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Abstract: In this work we consider a semilinear delay partial differential equa-
tion with an integral condition. We apply the method of semi-discretization in
time, also known as the method of lines, to establish the existence and unique-
ness of solutions. We also study the the continuation of the solution to the
maximal interval of existence. Finally we give examples to demonstrate the
applications of our results.
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1 Introduction

In this paper we are concerned with the following semilinear partial delay differential
equation with an integral condition,

Oule,t) _ Pt b ulest) et =), (@) € 0,1 x0,7) (1)

ot Ox?
u(z,t) = ®(z,t), te[-7,0], z€(0,1), (2)
0. _ o pepo, (3)
ox
/1 u(z,t)de =0, tel0,T], (4)
0

* Corresponding author: dhiren@iitk.ac.in

(© 2008 InforMath Publishing Group/1562-8353 (print)/1813-7385 (online)/www.e-ndst.kiev.ua 7



8 D. BAHUGUNA AND J. DABAS

where 7 > 0, 0 < T < 00, the map f is defined from (0,1) x [0,7] x R x R into R and the
history function ® is defined from (0, 1) x [—7,0] into R. Our aim is to apply the method
of semi-discretization in time, also known as the method of lines or Rothe’s method,
to establish the existence, uniqueness of a solution and the unique continuation of a
solution to the maximal interval of existence. We note that there is no loss of generality
in considering the homogeneous conditions in (3) and (4) as the more general problem
(1)—(4) with u, f and ® replaced by v, g, ¥ and conditions (3) and (4) replaced by

6”2(;’ D _uot), telo.T], (5)
/1 o(z,t)de = Ur(1), t€0,T], (6)
0

respectively, may be reduced to (1)—(4) using the transformations

u(z,t) = v(z,t) — Up(t) (w - %) —Up(t)

and

Flotrs) = g(x, b+ Uo(t) <x - 1) UL, 5+ Ut — 1) (x - %) Ut - T))

[\

O(z,t) = U(x,t) — Up(t) (:C - %) — Uy (¢),

with Uo(t — T) = Uo(O) and Ul(t — T) = Ul(O) for ¢ S T.

The initial work on heat equations with integral conditions has been carried out by
Cannon [7]. Subsequently, similar studies have been done by Kamynin [11], Ionkin [8].
Beilin [5] has considered the wave equation with an integral condition using the method
of separation of variables and Fourier series.

Pulkina [14] has dealt with a hyperbolic problem with two integral conditions and has
established the existence and uniqueness of generalized solutions using the fixed point
arguments.

Our analysis is motivated by the works of Bouziani and Merazga [12, 6] and Bahuguna
and Shukla [4]. In [12, 6] the authors have used the method of semi-discretization to (1)-
(4) without delays. In [4] the method of semigroups of bounded linear operators in a
Banach space is used to study a partial differential equation involving delays arising in the
population dynamics. We use the method of semi-discretizaion in time first to establish
the local existence of a unique solution of (1)-(4) on a subinterval [—7,Tp], 0 < Tp < T
and then extend it either to the whole interval [—7,T] or to the maximal subinterval
[—7, Tmax) C [—7,T) of existence with tﬂlTim [|lu(®)|| = +o0.

max

2 Preliminaries

The problem (1)—(4) may be treated as an abstract equation in the real Hilbert space
H = L%*(0,1) of square-integrable functions defined from (0,1) into R with the inner
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product
1
(u,v) = / u(z)v(z)dz, wu,veH,
0
and the corresponding norm

1
Jul = / ()P

For k € N, the Sobolev space H* is the Hilbert space of all functions v € H such that
the distributional derivative (/) € H with the inner product

k
(u,v) = Z(u(j),v(j)), u,v € H”,
=0

and the corresponding norm
k
lullz =D a2,
j=0

We shall incorporate the integral condition (4) with the space itself under considera-
tion by taking V C H defined by

V_{UEH:/OIU(x)d:c_O}.

V is a closed subspace of H and hence is a Hilbert space itself with the inner product
(+,-), and the corresponding norm || - ||.

For any Banach space X, with the norm || - ||x and an interval I = [a,b], —00 < a <
b < o0, we shall denote by C'(I; X) the space of all continuous functions u from [a, b] into
X with the norm

x) = t .
lulloqx) = max u(t)x

The space L?(I; X) consists of all square-Bochner integrable functions (equivalent classes)
u for which the norm

b
s = | @)l dt.

Similarly L°°(I; X) is the Banach space of all essentially bounded functions from I into
X with the norm

|l Lo (1;x) = esssup [lu(t)] x,
tel

and the Banach space C%!(I; X) is the space of all Lipschitz continuous functions from
I into X with the norm

Ju(t) — u(s)]|
u 01(7. = |lu . “+ sup —_— .
lulcoraxo = lullew + | s —5—

In addition to the spaces mentioned above, we need the space B3(0,1) introduced
by Merazga and A. Bouziani [12] being the completion of the space Cy(0,1) of all real
continuous functions having compact supports in (0,1) with the inner product

1
(u,v)p1 :/ Spu.Spv d,
0
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where S,v = fox v(&) d¢ for every fixed z € (0,1) and the corresponding norm

1
sy = | Qe

It follows that the following inequality

1
ol < 510l

holds for every v € L?(0,1), and the embedding L?(0,1) — B3(0,1) is continuous.
Given a function h : (0,1) x [a,b] — R such that for each ¢ € [a, b], h(-,t) : [a,b] — H,
we may identify it with the function h : [a,b] — H given by h(t)(z) = h(z,t). For a
given Lipschitz continuous function g : (0,1) X [a,b] x R — R and h as above, we may
identify it with a function g : [a,b] x H — H by g(¢, h(t))(z) = g(z, t, h(x,t)).
We assume the following conditions.

(A1) f(t,u,v) € H for (t,u,v) € [0,T] x H x H and the Lipschitz condition
1f(t1,ur,v1) = f(t2, uz,v2) | gy < Up ([t — to] + lur — ual gy + llvr — v2| 3]
for all t; € [0,T], u;,v; € V, i =1,2, holds for some positive constant I;.

(A2) For each z € (0,1), ®(z,:) : [-7,0] — H? N C%([~7,0]; H) with the uniform
Lipchitz constant [g.

(A3)

d(I)(O,I) 1
— = 0and [; ®(0,z)dz = 0.

Definition 2.1 By a weak solution of (1)-(4) we mean a function u: [—7,7] - H
(i) u=® on [—7,0[;

(i) ue L=([0,T]; V) n C%H([0, T]; B3(0,1));

d
(ili) w has (a.e in [0,T]) a strong derivative d_z; € L>([0,T); B(0,1));

(iv) for all ¢ € V and a.e. ¢ € [0,T], the identity

(20)  + (0.6 = (Gta.ute =), o)y, g
is satisfied.

Theorem 2.1 Suppose that the conditions (A1)-(A8) are satisfied. Then problem
(1)-(4) has a unique weak solution on [—7,Ty], for some 0 < Ty < T. Furthermore, u
can be continued uniquely either on the whole interval [—7,T| or there exists a mazimal
interval [0, Tmax), 0 < Tmax < T, of existence with tﬂlim lu(t)|] = +oo.

maz
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3 Discretization Scheme and A Priori Estimates

In this section we establish existence and uniqueness of a weak solution to (1)—(4). For
the the application of the method of line we proceed as follows. We choose Ty, 0 < Ty =
min{r, T}, for n € N. Let h,, = L2. We set u} = ®(0) for all n € N and define each of
{u;I "_, as the unique solution of the time-discretized problems

Jj=1
u? —u? , dPu? "
J h] _d(E;: o {EE(O,l), (8)
du?
T (0) =0, 9)

/1 uf(z)dr =0, (10)
0

where f = f(t},u}_,,®(t7_, —7)). The existence of unique u} € H? satisfying (8),(9)

1
is ensured as established in [13] Lemma 3.1. We first prove the estimates for u} and
difference quotients {(u — u}_1)/h,} using (A1)-(A3). We introduce sequences {U"}

of polygonal functions from U™: [—7,Tp] — H?(0,1) NV defined by

B(1), te[-7,0],

Ur(t) = L=t
j—1 h: (uj - ’U’?fl)v te [t;'lflat?]v

(11)

and prove the convergence of {U™} to a unique solution u of (1)—(4) in
C([~7,To),B3(0,1)) as n — oo. For the notational convenience, we some time sup-
press the superscript n, throughout, C' will represent a generic constant independent of
7, hn and n.

Lemma 3.1 Assume that the hypotheses (A1)—(A3) are satisfied. Then there exists
a positive constant C, independent of j, h and n such that.

llusll < G, (12)
10u;l[ 5y < C, (13)

n>1landj=1,...n.
Proof Taking the inner product in B3(0,1) of (8) with any ¢ € V,

2. .
d“u;

(duj, #) gy — (d:c2 ; )Bl = (fj,9)By- (14)

Using (9) and integration by parts

d*u; Y duj(x) o !
(W;’ )Bé 2/0 c;:c %m¢d:v=uj(x)%$¢|x;(l)—/o ujpdx.

Since



12 D. BAHUGUNA AND J. DABAS

(14) becomes

(5’&]‘, d))B% + (uj7¢) = (fja d))B% (15)
Taking j =1 in (15), and ¢ = uy we have
hin(ulaul)Bé + (u1,u1) = (fl + % (0)7U1)317

2
(16)
1153 < o i (12, 9(0). @(=7)) 55 + [ 2(0)] 155 = €

Again for j =1 in (15) and (®(0),¢) = —(—,¢> , we get
By

d?0(0
(5'&15 ¢)le + hn(5u1,¢) = <f1 + d—(g)a ¢>
T Bl
Testing this equality with ¢ = duy = Ul—hi‘b(o) eV,

d2®(0)

2 2
fouly + bt < 1ok + [ T2 1l

consequently we get

=C (17)

dx?
Bj

d2(0) ‘

5wl < o 1701 800) By +

Let 2 < j < n. Subtracting (15) for j — 1 from (15) for j and putting ¢ = du;, we get
(5Uj — 5Uj,1, 5uj>B21 + (Uj —Uj-1, 5UJ) = (fj — fi-1, 5“’]’)3%7
or )
10wl + 7=y = wj—al® < (15 = Fi-1llmy + 16wl my) 0% | 3,

which finally gives
10wl gy < IIfj = fi-1llsy + [I6uj—1l By

By assumption (A1) we have for j > 2,

I1fi = fi-illzy = 1 f(t5, -1, @(tjm1 = 7)) — f(tj—1,uj—2, D(tj—2 — 7))l By
<Uellt; —tj—1] + hn||5uj71||35 +lptj—1 —tj—2|]
< Chall + [|6uj—1]| py]-

Hence above equation becomes

[0usll gy < (L4 Chy)l|6uj—1llpy + Chy
< (1+ Chp)?[|6u; 2|l gy + Chn[l + (1 + Chy)].

By iterative process we obtain

16u;ll 5y < (1+ Cha) " [[6us ]l gy + Cha(j — 1)] (18)
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Replacing (14+Ch, )’ ! < e“T and Ch,,(j—1) < CT we get the second required estimate.
Now for the first estimate, we take ¢ = u; in (15), 7 =1,2,...,n, to get

1 1
h_n||uj||2le + luy* < (IIijIB; + H”uleB;) l[wjll By

which implies
luill By < hnll fill By + lluj-1ll 5y (19)

By assumption (A1), we have for all j > 1,

1 fillBz < If(t5,wjm1, @(tj—1 — 7)) — f(2,0,0)[| 5y + [|f(2;,0,0)[ 5
< C(1+ [luj-1ly)-

Putting it into (19) we have
lujllpy < (14 Cha)lluj-1llpy + Chn.
Repeating the last inequality we estimate
luillpy < (14 Chu)’Hllua]l gy + Cha(j = 1)]. (20)
Again replacing (14 Chy,,)7~t < e“T and Ch,(j — 1) < CT. We get
lujll gy < C. (21)

Now taking ¢ = u; —u;—1 in (15) and using the identity,

(ley — w1 I® + llugI* = lluj—1]?),

N =

(uj, wj —uj1) =
we get
2 1 2, 1 2 1 2
hall6ujllpy + S llug — w2 l* + Slusll™ = (f5, uj = wj1) By + gl
Ignoring the first two terms in the left hand side, we have

luill® < 2kl £l B3 l16will By + llwj—1]1?
< Chp(1+ [luj-1l )llwj-1ll 5y + lluj-l®
S Ohn + ||’LLJ;1||2.

Repeating the above inequality we get the required estimate. This completes the
proof of the lemma. O

Definition 3.1 We define Rothe’s sequence {U™} by (11). Furthermore, we define
another sequences { X"} of step functions from [—h,,, Tp] into H> N'V given by

nin ) ®0), te[=hy,0]
X (t) N {’U,j, te (tj_l,tj].
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Remark 3.1 From Lemma 3.1 it follows that the function U™ is Lipschitz continuous
on [0,Tp]. The sequences {U"} and {X"} are bounded in C([0,Tp]; B3(0,1)) uniformly
inn € N and t € [0, Ty]

e ixse S50 <o wro-vrensci-s
By
IX70) ~ U @)y < S, and X0~ XM by <

For notational convenience, let
fr(E) = f(tg, X (= hn), (-1 — 7)), tE€(tj-r,t;], 1<j<n.
Then (15) may be rewritten as

( dU;(t)

,¢) +(X(1),6) = (S (), ), (22)
5}

for all ¢ € V and a.e. t € (0, Tp].

Lemma 3.2 There exists u € C([0,Tp]; B3(0,1)) such that U™(t) — u(t) uniformly
on I. Moreover u(t) is Lipschitz continuous on [0, Tp].

Proof From (22) for a.e. t € (0,Tp], we have

(S0 - v 070 - 040+ 000 - X000 - 00
B
= (f"(t) = £ (), U™(1) = U* (1)) ;.

From the above equality, we have

S SIT™(0) ~ UF O3y + 1X"(6) - X
= (X" (1) = XE(0), X" (1) - X5 () - Um(0) + UR(@r)) - (23)
+ (1) — 0, UT (1) ~ U (1) .

From (22), [[f"(¢)|lp; < C, and thus the identity

(6 (0.0) = (0.3 = R0t - 1) - 6

gives
aon
dt

0.0 < 171+ |

, Wiy = ol (21)
Now using (24), we have the estimate
(X7 (1) = X" (1), X7(t) = XH(8) = U"(2) + U*(2))
<20(1X"(0) = U (Bl 5y + IX*5(8) = U D)1 1)

1
< —+ ).
_4C<n+k>

(25)
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a? + 32

, o, B € R, we may write

1770 = @l 10" (0) = U O
< 5170 = Oy + 1070 - VRO, |

By inequality af <

(f"(t) = fH (1), U™ (1) = UE(t)) 3y

IN

(26)

N

Using assumption (Al), we have
17 = FEOllpy = I1f (s X™(t = hn), D(tj1 — 7)) = f (8, X (t = i), D(ti-1 — 7)) || 5
< Gun(t) + 1| X" () = X*(O) | gy,
where
Ouk(t) = Lyllty — o + | X"(t = hn) = X" gy + | X"(¢ — hie) — X*(2)l|
+ [ ®(tj—1 —7) — ®(ti-1 — 7) B3],
for t € (tj_1,t;) and ¢t € (ti—1, 4], 1 <j <n,1<I<k. Clearly §,,(t) — 0 uniformly on
[0,Tp] as n, k — oo. Also
177(0) = P2 < 5L + BIX"(0) — XED)3,.

Hence (26) becomes

(F(0) = £, U7 (6) ~ U* () < 500 + 551X7(0) — XFD)I2, o
I - UK OIBy, Ve (0,7

Now combining (25), (26) and (27) then (23) becomes

LU (6) ~ U, + 20X ()~ XH@) < 20(% T %) X - X))

+ 8 H UMW) = URD)Fy,  VE € (0. To),
or

d, . . . 11
G100 - U + @ - Ixt@ - X1 <20( 5+ 1) o

U () - UR (D)3, Vi e (0.T),

where 6}, is a sequence of numbers converging to zero as n,k — oo. Integrating over
(0,5), 0 < s <t <Tp, taking the supremum over (0,¢) and using the fact that U™ = ®
on [—7,0] for all n we get
o™ = U3, < 2CT(l + 1) +OTs, + C/t |U™ — U*|%, ds
B; = n L nk 0 B; ’
where C is a positive constant independent of j, h and n. Applying Gronwall’s inequality,
we conclude that there exists a function u € C([0,Tp]; B3(0,1)) such that U" — u in
this space and by Remark 3.1 it follows that u is Lipschitz continuous on [—7, Tp]. This
completes the proof of the lemma. O
In consequence of Remark 3.1 and Lemma 3.2 we have the following remark on the
weak convergence (denoted by —) U™ and its strong derivative to the function u and its
strong derivative, respectively.
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Remark 3.2 (i) u € L®([0,Ty]; V) N C%1([0, To]; B3(0,1));
d
(ii) w is strongly differentiable a.e. in [0, Tp] and d_? € L>([0, Ty]; B3(0,1));
(iil) U™(t) and X™(¢t) — u(t) in V for all t € I;
aum™(t) du

(iv) T T L>=([0, To}; B3(0, 1)).

Proof of Theorem 2.1

First we prove the existence on [—7,Tp]. Integrating the (22) over (0,t) C [0,7p] and
invoking the fact that U™(0) = ®(0), we have

(U™ (1) — B(0), &)y + / (X"(s), 6) ds = / (" 6) 5y ds. (28)

Since U™(t) — w(t) in V for all ¢ € [0,Tp] and V¢ € V and the linear functional
v — (v, gb)B% is bounded on V, we have

(U™(t), @)y — (u(t),¢)py, Vit e€[0,To]. (29)
Now by the Lipschitz continuity of f and Remark 3.1 we get
(5, X™(s = hy), ®(s — 7)) — f(s,u(s),®(s — 7)) in BI(0,1) (30)

as n — oo. Now from (22) and (24) the functions |(f", ¢)ps| and |(X", #)| are uniformly
bounded. Now by bounded convergence theorem and (22), we obtain, as n — oo,

(u(t) — ®(0), 6) s + / (u(s), 6) ds = / (f(5,u(s), B(s — 7)), ) s ds

for all ¢ € V and ¢ € [0,Tp]. Differentiating the identity we get the required relation.
Now we prove the uniqueness. Let u; and us be two such solutions of (1)—(4). Then we
have

(%" U“‘))Bl FIU@I? = (w0, 8t =) = St ualt), &(t =), UO) 53,

where U(t) = uq(t) — ua(t). Integrating over (0,s) for 0,s < ¢ < T and using the fact
that U(0) = 0, we get

0Oy +2 [ WOl =2 [ (). 8= 7)
- f(57u2(5)7 (s — 1)), U(S))B21 ds < 2lf/0 ||U(S)H2B% ds.

Application of Gronwall’s inequality implies that U = 0 on [—7, Tp).
Now, we prove the unique continuation of the solution u to either on whole interval
[—7,T] or to the maximal interval [—7, Tinax) of existence where 0 < Tiax < T and if
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Thax < T then lim;_,7, . — ||[u(t)|| = co. Suppose Ty < T and ||u(Tp)|| < co. Consider
the problem

ow 0w ~
ow _gw _ _ <T—
5% a2 flz, t,w(t),wt—1)), z€(0,1), 0<t<T-—"T,
w(z,t) = d(x,t), ze€(0,1), te[-1—"Tp,0],
31
ow(0,t) 0. te[0.T Ty (31)
ox

1
/w(:v,t)dx:O, ve(0,1), tel0,T—T
0

where f(x,t,w(t), w(t — 7)) = f(z,t + To,w(t),w(t — 7)), z € (0,1), 0 <t <T — Ty,

(i) (I)(t+T0)7 te [_T_TOa_TO]a
u(t—FTo), te [—TQ,O].

Since [|®(0)]| = ||u(To)|| < oo and f satisfies (A1) on [0, T —Tp], we may proceed as before
and prove the existence of a unique w(t) € C([—7 — Ty, T1]; B3(0,1)), 0 < T1 < T — T,
such that w is Lipschitz continuous on [0, 73] and w satisfies

ow  0%w ~
- = — <
5% 92 flz, t,w(t),wit—1)), z€(0,1), 0<t<T,
’LU(I,t) = (i)(I,t), S (07 1)5 te [_T - To,O],
32
MZQ’ te0,T —Tyl, (32)
ox

1
/ w(z,t)de =0, te€[0,T—"To.
0

Then the function

w10 te[-7,T)
’LU(t—To), t e [To,TO—FTl],

is Lipschitz continuous on [0, Ty + T3], u(t) € C([0, Ty + T1], B2(0,1)) for t € [0, Ty + T1]
and satisfies (1) on [0,Tp + 71]. Continuing this way we may prove the existence on the
whole interval [—7,T] or there is the maximal interval [—7, Tnax), 0 < Tmax < T, such
that u is the weak solution of (1)~(4) on every subinterval [=7,7],0 < T < Tiax. In the
later case, if lim;_;,,_ |Ju(t)|| < co then we may continue the solution beyond Tinax but
this will contradict the definition of maximal interval of existence. This completes the
proof of Theorem 2.1.

4 Applications

In this section we consider problems arising in the population dynamics (cf. Engel and
Nagel [9]).



18 D. BAHUGUNA AND J. DABAS

Example 4.1 Consider the following partial differential equation with delay,
u(z,t) 0u(z,t)

= —d(t)u(z,t) + b(t)u(z,t — 1), (z,t) € (0,1) x [0,T], (33)

ot Ox?
u(z,t) = ®(z,t), tel-7,0, z€(0,1), (34)
0D o e, (35)

ox
/0 (e, t) de = (1), te[0,T]. (36)

Here u(z,t) denotes the size of a population at time ¢ and at the point « € [0,1]. The
82

term —Z represents the internal migration. The continuous functions b and d on [0, T
represent the birth and death rates and 7 is the delay due to pregnancy. The function
¥ (t) may be viewed as a control on the average population size at time ¢. Thus, we
have no-flux condition at the left end and the right end is free so there may be a flux
at this end but the average population size is being controlled by the integral condition.
Here we take f: [0,7] x H x H — H given by f(¢,x,¥) = —d(t)x + b(t)y, t € [0,T],
X, % € H. Our analysis of the earlier sections may be applied to this problem to ensure
the well-posedness of the model.

Example 4.2 In this example we consider the following problem,

u(z,t) k82u(x, t)

=r(t)ul(z,t —7))(1 —u(z,t)), (z,t) € (0,7)x[0,T], (37)

ot Ox?
u(z,t) = ®(x,t), te[-7,0], ze(0,nm), (38)
% —0, telo,T), (39)
/07r u(z,t)dr = ¥(t), tel0,T]. (40)

The equation (37) arises in the study of a population density with a time delay and
self-regulation (cf. Turyn [16]). In this problem we take T' = 7 and assume that @ is
bounded on (0,7) x [—7,0]. Also, we take f: [0,7] x H x H — H given by f(¢,x,9) =
ft, ) (x) =r@t)®(z,t —7)(1 — x(x)), t € [0,7], x € H. Here again we have considered
no-flux condition on the left end and the average population size is being controlled by
the function ¢ in place of the Dirichlet boundary condition on u as taken in [16]. The
results of the earlier sections may be used to ensure the well-posedness of this model.
We shall be dealing with the problem involving the Dirichlet condition together with an
integral condition in our subsequent study.
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