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1 Introduction

In applications of neural networks with or without delays to some practical problems,
such as optimization solvers [1], pattern recognition, image compression [2], and quadratic
programming problems [3, 4], the stability properties of system play an important role.
The stability analysis for the neural network has received considerable attention in re-
cent years. It is well known that the stability of neural network is prerequisite for the
applications either as pattern recognition or as optimization solvers. There have been
extensive results presented on the stability analysis of neural network and its applica-
tions. Moreover, parameter fluctuation in neural network implementation on very large
scale integration (VLSI) chips is also unavoidable. This fact implies that a good neural
network should have certain robustness which paves the way for introducing the theory
of interval matrices and interval dynamics to investigate the global stability of interval
neural networks. There exist several related results on robust stability, we refer to [5-9].
In recent years, the dynamics of neural network systems have been deeply investigated

* Corresponding author: louxuyang28945@163.com

(© 2007 Informath Publishing Group/1562-8353 (print)/1813-7385 (online)/www.e-ndst.kiev.ua 369



370 X.Y. LOU AND B.T. CUI

and many important results on the global asymptotic stability and global exponential
stability have been established(see for example [10-13, 19]).

In this paper, we shall investigate the problem of the robust stability analysis for
nonlinear uncertain neural networks with constant or time-varying delays. Some sufficient
conditions for the delay independent robust stability of the neural networks are developed.
All of the results are presented in terms of linear matrix inequalities (LMIs).

The paper is organized as follows. In Section 2, the problem to be investigated is
stated and some definitions and lemmas are listed. Based on the Lyapunov-Krasovskii
stability theory and the LMI approach, some criteria are obtained in Section 3. Two
cases of time delay, i.e. constant delays case and time-varying delays case are discussed.
Then, an exponential stability criterion for the considered neural networks is provided. A
numerical example is given in Section 4. Finally, some conclusions are drawn in Section 5.

2 System Description and Preliminaries

Consider a nonlinear uncertain neural network with time delay, which is described by a
set of functional differential equations as follows

() = —aiwi(t) — aqizi(t — 1) + Y bij fila; (1))
j=1

n (1)
+ Z baij filxj(t — 7)) + cigi(wi(t), 2i(t — 7)), i=1,2,....n,
j=1
or, the considered neural networks can be represented in vector state space form as follows
i(t) = —Ax(t) — Ayt — 7) + Bf[a(t)] + B flz(t — 7)] + Cg(z(t), z(t — 7)), (2)
with initial values
x(t) = ¢.(t), te[-T,0), (3)

where A = diag(ai,a2,...,an), 41 = diag(aai,aa2; .., adn); B = (bij)axn, B1 =
(baij)nxn, C = diag(c1,ca,...,cn); x(t) = (21(t),...,7,(t))T is the state vector of the
neural network; x(t — 7) = (z1(t — 7),...,2,(t — 7))T is the delayed state vector of the
neural networks; 7 > 0 denotes the delay; g(x(t), z(t — 7)) is the uncertain perturbation
with the form of g(z(t),z(t — 7)) = [g1(x1(t),21(t — 7)), ..., gn(2n(t), 2 (t — 7))]7; the

activation function is flz(t)] = {fi[z1(D)], ..., falzn(®)]}".

Though out this paper, we assume that the activation function f;[z;(t)] (i =
1,2,...,n) and the nonlinear uncertain perturbation function g(x(t),z(t — 7)) satisfy
the following conditions:

(Hy) If there exist positive constants k;, i = 1,...,n, such that

0< fi(&1) — fi(&2) <k
& —&

for all £1,69 € R, & 75 &,1=1,...,n.
(Hz) There exist positive constant matrices M and M7, such that

lg(a(t), z(t = )| < [Ma@)] + [|Myz(t — 7).

In order to obtain our results, we need the following definitions and lemmas.
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Definition 2.1 For any continuous function V : R — R, Dini’s time-derivative of
V(t) is defined as
V(t+h)—V(t)
B @

It is easy to see that if V/(¢) is locally Lipschitz, then |[DTV (¢)| < oo.

DYV (t) = ;}E& sup

Lemma 2.1 [14] (Lyapunov-Krasovskii stability theorem) Consider the following
functional-differential equation of the retarded type:

z(t) = f(t,xe), t>to, w, =¢0), VOe€[—T,0], (5)

where x4(+), for given t > to, denotes the restriction of x(-) to the interval [t — T,t]
translated to [—,0], namely x+(0) = z(t +0), VO € [—7,0].

Assume that there exists a continuous functional V (¢, ¢) such that

(1) Valllo0)l) <V (t, 0) < Va(llo(0)I);

(i) V(t,20) < =Va([lz@)]),

where V1, V5, V5: Ry — R, are continuous nondecreasing functions, Vi(s), Va(s) are
positive for s > 0, and V;(0) — Va(0) = 0, V3(s) > 0 for s > 0, and V (t,z;) is Dini’s
time-derivative of V (¢, z;) along the solution of equation (5). Then, the trivial solution
of equation (5) is uniformly asymptotically stable.

Notice that condition (i) means that the function V (¢, ¢) is positive definite and has
an infinitesimal upper limit.

Lemma 2.2 [15] Given any real matrices A, B,C of appropriate dimensions and a
scalar € > 0 such that 0 < C = CT. Then, the following inequality holds:

ATB+BTA<eATCA+e'BTC !B, (6)
where the superscript T means the transpose of a matrix.

Lemma 2.3 [15] (Schur complement) Linear matriz inequality:

Q) S(x)
(S%) R(a:)) >0, @

with Q(x) = QT (), R(z) = RT () is the same as
R(z) >0, Q(z)— S(x)R ()T (z) > 0.

3 Main Results

In this section, stability criteria for uncertain neural networks with time delay are given.

Theorem 3.1 Consider the delayed neural networks with nonlinear perturbation (1),
if there exist positive matrices X > 0, W > 0, positive diagonal matrices S > 0, Sy > 0,
and constants & > 0, & > 0, satisfying the LMI

Qn XKT  xAT xMT XMT

KX -S-8 0 0 0
Q= | A4 X 0 W0 0 | <o, (8)
M X 0 0 —&I 0

MX 0 0 0 —&I
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where

Q= -XAT - AX + W + B1S1B] +C(& +&)CT,
then the system (1) is globally asymptotically stable. Here, K = diag{k1,... , kn}.

Proof Consider the Lyapunov functional

t

V() =a" () Pz(t)+ | fTla(s))S7" fla(s)] ds
t—7 (9)

t t
+ / T (s)ATW L Ayx(s) ds + &5 / xT (s) M Mya(s) ds.
t—T1 t—T1
It is easy to obtain
An(P)l2(®)]2 < V(1) < { s (P) + 7 [ A (KT ST K)
+ A (AT WA + &5 Nar (M )|l )2,

where A, (P) and Ap(P) denote the minimum and maximum eigenvalues of P, respec-
tively.
Calculating the upper right derivative DTV of (9) along the solution of (2), we have

that
DYV (t) = 2T (t)Pa(t) + T (t) Pi(t)

+ [ le@)ST fle@)] = fla(t —7)]SyT fla(t — 7))

s OATW L Ayx(t) — T (t — ) ATW L Aya(t — 1)
+ & et ()M My (t) — & et (t — )M Myx(t — 1)

={—Az(t) — Ayz(t — 7) + Bf[z(t)]
+ Blf[ (t = )] + Cy(a(t),a(t — 7))} Pa(t) (10)
el (t)P{—Ax(t) — Aa(t — 1) + Bf[z(t)]

+ B1f[ (t—7)]+ Cg(x(t),z(t — 7))}
+ [ e@)ST fle@®)] = fla(t —7)]ST fla(t — 7))

s (OATW L Ayx(t) — 2T (t — 1) ATW L Aya(t — 1)
+ & el (M My (t) — & 2T (t — 1) MY My (t — 7).

From Lemma 2.2 and (10), we have that

DTV(t) < [ wT(t)ATPx( ) — T (t) PAx(t)]

xt(t — Wt Ajz(t — 1) + 27 (t) PW Px(t)
+ fT[l"( )] [ ()] + 2™ (t) PBSB" Px(t)
fT[x(t = )8y fla(t — 7)) + & (1) PB1S1 By Pa(t)

z (t)PC (&1 + &)CT Pa(t)
+ g;le(t)MTMx(t) + & aT(t — 1) MT Myx(t — 1)
+ [T a)ST )] = fa(t = 7)) ST fla(t = 7))
e (ATW L Aye(t) — 2T (t — AT W Ayae(t — 1)
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+ &t ME My (t) — &5 2T (t — )M Mya(t —7)
< [T () AT Px(t) — 27 (t)PAx(t)] + 27 (t)PW Px(t)
+ fTze())S™ flo(t)] + 2T (t)PBS BT Px(t) + 2T (t)PB,S, BT Px(t)
+ 2T () PC(&; + &)CT Pa(t) + &7 2T (1) MT Mx(t)
T Tl ()ST fla(t)] + o7 () ATW L Ay (t) + €5 ' () MT Myt
< 2T (t)=2x(t),

where
E=[-A"P-PA+PWP+K"S'K+PBSB"P
+ PB1S1Bf P+ PC(& + &)CTP + &' MTM (11)
+ KTST'K + ATW 1Ay + &M M,
Pre- and post-multiply (11) with X = P~!. By the Schur complement, = < 0 if and only
if inequality (8) holds.
This completes the proof. O
Remark 3.1 Noting that the conditions of Theorem 3.1 do not include any infor-
mation of the delay, that is, the theorem provides a delay-independent robust stability

criterion for time-delayed neural networks with nonlinear perturbations in terms of LMIs.
The results can be extended to time-varying delay case.

Consider the time-varying delay neural networks as follows
#(t) = —Ax(t) — Ayt = 7(t)) + Bf[x(t)] + Bi f[a(t — 7(t))] + Cg(x(t), (t — 7(1))), (12)

where 7 is a function, 7: [0,400) — [0,+00]. Furthermore, we assume that 7 is differ-
entiable and 7(¢) < 7% < 1.
We have the following result.

Theorem 3.2 Consider the delayed neural networks with nonlinear perturbation (1),
if there exist positive matrices X > 0, W > 0, positive diagonal matrices S > 0, S; > 0
satisfying the LMI

Q,  XKT  XAT XMT XMT

KX -S-8 0 0 0

Q= |A4X 0 S 7 ) 0 | <o, (13)
M X 0 0 —I 0
MX 0 0 0 —I

where

1 1 1
O = —XAT — AX + W+ -B1SiBY +C 1+ -)c".
1—7 1—7 1—-7

Then the system (1) is globally asymptotically stable. Here, K = diag{ky, ..., ky}.

Proof Consider the Lyapunov functional
t

VO =" OPa)+ [ Tla(s)ST lnlo)] ds
t—7(t)
+/ a7 (s)ATW =LA 2(s) ds +/ & (s) M Myx(s) ds.

—7(t) t—7(t)
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It is easy to obtain

Am(P)|lz(t)1> < V() < {Am(P) +7 A (KT S 'K)
+)\M(AT LA + A (M M) ]} l2z(2)]1,

where A, (P) and Ap(P) denote the minimum and maximum eigenvalues of P, respec-
tively.
galculating the upper right derivative DTV of (14) along the solution of (12), we
obtain that
DYV (t) = &7 (t)Pa(t) + 2" (t)Pi(t)
+ fT[x( ST ()] = (L= 7%) [Tt — 7(0))]S7 " fla(t — 7(1))]
T OATW A1z (t) — (1 — 79T (t — 7() ATW T Ayt — 7(t))
e (M Myz(t) — (1 — %)t (t — 7(8)) M Mya(t — 7(t))
= { AI( ) = Awa(t —7(t)) + Bf[2(t)]
+ Blf[x(t — ()] + Cyla(t), x(t — T(£)}" (t)Px(t) (15)
el ()P {=Azx(t) — Ay (t — 7(t)) + Bf[a(t)]
+ Blf[ﬁc(t —7(0)] + Cg(a(t), x(t — 7(1)))}
+ @S fla@®)] — (=) f [a(t = 7())ST fla(t — (2))]
+ 2T ATW = Az(t) — (1 — 7%) 2t (t — () ATW L Ay (t — 7(1))
+ 2T ()M Myz(t) — (1 —7%)2" (t — 7(£)) M{ Myz(t — 7(t)).
From Lemma 2.2 and (15), it follows that
DYV (t) < [—2T () AT Px(t) — 27 (t) PAx(t)]
+(1 =7 (t —T())ATW LAz (t — 7(1))
+ [T le@®)S™ flz(t)] + 2" (t) PBSBT Pua(t)
+ (L= ) f 2t — 7(0))ST fla(t — 7(1)]

x*(t)PB,S1 B} Px(t) xT () PW Px(t)

+

+ ;T(t)PC (1 + %) CTPx(t)

T OMTMz(t) + (1 — %)zt (t — 7)) M Myz(t — 7(t))
+ fT[x(t)]bH @) = (1= 75) [T [t — 7)) fle(t — 7(1)]
T OATW L Ayz(t) — (1 — 792 (t — () ATW L Ay z(t — 7(1))
e (OMEMz(t) — (1 — %)zt (t — 7)) M Myz(t — 7(t))
[ T(t)ATPHC( t) — (1) PAx(t)]
+ [ x)S ™ flx(t)] + 2T (t) PBS BT Pa(t)

aT (t)PW Px(t)

+

T T(t)PB,S1 BT Px(t) 1_

+ 2T (t)PC <1 + %) CTPx(t) + 2T (t)MT Mx(t)
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+ [Tl fla@)] + 2T () ATW =L Ay (t) 4+ 2T (1) M My (t)
< zT(t)Zx(t),

where

1
E= —ATP—PA—i—l

— *

PWP+KTS 'K + PBSBTP

1 1
+ = PBiSIB{ P+ PC (1 + 1—) CTP+¢'M™™
—T - T

+ KTSTUK + ATW Ay + & MT M) .

Pre- and post-multiply (16) with X = P~!. By the Schur complement, = < 0 if and only
if inequality (13) holds.
This completes the proof. O

Remark 3.2 In Theorem 3.1 and Theorem 3.2, the delay-independent stability crite-
ria are developed, however, no information on the state convergence degree of the neural
networks is given. Here, we investigate the problem of exponential stability analysis for
delayed neural networks.

Theorem 3.3 Consider the delayed neural networks with nonlinear perturbation (1),
if there exist positive matrices X > 0, W > 0, positive diagonal matrices S > 0, S1 > 0,
and constants & > 0,&5 > 0, > 0 satisfying the LMI

Q1 eTXKT " XAT eomXMT eoTXMT

e TKX —-S5-8) 0 0 0
Q= |e*"A X 0 -W 0 0 <0, (17)
e M X 0 0 —&1 0
e TMX 0 0 0 —&1
where
Q1= —-XAT — AX + W 4+ B1S1BT + 20X +C(& + &)CT. (18)

Then the system (1) is exponential asymptotically stable. Here, K = diag{ki,...,kn}.

Proof Let’s introduce a transformation z(t) = e~ *'n(t), and define the Lyapunov
functional as follows:

V() = 07 () Pr(t) + / FTin()1ST Fln(s)) ds
. t—T1 . (19)
[ @AW A ds+ 6" [ a ()M i) ds

Then follows the proof of Theorem 3.1, this theorem can be proved easily. O

Remark 3.3 As we can see, if B = 0 and the uncertain perturbation g(z(t),z(t —
7)) = 1 in (2), then the neural network (1) or (2) represents the Hopfield’s original neural
network model and cellular neural networks [6, 7, 9, 10, 16, 17, 18].
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4 An illustrative example

In this section, we present a numerical example to validate our results.
Example 4.1. We consider two-dimension nonlinear uncertain neural network (2)
with time delay. The associated data are:

18 0 2 0 0.01 0.02 0.32 045
A‘{o 1.8]’ Al_[o 4]’ B_[O.O?) 1.08}’ Bl_[o.?,o 0.50]’

10 01 0 00
C:[o 1}’ M:[o 0.2]’ Ml:{o 0]'

Suppose the activation function is described by fi(z) = 1 (lz + 1|+ |z — 1), i = 1,2.
Then we have K = diag(1,1), and f;(z) satisfies (H;). Now using the MATLAB LMI
toolbox, we can obtain a feasible solution for LMI (8) as follows:

19.4526  7.6137 178.2599 146.4787

g = 983.9634 0 0. S — 802.8313 0
o 0 983.9634 ’ te 0 802.8313

¥ — {56.5666 19.4526] 0, W= {235.3002 178.2599} 0,

] >0, ¢=13.8307.

Then the conditions of Theorem 3.1 are satisfied. Therefore, the system (1) is globally
asymptotically stable. Moreover, we can see from the behavior (see Figure 1) of the state
variables, the solutions of system (1) converge upon the zero with the initial condition
#(s) = [0.1,-0.1]7.

0.15

0.1F 1

0.05

states

-0.05F d

time

Figure 4.1: The time respond behavior of the system (1).
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5 Conclusions

In this paper, the problem of robust stability analysis for uncertain neural networks with
time delay is investigated. Based on Lyapunov stability theory, the robust stable criteria
are given in terms of linear matrix inequalities. The proposed approach is more flexible
in computation, and the results are more efficient then other existing results.
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