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1 Introduction

The pioneering work of Markowitz [13] introduced the mean-variance framework for
portfolio selection and risk management. The mean-variance approach has become the
foundation of modern finance theory and inspired a substantial number of extensions
and applications in literature. From a theoretical point of view, there are two challenges.
The first is the extension of the classical single-period mean-variance analysis to a multi-
period or continuous-time mean-variance analysis. There is a considerable volume of
literature on dynamic asset allocation. The main focus, however, is on maximizing some
time-additive utility of terminal wealth and/or consumption (see, e.g., Merton [15, 16],
Samuelson [18] and Smith [20]). At the same time, enormous difficulties in solving
dynamic mean-variance problems were reported (see, e.g., Chen, Jen and Zionts [4]).
Consequently, Markowitz’s mean-variance formulation has not been fully exploited in
dynamic cases for quite a long time since the dynamic mean-variance problems were set
in a very general approach, by Schweizer [19] among others. Up to recently, the dynamic
mean-variance problems have been solved analytically by Li and Ng [12] and Zhou and
Li [21], respectively, in a discrete-time and a continuous-time frameworks.

The second challenge lies on appropriate measures of risk. The classical risk measure
is the variance, as used in the mean-variance approach. However, the variance as a
measure of risk has the drawback that it penalizes equally both upside and downside
movement in the portfolio value. Realizing this, Markowitz [14] proposed semivariance
as an alternative that measures risk as deviations below the mean only. Unfortunately
he did not resolve the difficulties of the mean-semivariance framework caused by the
non-differentiability in the setup. Consequently, other alternatives have been suggested,
such as downside risk (see, e.g., Fishburn [5] and Harlow [9]), coherence risk (see, e.g.,
Artzner et al. [1]), the limited expected loss (see, e.g., Basak and Shapiro [2]), and
so on. Among them, value-at-risk (VaR) (see, e.g., Jorior [11]) is the most prominent
risk measure and has become an industry benchmark, which has been accepted by the
regulators and banks in more than 100 countries around the world for controlling market
risk.

Recently, Emmer, Kliippelberg and Korn [6, 7] developed the classic mean-variance
method along the two clues mentioned above. In continuous-time financial markets
with a Black-Scholes setting, they proposed a VaR-based related risk concepts known as
capital-at-risk (CaR), which includes mainly three kinds of measures. Under constant re-
balanced portfolio (CRP) investment strategies, they formulated two mean-CaR portfolio
optimization models using the first two kinds of CaR as a replacement of the variance
in a continuous-time mean-variance portfolio selection model, and derived analytically
the optimal solutions for their models and the mean-variance model. Their solutions,
however, involve a parameter that is a solution of a nonlinear algebra equation. In this
sense, their solutions are not close-form. A possible reason for this is that they maximize
the expected terminal wealth under the constraint that the CaR or the variance of the
terminal wealth is not higher than a prescribed level.

In this paper, we reformulate the continuous-time mean-CaR portfolio selection mod-
els so as to minimize the risk measured by CaR under the constraint that the expected
terminal wealth is not lower than a pre-assigned level. We aim at explicit expressions for
optimal solutions and efficient frontiers in closed-form. We solve the mean-CaR model
associated with the third kind of CaR and compare the three mean-CaR models. In ad-
dition to closed-form solutions, our approach has the advantage of easily comparing the
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optimal strategies to different mean-CaR models and the convenience of solving different
mean-CaR models as they have the same set of feasible portfolios and hence can use the
same decomposition of the feasible set. It is believed that the approach can be applied
to some other continuous-time portfolio selection problems.

2 The financial market and CaR

Consider a standard Black-Scholes type financial market in which n + 1 assets (or secu-
rities) are traded continuously in the horizon [0, T] and indexed by i = 0,1,...,n. One
of the assets, say ¢ = 0, is the riskless bond whose price process FPy(t) evolves according
to the following (deterministic) ordinary differential equation

dPy(t) = Py(t)rdt for te0,T],

where r is the rate of interest and is assumed to be constant. The other n assets are risky
stocks whose price processes P (t),..., P,(t) follow the following stochastic differential
equations

dP;(t) = Pi(t) | bidt + Y 0i;dB;(t) | for t€[0,T], i=1,...,n,

j=1

where b = (b1,...,by)" is the vector of stock-appreciation rate, ¢ = (0;)nxn is the matrix
of stock-volatilities and B(t) = (By(¢),..., Bn(t)) is a standard n-dimensional Brownian
motion. Here b and o are assumed to be constant in time. As usual, we further assume
that o is invertible and that b; > r for each 3.

Let m;(t) be the fraction of the wealth W7 (t) invested in asset ¢ at time ¢. Let
w(t) = (m1(t),...,m(t)) € R™ Then mo(t) = 1 — w(t)’'1, where 1 = (1,...,1) is the
vector whose components are all units. The portfolio process 7(t) is called a portfolio
strategy.

Throughout the paper, we assume that transaction costs and consumption are not
considered and that portfolio strategy m(t) is self-financing. Thus

dWT () =W () {((1 — w(¢)'1)r + 7(t)'b)dt + = (t) cdB(t)}

with W™(0) = w > 0 being the initial wealth of an investor.

In what follows, we restrict ourselves to constant-rebalanced portfolio (CRP) strate-
gies. A CRP strategy is an investment strategy which keeps a fixed fraction of the wealth
in each of the underlying stocks from time to time. Therefore, a CRP strategy employs
the same investment vector 7(t) = m = (71,...,m,)" at each ¢ in the planning horizon
[0,T]. Such an investment strategy does not imply that there is no trading, since at each
time instant ¢t the investment proportions are rebalanced back to the vector w. See an
example in Helmbold et al. [10] for the power of CRP investment strategies.

Standard Ito integral and the fact that E[es5i()] = ¢!5"/2 where E is the expectation
operator, yield the following explicit formulae for the wealth process W™(t) for all t €
[0,T] (see, e.g., [6]).

W™ (t) = wexp((x'(b—rl)+r—|7'c|?/2)t + 7’0 B(t)), (2.1)
EW™®#)] = wexp((x'(b—rl)+r)t),
Var[W™(t)] = w?exp2(n’(b—r1) 4 7)t)(exp(||7'o|*t) — 1), (2.3)
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where || - || denotes the Euclidean norm in R™ and Var is the variance operator.

Associated with a real number o € (0,1), initial wealth w, time horizon T and
portfolio m, we denote by po(«a, m,w,T) the a-quantile of the terminal wealth W™(T),
that is, it is implicitly defined by

PW™T) < pola, m,w, T)) = a, (2.4)

where P(-) is the probability. Using the notation pg, the expected shortfall or more
precisely the conditional tail expectation of W7 (T') is defined as

p1(a,mw,T) = E[W™(T)|W™(T) < po(cx, m,w, T)]. (2.5)

Furthermore, the conditional tail semi-standard derivation of W™ (T') is defined as

p2(a, m,w, T) = \/E[(WF(T))2|WW(T) < po(a, 7w, T)]. (2.6)

Using the risk measures pi(a, 7,w,T), k = 0, 1,2, Emmer, Kliippelberg and Korn [7]
defined the Capital-at-Risk with respect to pi(a, 7, w, T) as its difference to the terminal
wealth of the pure bond strategy.

Definition 2.1 (Capital-at-Risk) The Capital-at-Risk (CaR) of a CRP invest-
ment strategy ™ with respect to py (k = 0,1,2) with initial wealth w and time horizon
T is the difference between the terminal wealth of the pure bond strategy and the risk

measure pi, €.,
CaRy(m) == wexp(rT) — pr(a, m,w,T). (2.7)

Let z, be the a-quantile of the standard normal distribution and ® the distribution
function of a standard normal random variable.

Since /o B(T)/(||7'o||V/T) is a standard normal random variable, by using (2.1) and
(2.4)—(2.7), we can express explicitly the risk measures py, k = 0,1,2 as (see [7])

pola, m,w, T) = wexp ((w’(b —rl)+r—|x'ol?/2) T + ZQHFIO'”\/T) , (2.8)
p1(a,m,w,T) =wexp (7' (b—7r1) +r)T) (za = |ZTI0H\/T), (2.9)

p2(a,m,w, T) = wexp ((x'(b—r1) +r + [|x'o||>/2)T) \/(I)(Za — 22‘7/0”\/?). (2.10)

Consequently, closed-form expressions of CaRy(w) for k = 0,1,2 can be given.
To avoid discussions of some subcases, throughout this paper we make the following
assumption.

Assumption 2.1 The parameter « satisfies o < 0.5 and hence z, < 0.
Denote by ¢ the density function of a standard normal random variable.

Lemma 2.1 Let x > 0. Then

(1 - i) () < B(—z) < ).

r a3

Proof See Géanssler and Stute [8]. O
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3 Mean-CaR portfolio selection

Emmer, Kliippelberg and Korn [6] solved the portfolio optimization problem that maxi-
mizes the expected terminal wealth under a given level of CaRy, i.e.,

max E[W™(T)] subject to CaRy(mw) <C. (3.1)
TeER™

Emmer, Kliippelberg and Korn [7] solved the portfolio optimization problem that maxi-
mizes the expected terminal wealth under a given level of CaR;, i.e.,

max E[W™(T)] subject to CaRi(m) <C. (3.2)
The two models are analogues of the Markowitz’s mean-variance model that maximizes
the expected terminal wealth under a given level of the variance of the terminal wealth. In
this paper, we solve the portfolio optimization problem associated with CaRy. However,
our model is to minimize Ca Ry of the terminal wealth under a given level of the expected
terminal wealth. This is an analogue of the Markowitz’s mean-variance model that
minimizes the variance of the terminal wealth under a given level of the expected terminal
wealth. As an application of our method, we also solve the portfolio optimization models
that minimizes respectively CaRy and CaR; under a given level of the expected terminal
wealth. We refer the three portfolio optimization models as mean-CaR, models.

3.1 Mean-CaR; portfolio selection

Consider the following mean-CaR model associated with CaRs:

m]iRn CaRy(m) subject to E[WT™(T)] > C, (3.3)
TeER™

where C' > 0 is a predetermined level of the expected terminal wealth E[W™(T)]. Since
the pure bond policy (i.e., the one that invests all of the wealth in the bond for the entire
investment period) yields a deterministic terminal wealth of w exp(rT'), throughout this
paper we assume that the expected wealth level C' satisfies the following lower bound

condition:
C > wexp(rT). (3.4)

Obviously, this is a reasonable assumption, for the solution of problem (3.3) under C' <
wexp(rT) is foolish for rational investors.

In the following we derive analytically the best CRP investment strategy; i.e., the op-
timal solution to problem (3.3). As a by-product, we also obtain a closed-form expression
for the efficient frontier of the mean-CaR model.

Let 0 := |[c=(b — r1)|| and denote a™ = max{a, 0} for a real number a.

Theorem 3.1 Assume that b # rl. Assume furthermore that C satisfies
C > wexp(rT + (VT + z,)TOVT). (3.5)
Then the unique optimal policy of the mean-CaR model (3.83) is
7 = (£*/0) (o0') "1 (b—rl), (3.6)

where

e* = (In(C/w) —rT) /(6T). (3.7)
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The corresponding expected terminal wealth is E]W™ (T)] = C and Capital-at-Risk is

CaRy(r") = wexp(rT) — C\/exp (e*2T) ®(zq — 2e*VT) /. (3.8)

Proof With the help of expressions (2.2) and (2.10) and the definition of CaRs,
problem (3.3) cab be equivalently written as

max wexp ((7'(b—rl) +r+ ||7'0|?/2)T) \/@(za —2||7'e||VT)/ax
st. wexp((n'(b—r1)+7r)T) > C.

(3.9)

The feasible set of the problem is
M= {n:(b-r1)7T >In(C/w) —rT}.
Given ¢ > 0, the intersection of II and the ellipsoid ||7'c|| = € is
(e) ={n:||n'o|| =¢, (b—r1)7T >In(C/w)—1rT}.

The hyperplane (b — r1)'nT = In & — T is tangent to the ellipsoid ||7'c|| = € if and
only if 0T = In(C/w) — rT, that is e = ¢* := (In(C/w) —rT) /(6T) > 0. Consequently
II(e) = 0 if ¢ < &* and hence IT = |J II(¢). Thus problem (3.9) is equivalent to the

e>e*
following bilevel optimization problem

max max wexp ((n'(b—rl) +r+¢e*/2)T \/@ o —2eVT)/a. (3.10)

eze* well(e)

For each fixed € > €*, we solve the inner-level optimization problem

'(b—r1) 41 +%/2)T) \/ ®(20 — 2eVT)
ﬂréll%();) wexp ((n'(b—rl) +r+¢e*/2)T \/ evT)/a

or equivalently

b—r1)7. 3.11
Frélg(g)( r1)'m (3.11)

The unique optimal solution is the tangent point

= (¢/0)(ea") 7 (b—11)

of the hyperplane that parallels (b — r1)'7T = In< — rT to the ellipsoid ||7'o|| = ¢,
with maximum (b — r1)'7* = 6. Therefore, we obtain the solution of problem (3.10) by
solving the problem

max wexp ((e0 +r +¢?/2)T) \/<I> —2eVT)/a. (3.12)

e>e*

Consider the functions h on [0, +00) defined by

h(e) = 2¢0T + 2T + In ((I)(za - 25@)) .
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Noting 1 — ®(z) = ®(—z) and p(—z) = @(z), setting x = 2ev/T — z, in the second
inequality in Lemma 2.1 yields ¢(zo — 2eV/T) > ®(24 — 2eVT)(2e VT — 2z,). Thus

oy _ (=2VT)p(za —2eVT)
W (e) = 20T + 2¢T + Py, o WT [OVT +evVT — (2eVT — za)}

= 2VT(OVT + 24 — eVT).

If v/ T+ 24 < 0, then obviously A'(g) < 0 for € > 0. If /T +z, > 0, then condition (3.5)
implies that e* > (VT + z,)/VT and hence h/(¢) < 0 for ¢ > ¢*. Thus, function h
is strictly decreasing when ¢ > ¢*. Consequently, problem (3.12)’s objective function,
equal to exp ((h(e) + 2rT —Ina)/2), is strictly decreasing when ¢ > &*. Therefore, the
optimal solution of problem (3.12) is the unique £*. This completes the proof. O

As an immediate consequence, the analytic result in Theorem 3.1 provides an explicit
relation between the optimal Capital-at-Risk and the expected terminal wealth. Letting

*

&= E[W™ (T)], we have

2 (ln% — TT)

1
CaRy(&) = we'™™ — ¢ - oxp Ny

& 2 — (3.13)

for € > wexp(rT + (VT + 24)t0+/T). The above relationship is known as the efficient
frontier of the mean-CaR model associated with CaRs in mean-CaR space.

3.2 Mean-CaR; portfolio selection

Consider the following mean-CaR model associated with CaR;:

m]iRn CaRy(m) subject to E[WT™(T)] > C, (3.14)
mTeR™

where C, as in model (3.3), is again the predetermined level of the expected terminal
wealth E[W™(T)] and satisfies condition (3.4).

Using a quite similar derivation as that in the proof of Theorem 3.1, we can also
obtain a closed-form solution for problem (3.14), which is summarized by the following
theorem stated without proof.

Theorem 3.2 Assume that b # r1. Assume furthermore that C satisfies (3.5). Then
the unique optimal policy of the mean-CaR model (3.14) is

7t = (€*/0) (c0’) "1 (b —rl), (3.15)

where
e* = (In(C/w) —rT) /(6T). (3.16)

The corresponding expected terminal wealth is E]W™ (T)] = C and Capital-at-Risk is

CaRy(7*) = wexp(rT) — C®(zo — e*VT)/cv. (3.17)
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Consequently, the efficient frontier of the mean-CaR model associated with CaR; in
mean-CaR space is given by

£
CaRy(€) = we'™ — é‘ID <za — %) (3.18)

for £ := BE[W™ (T)] > wexp(rT + (OVT + 24)TOVT).

It should be pointed out that although Emmer, Klippelberg and Korn [7] also ob-
tained a solution to (3.2) that has the same representation as (3.15), the parameter
e* however was not obtained explicitly as in (3.16). In fact, in their formulation &* is
estimated as a value between two expressions representing two real numbers.

3.3 Mean-CaR, portfolio selection
Consider the following mean-CaR model associated with CaRy:

Hel%}z CaRy(m) subject to E[WT™(T)] > C, (3.19)
where C, as in problem (3.3), is again the predetermined level of the expected terminal
wealth E[W™(T)] and satisfies condition (3.4).

The solution to the above optimization problem (3.19) is summarized in the following
theorem. We omit the proof since it is very similar to the proof of Theorem 3.1.

Theorem 3.3 Assume that b # rl. Then the unique optimal policy of mean-CaR
model (3.19) is
7t = (€*/0) (o0’) "1 (b —rl), (3.20)

where

£ = max {(ln(C/w) —+T) /(6T), 0 + za/ﬁ} . (3.21)
The corresponding expected terminal wealth is
E[W™ (T)] = wexp (*0T + rT) = max {C, W exp (TT + 6T (9 + za/ﬁ)) } (3.22)
and the Capital-at-Risk is
CaRy(r*) = wexp(rT) {1 — exp (E*9T — T /2 + zas*\/f)} . (3.23)

Based on this result, the efficient frontier of the mean-CaR model associated with
CaRy in mean-CaR space is given by

CaRy(€) = wexp(rT) — & exp (W <ZQ\FT - W)) (3.24)

. +
for £ := E[W™ (T)] > wexp (rT—l—(@—i—za/\/T) HT).
We noted that the part of the efficient frontier corresponding to those C' satisfying

+
wexp(rT) < C < wexp (rT—i— (9—1-2&/\/?) 9T>

Jr
degenerates to a single point where £ = wexp <TT + (9 + 2o /VT ) HT) in mean-CaR

space. Hence the whole efficient frontier starts from this point.



NONLINEAR DYNAMICS AND SYSTEMS THEORY, 7(1) (2007) 35-49 43

4 A comparison of the mean-CaR models

Based on the results in the previous section, in this section we compare the optimal
behaviors of our mean-CaRy, mean-CaR;, and mean-C'aRy; models.

(1) For any given expected terminal wealth level C > Cyp := wexp <TT+

+
OvT (Gﬁ + za) , the three mean-CaR models have the same optimal strategy which

does not depend on the confidence level o and the same expected terminal wealth which
is equal to the lowest permissible wealth C. When the given expected terminal wealth
level C'is lower than Cj, the optimal policy of the mean-C'a Ry model does not dependent
on the expected terminal wealth level C' but depends on the the confidence level a.

(2) For each mean-CaR model, the optimal fraction of wealth invested in risky assets
7* is increasing with the expected terminal wealth level C, indicating that a higher
expected terminal wealth level requires more investment in risky assets. (In the low level
region C' < (Y, the optimal stock weights of the mean-C'aRy model are invariant with
the expected terminal wealth level.)

(3) For the mean-CaRs and the mean-CaR; models, the optimal fraction of wealth
invested in risky assets 7* is decreasing with the investment horizon T', exhibiting the
reverse time-diversification effect: an investor allocates less to stocks when confronted
with a longer investment horizon. For the mean-C'aRy model, however, the optimal
fraction of wealth invested in stocks first decreases with 7' in the region T' < Ty =

— 20041/ (2a0)2+4(r+02) In(C/w)
2(r+62)
region of short investment horizons T < Ty, and then increases with 7' in the region
T > Tp, exhibiting the time-diversification effect in the region of long investment horizons
T > Tp.

(4) For each mean-CaR model, CaR of the optimal strategy is decreasing with confi-
dence level «; that is, smaller risk measured by CaR is exposed at the expense of higher
confidence level.

(5) For each mean-CaR model, roughly the CaR of the optimal strategy is first increas-
ing and then decreasing with time horizon 7', implying that more (less) risk measured by
CaR is exposed as the horizon extends in the small (large) region of short (long) horizons.
This will be illustrated in the example of the next section.

(6) As to be expected, in mean-CaR spaces, the three mean-CaR efficient frontiers
are all strictly increasing and concave, where the concavity of the mean-C'aRy efficient
frontier is true at least in the region

2
, exhibiting the reverse time-diversification effect in the

¢z wexp (1T + (VT + 20) OVT + (VI/A+ 1/(6°T) - 1/2) 0°T)

(7) The mean-CaR; efficient frontier is higher than the mean-CaRs efficient frontier,
which, in turn, is higher than the mean-CaR, efficient frontier; that is, for each £ =

E[W™ (T)] > wexp <7~T+ (9ﬁ+ za)+9\/T), CaRy(€) > CaRy(€) > CaRo(€). In

other words, for the same expected terminal wealth level, the optimal strategy of the
mean-C'aR; model has larger CaR than the one of the mean-CaRs model, which in
turn has larger CaR than the one of the mean-CaRy model. In fact, it holds that
CaRy(m) > CaRy(m) > CaRy(m) for general strategies m; see Corollary 2.4 of Emmer,
Kliippelberg and Korn [7].
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(8) Each of the three mean-CaR efficient frontiers depends only on the stocks via the
norm |[c~1(b —71)|| and has no explicit dependence on the number of different stocks.
Therefore, Theorems 3.1, 3.2 and 3.3 can be interpreted as a kind of mutual fund theorems
since there is no difference between investment in our multi-stock market and a market
consisting of the bond and just one stock with appropriate market coefficients b and o,
as observed by Emmer, Kliippelberg and Korn [6] for their mean-CaR model.

5 An example

In this section, a numerical example is presented to demonstrate the results stated in the
previous section.

Example 5.1 Consider a market that consists of the bond and just one stock (i.e.,
n = 1). Assume that the rate of interest of the bond is r = 0.05, the stock-appreciation
rate is b = 0.1, and the stock-volatility is ¢ = 0.2, implying 6 = 0.25. And assume that
the initial wealth of an investor is w = 1000.

Figures 5.1 and 5.2 show the dependence of the optimal fraction of wealth invested in
the stock on the time horizon T', the expected terminal wealth level C' and the confidence
levels a.. Figure 5.1 exhibits the reverse time-diversification effect, the increasingness with
the expected terminal wealth level, and the invariance with the confidence level of the
optimal stock fraction to the mean-CaRs and the mean-CaR; models. In Figure 5.2, the
optimal stock fraction of the mean-C'a Ry model displays the reverse time-diversification
effect in a large time horizon region (e.g., 0 < 7' < 16.48 for @ = 0.20), the time-
diversification effect in a small time horizon region (e.g., 16.48 < T < 20 for a = 0.20),
the increasingness with the expected terminal wealth level, and the increasingness with
the confidence level.

12

R C;27lé.28

1t — C=8172.50 |
C=3702.61

Figure 5.1: The optimal stock fraction of the mean-CaRs and the mean-CaR; models with
any confidence level a@ < 0.13 as a function of the time horizon 7' (0 < T' < 20) for different
expected terminal wealth levels C.

The CaR of the optimal strategy as a function of the time horizon T is illustrated
graphically in Figure 5.3 for mean-C'aRs, Figure 5.4 for mean-CaR;, and Figure 5.5 for
mean-CaRy models, which indicates that more (less) CaR risk is exposed as the horizon
extends in a small (large) region of short (long) horizons for each of the mean-CaR models.
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\ --- C=2718.28 1o
o —— C=3172.50 || 35t et
Y Cf3702.61 al e
50" - - C=4572.23 | .l e
Al
=
1.5r
1r i
0.5F
07 T -
-0.5
6 8 10 12 14 16 18 20

(a) with a confidence level a = 0.20 for different (b) with a expected terminal wealth level C' =
expected terminal wealth levels C wexp(20r) = 2718.28 for different confidence lev-
els a

Figure 5.2: The optimal stock fraction of the mean-CaRo model as a function of the time
horizon T (0 < T < 20).

Figures 5.5(a) and 5.5(b) also display some difference of CaRy of the optimal strategy to
the mean-CaRy model with the same expected terminal wealth levels between different
confidence levels. Figure 5.6 plots the CaR of the three mean-CaR models in the same
plane to compare them, showing that the optimal CaR; is larger than the optimal CaRs

which is larger than the optimal C'aRy for the same time horizon.
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Figure 5.3: CaR;> of the optimal strategy to
the mean-C'aRs model with a confidence level
a = 0.05 as a function of the time horizon T
(0 < T < 20) for different expected terminal
wealth levels C'.

1400

12001

1000

goo- | --- C=2718.28
S — C=3172.50 .
© 600 C=3702.61 )
(@]
400t
200 N
J .
-200 : : :
() 5 10 15 20

T

Figure 5.4: CaR; of the optimal strategy to
the mean-C'aR; model with a confidence level
a = 0.05 as a function of the time horizon T
(0 < T < 20) for different expected terminal
wealth levels C'.

The mean-CaRs, the mean-C'aR; and the mean-CaR) efficient frontiers are depicted

respectively in Figure 5.7, Figure 5.8 and Figure 5.9 with the mean on the horizontal axis
and the CaR on the vertical axis for confidence levels a = 0.01 (dashed line), o = 0.05
(solid line) and o = 0.1 (dotted line). Clearly, all the efficient frontiers are increasing
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Figure 5.5: CaRy of the optimal strategy to the mean-CaRy model as a function of the time
horizon T (0 < T' < 20) for different expected terminal wealth levels C'.
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Figure 5.6: CaR of the optimal strategies to the mean-CaRy (k = 0,1, 2) models as a function
of the time horizon T' (0 < T < 20).
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and concave; and the higher is the confidence level «, the lower is the efficient frontier
for each of the three mean-CaR models, implying that CaR of the optimal strategy for
each mean-CaR model decreases as the confidence level increases. Furthermore, in order
to demonstrates the difference of the three efficient frontiers, the efficient frontiers of
mean-CaRy (dashed line), mean-CaR; (solid line) and mean-CaRy (dotted line) models
are plotted in the same plane, see Figure 5.10. Obviously, the efficient frontiers of the
mean-C'aR;, the mean-CaRy and the mean-C'aRy models fall in turn, again implying
that the risk measured by CaR; is the largest and the one by CaRy is the smallest,
among the three.

1400

12001

1000

o 8001

CaR

4001

200

600

2000 2500

mean

3000

Figure 5.7: Mean-CaR: efficient frontiers
for different confidence levels.
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for different confidence levels. tiers with £ = 0, 1,2 for o = 0.10.

6 Conclusions

This paper investigates three continuous-time mean-CaR portfolio selection models under
the setting of Black-Scholes financial markets and CRP investment strategies. After
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converting the portfolio optimization problems we obtain closed-form explicit expressions
of optimal strategies and efficient frontiers by virtue of a decomposition of the feasible
solution set. This approach facilitates computation and the comparison of results and
can be easily used in practice. It unifies the framework of dealing with different mean-
CaR portfolio selection models. In an analogous way, it can be shown that the approach
can be applied to a mean-variance model, a mean-VaR model, and some expected utility
models with a shortfall constraint to obtain closed-form solutions. We also believe that
the approach can be applied to some other continuous-time portfolio selection problems.

Note that the derived optimal strategies of the three mean-CaR models are nonneg-
ative under the assumption that each stock-appreciation rate is not smaller than the
riskless interest rate. In this case, our results are valid for continuous-time mean-CaR
portfolio selection problems where short-selling of risky assets is not allowed. (However,
short-selling the riskless asset is still allowed.)

CRP strategies have a variety of optimality properties associated with them for or-
dinary portfolio problems (see, e.g., Merton [15, 16]) showed that this form of strategies
are optimal to portfolio selection problems of maximizing expected utility with constant
relative risk-aversion.) and are widely used in asset allocation practice (see, e.g., Perold
and Sharpe [17] and Black and Perold [3]). However, since such strategies may not be
feedback strategies under general models, the optimal CRP strategy for our models or
for the models in Emmer, Kliippelberg and Korn [6, 7] may not be globally optimal in
the set of all dynamic strategies. Removing the restriction to strategies with constant
proportions would be both mathematically harder and more interesting.

Acknowledgements

Authors would like to thank the referees for careful reading of the paper and helpful
comments. This work is partially supported by Program for New Century Excellent
Talents in University of China (NCET-04-0798), a grant of Foundation for the Author of
National Excellent Doctoral Dissertation of China (No. 200267), grants of the National
Natural Science Foundation of China (Nos. 70471018, 70518001), and a grant of Hong
Kong Research Grant Council (CityU 1156/04E).

References

[1] Artzner, P., Delbaen, F., Eber J., and Heath, D. Coherence measures of risk. Mathematical
Finance 9 (1999) 203-228.

[2] Basak, S., and Shapiro, A. Value-at-Risk-based risk management: optimal policies and
asset prices. The Review of Financial Studies 14 (2001) 371-405.

[3] Black, F., and Perold, A. F. Theory of constant proportion portfolio insurance. Journal of
Economic Dynamics and Control 16 (1992) 403-426.

[4] Chen, A. H. Y., Jen, F. C., and Zionts, S. The optimal portfolio revision policy. Journal
of Business 44 (1971) 51-61.

[6] Fishburn, P. Mean-risk analysis with risk associated with below-target returs. American
Economic Review 67 (1977) 116-125.

[6] Emmer, S., Kliippelberg, C., and Korn, R. Optimal portfolios with bounded capital-at-risk.
Mathematical Finance 11 (2001) 365-384.

[7] Emmer, S., Klippelberg, C., and Korn, R. Optimal portfolios with
bounded downside risks. Working Paper 2000, http://www-m4.mathematik.tu-
muenchen.de/m4/pers/cklu/cklu.shtml

[8] Génssler, P., and Stute, W. Wahrscheinlichkeitstheorie. Spinger, Berlin, 1977.



[9]
[10]
[11]
[12]

[13]
[14]

[15]
[16]
[17]
18]
[19]

[20]
21]

NONLINEAR DYNAMICS AND SYSTEMS THEORY, 7(1) (2007) 35-49 49

Harlow, W. Asset allocatio in a downside risk framework. Financial Analysis Journal 47
(1991) 28-40.

Helmbold, D. P., Schapire, R. E., Singer Y., and Warmuth, M. K. On-line portfolio selection
using multiplicative updates. Mathematical Finance 8 (1998) 325-347.

Jorion, P. Value at Risk: The New Benchmark for Controlling Market Risk. McGraw-Hill,
New York, 1997.

Li D., and Ng, W.L. Optimal dynamic portfolio selection: multiperiod mean-variance
formulation. Mathematical Fiance 10 (2000) 387-406.

Markowitz, H. Portfolio selection. The Journal of Finance 7 (1952) 77-91.

Markowitz, H. Portfolio Selection: Efficient Diversification of Investments. Wiley, New
York, 1959.

Merton, R. C. Lifetime portfolio selection under uncertainty: the continuous-time model.
Review of Economics and Statistics 51 (1969) 247-256.

Merton, R. C. Optimum consumption and portfolio rules in a continuous-time model. Jour-
nal of Economic Theory 3 (1971) 373-413.

Perold, A. F., and Sharpe, W. F. Dynamic strategies for asset allocation. Financial Analyst
Journal Jan/Feb (1988) 16-27.

Samuelson, P. A. Lifetime portfolio selection by dynamic stochastic propramming. The
Review of Economics and Statistics 51 (1969) 239-246.

Schweizer, M. Approximating random variables by stochastic integrals. The Annals of Ap-
plied Probability 22 (1994) 1536—-1575.

Smith, K. A transition model for portfolio revision. Journal of Finance 22 (1967) 425-439.
Zhou X. Y., and Li, D. Continuous-time mean-variance portfolio selection: a stochastic
LQ Framework. Applied Mathematics and Optimization 42 (2000) 19-33.



