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1 Introduction

Nowadays the disturbances in hybrid systems dynamic is an actual research problem [2,9].
Since in different branches such as medicine, ecology, construction of control systems,
the state at a given moment in time essentially depends on the previous history, more
adequate instrument for researching the dynamic of separate subsystems is formed by
equations with delay [4-6].

Let the logic-dynamical system be given by a set of subsystems which are linear
differential-difference equations with constant coefficients and constant delay

z(t) = Ajx(t) + Bix(t — 1), i=1,n, xz(t)€ R", t>0. (1)
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Each of these subsystems describes the dynamics on a fixed finite time interval ¢;_; <
t < tiy, i = 1,N, to = 0. Subsystems can be stable or unstable. We suppose, the
initial disturbance is in J-vicinity of the origin. It is required to estimate the size of the
deviation of solutions z(t) of the logic-dynamical system (1) from the origin at the final
moment t = tn. We consider finite time intervals, and at switching times coordinates
have no discontinuity, i.e.

Sl_ig_lox(ti—s) :Sl_ig_lox(ti—ks), i=1, N —1, (2)
and on separate time intervals the subsystems are systems of linear differential-difference
equations such that, by virtue of a continuity, all solutions which start from J-vicinity
do not leave e(d)-vicinity. On the contrary, for any € > 0 there exists d(¢) > 0, such that
|z(tn)| < e, if [|[2(0)], < é(¢). In the paper the mentioned values are calculated. Special
attention is given to the case of unstable subsystems. Here and further the following
vector and matrix norms are used

A] = {Amax(AT A}

" 1/2
o(t)| = {Zﬁ(t)} ,

o)l = max {la(s + )]},

0 1/2
lz(®)l], 5 = {/eﬁs |x(t+s)|2ds} ,

—T

Amax (), Amin(+) are the largest and smallest eigenvalues of the corresponding symmetric,
positive definite matrices.

For the derivation of estimations the method of Lyapunov-Krasovsky functionals [7-9]
is used.

Research of such type of logic-dynamic systems has been carried out earlier. In [10]
the logic-dynamical system consisting of linear differential equations subsystems was
examined. The method of quadratic Lyapunov functions was used. The Lyapunov’s
functions were built as non-autonomous quadratic forms V(z,t) = 2TH(t)z, H(t) =
e~tA"e~tA by using a first integral. This kind of Lyapunov function allows to derive
the most exact estimations of solutions, as level surfaces V;(z,t) = «;, i = 1, N -1
of Lyapunov functions V;(z,t), i = 1, N — 1, completely consisting of integral curves.
However, the construction of such functions is connected with the presence of a matrix
exponential e/, i.e. with the presence of a fundamental matrix of solutions. That is a
strong condition.

In [11] it has been proposed to use autonomous Lyapunov functions with symmetric,
positive definite matrices H;, ¢ = 1, N — 1 which are calculated using a solution of the
matrix Lyapunov equations

A?Hl + H;A;, = C;

for i = 1, N — 1. However this requires the asymptotic stability of matrices A;, i =
1, N —1 . Finally, in [12] estimations of disturbances of logic-dynamical system (1)
without the requirement of asymptotic stability of matrices A;, ¢ = 1, N — 1 has been
obtained.
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2 Estimations of solutions of stable subsystems

We'll first obtain some auxiliary results. We investigate the behavior of the solution ()
of a linear stationary subsystem with delay

&(t) = Az(t) + Bx(t — 1), (3)

determined on an interval ty < ¢ < ¢;. For obtaining an estimation of solutions we use a
functional of the form

0
Viz(t),t] = e'yt{xT(t)H:r(t) + / Pt (t + s)Ga(t + s)ds} (4)
Let’s denote N (I A (G)
en(H) = ﬁ(h{)v 12(G, H) = )\Z?:(H)’
en(G,1n) =32 o) = 32 )
S[G, H] = _ATIngfl{IA‘G el

The following statement holds.

Theorem 2.1 Let there exist positive definite matrices G and H for which the matriz
S[G, H] is also positive definite. Then the system (3) is asymptotic stable and for its
solutions x(t) it follows the top exponential estimations of convergence hold:

(0] < [Vl o) + Vel 1 120, | e {5t} 1200 (@

and
le @), 5 < [mmo)uml\x(mllﬂg} exp{—%d}v t20 (D
for Ain (SIGHY) 3 Ain(G) hwin(5)
c(ﬁ,v)—min{ mi\nmax(ﬁ) ’6A:;Z(G)+7{1_ﬁ(®]}' )

The value B > 0 can be arbitrary for
/\min(S[Ga H]) > )\max(G)'

And

B< %ln{ Amex(G) } :

/\max(G) - /\min(S[Ga HD
if
Amin (S[G, H]) < Amax(H).

The value vy satisfies a condition v < (3.
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Proof For the proof we use the Lyapunov-Krasovsky functional of the form (4) with
positive definite matrices G and H. It satisfies the following bilateral estimations:

" i (a0 + Ain(G) 202} < V().

(9)
< et {)\max(H)|x(t)|2 + Amax(G) IIw(t)Ili,ﬁ}

We find an estimation for its derivative in force of system (3). We make a substitution
t + s = &. Then the functional transforms to

V]z(t),t] Zth{:vT(t)Hx(t)—f— / eﬁ“ﬁ):cT(g)Gx(g)dg}. (10)

t—r

We calculate a full derivative of the transformed functional (10) along solutions z(t) of
system (3). We obtain

t

/ e-ﬂ“—f)xT(&)G:c(g)ds}

t—7

%V[aj(t),t] = ”ye”t{xT(t)H:r(t) +

+ e [Ax(t) + Ba(t — 7)]" Ha(t) + 27 () H [Az(t) + Ba(t — 7))
+ 2" (t)Ga(t) — e P2l (t — 7)Ga(t — 1)}

—e”t{ﬁ / e-ﬁ<f-f>:cT<§>Gx<5>ds}.

-7
We transform the obtained expression as follows:

t

/ e—ﬁ“—“xT(@Gm(&)dé}

t—7

d iy
SVLa(t). 1) = —e {(6 ~7)

11)
CATH-HA-G —HB] (2(t) (
_ et (T Ty
@ (0,27 =) [ _BTH G } <x(t —7)
+ye T () Ha(t) + ' (1 — e P7)a’ (t — 7)Ga(t — 7).
We suppose, as follows from the conditions of Theorem 1, there are positive definite

matrices G and H for which the matrix S[G, H] is also positive definite and 5 > v > 0.
Then we obtain

SV(1), 1] <~ A (SIG, H) (|2(0) + [t — 7))
+ & Y Amax ()| 2(8)2 + €7 (1 = €777) Aax (G) 2t — 7)[°
— (B =) Aain(G) ()] 5

Let’s transform the obtained expression as follows

iV[w(f)at] < =" {nin(S[G, H]) = YAmax (H) Har (1)

dt
— " PDanin(S[G, H]) = (1= e P7) Ao (@)} |2t —7)2 - (12)
— (B = 1) Amin(G) [2(D)]12 5 -
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If the parameters of system and functional are
)\min(S[Gv H]) Z )\max(G)

then from inequality (12) it follows, that

d
SVI0),1] < " Dunin(SIG, ) = M B} () — €75 = 1) Anin(@) (1)
(13)
for any 5 > 0. If
Amin(S[Gv H]) < )\max(G)a
then inequality (13) will be used for
1 Amax(G)
< —1
0= F< 250 — A SIGH) |
We transform the right part of the inequality of quadratic forms (9) as
—" Amax (H)|2(8)]* = € Amax (@) (1) 5 < =VI](t), 1] (14)

Let’s consider two cases.
1. Let’s transform the inequality (14) as

1 Amax (G)

—eMz ()] < —————V[z(t),t] +
0) <~ VO] + P e )1
and we substitute it in the first part of the inequalities (13). We obtain
d Amin (S[G, H]) — YAmax(H)
< - t,t

= (8= DA0in(6) = Pia ST, HD = D] 3= IO

If the parameters are

(5= DA ©) 2 Doin(SIGH) = P D] 22500 (15)
then d A (S[G, H]) ~ YAumax(H)
S Vla(t) ] < - - Via(t) 1
Solving the obtained differential inequality, we get
Via(t), 1] < V [2(0), 0] e, o — Jnin(S [G;fjj(;ym““f ) t>0 ()
From here
o= 2T

2. We transform inequality (14) to the following form
1 )\max H
— ()] Via(t).q + €52

||‘r,ﬁ S _)\max(G) 9 Amax( )|.’I](t)|2
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and again we substitute it in the second part of the inequalities (13). We obtain
d Amin(G)

V(0,8 < =5~ V)WV@(UJ]
= T {Aain(SIGLHD = Dl E1) = (5= 1) i 652 o102
And if parameters are such that
in(S[G. H) = Vsl H) = (9 =7 hmin( )32 > 0, a7)
then p N
GV 10(0)] £ (6= 1)V [o(o)
Having integrated the obtained expression, we get
Viz(t),t] < V[z(0),0]e*, a= (8- 7);\\:;%((2))’ t>0. (18)
e © ©)
Amin G Amin G
Sl v Al e ]

For obtaining the required result we return to bilateral estimations of Lyapunov—
Krasovsky functional (9). Using expressions (16), (18), we write down

& i ()2 (6)]” + Ain(G) ()3 5 } < V(1) 1] < V [(0),0] e
< ¢ Mnax(H) [2(0)* + Anax(G) |2 (0) 17 5}
It is possible to obtain two estimations. First, we get

oo < Rt o 4 42l 2 J et

And, using denotations ¢11(H), ¢12(G, H), we obtain

(0] < (VT o) + VoG 2Ol ] exp {5+ e} 120

Further it is possible to write down

lz(®)]17 5 < [% |l2(0)* + i:l"‘:(( ))| (0 )||§74 e (@t

And, using designations 21 (G, H), p22(G), we obtain an inequality

1
o0l < [Voar G o(O)] + Voml@ O], o exo{ ~3etf e

As follows from consideration of both cases we have

_ mm(S[G H]) )‘min(G) Ami n(G) Amin S[ ])
R w7 B W (e {1 B Amfm(G)] = @ (19)
_ BAmin(G) )\min(G> )\min(G> G) mln G H])
¢ )\max(G) + 7 |:1 a )\max(G):| for ﬁAmax(G) |: G) < mdx .
(20)

Uniting these expressions, we obtain the statement of Theorem 2.1. O
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3 Estimations of solutions of unstable subsystems

We consider a case where it is not possible to find matrices G and H for which the matrix
S[G, H] is positive definite. Let’s denote

~ATH - HA-~H -G -HB

S[GaHa ’Y] = _BTH G

(21)
Obviously, due to the choice of a scalar value v < 0 the matrix S[G, H, ] can be made
positive definite.

Lemma 3.1 Let the matrices G, H be positive definite and let the following inequality
hold

Amin [~ATH — HA — G — HBG~'BTH]
/\max (H) '
Then the matriz S|G, H,~] is also positive definite.

v < (22)

Proof We introduce a vector 27 (t,7) = (27 (t),2” (t — 7)). The condition of positive
definiteness of matrix S[G, H,~] is equivalent to positiveness of the minimal eigenvalue

Auin [$ (G, H)] = min {z"(t,7)S[G, H,~]z(t,7)} > 0,

or to the condition
zr(rtliri) {z"(t,7)S[G, H,~]z(t,7)} >0
at an arbitrary x(t) € R™. In braces the quadratic form is written down
21 (t,7)S[G, HAyz(t, ) = 2" (t) [-A"TH — HA — vH — G| z(t)
—2T(t)HBx(t — 1) — 27 (t — 7)BTHx(t) + 27 (t — 7)Gx(t — 7).
The necessary and sufficient condition for a minimum on a variable z(t — 7) is equality

to zero of a partial derivative on z(t — 7) and positive definiteness of a matrix G, i.e.

ﬁ{zT@, 7)S|G, H,~)z(t,7)} = 0.

Calculating the derivative, we get
~BTHux(t) + Gx(t — 1) = 0.

As the matrix G is positive definite, it is non special. From this it follows that z(t —7) =
G~ 'BTHz(t). We calculate the value of the quadratic form in the obtained point z(t—7)

2T(t,7)S[G, H,~]z (t,7) = 27 () [—ATH —HA—-~H -G - HBGilBTH] x(t).

From this we obtain that the matrix S[G, H,~] is positive definite, if there are positive
definite matrices G and

Q|G,H,~|=-A"H —-HA—-~+H -G - HBG™'B"H.
This expression is used for
Amin (Q[G, H,7]) > Amin [~A"H — HA— G — HBG™'B"H| — yAnax(H) > 0.

From this we obtain inequality (22), i.e. the statement of the Lemma. O
Using the proved Lemma, we obtain the following statement.
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Theorem 3.1 Let there not be any positive definite matrices G, H for which the
matriz S|G, H] is also positive definite. If the value vy is chosen according to an inequality
(22) and B > v then for the solutions x(t) of system (3) there are truly top exponential
estimations of convergence (6), (7)

(0] < [Vt o) + voul@ ) el exp {5t h. 120
o0l s < [Voar @ 0]+ Vo(@ IO, o exp { -5t} 120

and
_ [ Amin(S[G, H]) Amin(G) Amin(G)
s(B.7) = mln{ e (1) +7, 67/\%(((;) +v [1 - 7)\%(((;)] } : (23)

The value B can be arbitrary if
)\min (S[Gu Ha /7]) 2 )\max(G)

and

< % I { Amax (G) }

)\max(G) - Amin (S[Gv H7 FY])

Amin (S[G, H,7]) < Amax(H).

Proof For the proof of the statements of Theorem 3.1 again we use a Lyapunov—
Krasovsky functional of the form (4) with positive definite matrices G and H. We write
the full derivative of the functional (10) along solutions x(t) of system (3) as

L Va1 = —e”{(ﬂ -7) / e MO () Ga(6) d&}

t—T

— (@ (1).27 (¢~ 7)) [‘ATH Tera _ZB} (wé(—ﬂﬂ)

+ e (1 — e P (t — 7)Ga(t — 7).

Let the matrix S[G, H| described in (4), be nonpositive definite. Then, as follows from
the Lemma, if + satisfies conditions (22), then the matrix S[G, H,~] will be positive
definite and the following inequality holds

LV La(0).1) < " A (816, H.A)) ([0 + [zt~ 7))

dt
£ (1= ) Aan(@) [t = )2 = (8~ 1) Auin (@) (D] 5.
Let’s transform the obtained expression as follows

Ly Le(t), ] < =" Ain (SIG H, 7)) [2(0)

dt
= Puin (S1G, H,7) = (1= € dnan @} lat = )P )
= (B = 1) Auin(G) 217 5 -
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If the parameters of system and functional are such that
)\min (S[G7 H7 ’7]) Z )\max(G)a

then

%V[I(t% ] < =" Ain (S[G, H,A)) [2()]* = (8 = 1) Auin(G) 2117 5 (25)

for arbitrary 5 > 0. If
)\min (S[Gv Hv FY]) < /\max(G)7

then inequality (25) is used for

/\max(G)
)\max(G) - )\min (S[G7 H7 ’7]) .

1
0<B8<—In
T

We transform the right part of inequality of quadratic forms (9) to the form of expression
(14)
2
_ew)‘maX(H)lx(t)F — " Amax(G) Hx(t)HTﬁ < =Viz(t), 1]

and we consider two cases.
1. Let’s transform the right part of the inequality (14) as

1 Amax(G)
_et 2 <« Jmax\ "/

>~ m‘/[x(t),t] +6’Yt

2
@)% 5

and we substitute it in the first part of inequalities (25). We get

GVloto). ) < -2 O A o »
= {5 = D Aainl6) = i (S1G. 1)) L2 (02
If the parameters are such that
(5= PPAain(G) 2 D (816, 1,7 320, (27)
then
SVlate). ) < -2 BO I yg
Solving the obtained differential inequality, we get
Viz(), 8] <V [2(0),0] e, o= Ami&fﬁ;g’ N5 (28)

2. Further we transform inequality (14) as follows:

L VIa(). g + o el

_et 2 -
€ ”‘T(t)HTﬁ — )\max(G) )\max(

IS
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and we also substitute it in the second part of inequality (27). We get
d Amin (G)
S Via(t),f] < —(8 — )2
ot). 8 < ~(8 -3
)\de(H

dt
= LA (81G. Hoa) = 3 = D@32 fat0 P

And if parameters are

Viz(t),1]

i (S1G. H2) = (8 = )Aain( 3252 > 0
then J Ain(G)
SV le(0] < ~(6 - )32 v o).
Having integrated it, we obtain
Via(), 1] < Vs(0),0] e, = (5—)2mnl@ o) (29

/\max (G) ’ -

Let’s return to bilateral estimations of Lyapunov-Krasovsky functional (9). Using ex-
pressions (28), (29), we obtain

evt{)‘min(H)lx(t)F + Amin (G) [|2(t H‘rﬁ } < Via(t), 1] <V [(0),0] e
< e Do () [2(0) + (@) [2O)I2 5}

From this we obtain

o(0) < [Ventm e0) + VoG M e, )] esp {3 (a+ e}, ¢=0
lz@)l, 5 < {\/9021 (G, H) |z(0)] + /p2(G) ||z(0 |Tﬁ}exp{—%(a+fy)} t>0.

From the consideration of both cases we get the following expressions

mm (S[G Ha /7]) )\min (G) mm(G)
() T @ T T A (@) 2
Nnin (S[GLH.A))
a+y= i )\max({{) ’
e il v R (e |
/\min (S[Ga Hv ’Y])
)\maxH) '

Uniting these expressions, we obtain the statement of Theorem 3.1. O
Remark 3.1 As for the value ||a:(t)||3 5 the top estimations hold

0

0
||a:(t)||iﬁ:/ 85 |x(t + s)|ds < max {|x(t+s)|2}/655ds

—7<s<0
-7

(1= ) 27 < Tll=(0)]l,

QI’—‘
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where
l2(@)], = max {la(t+ )]},

then it is possible to transform the inequality (6) to the following

20 < [Veu( ) 2(0)| + VoG H) 2O, ] e+, >0,

or, even,

2()] < [Viern(H) + Veu(G )| |20, ¢ ¥, t=0. (30)

Remark 3.2 As estimations of majorant type, they contain two free parameters /3
and 7, and in the second theorem - can be negative. If put to the task of finding
an “optimum estimation” for a given class of functionals it is possible to calculate the
parameters 8 and -y precisely.

4 Estimations of solutions of scalar subsystems

Let’s consider the scalar linear differential equation with constant delay
z(t) = —az(t) + bx(t —7), a>0, 0<t<t;, 7>0. (31)
For the equation (31) the Lyapunov-Krasovsky functional (10) looks like
0
Vx(t),t] = e"*t{h:c2(t) +g / e () ds}, (32)

where h > 0, g > 0 are positive constants. We obtain estimations of the divergence of
disturbances on a finite time interval. As h > 0, g > 0 are scalar values then

)\min(H) = )\max(H) = h7 /\min(G) = )\max(G) =g-
For the full derivative of functional (32) along solutions of the equation (31) the equality
holds

d

2V e(®).1] _ve”f{h:ﬂ(mg / e PU=922(¢) dé}

t—T

+ 7" {2ha(t) [—az(t) + bx(t — 7)] + g2*(t) — ge P (t — )}

t
_ e”t{ﬁg e—ﬁ(t—ﬁ)gﬂ(ﬁ)dg}'
/

-7

Let’s transform it similarly to the form of (11)

%V[m(t),t] _ —e”{(ﬁ —7)g / eﬁ(tf);ﬁ(g)df}
o (33)
. 2ah —g —hb] [ x(t)
e (;U(t),:c(t—T)){ _hbg g } (x(t—ﬂ)

+ Yyt (t) + et (1 — e P7) g2 (t — 7).
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4.1 Derivation of estimations of disturbances in the case of stable equation

Let’s find h > 0, ¢ > 0 from the condition of “maximal” positive definiteness of the
matrix

2ah — —hb
S[gvh]_|:a_hbg g :|

If the parameters of equation (31) and the Lyapunov—Krasovsky functional (32) are
g (2ah — g) — h?b? > 0,

as follows from Silvester criterion, the matrix S[g, h] is positive definite. As h > 0, g > 0,
then, taking into account uniformity, we denote h = 1 and we transform the inequality
to

g(2a —g) —b* > 0.

Function F(g) = g(2a — g) — b with respect to the variable g represents a parabola
with the branches directed downwards. And it reaches the extreme value at g = a.
Thus “maximal positive definiteness” of matrixes S[g, h] is reached at ¢ = a. And the
Lyapunov — Krasovsky functional (32) is chosen as

t

Viz(t),t] = e”t{x2(t) +a / e_ﬁ(t_g)ﬁ({“)df}. (34)

t—T1

In this case a matrix S[g, h] looks like

a —b
swnl= |5 v (35)
Let’s transform the expression for a full derivative (33) in view of h = 1, g = a to the

form similar to (12)

Ly Lo(t),1] <~ Dunin (S[g, ) — 7} |e(0) 2

dt
— " {Nin (S[g, A]) — (1 — e P7) a} a(t — 1)
— (B =)a x| 4

If
)\min (S[ga h]) =a— |b|7 )‘min (S[ga h]) - (1 - e_BT) a = e_ﬁTa - |b|7
then 1
B<=ln—. (36)
T [bl

Then for a full derivative the inequality such as (13) becomes

d

ZVIz®).1 < =" {a— [b] =4} e(t)]* = (8 = Vallz(®)]7 5- (37)

It is easy to see that for the functional (33) the following inequality holds:

— 2 (t)]? = a e ()7 5 < ~Vix (), 1. (38)
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a) We transform (38) to

—a(t)? < ~Via(t),t] + Malle®)]7 ;-

Also we substitute it in the first part of (37). We obtain
ZVe(t). 1] < = (a = bl =) V[z(®),1] =" [(8 = v)a— (a = bl = a] [«(B)]7 5.

And, if for the parameters 5 > a — |b| holds then

d

SVIa(t),] < —(a = [l = ) VIz(t), 1)

And from this
Viz(t),t] <V [x(0),0] e~ @ ll=1t ¢ >, (40)

b) We transform (38) to
)2 5 < ~ V(). £ + ¢ (o) (a1)

Also we substitute it in the second part of (37). We obtain

%V[x(t), 1] < =(B=NVI[z(t),t] + (B—a+[b]) |2t)] 5.
And, if 8 < a —|b|, then
DVl(r). 1) < (8~ VEle) 1
We get
Viz(t),t] < V]z(0),0] e~ B ¢>o0. (42)

Uniting inequalities (40), (41), we obtain
Via(t),t] < V [2(0),0] e, ¢ >0 (43)

_Ja—1b| =~ for B>a—|b,
8-~ for g <a—1|b.

Let’s transform the inequality (43) as
()P + eMa e )] 5 < [Ix( 0)] +allz(O)| 5| e, t=0.

We get

(1) < /12O + al2(0)]]2 g e~ He,

< 2 a
nxmm;g¢5mmn|+nx<m e e g5
Let’s denote

¢ =mint{a — b, B}

As the value 3 is chosen according to (36), finally the following most exact estimation of
convergence is obtained.
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Proposition 4.1 Let the condition a > |b| be satisfied. Then the equation (31) is
asymptotically stable and for its solutions the exponential estimation of convergence is
valid

_1 1 _1
lz(t)] < \/|517(0)|2 +allz(0))2 e, [l2(0)], \/a 2(0)|* + [|z(0)[|Z g2, >0,

1
g—min{a—|b|, ;ln%}.

4.2 Derivation of estimations of disturbances in the case of unstable equation

for

Let’s transform the expression for a full functional (34) derivative to

t

%wwmﬂ=—W{W—7m/?”“ﬂﬁ@m4

t—7

— et (x(t), x(t — 7)) [2(1 __%L; o _ghb] @E?— T)>

(44)

+e (1- efﬁ") gzt — 7).

Similarly to the first case, we denote h =1, ¢ = a. Then

— —b 1 1
sl =[5 ] e Sl =a-gr- e e 69

Let’s suppose, that a < |b], i.e. the equation is unstable. Then if

2_b2
7<aa , (46)

the matrix S [g, h.7] is positive definite, i.e. Amin (S [g, h,7]) > 0 and expression for a full
functional (34) derivative can be written down as

Ly Le(t), 4] < ™A (S[g b)) |2(0)]?

dt
— " {Auin (S g, b)) = (1 =€) a} [a(t = 1) = " (B = Y)a l=(D)]I7 5

As the value

1 1
Amin (519, h,7]) —a = =57 = /b + 297 <0
is always negative, then if
1 a
< —-1In—m—— (47)
LR RV o6
it yields
d
—V[a(t),1] < =€ Amin (S g, 5, M) () = (8 = Vaz(t)]]2 4 (48)

dt



NONLINEAR DYNAMICS AND SYSTEMS THEORY, 7(2) (2007) 169-186

1) We substitute inequality (39) in the first part of (48). We obtain

d
dt

And, if inequality
)\min (S [gu hﬁ]) < ﬁ -

holds, then
—VI[x(t),t] < =Amin (S [g, b, 7)) Vx(t),1].

From this, we have

1 1
V[I(t)at] SV[.I(O),O] eiatv a:a_i")/_ b2+1727 tZO

2) We substitute an inequality (41) in the second part of (48). We obtain

%V[w(t)vf] < =(B=NVI[z(t),t] + € {=Amin (S [9,h,7]) + (8= N} |z (1)
and, if
)\min (S [gvha/ﬂ) Z ﬁ -7
then J
SVI(0),4] < ~(8 — )V [(2), 1]
We get

V[z(t),t] <V [2(0),0]e™, a=p-17, t=0.

(
Uniting expressions (51), (54) connected by conditions (49), (52) and having substituted

instead of Amin(S[g, h,7]) its value, we obtain

Viz(t),t] <V [(0),0]e™, >0,

1 1 1 1
a—oy—4 /0P + 7 for a—oy—/[0?+ 277 <B-7,
o — 2 4 2 4
1 1
B =", for a—coy—4/b?+ 7?20~

Let’s denote a + v = ¢, and we obtain

P R e R s Ut

As the values § and ~ satisfy the expressions

1 2 _p2
6<§1n+, y< ==,
37+ /b2 + 172 “

the following result holds.

183

—V[2(t),1] < =Amin (S [9,7,7) VIw(®), 8] + €7 {ahmin (S [9,h,7]) = (B = )a} |z(D)]7 5

(49)

(52)

(53)

(54)
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Proposition 4.2 Let the condition a < |b| be satisfied. Then the equation (31) is
unstable and for its solutions the following exponential estimation holds

2 1 < 1 2 2 1
|<\/| W+ alz(0))2 ge7>,  [l2(0)], \/5 [2(0)" + [J2(0)[|; ge~ =, ¢ >0,
for

a? — b2

a

¢ =

5 Estimations of solutions of hybrid systems

In the previous sections majorant estimations of solutions of stable and unstable subsys-
tems were separately obtained. Now we shall consider whole hybrid system (1). On each
of intervals t;_; <t < t;, i = 1, N let’s select Lyapunov-Krasovsky functional of the
form (4) with positive definite matrices H;, Gy, i = 1, N . If there are positive definite
matrices H;, G;, © € I, such that matrices

SJG“H”:[ LpTH, G

} , 1€l
are positive definite, then we designate

N; = [\/9011 (Hi) + /' ¢12 (Gi,Hi)] exp {<i (Bi,vi) T},

where the value 8; > 0 can be arbitrary at

)\min (S [G17 Hz]) Z )\max(Gi)

and

) l n /\max(Gz)
bi s Tl {)‘maX(Gi) — Amin (S [GHH ])}

if Amin (S[Gi, Hi]) < Amax (H;). The value v satisfies the condition v < 8. If such
matrices H;, G; , j € J do not exist, then we assume
Amin [~ATH; — H;A; — G; — H; B;G; ' BT H;]|

/\maX(Hj) ’

i<
and we denote

(G, H, ] = {—Afﬂj — HjA; —v;H; = G; —HjBa} 7

~BT H; e}

N; = [\/son (Hj) + \/<p12 (Gj, Hj)} exp {g; (85,75)}

for

. )\min (S [GjaHjufyj]) M . — M
Sj (6j”yj) o mln{ )\max(Hj) M 7 6J )\mdx(G ) +FYJ |:1 )\max(Gj):| } '

The value 3; can be arbitrary at

Amin (S (G, Hj,v5]) 2 Amax(G)
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and ) N (G)
6‘ S —In { — J } )
! T )\maX(Gj) — Amin (S [ij Hj, Vj])

if
Amin (S [Gj; vap)/j]) < )\max (HJ) .

Theorem 5.1 Let the initial state of the logic-dynamical hybrid system (1) satisfy
the condition ||z(0)||- < &. Then at t =ty the following inequality holds

N 1 N
lz(tn)| < ENi exp {—5 ;Ci (ti — til)} -

Proof Let’s consider the first time interval tg < ¢t < t1, tg = 0. If there are positive
definite matrices G1, Hi, for which the matrix S[G1, H] is also positive definite, then
as follows from expression (30) of Remark 1, the following inequality holds:

()] < [WJFSD(Gl,Hﬂ l(to)], e 3511,

If there are no such matrices, for arbitrary positive definite matrices GGy, Hi, there exists
~1, for which the matrix S[G1, H1,71] is also positive definite. Again using expression
(30) of Remark 1, we get

o)l < [Vier(H) + ¢ (Gr, Hy)] llz(to)l, e~ #1000,
And for the moment ¢t = t;
()], < Ni [|z(to)], e~ 21—t

holds. Let us consider the next interval t; <t < ¢5. As for the second interval a similar
estimate )
lz(t2)]l, < N2 [la(ty)], e 2e2(2—H)

holds we obtain
1
lz(t2)|l, < NiNa2[|z(to)l], exp {—5 [s1 (t1 — to) + 2 (t2 — tl)]} :

Continuing the process further, for the moment ¢ = ¢y we get

N 1 N
lz(tn)| < ENi exp {—5 ;% (ti — til)} :

which was required to prove. O
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