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1 Introduction

In a variety of control systems design problems it is often required not only to stabilize
given programmed motions but to ensure also boundedness for every solution of system
investigated. Of great practical interest is the case when all the solutions enter a neigh-
borhood of the origin and remain within it thereafter. Generally the time period needed
for the solution to enter this neighborhood depends on the initial values of the solution.
In this case solutions are called ultimately bounded [14].

The main approach for finding the conditions of boundedness of solutions for nonlinear
systems is the Lyapunov direct method. Using this method, numerous results on various
types of boundedness are obtained [6, 11, 12, 14, 16]. However, there are still no general
constructive approaches for the construction of Lyapunov’s functions.

In the present paper, a certain class of differential equations systems is considered.
An approach for the construction of Lyapunov’s functions for these systems is suggested.
The conditions for the existence of Lyapunov’s functions in the given form, satisfying
the assumptions of the Yoshizawa ultimate boundedness theorem [14] are investigated.
The results obtained are used for the analysis of the asymptotic behavior of solutions of
essentially nonlinear complex systems.
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2 Statement of the Problem

Consider the system of differential equations

ks ; ,
Ts = asfs(xs) + stjffil) (1) ... f,?g‘) (n), s=1,...,n. (2.1)
j=1
Here a, and b; are constant coefficients, ag) are nonnegative rationals with odd denom-
inators, functions fs(z,) are defined and continuous for x5 € (—00, +00) and possess the
following properties: xsfs(xs) > 0 for x5 # 0, fs(zs) — —00 as xs — —o00, fs(xs) — +00
as rg — +00.
System (2.1) is a generalization of this one

n
IS:ZbSJfJ(xJ)7 SZlv"'anv
7j=1

which is widely used in automatic control systems design [3, 7, 9].
In this paper we shall assume that coefficients as and by; in (2.1) satisfy the conditions

as <0, bs; >0, j=1,...ks, s=1,...,n. (2.2)

For instance, inequalities (2.2) are valid if (2.1) is obtained as comparison system for a
complex system [4, 13].
Consider, at first, the case where

st

Za(j)>0, j=1,... ks, s=1,...,n. (23)
i=1

Then system (2.1) has the zero solution.

Definition 2.1 [2] System (2.1) is called absolutely stable if the zero solution of this
system is asymptotically stable for any admissible functions fi(x1),..., fn(zn)-

The criterion of absolute stability for (2.1) was established in [2].

Definition 2.2 [2] System (2.1) satisfies the Martynyuk-Obolenskij condition [8]
(MO-condition) if for any § > 0 there exists solution 61, ..., 6, of the system

NO)

ke .
o)
ashs + E bgif°' .0 <0, s=1,...,n, (2.4)
j=1

such that 0 < 0, <8, s=1,...,n.

It was proved [2] that (2.1) is absolutely stable if and only if it satisfies the MO-
condition.

The proof of necessity of this criterion is based on the fact, that for the special choice
of admissible functions fi(z1),..., fn(zy) system (2.1) is Wazewskij’s one, and for it
the general criterion of asymptotic stability of autonomous Wazewskij’s systems [8] is
applicable.



NONLINEAR DYNAMICS AND SYSTEMS THEORY, 8(2) (2008) 109-122 111

To prove the sufficiency, it was suggested [2] to construct Lyapunov’s function for
(2.1) in the form

Vi) =3 A, / " ey, (2.5)
s=1

where x = (x1,...,2,)%, As > 0 are constant coeflicients, us > 0 are rationals with
odd numerators and denominators. It was shown that (2.1) is absolutely stable if and
only if for this system there exists Lyapunov’s function in the form (2.5), satisfying the
assumptions of the Lyapunov asymptotic stability theorem.

Definition 2.3 We call (2.1) absolutely ultimately bounded if solutions of this sys-
tem are ultimately bounded for any admissible functions fi(z1),..., fu(zy).

The main goal of the present paper is to obtain the criterion of absolute ultimate
boundedness for (2.1). To solve this problem, let us determine the conditions under which
for system investigated there exists Lyapunov’s function in the form (2.5), satisfying the
assumptions of the Yoshizawa ultimate boundedness theorem [14].

Remark 2.1 In what follows, we do not assume the fulfilment of inequalities (2.3).

3 Conditions of Ultimate Boundedness for Wazewskij’s Systems

Let us note, just as in [2], that in the case where fi1(z1),..., fn(z,) are nondecreasing
functions, system (2.1) is Wazewskij’s one. Therefore, we shall investigate, first, condi-
tions of ultimate boundedness of solutions for autonomous Wazewskij’s systems of the
general form.

Consider the system

= g(x), (3.1)

where z = (x1, ..., 2,)* and vector function g(x) is defined and continuous for all z € R™.

Assume that system (3.1) possesses the following properties:

(a) for any tg € (—o0,+00) and any zp € R™ the initial value problem for (3.1) has
unique solution x(t, zg, to);

(b) system (2.1) is Wazewskij’s one;

(c) there exists a number D > 0 such that in the region ||z|| > D there is no equilib-
rium position of (3.1).

Here || - || is the Euclidean norm of the vector.

Remark 3.1 Condition (c) is a necessary one for the solutions of (3.1) to be ulti-
mately bounded.

Furthermore, we shall assume that nonnegative cone K™ = {z € R": 25 > 0, s =
1,...,n} is an invariant set for (3.1).

Definition 3.1 The solutions of (3.1) are ultimately bounded in K if there exists
a H > 0 and if, corresponding to every @ > 0, one can choose a T' > 0 such that for any
to € (—00, +00) and for any 2o € K™, |[x0]| < @, the inequality |[x(t, o, to)|| < H holds
forallt >tg+T.

Definition 3.2 We shall say that (3.1) satisfies the MO-condition if for any A > 0
there exists vector 0 = (61,...,0,)%, ||0|| > A, such that § > 0 and g(d) < 0 (the
inequalities are componentwise).
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By the use of Lemmas 3.1 and 3.2 from [8], we get the validity of the following

Theorem 3.1 (necessary condition of ultimate boundedness) If the solutions of (3.1)
are ultimately bounded in K, then this system satisfies the M O-condition.

Remark 3.2 The MO-condition is a necessary one for the ultimate boundedness of
solutions. However, it is not, generally, the sufficient condition.

Example 3.1 Let system (3.1) be of the form

& = —x1 + 221,
,1 ' 1 (3.2)
To9 = —XT2.
This system possesses properties (a) — (¢) and KT is an invariant set for it.
Consider the inequalities
— 01 +6070, <0, —0<0. (3.3)

For given A > 0 there exists positive vector § = (1/(2A), A)*, satisfying (3.3), such that
16] > A. Thus, for system (3.2) the MO-condition is fulfilled.

At the same time, (3.2) has the solution z(t) = (2¢',e~*)*. Hence, solutions of this
system are not ultimately bounded in K.

Definition 3.3 We shall say that (3.1) satisfies the M O-condition if for any A > 0
there exists vector § = (01,...,0,)* such that 6, > A, s=1,...,n, and g(8) < 0.

Using Lemma 3.3 from [8], it is easy to show the validity of the following

Theorem 3.2 (sufficient condition of ultimate boundedness) If system (3.1) satisfies
the M O-condition, then its solutions are ultimately bounded in K.

Remark 3.3 The M O-condition is a sufficient one for the ultimate boundedness of
solutions. However, it is not, generally, the necessary condition.

Example 3.2 Let the system

T1 = —x1 + 2122, (3.4)
ig = —X9 '

be given. This system satisfies all the above assumptions (properties (a)—(c) and invari-
ance of KT).
By the direct integration, one can verify that solutions of (3.4) are ultimately bounded.
On the other hand, if for a positive vector § = (61, 602)* the inequalities

— 601+ 6105 <0, —f0, <0,

are valid, then 6, < 1. Hence, for (3.4) the M O-condition is not fulfilled.
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4 Construction of Lyapunov’s Functions

Now, let us investigate the problem of absolute ultimate boundedness for system (2.1).
Construct Lyapunov’s function for this system in the form (2.5), where, as before,
As > 0 are constant coefficients and ps > 0 are rationals with odd numerators and
denominators.
Function V(z) is positive for all z # 0, and V(z) — +00 as ||z]|| — oco. On differenti-
ating this function with respect to (2.1), one arrives at

dv n n ks G) ()
T | = DAL @) Y AL @) Db S () i ).
(2.1) s=1 s=1 j=1
Hence, V(z) satisfies the assumptions of the Yoshizawa ultimate boundedness theorem
for any admissible functions fi(z1),..., fan(xy), if coefficients A\; and exponents s,
s =1,...,n, are chosen for the function
- e e NEN NE)
W(y) = Xeasy T+ Ayl > oyt Loynn (4.1)
s=1 s=1 Jj=1
to be negative in a region ||y|| > R. Here y = (y1,...,yn)*, while R > 0 is a constant.

Let us denote hy = 1/(us + 1), s = 1,...,n. By the use of generally-homogeneous
functions properties [15], we get that W (y) might be negative for all ||y|| > R only in the
case, where following inequalities are valid:

~he+ Y aPhi<0, j=1, 0k, s=1,...n, (4.2)
i=1
Remark 4.1 If there exist positive rationals hq, ..., h, for which all the inequalities

in (4.2) are strict, i.e.
~he+ > aPhi <0, j=1,... k., s=1...n, (4.3)
i=1

then for corresponding values of p, and for any admissible values of as, bs; and As,
j=1,...,ks, s =1,...,n, one can choose a constant R > 0 such that W(y) < 0 for
lyll > R.

5 Auxiliary Results

Let us determine the conditions of the existence of positive solutions for systems (4.2)
and (4.3).

Remark 5.1 It is known [4, 13], that in the case where k, =1, s = 1,...,n, for the
existence of a positive solution for (4.3) it is necessary and sufficient for the matrix

agll) -1 agl) a%l)

1 1 1

A of)  afy -1 e
P TERRREEELEELAEEEE
OO B

to satisfy the Sevast’yanov—Kotelyanskij conditions.
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Lemma 5.1 If there exists a positive solution for (4.3), then for system (2.1) the
MO-condition is fulfilled.

Proof Let inequalities (4.3) be valid for positive constants hi, ..., iLnL Then for given

number A > 0, one can choose 7 > 0 so large that the constants 0, = ths s=1,...,n,
satisfy inequalities (2.4), and s > A for s =1,...,n. O
Along with (4.2), consider the system

—hs—i-Zongl:)hi:cgj), i=1,...,ks, s=1,...,n,
i=1

where ¢\ are nonpositive constants. This system can be splitted into n subsystems

Ash=c¢cs, s=1,...,n. (5.1)

Here h = (h17 .. '7hn)*7 Cs = (Cgl), .. .,Cgks))*,

ozgll) -1 a%) a%l) ozflll) 045112) . a%ln -1
Ar = | oo An= |
O‘glil) 1 (k1) 51:11) agﬁ") a(kn) (kn) 1

Let us apply to (5.1) the modified Gaussian elimination procedure. On the s-th step
of this procedure each of the equations with negative coefficient of h, is used for the
elimination of hs from the (s4 1)-th, etc., and n-th subsystems. This results in a new set
of subsystems with (generally) the other number of equations than in the initial system.

Lemma 5.2 System (4.2) possesses a positive solution if and only if the above mod-
ified Gaussian elimination procedure reduces system (5.1) to the form

Bsh=¢s, s=1,...,n,

where
Ay ... B 0 8y ... 8 0...0 g%
Bi=\|.............. , Bo=| oo N e ,
6(111) 6%;111) 0 ﬁégz) '6517112) 0 0 67(1%)
1= (ég )7 765(11)) ) , Cn= (657,1)7 7657?”)) )

&.(SJ) S 07 ﬁ‘gJS) S 07 ﬁ‘g) Z OfOTj = 15"'7q57 1= S+1,...,TL, s = 17""”’ and Zf
§§):0for some values of indices s and j, then 62) =0,i=s4+1,...,n, for all such
s and j.

Remark 5.2 In the case where ng) <0,7=1,...,95, s = 1,...,n, there exist

positive numbers hy, ..., hy, satisfying strict inequalities (4.3).

Lemma 5.3 If for (2.1) the MO-condition is fulfilled, then there exists a positive
solution for system (4.2).
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The proofs of Lemmas 5.2 and 5.3 are similar to those ones of Lemmas 4.2 and 4.3
from [2].

Remark 5.3 The proof of Lemma 5.2 contains a constructive algorithm for finding

a positive solution hi,. ..y hy for (4.2). Moreover, let us note that using this algorithm
one may choose hq,...,h, for the numbers us = 1/hs — 1, s = 1,...,n, to be positive
rationals with odd numerators and denominators.

6 Conditions of Absolute Ultimate Boundedness
Consider the necessary conditions of absolute ultimate boundedness for system (2.1).

Theorem 6.1 If system (2.1) is absolutely ultimately bounded, then it satisfies the
MO-condition.

Proof Suppose that (2.1) is absolutely ultimately bounded. Then its solutions are

ultimately bounded for any admissible functions fi(x1),..., fo(zn).
Let fs(zs) = 2™, s = 1,...,n, where ms are odd positive integers such that
agji)mi >1forj=1,...,ks, t,s =1,...,n. For chosen admissible functions, system

(2.1) possesses all the properties from Section 3 (properties (a)—(c) and invariance of K).
Using Theorem 3.1, we get that (2.1) satisfies the M O-condition. O

Theorem 6.2 Let there exist positive constants i~L1, cooyhy, and for everys=1,....n
there exists at least one value of j € {1,...,ks} such that

Then system (2.1) is not absolutely ultimately bounded.

Proof Choose, again, functions f1(x1),..., fn(zy) for the obtained system to satisfy
all the assumptions from Section 3.

Consider the numbers 6, = ths, 7>0, s =1,...,n. For all sufficiently large values
of 7 the inequalities

<o)

ks .
~ ~ny(3)
ases+ g bsje?ﬂ ensn >O, 821,...,TL,
j=1

are fulfilled. Applying Lemma 3.4 from [8], we get that for chosen admissible functions,
the solutions of system (2.1) are not ultimately bounded. O
Consider, next, the sufficient conditions of absolute ultimate boundedness.

Theorem 6.3 If for system (2.1) the MO-condition is fulfilled, then it is absolutely
ultimately bounded.

Proof Let us show that for system investigated there exists Lyapunov’s function
in the form (2.5), satisfying the assumptions of the Yoshizawa ultimate boundedness
theorem.

According to Lemma 5.3, we obtain that if for (2.1) the MO-condition is fulfilled,
then one can choose positive rationals p1, . .., p, with odd numerators and denominators
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such that for the numbers hy = 1/(jus + 1), s = 1,...,n, inequalities (4.2) are valid. We
shall take these values of p1, ..., i, as exponents in Lyapunov’s function (2.5).

Let us show the existence of positive coefficients A1, ..., A, under which function (4.1)
is negative in a region |ly|| > R, where R > 0 is a constant.

Consider inequalities (4.2) for hy = hs, s =1,...,n. It should be noted that in the
case where for some values of indices j and s the corresponding inequalities are strict,
one can construct, instead of (4.1), new function W (y) by setting bs; = 0 for all such j
and s. If there exist positive coeflicients A1, ..., A, for which /V[7(y) is negative definite,
then for these values of A1, ..., \, and for some number R > 0, the inequality W (y) < 0
holds in the region ||y|| > R. Therefore, we may assume, without loss of generality, that
for the numbers Ay, ..., hy, all the inequalities in (4.2) turn to equalities.

The rest part of the proof is similar to that one of Theorem 5.1 from [2]. O

Remark 6.1 Theorem 6.3 looks similar to Theorem 3.2. However, in comparison
with the conditions of ultimate boundedness of solutions for autonomous Wazewskij’s
systems obtained in Section 3, Theorem 6.3 states that the only MO-condition is a
sufficient one for the absolute ultimate boundedness of (2.1), i.e. the other assumptions
from Section 3 (properties (a)—(c) and invariance of K) are redundant.

Corollary 6.1 Let system (4.2) has a positive solution. Then (2.1) is absolutely ulti-
mately bounded if and only if there exists at least one set of positive constants 61, ...,0,,
satisfying inequalities (2.4).

Proof The necessity follows from Theorem 6.1. ) } }
To prove the sufficiency, suppose that the positive vectors h = (h,...,h,)" and

6 = (6y,. ..,0,)" are solutions of systems (4.2) and (2.4) correspondingly. Then the
numbers 6, = 7h= O, 7>0,s=1,...,n, satisfy inequalities (2.4) for all sufficiently large
values of 7. Hence, the M O-condition is fulfilled for (2.1). O

Corollary 6.2 For system (2.1) there exists Lyapunov’s function in the form (2.5),
satisfying the assumptions of the Yoshizawa ultimate boundedness theorem, if and only if
the M O-condition is fulfilled for this system.

Proof The sufficiency follows from Theorem 6.3. Let us prove the necessity.

In Section 4 it was noted that if function (2.5) satisfies the assumptions of the
Yoshizawa ultimate boundedness theorem, then system (4.2) possesses a positive solu-
tion. On the other hand, the existence of such Lyapunov’s function provides the absolute
ultimate boundedness for (2.1). Then, according to Theorem 6.1, there exists a positive
solution for system (2.4). By analogy with the proof of Corollary 6.1, we get that for
(2.1) the M O-condition is fulfilled. O

Consider now, along with (2.1), the perturbed system

ks . )
Ts = asfs(xs) + stjffil)(xl) . ..fsg’"‘) (Tn) +s(t,x), s=1,...,n. (6.1)

Jj=1

Here functions (¢, ) are continuous for all ¢ € (—oo,+00), x € R", and satisfy the
inequalities [ts(t, )] < vs + €s|fs(zs)|, where 7, and €5 are positive constants, s =
1,....n.
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Corollary 6.3 Let for (2.1) the M O-condition be fulfilled. Then solutions of (6.1)
are uniformly ultimately bounded for sufficiently small values of €1, ..., ¢e,.

Proof Construct for system (2.1) Lyapunov’s function in the form (2.5), satisfying
the assumptions of the Yoshizawa ultimate boundedness theorem. It is easily shown
that for sufficiently large number R > 0 and for sufficiently small values of e1,...,e,
the derivative of Lyapunov’s function constructed with respect to (6.1) is negative in the
region |z|| > R. O

Remark 6.2 In a similar way, the conditions of absolute ultimate boundedness can
be obtained for the case when the inequalities bs; > 0 in (2.2) are replaced by those con-

(7) (3)
necting coefficients b,; and a basis wy,...,wy: bsjwswf“ coowpm > 0for j=1,..., ks,
s=1,...,n [9]. Here every constant wy,...,w, takes either of the values +1 or —1.

7 Systems with the Special Structure of Connections

In the previous section it was proved that for (2.1) to be absolutely ultimately bounded
it is sufficient the fulfilment of the MO-condition. Consider now some types of systems
of the form (2.1) with the special structure of connections for which the MO-condition
is not only sufficient one but also a necessary one for absolute ultimate boundedness.

Example 7.1 Counsider system (2.1) with ky =1,...,k, = 1:
&s = asfs(xs) + bs f1 M (@1) ... [ (xy), s=1,...,n. (7.1)

Here as < 0 and b; > 0 are constant coefficients, a; are nonnegative rationals with odd
denominators. For (7.1) the corresponding system of inequalities (4.2) is of the form

—he+ Y agihi <0, s=1,...,n. (7.2)
=1

According to Corollary 6.1, we get that if (7.2) possesses a positive solution, then for
(7.1) to be absolutely ultimately bounded it is necessary and sufficient for this system to
satisfy the MO-condition.

On the other hand, if (7.2) has no positive solutions, and a;; > 0 for s # ¢, then there
exist positive constants hi, ..., h, such that

Hence (v. Theorem 6.2), system (7.1) is not absolutely ultimately bounded.
Thus, in the case where a; > 0 for s # i, i,s = 1,...,n, system (7.1) is absolutely
ultimately bounded if and only if the M O-condition is fulfilled for this system.

Example 7.2 Let system (2.1) be of the form

i1 = ayfi(21) + b1 f3" (),
aifi(zi) +0ifi (xim1), i=2,...,n—1, (7.3)
En = ap fo(@n) + bp f1 (21) ... ffff(xn_l),

5
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where a;, < 0 and bs > 0 are constant coefficients, a; > 0 and 3; > 0 are rationals with
odd denominators, j =1,....,n—1,s=1,...,n.
Consider inequalities (2.4), corresponding to system (7.3). We get

b bi . b
> —— 021, 6 >——0%, i=2....n—1, O, >——0" 9"
ai Q; An,

It is easily shown that (7.3) is absolutely ultimately bounded if and only if the inequality
04151 —|—041042[32—|—"'—|—041...O[n,1 61171 S 1 (74)

holds, and in the case where (7.4) turns to equality, the condition

b &1 &2 3 En—1
(&) () (=) ()=
ay a2 Gn—1 Qn

is fulfilled. Here & = B; + aj41€iv1, i=1,...,m—2, £,-1 = Bp—1. Hence, the absolute
ultimate boundedness of system (7.3) implies that this system satisfies the M O-condition.

Thus, for (7.3) the sufficient condition of absolute ultimate boundedness is also a
necessary one.

Example 7.3 Consider the system

& = aifi(wi) +0if3 (wn), i=1,...,n—1,

™ 1 anl (75)
Tn = anfn(xn) + bnfl (xl) e Jpn—1 (xn—l)-
Here parameters as, b, aj and 35, j = 1,...,n—1, s = 1,...,n, possess the same

properties as in the previous example. We get, again, that if the system investigated is
absolutely ultimately bounded, then it satisfies the M O-condition.

It can be easily shown that for the absolute ultimate boundedness of (7.5) it is nec-
essary and sufficient the validity of the inequality a101 +agf2 + -+ an—18n—1 < 1. If
this inequality turns to equality, then for coefficients as and bs the condition

b B B2 B Brn-1
(o) () (=) ()«
ay a2 Gp—1 ap

should be fulfilled.

8 Systems with Additive Connections

Let system (2.1) be of the form

n
j%ZE:%ﬂﬁw%% s=1,...,n, (8.1)

j=1
where a,; > 0 are rationals with odd denominators, ass = 1, and ps; are constant
coefficients, pss < 0, ps; > 0 for j # s, j,s = 1,...,n. Thus, connections in the

equations considered are additive.

Theorem 8.1 System (8.1) is absolutely ultimately bounded if and only if it satisfies
the M O-condition.
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Proof The sufficiency follows from Theorem 6.3. Let us prove the necessity.

Suppose that (8.1) is absolutely ultimately bounded. Then (v. Theorem 6.1) the M O-
condition is fulfilled for this system. Therefore, there exists a sequence of positive vectors
60" = (B1pm, ..., Opm)* such that [|§0™)] — oo as m — oo, and for every m = 1,2, ...
vector #™) is a solution of the system

> pefi <0, s=1,...,n. (8.2)
j=1

One may assume, without loss of generality, that 6, — 400 as m — oo for
s=1,...,k where 1 < k < n, and for s > k the sequences {0, } are bounded.

If k = n, then for system (8.1) the M O-condition is fulfilled. Consider, further, the
case where k < n. The inequalities

Zpsjézfj <0, s=k+1,...,n,
j=1

are valid for m = 1,2,.... Hence, (8.1) can be splitted into the following two subsystems:
k n
Be =Y poifi(z)+ Y pafiV(x), s=1,...k (8.3)
= j=kt1
Ty = Z psjf;-l”(:zrj), s=k+1,...,n. (8.4)
j=k+1

Since (8.1) is absolutely ultimately bounded, then subsystem (8.4) possesses the same
property. For this subsystem, one can to repeat the above arguments. Continuing this
process, we get that (8.1) can be splitted into a ordered set of subsystems such that every
subsystem does not influence the subsequent ones.

The last subsystem satisfies the M O-condition. Let us show that for the set of the
last two, three, etc. subsystems the MO-condition is also fulfilled.

We shall assume, without loss of generality, that (8.1) is splitted only into the two
subsystems: (8.3) and (8.4).

System (8.4) and the system

k
de= pufi(z;), s=1,...k
j=1

satisfy the MO-condition. Hence, for every A > 0 there exist numbers él, . ,én such
that 8, > A, s=1,...,n, and

k n
D ol <0, =1,k > pyb? <0, s=k+1,....n.
J=1 j=k+1
By the use of Lemma 5.3, we get that the system

—hs +a5h; <0, j#s, js=1,...,k,
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has a positive solution ﬁl, e hy. Then for the numbers éj = 7hs éj, j=1,...,k,7>1,
following inequalities are valid:

k
Zpsj§?5j <0, s=1,....,k,
j=1

Thus, for sufficiently large values of 7 the vector (61, . .., 0, Opsr,-- -, 6,,)* is a solution
of system (8.2), and all the entries of this vector are greater than A. Hence, (8.1) satisfies
the M O-condition. O

Remark 8.1 Theorem 8.1 states that for systems with additive connections the MO-
condition is not only sufficient one but also a necessary condition for the absolute ultimate
boundedness. On the other hand, the M O-condition is a necessary one for (8.1) to be
absolutely ultimately bounded. However, this condition is not a sufficient one.

Example 8.1 Let system (8.1) be of the form

& = —fi(z1),
ig = —fa(w2) + f3 (z3), (8.5)
iy = —fs3(x3) + f3(22).

It is easily verified that the MO-condition is fulfilled for (8.5). At the same time, if
fs(xs) = x5, s = 1,2, 3, then solutions of this system are not ultimately bounded.

9 Conditions of Ultimate Boundedness for Large Scale Systems

Let us show now that the results obtained in the present paper can be used for the
determination of conditions of ultimate boundedness of solutions for essentially nonlinear
complex systems.

Consider the system

ks
= Fu(ws) +Y_Qq(tx), s=1,...,n, (9.1)
j=1
where x5 € R™s, x = (z7,...,2%)*; the elements of the vectors F,(zs) are continuous

homogeneous functions of the orders o, > 0; the vector functions Qs (¢, ) are continuous
fort >0,z € R™ (m = my+---+my). We will assume that in the regiont > 0, ||z|| > H
(H > 0 is a constant) functions Q; (¢, z) satisfy the inequalities
() (€] j
1Qus (k)| < o a5l ey >0, 657 > 0.

System (9.1) describes the dynamics of complex system composed of n interconnected
subsystems [4, 13]. Here x4 are state vectors, the functions Fs(zs) define the interior con-
nections of subsystems while the functions Qs; (¢, «) characterize the interaction between
the subsystems.

Consider the isolated subsystems

s = Fy(zs), s=1,...,n. (9.2)
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Let the zero solutions of subsystems (9.2) be asymptotically stable. In [1, 2, 5, 10] the
conditions are obtained under which asymptotic stability of the zero solutions of (9.2)
implies that the zero solution of (9.1) is also asymptotically stable. In the present section,
we will look for the conditions of ultimate boundedness of solutions for system (9.1).

Assume that for isolated subsystems there exist Lyapunov’s functions Vi(zs), s =

1,...,n, with the following properties:

a) Vi(xs) are positive definite;
b)

¢) Vi(xs) are positive homogeneous functions of orders v5 — o5 + 1;

(a) Vi

(b) Vs(zs) are continuously differentiable for all x5 € R™s;

(

(d) the derivatives of V(xs) with respect to (9.2) are negative functions.

Remark 9.1 In the case where Fy(z1),...,F,(z,) are continuously differentiable

functions, the existence of such Lyapunov’s functions it was proved in [17].

Remark 9.2 In the capacity of v1,...,7, one may choose arbitrary numbers such

that v4 > 05, s=1,...,n.

By the use of the homogeneous functions properties [17], we get that functions

Vi(21), ..., Va(xn,) satisfy the inequalities ays||as||7s =7 < Vi(2s) < ags||as]|7=~ T,
V. _ aVi\"
5| < ontatrr (52 £ < —aulat
for all x5 € R™+, where a1s, ass, a3s, a4s are positive constants, s =1,...,n.

On differentiating Vs (z,) with respect to (9.1), one can deduce that the estimations

k

S
< —agsl|ws |7 + ags ||z || E chHx1|
(9.1) =

dVs
dt

8 B

are valid for t >0, ||z|| > H, s=1,...,n.

Consider the function

V(z) = AVi(zo),
s=1

where A1,..., A\, are positive coefficients. For all ¢ > 0 and ||«|| > H we obtain

dv ) )

< - )\s s s
oS~ 2 At

n
e + Z )\sa?;s ||=Ts|
s=1 s=1

ks
ERCOILHEN
j=1

Hence, to prove the ultimate boundedness of solutions for (9.1) it is sufficient to show

that one can choose coefficients A1, ..., A, for the function
n n . ks ﬁ(j) ﬁ(j)
W(y) == Asasy? + O Aeazay?" 7Y e yy*t .. yn"
s=1 s=1 j=1
to be negative in a region ||y|| > R. Here R > 0 is a constant.
Suppose that parameters v1,...,7, satisfy the inequalities
n_ ;)
o .
——S+Zﬁi§0, j=1,... ks, s=1,...,n. (9.3)
Vs i—1 4

In this case, by analogy with the proof of Theorem 6.3, we get the validity of the following
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Theorem 9.1 If there exist positive numbers 9~1, ..., 0, such that
b @) ()
—a4507° + azs Z csjﬁf“ o0 <0, s=1,...,n, (9.4)
j=1

then solutions of (9.1) are uniformly ultimately bounded.

Remark 9.3 Coefficients ass, ags in (9.4) depend, in general, on the chosen values

of v1,...,7n.

Remark 9.4 If for chosen values of 71, ..., 7, all the inequalities in (9.3) are strict,
then solutions of (9.1) are uniformly ultimately bounded (the verification of the exis-
tence of the positive numbers 61, ..., 6,, satisfying the inequalities (9.4), in this case is
redundant).
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