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Abstract: New results concerned with the Liapunov stability of composite or
interconnected systems, described by linear difference equations are established.
These results involve a matrix-valued Liapunov function. Furthemore, using
a new approach for constructing Liapunov functions we obtain some results
related to uniform asymptotic stability and compare our results with some
know results which were obtained via vector Liapunov functions. The examples
illustrating the efficiency of the proposed approach are given.
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1 Introduction and Main Results

The aim of this paper is to study stability in the sense of Liapunov of a linear large-scale
system of difference equations in the form

LL‘i(T—I—l):AiiLL'i(T)'F Z Aij(T)LL'j(T), 1=1,2,...,m, (1)
J=1,j#i

where = (27,...,20)T, re Nf ={r+k, k=0,1,...,} 70 >0, ; € R™, z € R",

m

n= 3% n; Ai, i=1,...,m, are constant matrices of appropriate dimensions, A;;(7),
i=1

i,j=1,...,m, i # j, are determined on the set NT.
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The transformation of initial systems to the form (1) is made by means of mathemat-
ical decomposition for the preassigned order of independent subsystems or in terms of
some physical speculations formed in the description of real physical system by a system
of difference equations.

For system (1) we construct the matrix-valued function U(7,x) (for the details see
[5]). The diagonal elements v;;(z;) are taken as the quadratic forms

’Uii(mi) = :v;-rPii:vi, 1= 1, 2, e,y (2)

where Pj; are symmetric positive definite matrices. We assume that at least one of the
matrices A;; or Aj; is not equal to constant and takes the corresponding non-diagonal
elements v;;(7,x;,x;) as the bilinear form

Uij(T,.Ii,.ij):Uji(T,.Ii,ij):.I;-I‘Bj(T)ZEj, j=1,2,...,m, 7’#]7 (3)
where the matrix P;;(7) satisfies difference equation
Py(1+1) — Py(7) + AL Py (1 + 1)Aj; — Pij(r + 1)

i n 4
= —;AiiPiiAij(T) - U—J_A}ri(T)ijAjj' @
i 4

Equation (4) can be solved in the explicit form. Consider two cases.
Case 1. Assume that the matrices A;; and A;; are such that

g = max | Ak (Aii) Mi(Aj)| < 1.

We consider the linear operators
Fyj R — R, FyX = ALX Ajj.
and present equation (4) as
i j
Pij(1) = —Fi Py (1 + 1) + — Ay P Ay () + JAT( )Pjj Aji - (5)
j

Using the method of mathematical induction it is easy to show that

Pyj(7) = FY\Py(r +v) —i—ZkaA Py Ay (T + k)
| ©)
+:77—JA;I;(T+IC)PJJAJJ

for any positive integer v. It is shown (see [1]) that the eigenvalues of the operators Fj;
are Ap(Aii) Ai(4;;), therefore the norm of the operator F admits the estimate

1 v
< £ / |Z|lezc(ﬂ) ,
27 2

i
lz|==52

1
== YR.(Fy;) dz
1#5 = 5 [ #ReB)

144
2

|z|=

where ¢ = ma% |IR-(F3;)ll, R.(Fi;) is a resolvent of the operator Fj;. Taking into
|2|="F2

account 2 < 17 we get [|[F}}]| — 0 as v — oo.
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Further we are interested only in bounded solutions of equation (4). Passing to the
limit in (6) as v — oo, we get

ZF P gy )+ L AL WP 4, ). ™

Further it is assumed that the series in the right-side part of (7) converges.
Case 2. Assume that

¢ = max [Ax(Aii) Ai(Az5)] = 1.

It is easy to notice that the operator F;; is non-degenerated. We present equation (4) as

_ i A
Pij(r+1)=F;'Py(r) — F;; { -A;i Py Aij () + n—J_Aﬁ(r)ijAjj}. (8)
Using the method of mathematical induction it is easy to show that

Pij(1) = F;;7 ™ Pij(mo)

T—710—1
— > etk {%AMPMAU(TO +k)+ %Aﬁ(m + k)ijAjj] -
k=0 J ‘

Setting P;;(79) = 0 we find partial solution of equation (4) in the form

T—To—1

> ETT [%AMPMAWOMH%Aﬁ(mmam]. (9)
J 7

Assuming that the matrices P;;(7) are bounded for all 7 > 7* we introduce designa-
tions

i = A (Pu), Cij = sup 1235 (Il
i = Am(Pii), €45 = — sup [Py (7).

In view of the results from [2,4] the estimates for the elements matrix-valued function
U(r,z) are

cillzill? < wviilzs) < eillll?, i=1,2,...,m,
cijllmill |zl < vij(ry @i, 25) < ejllall losll, 4,5 =1,2,...,m, i#j.
Therefore for scalar function v(7,z,7) = nTU(r,2)n, n € R, n > 0, the bilateral
inequality
wr HYCHw < v(r,z,m) < wT H'"CHuw, (10)

is satisfied, where

¢= [Eij]?jzlv C= [Qij]?j:u
H =diag (m1,...,Mm), w=(||lz1],..., |lzmDT.
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For the first difference of function v(r,z,n) along solutions of system (1) in view of (4)
one can get the estimate

AU(T,x,n)’(l) <w'S(T)w, (11)

where w = (||lz1,..., |zml))T, S(7) = [04;(7)]{%—1. The elements of matrix S(7) have
the following structure

oi(r) = = An(Ganf + > AulP1Pylin?
J=1.j#i

+ Z )\M(A;fipijji +A};PJF»II;AM)77]€’I7J-,

k=1, k#£j
m
oM = Y nl Akl ekl | Aril
k=1, k], ki
m
+ > [ Akill | Pr | (| Az llmime, @ # 3,

kI=1, ki, k], 1]

where Gi; = —(ALP; Aii—Py;), ||| is a spectral norm of the corresponding matrix. Using
the function U(r, x), estimate (10) of the scalar function v(7,z,n) and estimate (11) of
the first difference of this function along solutions of system (1) we formulate sufficient
conditions of stability and uniform asymptotic stability of the equilibrium state x = 0
of system (1).

Theorem 1.1 Let system of equations (1) be such that
(1) matrices C and C in estimate (10) are positive definite;

(2) there erist negative semidefinite (negative definite) matriz S such that

[S()+ ST(1)] <8 forall T>m.

N~

Then the equilibrium state © =0 of system (1) is uniformly stable (uniformly asympto-
tically stable).

Proof Condition (2) of Theorem 1.1 ensures the existence of 71 € N} such that
for all 7 > 7 for matrix S(7) the generalized Silvester conditions are satisfied. So, for
function v(7,z,n) = nTU(r,2)n for all 7 > 7 = max{7y,7*} all conditions of Theorem
16.3 from Hahn [3] are satisfied. Thus, the equilibrium state = 0 is stable (uniformly
asymptotically stable) with respect to N; . Taking into account continuity of solutions
(7,70, 20) of system (1) in z¢ and discreteness of the set NI one can conclude on
stability (uniform asymptotic stability) of the equilibrium state of system (1).

2 Examples

Consider the system
z(t+1) = pra(7) + aA(w, )y(1),

y(T +1) = p2y(T) + BAT(wv T).’L'(T),
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where z,y € R?, and «, 3, p1,p2 € R, w € [0, 27),

COSwT SinwTt
A(w,T):( ), T € Ny

—sinwT  coswT

Moreover, we designate ¢ = p1p2. Applying the approach proposed in Section 1 for
system (12) we construct an auxiliary function

o(r,z,y) =z x4y y+ 22" P(r)y, (13)
where

ap1 + Bp2 .
— - A —1)(A 1) — gl f <1;
IR A - DA ) —al), g <1

Piry={ ___ o +Bp2 - _
(1) T r—- [qA(w,T 1) — A(w, 1)

¢ TTHAT(1) + q*TI], if gl > 1,

and [ is an identify matrix of dimension 2. Theorem 1.1 allows us to establish sufficient
stability conditions of system (12) in the form of a system of inequalities

lapr + Bpa| < /1 —2qcosw + g%

(14)
011 <O, 0’110’22—0'%2 >O,
where 3B(aps + Bpa)la — cosw)
2 p1o(apr + Pp2)(q — cosw 2
= — 1 —
011 pl 1—2QCOSW+(]2 +6 )
2p2a(ap1 + Bp2)(q — cosw)
2 2
— — 1 —
722 = P2 1—2gcosw + ¢? o
and

lapr + Bp2|
V1 —2gcosw + ¢2

It this case the equilibrium state 2 = y = 0 of system (12) is uniformly asymptotically
stable, and the constructed function (13) is the Liapunov function.

In order to compare the obtained stability conditions with the conditions obtained in
terms of vector Liapunov function we employ the results from [6]. Construct the vector
function V(z,y) = (v1(x),v2(y))" with the components v (z) = T2 and wva(y) = yTy.
Applying Theorem 3.3.14 from [6] we present sufficient conditions of uniform asymptotic
stability of system (12) in the form of the system of inequalities

021 = 012 = |045|

pi+5°-1<0,

15
(P71 + 8% = 1)(p5 + & — 1) — 4]af|p1p2| > 0. (1%)

To compare conditions (15) and (14) obtained in terms of Theorem 1.1 we consider a
system of difference equations

x(r+1) = O.95x+o¢A<g,T>y,

y(r+1) = —0.95y + 5AT<g,T>x
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and construct in the space of parameters («, 3) the domains of stability of the equilibrium
space = y = 0 of system (16). Figures 2.1 and 2.2 show that the domain constructed in
terms of conditions (14) is wider than the domain constructed in terms of conditions (15).

-0.5

Figure 2.1: The domain of stability of (16) in the parameter space via Liapunov’s vector
function.

Figure 2.2: The domain of stability of (16) in the parameter space via Liapunov’s matrix-
valued function.

Note that for the system

z(r+1) = 1.21:—!—04A<g,7')y,

y(r+1)=—08y+ A" (g7>x
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it is impossible to apply the vector function, because subsystem z(7 4+ 1) = 1.2z is not
exponentially stable. Nevertheless conditions (14) allow us to construct for system (16)
in the space (a, ) a domain of stability shown in Figure 2.3.
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Figure 2.3: The domain of stability of (17) in the parameter space.
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Figure 2.4: The domain of stability of (18) with exponentially unstable subsystem.

The system
z(r+1)=1.05z+ aA(g,T>y,
(18)

y(r+1) = —1.O5y+ﬁAT(g,T>x

has exponentially unstable subsystems. However in this case as well conditions (14) allow
us to construct for system (18) a domain of stability in the space of parameters shown
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in Figure 2.4.

3 Concluding Remarks

Generalized Liapunov function method for a class of large-scale difference systems (1)
were developed. In particular, stability and uniform asymptotic stability theorems were
presented. The efficiency of the proposed approach was demonstrated by two examples.
An important aspect of the new results is that they account an estimation stability
domain of parameters of the systems. In connection with the developed theory, there
remain many open problems. Some of these include the following: to established guides
for choosing “best” vector n in the scalar function v(7,x,n); to apply the developed
theory to specific problems of uncertain systems. Because in general, one is not only
interested in stability of systems (1), but also in trajectory bounds, it is desirable to
investigate the behavior of systems (1) with respect to sub-sets of the state space.
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