, T>0,
u(t) = h(t), te[-m0]

3)
in a separable Hilbert space and studied the approximation of solution of the above
problem under the conditions when —A is the infinitesimal generator of an analytic
semigroup, B, C and L are nonlinear continuous operators suitably defined on H.

In [23], Miletta has established the convergence of Faedo-Galerkin approximation of
the solution to
W (1) + Au(t) = M(u(t)), u(0) = ¢,

in a separable Hilbert space where A satisfies the same condition as in this paper and M
is a nonlinear map defined on D(A%), for some «, 0 < a < 1, which satisfies a Lipschitz
condition in a ball in D(A%).

Despite the widespread use of the Faedo-Galerkin method (in many applications it is
referred to as the method of harmonic balance), the convergence behaviour in many cases
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is not known. Bazely [20, 21] has proved the uniform convergence of the approximation
solution of the nonlinear wave equation

u’(t) + Au(t) + M(u(t)) =0, u(0)=¢, u'(0)=1,

on any closed subinterval [0, 7] of the existence of the solution.

2 Preliminaries

We note that if —A is the infinitesimal generator of an analytic semigroup then for ¢ > 0
large enough, —(A+cI) is invertible and generates a bounded analytic semigroup. This
allows us to reduce the general case in which —A is the infinitesimal generator of an
analytic semigroup to the case in which the semigroup is bounded and the generator is
invertible. Hence without loss of generality we suppose that

le 4| <M for t>0

and
0e p(—A),

where p(—A) is the resolvent set of —A. It follows that for 0 < o <1, A“ can be defined
as a closed linear invertible operator with domain D(A®) being dense in X.

In view of the facts mentioned above we have the following Lemma for an analytic
semigroup {e~*4, t > 0} (cf. Pazy [24], pp. 195-196).

Lemma 2.1 Suppose that — A is the infinitesimal generator of an analytic semigroup
{e=t4, t > 0} with |e™*|| < M, for t > 0 and 0 € p(—A). Then we have the following

(i) D(A%) for 0 <« <1 is a Banach space endowed with the norm | - ||a,
(ii) For 0 < B < a, the embedding Hy — Hpg is continuous,

(i) A® commutes with e~*4 and there ewists a constant Co, > 0 depending on o such
that
A% < Cot™™, t>0,

(iv) There exists a constant C such that

A7) < C, for 0<a<l.

We assume that the linear operator A satisfies the following assumption.

(H1) A is a closed, positive definite, self-adjoint linear operator from the domain
D(A) C H of A into H such that D(A) is dense in H, A has the pure point spectrum

0< <A <A< ...
and a corresponding complete orthonormal system of eigenfunctions {¢;}, i.e.,
Api = Nigi and  (¢i, ¢;) = dij,

where §;; =1 if ¢ =j and zero otherwise.
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If (H1) is satisfied then —A generates an analytic semigroup {e~*4: t > 0} in H.
Further assume that the maps h, g and f satisfy the following hypotheses.

(H2) The maps h, g € C3 are locally Hélder continuous on [—7,0].

We define the two new functions h and § given by

o (), tel-T,0]

ht) = {h(o), t€[0,T] @
and

~ _ g(t)v te [_7-7 0]7

e {g(m, te,T) ®)

(H3) The nonlinear map f is defined from [0,7] x D(A) x D(A%) x D(A) x D(A%)
into H and there exists a nondecreasing function Ly from [0, 00) into [0,00) depending
on some ry > 0 such that

Hf(taulvvlawlazl) - f(S,’LLQ,’UQ,’(UQ,ZQ)”

< Ly(ro){Jt = s® + lur — uallr + [[vr — valla + lwr — wall1 + ||l21 — 22/},

for all t,s € [0,T], 6 € (0,1], and (u1,v1), (uz,v2), (w1, 21),(w2,22) € By, (D(A) x
D(A%), (h(t),§(t))) where By, (D(A)xD(A%), (h(t),§(t))) = {(z1,51) € D(A)x D(A%):
|21 =A@l + [lyr — 9@)l[a <71}

3 Approximate Integral Equations

The existence of solutions to equation (1) is closely associated with the following pair of
integral equations

h(t), te[-7,0]
u(t) fi(o) (e7™ —1)A~1g(0) — (6)
g —(t=)A _ A f(s,u(s),v(s),u(s — 7),v(s — 7)) ds, te0,T],
9(t), te -0
o(t) = etitAg(O) + (7)
ge_(t_S)Af(s, u(s),v(s),u(s —7),v(s —7))ds, te€0,T].

By a solution (u,v) to equations (6)—(7) on [—7,T], we mean a pair of functions (u,v) €
Ch x C% for some 0 < a < 1 satisfying (6)—(7), where C» x C% is the Banach space
C([-7,T], D(A) x D(A®)) of all continuous functions from [—7, 7] into D(A) x D(A®)
endowed with the norm

1w O)loryx0r = llullry +[[0ll7,a;

where
[ullra = Sup. IIAU(t)IIZ sup [lu(?)[x
<t<T

—T —TSUS
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and

[0ll7.a = sup [[A%(@)] = sup v(t)]a-
—7<t<T —7r<t<T

Let 0 < Ty < oo be an arbitrary fixed real number and
L(R) = (1+ R)2Fg(To), (8)

where

Fr(To) = 2L#(R)[T¢ + R+ ||h|

7.1+ 9ll7.a] + 1| £2(0,0,0,0,0)]. 9)

Let 0 < T < Ty be such that

sup {l(e™ = Dg(O)]| + (e~ ~ NA"g(0) ]} < 5
0<t<T

and
zkmm&@§MMwumrﬂga—ﬂum@wya}

Let H,, denote the finite dimensional subspace of H spanned by {¢o, ¢1,...,¢,} and
for each n = 0,1,2,..., P": H — H, be the corresponding projection operators.
For each n we define f,: [0,7p] x D(A) x D(A%) x D(A) x D(A*) — H such that
fult,u,v,w,2) = f(t, P"u, P"v, P"w, P"z), where (u,v),(w,z) € D(A) x D(A%) and
t e [0, To]

Let Wg = Br(Ch x C$, (h, 7)), where

Br(Cr x CF, (h.3)) = {(y1,y2) € Cp x C3: |ly1 = hllma + [ly2 = §ll7.a < R}.

Define a map S,, on Wg such that S, (u,v) = (@, 0) with

h(t), te -0,
a(t) = 4 h(0) — (e = I)A™"g(0) — (10)
fot(e_(t_s)A — DA f(s,u(s),v(s),u(s — 7),v(s — 7))ds, t€0,T],
o) = 490 t € [-70],
®) {e_tAg(O) + f(f e~ =)Af (s, u(s),v(s),u(s — 7),v(s — 7))ds, t€][0,T]. ()

Theorem 3.1 If all the assumptions (H1)-(H3) are satisfied then there exists a
unique (Un,v,) € Wg such that Sy (un,vn) = (upn,vy,) for each n=0,1,2,....

Proof We claim that S, : Wgr — Wg. For this we need to show that the map
t — (Sp(u,v))(t) is continuous from [—7,7T] into D(A) x D(A®) with respect to the
norm || - |1 + || + ||a- For t € [-7,0] we have

[a(t2) — ata)ll + [[o(t2) = 0(t)lla = [|P(t2) — Al + [lg(t2) — 9(t)lla- (12)
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For t1,t2 € (0,T] with #; < t2, we have
[A(t2) — @(t2)] + [B(t2) — B(t1)] = [(e72* — e ) (= A) " g(0)] + [(e 724 — 714 g(0)]

+ / 2[ “(ta=s)A _ I[(=A)" f(s, P"u(s), P"v(s), P"u(s — 7), P"v(s — 7))ds

/ e—(t2=s)A _ (tl—s)A}

x (—A)"f(s, P"u(s), P"v(s), P"u(s — 7), P"v(s — 7))ds

/ ~(2=)A £ (5 Pu(s), P"u(s), PMu(s — 1), P"v(s — 7))ds

-|-/ [(e “(t2=s)A _ ef(tlfs)A)]f(s,P”u(s),P”v(s),P"u(s —71),P"v(s —7))ds.
0

Hence from the above equation we get
[alt2) = a(t)ll + [6(t2) = o(t1) o < [[(e24 = e )g(0)]| + [I(e™"" —e~"14)g(0)|

ta
+ / ||ef(t275)A — I|||| f (s, P"u(s), P"v(s), P"u(s — 7), P"v(s — 7))||ds

t1

t1
+ / e 2= A — o= (=94 | £(5, Pu(s), P"o(s), P"u(s — 7), P"v(s — 7))||ds
0
to
+/ |A%e= =94 || £(s, P™u(s), P"v(s), P"u(s — 7), P"v(s — 7)) ds
t1

th
+/ ”Aa( (ta—s)A _ ef(tlfs)A)H
0
x || f (s, P"u(s), P"v(s), P"u(s — 1), P"v(s — 7))||ds.
We calculate the above inequality as follows

/tl e~ I, PPu(s). Po(s), PPuds =), PuGs = mlds

< (M + DL(R)(t2 — )

and

[ e AR . Pras), Pols), Prats = 7). Puls =) ds
t1 t (t .y )l—a (14)
< URICa [t =) ds = Lo, 2T
ty

Part (d) of Theorem 2.6.13 in Pazy [24] implies that for 0 < ¥ < 1 and z € D(A?), we
have
1™ = Dall < Cjt” |- (15)

If 0 <9 <1and 0 < a+d <1, then A% € D(A?) for any y € D(A*H?).
Therefore, for ¢t € [0,T] and s € (0,7, we have

I(e™ = DA%~ x| < Cyt?||A%e™al|y = Cjt”|| A% e a]|

16
< CYCryot’s™ @+ | 2. (16)
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Hence from (16) we get
(et — (=m0 g2 = (o241 4% (=4
< CyCarolto — )" (ty — 5)~ (@),
Hence

ty
/ [(e= 2704 — em (=) A% ||| £ (s, PMu(s), P"o(s), P"u(s — 7), P"v(s — 7)) ds
0

ty
< C%Cor9L(R)(ty — tl)”/ (t; — s)~ (@t s
0

Tol—(a+19) Y
< ChCpiyL(R) =2 (t5 — t1)".
—0190+19 (R)l—(a+19)(2 1)
(17)
Also, from (16), we have
[(e= = De*Az|| < Cyt’[le*Axlly = Cyt”’||A%e™* x|
< ChCyt?s™ ||z
Therefore
||€ (ta—s)A _ ef(tlfs)AH ||( (ta—t1)A _ I>€7(t175)A”
S CﬂCﬂ(tQ — tl)ﬂ(tl — 8)719.
Hence
t
/ le (294 — e =9l £ (s, PMu(s), P"v(s), P"u(s — 7), P"v(s — 7)) ds
0
ty
< CYCyL(R)(ts — tl)ﬂ/ (t1 — s) " Vds (18)
0
Tl -9
< CﬂCﬂL( ) 9 (tg — tl) .

From inequalities (13), (14), (17) and (18), it follows that S, (u,v)(t) is continuous
from [—7,T] into D(A) x D(A®) with respect to the norm || - ||1 + || - ||o. Next we want
to show that S, (u,v) € Wg i.e., (4,0) € Wg. Now if ¢ € [-7,0] then we have

a(t) = h(t)ll1 + [|6(t) — §(t)]la = 0.
Now, if t € (0,T], then we have
la(t) — h(t)l1 + |6(t) — G(E)[la < [I(e™ = 1)g(0)|| + ||(e~** — 1) Ag(0)]
+ / e~ =24 1)1 £ (s, P"u(s), P"v(s), P u(s — 7), P"v(s — 7))||ds
0

+ /t ||e_(t_5)‘4Ao‘||||f(s7 P"u(s), P*v(s), P"u(s — 1), P"v(s — 7))||ds

+(M+1)L(R))(T0)T+OQL(R)(TO)/O (t —s)~ds

-«

IN

wlh wlw s

<R.

IN

+ (M + DL(R)T + CaL(R) {
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Taking the supremum over [—7,T], we get
@ = hllzy + (16— #1700 < R,
which implies that S, (u,v) € Wg. Hence, S,, maps Wx into Wg. Now to complete the

proof of this theorem it only remains to show that S, is a strict contraction mapping
on Whg.

If t € [-7,0], and (u1,v1), (u2,v2) € Wg, then we have
l[@1(t) = d2(t)l|1 + [[02(2) — 02(t) o
= /t le™ =4 — 1| | f (s, Prur(s), P v (s), P"ur(s = 7), P"v1 (s — 7))
—Of(s, P"us(s), P"va(s), PMugs(s — 7), P"va(s — 7))||ds
+ /t e~ =44 || £ (s, P ui(s), P"vyi(s), P ui(s — 7), P"vi(s — 7))
—Of(s, Plusy(s), P"va(s), PMua(s — 1), PMva(s — 7))]|ds.
From assumption (H3), we get

IIf(t, P uy(t), P vy (t), P"us(t — 1), P v (t — 7))
— f(t, P"ug(t), P va(t), P us(t — 1), P va(t — 7))
< Fr(To)[[[ua(s) — ua(s)[lx + [[vi(s) — va(s)la
+ Jur(s = 7) —ua(s = 7)[l1 + [lval(s = 7) —vals — 7)ol

2RFR(T;
< ZEER0) 1y gl + for — wnlir)
Therefore
Ilf(t, P"uy(t), P vi(t), P us(t — 1), P"oy(t — 7))
— f(t, P"uy(t), P"va(t), P"us(t — 7), P va(t — 7))||
< 2Fg(To)(lur — uzl|ra + [lv1 — v2(|7.0)
L(R
< 20 s — w4 Jor — walira).
Hence

[@1(2) = a2(t)[l1 + [[01(2) — 22(t) o

t
S [(M + 1)2FR(T0)T + 2CaFR(T0)]/ (f — S)_adS (||u1 — U2||T)1 + ||’U1 — ’UQHTa)
0

1 Tl—a

SE(M+UMmT+%MmI_me—erWM—whm
2

<

3 ([lur = w2z + lv1 — v2ll7,0)-

Taking the supremum over [—7,T], we get

@1 — dallr1 + (|01 — D2llra < 5 (lur — 2|71 + [lvr — v2(7.0)

[SUAR )
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Thus S, is a strict contraction mapping on Wg. Hence, there exists a unique pair
(un,vn) € Wg such that

h(t), te[-1,0],
un(t) = h(0) = (e7* = 1) A" g(0) —
fot(ef(t’s)A — DA £ (5,un(8),v0(8), un(s — 7),vn (s — 7))ds, t€[0,T],
(19)
and
V. (t) = {g(t), te [_Ta O]a
" e tg(0) + fg e E=)AF (5,un(8), 00 (8), un(s — T),v,(s — 7))ds, t€[0,T].
(20)

The equations (19)—(20) are known as a pair of approximate solutions related to the
given problem (1). O

Corollary 3.1 Let all the assumptions (H1)-(H3) hold. If (h(t),g(t)) € D(A) x
D(A) for all t € [-7,0] then (un(t),v,(t)) € D(A) x D(A?) for all t € [-7,T], where
0<v<1.

Proof From Theorem 3.1, we have the existence of a unique pair (uy,, v,) € Br(Ch X
C%, (h,§)) satisfying (19)-(20). By Theorem (1.2.4) in Pazy [24], we have for = € H,
fg e txds € D(A) and if x € D(A) then e *42 € D(A). Thus the result follows from
these facts and the fact that D(A) C D(AY) for 0 <9 < 1.0

Corollary 3.2 If all the conditions (H1)-(H3) hold then for ¢(0) € D(A) there
exists a constant Vj independent of n such that

lon()]ls < Vo, where 0<9 <1, —T<t<T.
Proof If t € [—7,0], then from equation (20), we get the following
v (@)l < [ A%g(0)].
If t € (0,T], then we have
lon(®)llo < lle™*A7g(0)]

t
+ / le™ = AAY||[ f (s, P"u(s), P o(s), P"u(s — 7), P"v(s — 7))||ds

1-9

T
< M||g(0)[]s + CyL(R) 1-9 <V.

This completes the proof of the Corollary. O

Corollary 3.3 If all the conditions (H1)-(H3) are hold then for h(0) € D(A) there
exist a constant V; independent of n such that

lun(@)|1 < Vi, forall —7<t<T.

Proof If t € [—7,0], then from equation (19) ||v,(¢)]1 < || Ag(0)]|.
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If t € (0,7, then we have
lun (@)l < [[RO)]1 + [[(e™* = Dg(0)]

/ (e =4 = DI f (s, P™u(s), P"v(s), P"u(s — ), P"v(s — )| ds
< ROl + (M + DllgO)]| + (M + 1) L(R)T < VY.

This completes the proof of the Theorem. O

4 Convergence of Approximate Solutions

In this section we will establish the convergence of the solution (u,,v,) € C+ x C$ of
approximate integral equations to a unique solution (u,v) of equation (1).

For proving the convergence, we need the following stronger assumption on the non-
linear map f than (H3).

(H3') The nonlinear map f is defined from [0, 7] x D(A) x D(A%) x D(A) x D(A%)
into D(AP) for 0 < a < 8 < 1 and there exists a nondecreasing function L from [0, o)
into [0, 00) depending on some 71 > 0 such that

Hf(taulvvlawlvzl) - f(S,’LLQ,UQ,’LUQ,ZQ)Hﬁ

< Ly(ro){t = s° + lur — ually + [[vr — valla + lur — uzlly + |1 — valla}

for all t,s € [0,T], 0 € (0,1] and (u1,v1), (u2,v2), (w1, 21), (w2, 22) € By, (D(A) x
D(A%), (h(t), (1)), where By, (D(A)x D(A%), (h(t),§(t))) = {(z1,51) € D(A)x D(A%):
1 = R(®)]lr + llyr = §(O)lla < 1}

We can easily observe that the conditions (H3’) is stronger than (H3) because the
same condition is satisfied in D(A?) rather than in H. Now, we are in a position to state
a theorem.

Theorem 4.1 Let (H1), (H2) and (H3') be satisfied and (h(0), g(0)) € D(A)xD(A).
Then,

lim sup {lun = umllTa + lvn — vmllT.a} =0,
Mm—=00 fn>m, —7<t<T}

where u, and v, are given by (19) and (20) respectively.
Proof For n > m, we have

| £ (8 wn (£), vn (8), wn (8 = T), 00 (8 = 7)) = frn (s win (), 0m (8), um (E = 7), vm (8 = 7))
<t un (), vn(t), un(t — 7), v (t — 7)) = ful(t, wm(t), vim (8), um (t — 7), v (t — 7))
+ 1 (s wm (1), om (t), wm (t = 7)s v (= 7)) — fin(ts wm(t), vm (8); um (t — 7), v (t — 7))
< Le(R)[[| P un(t) = Pum ()1 + [P vn(t) — Pvm(t)|a

+ | P Mun(t —7) — Plupm(t — 7)||1 + |P on(t = 7) — P 0 (t — 7) ||

+[[(P" = P™)um ()1 + [[(P™ — P™)om(t)]la

TP = P Jum(t = 7)lls + [[(P™ = P™)om(t = 7)llal.
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Also, we can see that

I(P™ = P™)m (t)l|o = [[A*(P™ = P™)um (t)]| = |A*7(P™ = P™) A%v ()]

1 " m A%, (t
< P - P, ) < MmO

and

I(P™ = P™ Yo (t = 7)lla = [|A*(P" = P™)vm (t = 7)|| = A7 (P" = P™) A%v (t = 7))

1 A0 (t = 7))

n m 9
< Xz;g|Kf) — P™M) A% (t —7)| < N

For convenience, we denote

Emn(t) = llun(t) = tm(B)ll + vn(t) = vm(t)]la
and
Emm(t —7) = [[un(t = 7) = um(t = )l + on(t = 7) = vm(t = 7)o
Thus, we have

”fn(tv un(t)v Uﬂ(t)vun(t - T))v Uﬂ(t - T)) - fm(tv um(t)v Um(t)vum(t - 7-)7 Um(t - T))H
S Li(R)[Emn(t) + &mnlt —7) + [(P" = P™)um(t)]1

’Umt 9 n m ’Umt—T 9
L AgE_LII e - p )um@_ﬂ”ﬁ%]
<2L¢{(R — _ pr_ pm ||Um||t,19
< 2L (R) | Ut = o + o = v} + 11 il + Lles ).
(21)

Now, from the pair of integral equations (19)—(20), for any 0 < t( < ¢t < Ty, we have

[un(t) = um ()1 + [[on(t) = vm(t)]la

tE) ! A ¢ A
s{ [ et e —I||}
0 tg,

X [”fn(svun(s)vvn(s)vun(s - T)vvn(s - T))
— fn (8, Um (8), Vi (8), U (8 — T), U (8 — T))|Hds (22)

tg , t
+ {/ ”e—(to—s)AAa” +/ He—(t—s)AAaH}
0 tg

X [||fn(s,un(s), U (8), Un(s = T),vn(s — 7))

— fn (8, Um (8), v (8), um (s — 7), v (s — 7'))|Hds.
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By using the estimate of the inequality (21) in the inequality (22), we get

[un(t) = um @)1 + [vn(t) = v (@)]a

k Co Vi
< Arty + L(R)/ <(M +1)+ a) ds <||(P" — P™MYup |71 + 19—_00[)
) (t - S) )\m
t Ca
vow) [ (Or+n+ {ltn =l + o = om0}
t) (t—s)>
t
1
< A1t6 + C(Rv T)an + N / W{Hun - um”SJ + ”vn - vaS,a}dSa
7 U
° (23)
where
1 2 1 n m 2 ‘/0
an = an + an7 an = ||(P - P )umHTJ? an = )\19—70‘7
CaTlfa
C(R,T)=L(R) ((M + )T+ ﬁ) )
Ny = L(R)(T* 4+ 1) max{(M + 1),Cy}
and
Ay = {(M +1) + Calto — té))_a}2Lf(R) [{Hun - umHt{),l + an - Um”t(),a}
(24)
n m VO /
+ [(P™ = P™)umlley,1 + = to-
Now we replace ¢ by ¢+ 6 in the inequality (23), where 6 € [t{, — ¢,0], we get
l[un(t +0) = um(t + 0)|l1 + lvn(t +0) — v (t + 0)lla < A1ty + C(R,T)Bmn
(25)

t4+60
FN [ 0= = il + 0 = ) d.
t/

0

We put s — 6 =+ in inequality (25) and get

et +6) =t (t + 6) 1 + [0t +6) = vyt + 6)
t

< A1t6 +C(R, T)Bmn + N1 / e(t =) {lun — umH%l + [lvn — Um||%0¢}d7
t—
t

< Aity + C(R, T)Brmn + N / (=) Mun = wmlly1 + [[on = vmlly.atdy.
t/
(26)

(o]

Thus

sup  {JJun(t+6) —um(E+ 0|1 + |lva(t +0) — v (t + 0)||a}

t—t<0<0
t (27)
< Aity + C(R,T) By + Nl/ (=" {llun — umlly1 + [lvn = vmlly,atdy.
0
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We have
sup  {lun(t+0) —um(E+ 0|1 + ||lvn(t +6) — vt + 0)||a}
—7—1<0<0
< sup  {[Jun(t+0) —um(t+0)|1+ |[on(t +6) — v (t 4+ 60)|la} (28)
0<6+t<t]

+ sup Aflun(t +0) = um(t + 0) [l + [lon(t + 6) = vm(t + )]}

th—t<6<0
By using the inequalities (26) and (27) in the inequality (28), we get

s {unlt+0) ~un(t+ Ol + a(t +6) vt + )}
T (20)

t
< 2A1t6 + C(R,T)Bmn + N1 / (t =) “{llun — umH%l + [lvn — Um||%0¢}d7-
0

Hence, from Gronwall’s Lemma and taking the limit as m — oo on both sides, we get
the required result, since B,,, — 0 as m — oo provided |[(P" — P™)um||r,1 — 0 as

m — oo for —7 <t < T'. Since Bf,m — 0 as m — oo, hence to prove that B,,, — 0, we

only need to prove that for —7 < ¢ < T, ||(P™ — P™)un(t)|1 — 0 as m — oco. We can
easily check that for every x € H and n < 0

[AT(P™ = P™)z|| < AR[(P™ = P™)x|| < A7 lz]. (30)
From the equation (19), for any ¢t € [—7,0] we have
[AP™ = P™)um ()| = [|(P" — P™)AR(0)]]. (31)
For t € (0,7, we have

[A(P™ = P )um ()] < [[(P" = P™)ARQ)| + (M + D[ (P" = P™)g(0)]

t 32
+(M+1)/0 1™ — P for (5. () 0 ()t (5 — )5 — ) ds. )

Since A f,,(8, U (8), Vi (8), Um (5 — T),vm (t — 7)) € H, hence from inequality (30), we
have

||(Pn - Pm)fm(Saum(S)a’Um(s)aum(S - T)v Um(s - T))”

< AP = P™)AP frn (5, tm (8), v (8), (s = 7), vm (s — 7))l
< % A frn (8, i (8), 0m (8), tm (5 = 7), 0m (s — 7))
< %FR(TO%
(33)
where 3 3 R
Fr(To) = 2Ly (R)[TY + R+ ||hllz.1 + |Gl 7.a] + 1| £2(0,0,0,0,0)]]. (34)

Using the inequality (33) in the inequality (32), we get

[(P" =P ™ )um (t)[1 < |(P" = P™) Azo| + (M +D){[|(P" = P™)z1 | + )\%T(FR(To), (35)

m

which tend to zero as m — oo for 0 < ¢t < T. Hence from (32) and (35) we get the
required result. This completes the proof of the theorem. O
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Theorem 4.2 If (H1)-(H2) and (HY ) are satisfied and (h(0),¢(0)) € D(A) x D(A)
then there exists a pair of functions (u,v) € Cy x C¢ such that (un,v,) — (u,v) as
n — oo in Cr x C¢ and (u,v) satisfies (6)~(7) on [—7,T).

Proof Theorem 4.1 implies that there exists (u,v) € C x C¢ such that (un,vy)
converges to (u,v) in C1. x C%. Since (up,v,) € Wg for each n, (u,v) is also in Wg.
Further, we have

([ fn(t, un(t), v (t), un(t — 7)), vn(t — 7)) = f(t u(t), v(t),ult — 1),
< || f (&, P ug(t), P"vn( ), P"un(t — 7)), Plu,(t — 1))
= f(t, P u(t), P"v(t), P'u(t — ), P"o(t — 7))
+ || f(t, P"u(t), P"u(t), P"u(t — 1), P"v(t — 7))
= [t ut),v(t), ult —7),v(t — 7))

vt =)l

Hence from the above inequality, we have

[ fn(t, un(t), vn(t), un(t — 7)), vn(t — 7)) = f(t,u(t), v(t),u(t — 7),0v(t — 7))

< Ly(R)[[[P"un(t) — P*u(t)||l1 + [|[ P vn(t) — P"o(t)]]a
+ | P un(t —7) = P*u(t — 7)|l1 + || P vn(t — 7) = P"0(t — 7)||a
+ (P = Du(®)|l1 + [[(P" = () |a
+(P" = Du(t = 7)[1 + [[(P™ = Do(t — 7)|la]

< Ly(R)[[lun(t) — u®)[lr + [lon(t) — v(t)|a
+ Jun(t = 7) —u(t = 7)1 + lon(t = 7) = v(t = 7)lla
+ (P = Du(®)|l1 + [[(P" = () |a
+(P™ = Du(t — 7)1 + [[(P™ = Dt — 7)|[a]-

Thus finally we get

[ fn(E, un(t), on (8), un(t = 7)), 00 (t = 7)) = [t ult), v(t), u(t —7),0(t — 7))

o o (36)
< 2Lp(R)[lun — ullry + lon = vllr.al(P" = Dullza + [[(P™ = T)v]l7.q].

Hence, by using the inequality (36) and the bounded convergence theorem we can see
easily that the pair of functions (u,v) must be given by equations (6)—(7). O

5 Faedo-Galerkin Approximations

From the previous sections we know that for any —7 < T < oo we have a unique pair
(u,v) € Ck x C% satisfying the integral equations (6)—(7).

Also we have a unique pair (uy, v,) € ChxC% which is the solution of the approximate
integral equations (19)—(20).

If we project the equations (19)—(20) onto H,,, we get the Faedo-Galerkin approxi-
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mation (i, (t), 0n(t)) = (P"uy,(t), P"v,(t)) satisfying

Pmh(t), te[—-1,0],
an(t) = { PTh(0) — (e~ — 1) A~ Prg(0) — [y (e~ =94 — ) A~! x (37)
P £ (8,un(8), Un(8), un(s — 7),vp(s — 7)) ds, t € 10,7,

Prg(t), te[-7,0],
b (t) = { e tAP"g(0) + (38)

fot e E=DAPf (5,1,,(8), 0 (8), un(s — T),vn(s — 7)) ds, t€[0,T)].

The solution (u,v) of (6)—(7) and (ty, Oy) of (37)—(38), have the representations

u(t) :Zai(t)(biu ai(t) = <u(t)7¢i>7 i=0,1,...,
=0

oo (39)
v(t) = Bi(t)gi,  Bit) = (v(t),¢i), i=0,1,...,
=0
and .
n(t) =Y af (Wi, o (t) = (@n(t), ¢), i=0,1,...,n,
5 (40)

0n(t) = 3 BB, BRE) = (0n(t), ), i=0,1,....n.

=0

Now, we shall show the convergence of (af, 8") to (o, 3;). It can be easily checked that

Alu(t) —a(t)] = Z Ai(ai(t) — ai' ()¢

and
A[o(t) = 8(1)] = DA (Bi(t) — B(1) -
i=0
Thus, we have

1Afu(t) = a@]* = Y Alai(t) = o ()
=0

and

1A% [o(t) = a(OI* = > AF18:(t) — B ()]
=0

Hence, we have the following convergence theorem.

Theorem 5.1 Let (H1), (H2) and (H3’) be satisfied and (h(0),g(0)) € D(A)xD(A).
Then,

lim  sup { Aﬂaz—(t)—a?<t>|2+ZA?“|@<t>—@%ﬁ)ﬁ} —o.
1=0 1=0

N—00 _r<4<T
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The assertion of Theorem 5.1 follows from the facts mentioned above and from the
following proposition.

Theorem 5.2 Let (H1), (H2) and (H3’) be satisfied and let T be any number such
that 0 < T < o0, and (h(0),g(0)) € D(A) x D(A). Then,

lim sup {IA[an(t) = am @] + [[A% [0 (t) — Bm )]} = 0.

M7 {n>m, —T<t<T}
Proof For n > m, we have

| A(tn (t) = dm ()] + A% (00 () — Om (2))]]
= AP " un(t) = P"upm ()| + [[A% (P vn(t) — P™om (t))]]
< AP (un(t) = um ()| + |AP™ = P™)um (t)||
+ [|AY P (vn (t) — v ()| + [|A*(P™ = P™) v (1) ||
1
\o-e

< lun () = wm (@)l + [[on(t) = vm@)lla+ [(P™ = P™ )um )]+ 1A vl

Hence, the result follows directly from Theorem 4.1. O

6 Example

Let H = L%((0,1);R). Consider the following partial delay differential equations
0*w 0*w

W(tﬂﬁ) - W(tﬂﬁ)
0%w 9w 0%w 9w
= F(t,, W(tal’)a %(tﬂﬁ)v W(t —T7,2), m(t —T,1)),

ze(0,1), t>0, (41)
ow
’LU(&,.’,E) = hl (gvx)v E(ga I) = gl(ga I) for all 5 € [_7-7 0]7 HAES (07 1)
and w(t,0)=w(t,1)=0, t€[0,T], 0<T < o0,
where F' is a sufficiently smooth nonlinear function, h; and g; are given locally Holder

continuous functions on [—, 0].
We define an operator A as follows,

Au = —u" with we€ D(A) = H}(0,1). (42)

Here clearly the operator A is self-adjoint with the compact resolvent and is the infinites-
imal generator of an analytic semigroup S(t). Now we take o = 1/2, D(AY?) is the
Banach space endowed with the norm

|2ll1j2 = I[AY?2]|, = € D(AY?),

and we denote this space by Hj ;.
The equation (41) can be reformulated as the following abstract equation in H:
d*u 4 <du du

W(t) + E) (t) = f<t,u(t), Ccli—u(t),u(t— T), E(t — 7')), t>0,

t (43)
u(t) = h(t), «'(t)=g(t) forall te[-1,0],



NONLINEAR DYNAMICS AND SYSTEMS THEORY, 8(3) (2008) 237-254 253

where u(t)(z) = w(t,z), h(t)(x) = hi(t,x), g(t)(x) = g1(t,x), the linear operator A is
given by equation (42) and the function f is defined from [0,T] x D(A) x D(A'/?) x
D(A) x D(AY?) into H such that

du du
(8w, @ =), Gt =)@
8w 9w 8w 9w
= F<t, x, W(tﬁ)v m(tﬂﬁ)v W(t—ﬂx)v m(t—ﬂ@)

It can be verified that the assumptions of Theorem 3.1 for (43) are satisfied and hence the
existence of a unique solution of (43) is guaranteed which in turn ensures the existence
of a unique solution to (41).
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