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Abstract: The conditions of absolute stability for a certain class of nonlin-
ear systems are investigated. It is proved that the systems considered are
absolutely stable iff for these systems there exist Lyapunov’s functions of the
special form. The results obtained are used for the stability analysis of com-
plex systems in critical cases.
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1 Introduction

One of the important problems arising in the investigation of nonlinear systems is the
problem of absolute stability [1,3,8]. This problem is of both theoretical and applied
significance. The main approach for the determination of conditions for the absolute
stability is the Lyapunov direct method. By means of this approach, the criteria of
absolute stability for many types of systems are obtained. However, it should be noted
that until now there are no general methods of construction of Lyapunov’s functions for
nonlinear systems.

In the present paper a certain class of differential equations systems is investigated.
The method of construction of Lyapunov’s functions for these systems is suggested. The
main goal of the paper is to prove that for the absolute stability of systems considered it
is necessary and sufficient that the Lyapunov’s functions in the given form exist satisfying
the assumptions of the Lyapunov asymptotic stability theorem [3].
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2 Statement of the Problem

Consider the system of differential equations
i:S:Zpsjfj(xj), s=1,...,n. (2.1)
j=1

Here ps; are constant coefficients, functions f;(x;) are defined and continuous for z; €
(—00,+00) and possess the property x;f;(z;) > 0 for z; # 0. Hence, system (2.1)
has the zero solution. Equations of this kind are widely used in the design of automatic
control systems [3,10].

The problem of absolute stability for system (2.1) was investigated in the works
[3,10,14]. For the solution of this problem in [3] it was suggested to construct Lya-
punov’s function in the form

V=> X[ fs(r)dr, (2.2)
/

n
s=

1

where \; are positive constants. Thus, V is a positive definite function. In [3,14] the
sufficient conditions are obtained under which one may choose numbers A, for the function

av

— ‘(2.1): Z_l Aspsjfs($5)fj (x])

,J=

to be negative definite.
Suppose that coefficients ps; in (2.1) satisfy the conditions

Pss < 0, psj >0 for s#j. (2.3)

For instance, inequalities (2.3) are valid if (2.1) is obtained as a comparison system for
complex system [5, 11].

In this case the criterion of absolute stability for (2.1) was established by S.K. Per-
sidsky [10]. Tt is proved that system (2.1) is absolutely stable if and only if there exist
positive constants 61, ..., 8, such that

n

Zp5j9j<o’ s=1,...,n. (2.4)

Jj=1

It should be noted that the existence of a positive solution for (2.4) is equivalent to the
fulfillment of the Sevast’yanov—Kotelyanskij conditions [11]:

(=1)%det (ps;)* ., >0, k=1,...,n. (2.5)

s,j=1 ’

On the other hand, it is known [11] that if inequalities (2.5) are valid, then one may

choose numbers A for the function W = Y Asps;ysy; to be negative definite. Thus,
s,0=1
system (2.1) is absolutely stable if and only if for this system there exists Lyapunov’s
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function in the form (2.2), satisfying the assumptions of the Lyapunov asymptotic sta-
bility theorem.
The main goal of the present paper is to extend the above results to the system of the
form
b @) @)
s = asfs(xs) + stjff“ (1) o (zn), s=1,...,n. (2.6)
j=1
Here a5 and by; are constant coefficients, functions f;(z;) possess the same properties

as in system (2.1), ag) are nonnegative rationals with odd denominators.

3 Construction of Lyapunov’s Functions

Let the inequalities 3 a'? >0, j=1,..., ks, s =1,...,n, be valid. The fulfillment of
=1

this assumption provides the existence of the zero solution for system (2.6). Furthermore,
we suppose that coeflicients a, and b,; satisfy the conditions

as <0, bg; >0. (3.1)

Definition 3.1 We call (2.6) absolutely stable if the zero solution of this system is
asymptotically stable for any admissible functions f;(z;).

Let us investigate the conditions of absolute stability for (2.6). Along with equations
(2.6), consider the system of inequalities

k
= a@ 2@
a0y + > b0 037 <0, s=1,...n. (3.2)

j=1

Definition 3.2 We shall say that (2.6) satisfies the Martynyuk—Obolenskij condi-
tion [9] (MO-condition) if for any ¢ > 0 there exists solution 61,...,6, of system (3.2)
such that 0 < s <9, s=1,...,n.

Let us note that in the case, where f;(x;) are nondecreasing functions, (2.6) is the
Wazewskij’s system [5,11]. In the paper [9] the autonomous Wazewskij’s systems were
treated. The criterion for the asymptotic stability in the positive cone of the zero solution
was obtained. Using this result, we get that the MO-condition is a necessary one for the
absolute stability for system (2.6).

To prove sufficiency of this condition for the absolute stability, construct Lyapunov’s

function in the form
=30 / fhe (F)dr. (3.3)
s=1 0

Here A\s > 0 are constant coefficients, pus > 0 are rationals with odd numerators and
denominators. B
Function V is positive definite. By differentiating V' with respect to (2.6), one arrives
to
df/ — - py pst1 - . fHs - b a(sjl) Qg
dt ’(2.6)_ ; sQs [ (zs) + ; ste (335); sif1 7 (@) oo fo ().
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Our aim is to determine the conditions under which one may choose coefficients A
and exponents ps for the function

n n ks .

—~ () 4)

W = E )\Sasyé‘”l + E Asyhs E bsjyf‘“ e Yn (3.4)
s=1 s=1 j=1

to be negative definite.
Let us denote hy = 1/(us +1), s = 1,...,n. By the use of generally-homogeneous

functions properties [12], we get that W may be negative definite only in the case, where
the inequalities

~he+ > aPhi >0, j=1,...k, s=1,...,n, (3.5)
i=1
are valid.
Remark 3.1 Let positive rationals hq, ..., h, with odd numerators and even denom-

inators satisfy conditions (3.5). Suppose that for some values of indices j and s corre-
sponding inequalities in (3.5) are strict. In this case one may construct, instead of (3.4),

new function W by setting bs; = 0 for all such j and s. If there exist positive coefficients
Al,..., Ay for which W is negative definite, then for these values of Aq,..., A, function
W possesses the same property [12].

Remark 3.2 If there exist positive rationals hq,...,h, for which all the inequalities
in (3.5) are strict, i.e.

~he+ > aPhi >0, j=1,...k, s=1,...,n, (3.6)
=1

then for corresponding values of ps and for any admissible values of as, bs; and A

function W will be negative definite.

4 Auxiliary Results

In this section we will investigate the relationship between the fulfillment of the MO-
condition and the existence of positive solutions for systems (3.5) and (3.6).

Lemma 4.1 If there exists a positive solution for (5.6), then system (2.6) satisfy the
MO-condition.

Proof Let for positive constants hy,...,h, inequalities (3.6) be valid. Then the
numbers 0, = 7, s = 1,...,n, satisfy conditions (3.2) for sufficiently small values
of 7> 0.
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Lemma 4.2 Let (2.6) satisfies the MO-condition. Then for any set of indices ji, ...,

gn (s €{1,...,ks}, s=1,...,n) there exists a positive solution for the system
n .
~he+ > 0l >0, s=1,...n (4.1)
i=1
Proof For specified values of indices ji,...,J, consider the inequalities
Gs) Gs)
sl + b 051 05T <0, s=1,...,n. (4.2)

If for (2.6) the MO-condition is fulfilled, then in any neighborhood of the state
(01,...,60,)* = (0,...,0)* there exists a positive vector (61,...,6,)* satisfying (4.2).
Along with (4.1), we investigate the system

—hs-i-ZagS)hi:cs, s=1,...,n, (4.3)
i=1

where ¢4 are nonnegative constants. Let us apply the Gaussian elimination procedure [4]
to linear system (4.3). This procedure generates equivalent systems of equations with the
coefficients changed in the similar way as the orders of 64,...,6, under the successive
elimination of these variables from (4.2).

Since in any neighborhood of the state (61,...,60,)* = (0,...,0)* there exists a pos-
itive solution for inequalities (4.2), one may assume, without loss of generality, that
application of the Gaussian elimination procedure to the system (4.3) yields the system

n
E Bsih’izés; SZlv"'vrv
1=s

n
> Buihi=¢, s=r+1,...n.

1=r+1
Here 1 <r <mn; Bss <0 for s=1,...,r; B >0 for s=1,...;r, i=s4+1,...,n
and for every s = 1,...,r there exists is > s such that 05, > 0; G5 > 0 for s,i =
r+1,...,n; ¢s >0 for s=1,...,n.

Let hy41,...,h, be arbitrary positive numbers,
- 1 & -
hsz—ﬁ > Baihi, s=1,...,r.
5% j=s+1

For these values of Bl,...,ﬁn we get ¢s =¢, =0 for s=1,...,r and ¢s = ¢ > 0 for
s=r+1,...,n. Hence, the vector (hq,...,hy)* is a positive solution for (4.1).

Lemma 4.3 If (2.6) satisfies the MO-condition, then there exists a positive solution
for system (3.5).

Proof Consider the system

~he+ Y aPhi=cD, j=1,. k., s=1,...n, (4.4)
=1
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where c(J ) are nonnegative constants. This system may be splitted into n subsystems.
Let us apply to (4.4) the modified Gaussian elimination procedure. On the s-th step of
this procedure we keep in the s-th subsystem only equations with negative coefficients
of hs. Each of the equations kept is used for the elimination of hs from the (s + 1)-th,
etc., and n-th subsystems. This results in a new set of subsystems with (generally) the
number of equations other than that in the initial system.

According to Lemma 4.2, for any set of indices ji,...,Jn, system (4.1) possesses a
positive solution. Hence, one may assume, without loss of generality, that after the
application of the above procedure we obtain the system

Zﬁmh—c i=1...,qs, s=1,...,7

Here 1 <r < n, &gj) >0, ng) <0, ﬁg) >0 for t=s+1,...,n, and for any j and s
there exists i,; > s such that 62)1 >0,57=1,...,qs, s=1,....,n

It can be easily shown that if ]~7,T+1, ... hy, are arbitrary positive numbers and
he=— m Zﬁm i s=1,...,7
=1 ,q ﬁSS i=s5+1
then the vector (hi,...,hy,)* is a positive solution for (3.5).

Remark 4.1 Since systems of inequalities (3.5), (3.6) are linear, the investigation of
conditions for the existence of positive solutions for them is a much more simple problem
than for nonlinear system (3.2).

Remark 4.2 The proof of Lemma 4.3 contains a constructive algorithm for finding a
posmve solution for (3.5). Moreover, let us note that using this algorithm one may choose
hr+1, . h for the numbers pus = 1/h 1, s=1,...,n, to be positive rationals with
odd numerators and denominators.

5 Criterion for Absolute Stability

We will find now the necessary and sufficient conditions for system (2.6) to be absolutely
stable.

Theorem 5.1 System (2.6) is absolutely stable if and only if for this system there
exists Lyapunov’s function in the form (3.3) satisfying the assumptions of the Lyapunov
asymptotic stability theorem.

Proof  Sufficiency Suppose that there exists Lyapunov’s function in the form (3.3)
with negative definite derivative with respect to (2.6). Then for arbitrary admissible
functions f;(z;) the zero solution of the system considered is asymptotically stable.
Hence, (2.6) is absolutely stable.

Necessity If (2.6) is absolutely stable, then for this system the MO-condition is ful-
filled [9]. According to Lemma 4.3, there exist positive rationals pi,...,u, with odd

numerators and denominators such that for the numbers h, = 1/(us+1), s=1,...,n
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inequalities (3.5) are valid. We shall take these values of p1, ..., asexponents in Lya-
punov’s function (3.3). Let us show that one may choose positive constants A1,..., A,
for the function (3.4) to be negative definite.

Consider a positive solution (91, ce, én)* of (3.2). Let us denote z; = ys/és, Vs =

955)\5, s=1,...,n. Then function W takes the form

W Z'YS Z#SJFI + 27 Z# Z bsjzl (]) 'n,(]).

R ~ 0@ ~0 () R ks .
Here a5 = a,0,, bs = bsﬂ 0, and s+ Y bs; <0, s=1,...,n.
j=1
We will assume, without loss of generality (v. Remark 3.1), that for the numbers
hi,..., hn, corresponding to chosen values of 1, ..., all the inequalities in (3.5)
turn to equalities.
Let D = {dg}"

v.—1, where
:

ki
bsjor gjs)a Z Zi) for s # 1.

uMk

Matrix D is the Metzler matrix [5, 11].

It can be easily shown that the inequality D*h < 0 possesses the solution h =
(hi,...,hy)*. Hence [11], there exists a positive solution 4 = (1,...,79,)* for the
inequality D~y < 0.

By the use of the Jensen inequality [6], one gets that for such values of coeflicients
A1y .., Yn the relations

Dby

n n ks

S d Hs +1+ ZHS+1+ SZ N%"‘l
_ sHs M+1
> ( e ) >

sl'UJS

Zﬂs"rl

n
1+ Zd“% = _CZ i+ 1

are valid. Here c is a positive constant. This completes the proof.

Corollary 5.1 System (2.6) is absolutely stable if and only if it satisfies the MO-
condition.

Remark 5.1 Corollary 5.1 is similar to the criterion for the asymptotic stability ob-
tained in [9] for autonomous Wazewskij’s systems. However, in comparison with this cri-
terion, in the present paper it has been proved that only the MO-condition is a sufficient
one for the asymptotic stability of the zero solution of (2.6), i.e. the other assumptions
from [9] (concerning the uniqueness of solutions, isolation of the equilibrium position at
the origin and nondecreasement of the functions f;(x;)) are redundant.

Corollary 5.2 Let system (2.6) satisfy the MO-condition. If there exist parameters
H1, .., iy such that for corresponding values of hy,...,h, all the inequalities in (3.5)
turn to equalities, and foxs fls(T)dT — 400 as |zs] — 00, s =1,...,n, then the zero
solution of (2.6) is globally asymptotically stable.
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It should be noted that Remark 3.1 makes possible, in some cases, to simplify the MO-
condition verifying. Let positive rationals hq, ..., h, satisfy system (3.5). Then one may
assume that in (2.6) bs; = 0 if for these values of s and j the corresponding inequality in
(3.5) is strict. By the use of Remark 3.1, we get that the fulfillment of the MO-condition
for such reduced system is equivalent to that one for the initial system (2.6).

Ezample 5.1 Let system (2.6) be of the form

i1 = avfi(z1) + b fy (22) £/ (23),
B9 = asfa(w2) + ba1 f1(z1) + baafs (23), (5.1)
i3 = asf3(x3) + ba1 f1(z1) + bsa f3 (x2).

Consider inequalities (3.5) corresponding to (5.1). We get

—hl—l—ghz—l—%hg >0,
—ha+hy >0,

—hy + 3hg > 0, (5.2)
—h3+h1 >0,
—hs + 3ho > 0.

By the use of the procedure of successive elimination of variables, it can be easily shown
that if positive constants hy, he, hs satisfy (5.2), then hy = ha = h3. For such values
of variables the third and the fifth inequalities in (5.2) are strict, and the others turn to
equalities. Hence, for (5.1) the MO-condition is fulfilled if and only if this condition is
fulfilled for the reduced system

i1 = a1 fi(@) + b fa (w2) £ (3),
Ty = ag fa(w2) + ba1 f1(21), (5.3)
i3 = a3 fs(xs) + bs1f1(21).
Verifying the MO-condition for (5.3), we obtain that for (5.1) to be absolutely stable it
is necessary and sufficient that the inequality a3a3as > b3,b3,b31 holds.

Remark 5.2 In a similar way, the criterion for absolute stability can be obtained for

the case when the inequalities bs; > 0 in (3.1) are replaced by the connecting coefficients
G) )

bs; and a basis wi,...,wy: bgjwsw; ! ...wf{sj” >0 for j=1,...,ks, s=1,...,n [10].

Here every constant wq,...,w, takes either the value +1 or —1.

Example 5.2 Consider the system

i1 = a1 fi(x1) + b1 " (2n),
& = a; fi(zi) +b; fi7(Tic1), i=2,...,n—1, (5.4)
Ty = Gp fn(xn) + b, f{ll (,Tl) . f;:zal (l‘n_l),

where a; and b; are constant coefficients, a; < 0, b; # 0, functions f;(x;) possess

the same properties as in (2.6), «; and v; are rationals with odd denominators, a; > 0,
v, 20, vrn+---4+v,1>0,5=1,...;n,i=1,...,n— 1.



NONLINEAR DYNAMICS AND SYSTEMS THEORY, 6(1) (2006) 17-29 25
By the use of Remark 3.2, we obtain that under the condition
oV +oajaeve -+ ar . Qpo1Up—1 > 1

system (5.4) is absolutely stable for any admissible values of coefficients a; and b;.
Next, consider the case, where

a1V +ojalr o+ Q. Q1 V1 = 1. (55)
It can be easily shown that for the existence of the basis wy,...,w, such that
biwiwy* >0, bwiw >0, i=2,...,n—1, bywywi".. Wt >0

it is necessary and sufficient that the inequality
BB b by, > 0 (5.6)
is fulfilled. Here &; = v; + ajp1€i41, i=1,...,n—2, &1 = Up—1.
Making the substitution z; = w;z;, j=1,...,n, in (5.4) and applying Corollary 5.1

for the system obtained, we get that under conditions (5.5) and (5.6) system (5.4) is
absolutely stable if and only if the inequality

&1 &2 En—1
b _
<_ 1) <_b2> '”<_bn 1) <_bn><1
ai ag an—1 (02

is valid.

6 Stability Analysis for Large Scale Systems in Critical Cases

Let us now show that the results obtained in the present paper may be used to refine
some of the known conditions of stability for large scale systems.
Consider the system

ks
o= Fu(zs) + Y_Qq(tx), s=1,...,n, (6.1)

j=1

where x5 € R™s, x = (z7,...,25)*; the elements of the vectors Fy(xs) are continuously
differentiable homogeneous functions of the orders o, > 1; the vector functions Qs; (¢, z)
are continuous for ¢ > 0, ||z|| < H (H is a positive constant, | || is the Euclidean norm
of a vector) and satisfy the inequalities

1@uj(t. )] < ey [Pz, ey >0, B > 0.
We will assume that (6.1) has the zero solution.

This system describes the dynamics of a complex system composed of n interconnected
subsystems [1, 5]. Here z; are state vectors, the functions Fs(xs) define the interior con-
nections of subsystems while the functions Qs;(¢,z) characterize the interaction between
the subsystems.
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Suppose that the zero solutions of isolated systems
s = Fs(zs), s=1,...,n, (6.2)

are asymptotically stable. We will look for the conditions under which the zero solution
of (6.1) is also asymptotically stable.

In the papers [2, 7], approaches to studying stability for (6.1) are suggested. For this
purpose, methods of the Lyapunov vector [7] or scalar [2] functions are used.

It is known [13] that for isolated systems (6.2) there exist Lyapunov’s functions V(xs),
which are continuously differentiable positive homogeneous functions of orders vs—os+1,
s =1,...,n. Here 5 are arbitrary numbers such that ~; > o,. These functions satisfy
the inequalities

a15||$s||’ys_gs+l < V:s(xs) < (125||£Us||’ys_as+l7

oV, ovi\ "™
Vs—0s F. < — Vs
oz, ) <5;Es> s < —ags||zs |

S a35|‘$s|

for all xy, € R™, where as,a2s,0a3s,a4s are positive constants. By differentiating
Vsi(zs) with respect to (6.1), one can deduce that the estimations

k.
_ ) [€))
"t agallwa T e o |5 P
j=1

dVs

>~ _a4sts|
(6.1)

are valid for t >0, ||z|| < H, s=1,...,n
According to approach suggested in [7], the Lyapunov vector function is chosen in the
form V = (V4,...,V,)*. Using this function, we construct the comparison system

)
o U 59)
. s—os s 1
Us = —QsUS* ias 4 ugs st E bSJ = U” upr ot s =1

B geeey

n, (6.3)

for (6.1). Here

o) ;
s - —ds—oe Bl - __ sy .

~ = = = =
as = Q4500 . bsj = asscsja T ag T Lolag,

System (6.3) is the Wazewskij one [5]. By analogy with the proof of Theorem 5.1, it can
be easily shown that for the zero solution of (6.3) to be asymptotically stable it is sufficient
that the corresponding MO-condition is fulfillment. Hence, if in any neighborhood of

the state (01,...,0,)* = (0,...,0)* there exists a positive solution for the system of
inequalities
ks .
) )
—als + > b8 em T <0, s=1,...n, (6.4)
j=1

then the zero solution of (6.1) is asymptotically stable.

Let us now show that the condition obtained for the asymptotic stability of the zero
solution may be weakened by using the results of the previous section. Consider the
Lyapunov scalar function

n
= Z As‘/s
s=1
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where )4 are positive coefficients, Vi are positive homogeneous functions of orders s —
os + 1 corresponding to isolated subsystems (6.2). For all ¢ > 0 and ||z|| < H we get

ks
ERCOILIEN
j=1

2 P

d‘7 n n
— < — Asas|| s || As3s||Ts
oy ~ 2 Ml 35 dal

Hence, to prove the asymptotic stability of the zero solution for (6.1) it is sufficient to

show that one may choose positive coefficients A1,..., A, for the function
T - R e B Jor B Jon
W = —Zx\sa45y53 +ZASCL35y§'S chj Yyt ce YR
s=1 s=1 j=1
to be negative definite. Here pgs = vs/0s — 1.
Suppose that parameters 71, ...,7, satisfy the inequalities
n_ (5
Os ﬁsi -
—— 4+ = >0, j4=1,...,ks, s=1,...,n. 6.5

In this case, by analogy with the proof of Theorem 5.1, we get that the following theorem
is valid.

Theorem 6.1 If in any neighborhood of the state (01,...,0,)* = (0,...,0)* there
exists a positive solution for the system of inequalities

k
i ) ()
—agsls +azs Y e 07700 <0, s=1,...n, (6.6)
j=1

then the zero solution of (6.1) is asymptotically stable.

Remark 6.1 Coefficients as, bsj, ass, ass in (6.4) and (6.6) depend, in general, on the
chosen values of v, ..., vVn.

Remark 6.2 For given values of 71, ..., v, Theorem 6.1 provides one with more precise
conditions of asymptotic stability in comparison with those obtained via the Lyapunov
vector function. However, in (6.6), compared with (6.4), it is assumed that v1,...,7,
satisfy additional restrictions (6.5).

Example 6.1 Let the system

T = —p2:171 — x%xg,
&9 = 10025 — 100p*z2 + ax), (6.7)
i3 = —x3 + bp°

be given. Here p = /2?4 3, a and b are constants. System (6.7) describes the
interaction of two isolated subsystems

. 2 2
Tl = —p X1 — X122, .

3 9 xr3 = —T3.
9 = 100z — 100p°x2,
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Consider the functions )
Vi :50x§+§x§, Vo = a3,
where « > 1 is a rational with even numerator and odd denominator. Differentiating
these functions with respect to (6.7), one gets
Vi = —100p* + azqx},

Vo = —yad® 4 ybplal "

Hence, the differential inequalities

1
— V2 4 |a|(2V)V2VI,
55 V1 lal(2V1) =V, (6.8)

Vo < =4 Vo 7 bl (2V2)%/ 21, 1

Vi

IN

are valid. Verifying the MO-condition for the comparison system corresponding to (6.8),
it can be shown that if the inequality

|lab| < 1/100 (6.9)

holds, then the zero solution of (6.7) is asymptotically stable.

This condition for the asymptotic stability of the zero solution may be weakened by
the use of Theorem 6.1. Taking into account the additional restriction (6.5), we get
v = 4. Hence, system of inequalities (6.6) for (6.7) is of the form

—1006, + |a|92 < O,

6.10
—465 + 4]b]61 < 0. (6.10)
According to Theorem 6.1, the zero solution of (6.7) is asymptotically stable if in any
neighborhood of the state (61,602)* = (0,0)* there exists a positive solution for system
(6.10). Eliminating variables 61, 63 from (6.10), we obtain new sufficient condition for
asymptotic stability: |ab| < 100, which is more precise than (6.9).
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