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1 Introduction

Of concern is the following nonlocal history-valued boundary value problem for a partial
functional differential equation,

ow d*w
E(m,t) =aq W(m,t) + flw(z, t), wz,t — 7)),
t>0, 0<.’1§'<7T'7 (11)

w(0,t) = w(m,t) =0, t>0,
h(w|_rg)(z,t) = ¢(z,t), —-7<t<0,7>0, 0<z<m,
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where w is the sought-for function in the space C_. r) = C([0,7]x[—7,T]), for arbitrarily
fixed 0 < T < oo, of all continuous functions endowed the supremum norm, h is a
function defined from the space C_,q into itself, ¢ € C_; ¢, the function w|_, g €
Cl—r,0) is the restriction of w € Cl_; 7} on [0,7] x [~7,0], a > 0 is a constant.

Let X be the Banach space C[0,7] of all real-valued continuous functions on [0, ]
endowed with the supremum norm

[€lx = sup [(2)], €€ X,
0<z<w

and for t € [0,T], 0 < T < o0, let C; = C([-7,t]; X), 0 < T < 00, be the Banach space
of all continuous functions from [—7,¢] into X endowed with the supremum norm

[¥lle = sup [[¥(0)]x, ¢ €Ce.
<0<t

Let Co(x) = {x € Co: x(0) = x(0)}. Define a function F from Cy(x) into X by

F(x) = f(x(0),x(=7)), x € Co.

Then (1.1) can be written as the following nonlocal history-valued functional differential
equation
u'(t) + Au(t) = F(u), t€ (0,71,

H(up) =¢ on [—7,0], (12)

where A is a linear operator defined on D(A) = {£ € C[0,n]: ¢ € C[0,7], £(0) =
&(m) =0} with A = —af” for £ € D(A), for uw € Cr and t € [0,T], us € Cy given by
us(0) = u(t +46), 0 € [—7,0], the map H is defined from Cy into itself and ¢ € Cy.

For the earlier works on existence, uniqueness and stability of various types of so-
lutions of differential and functional differential equations with nonlocal conditions we
refer to Byszewski and Akca [2], Byszewski and Lakshmikantham [4], Byszewski [5], Bal-
achandran and Chandrasekaran [3], Lin and Liu [7] and references cited in these papers.

Our main aim is to consider various types of nonlocal history conditions H and their
applications. We use the ideas and techniques used by Bahuguna [1] to study such
conditions and their applications.

A few examples of H are the following. Let g be map from Cy into X be a map given
by one of the following.

(I) Let k € L*(0,7) such that x = [k(s)ds # 0. Let
0

0

g(6) = / k(—s)é(s)ds, € € Co.

—T

l
(IT) Let -7 <t1 <ta<---<t; <0, ¢; >0 with C =5 ¢; #0. Let
i=1

l

9(&) =Y ciklts), €€l

i=1
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(III) Let t; and ¢; be as in (II) and let ¢ >0, 4 =1,2,... 1. Let

t;

l
9(&) =>_ EZ_ £(s)ds, € €.
i=1 )

t;—e

o

If we define ¢ € Cy given by ¢(f) = « for all § € [—7,0] and H: Cy — Cy given
by H(&)(0) = g(§) for all 8 € [-7,0] and all ¢ € Cy, then the condition g(§) = = is
equivalent to the condition H(§) = ¢.

Let x € Co be such that H(x) = ¢. The function u € Cz, 0 < T < T, such that

x(t) tel-n0
ut) = SWOX(O) + [ St - 9)F(u.)ds. t e [0, "
0

is called a mild solution of (1.2) on [—7,T]. If a mild solution u of (1.2) on [—7,T] is
such that wu(t) € D(A) for a.e. t € [0,T], u is differentiable a.e. on [0,7] and

u'(t) + Au(t) = F(ug), a.c.on [0,T],

it is called a strong solution of (1.2) on [—7,T]. If a mild solution u of (1.2) on [—7,T]
is such that u € C*((0,T]; X), u(t) € D(A) for t € (0,T] and satisfies

u'(t) + Au(t) = F(ug), te (0,7,

then it is called a classical solution of (1.2) on [—7,T].
We first establish the existence of a mild solution u € Cz of (1.2) for some 0 <

T < T and its continuation to the whole of [-7,00). Under the additional assumption
of Lipschitz continuity on ¢ on [—7,0], we show that the mild solution u is a strong
solution of (1.2) on the interval of existence and it is Lipschitz continuous. Under further
additional assumption that S(t) is analytic, we show that u is a classical solution of (1.2)
on the interval of existence. We also show that u is unique if and only if y satisfying
H(x) = ¢ is unique. Next, we establish a global existence result. Finally, we study the
finite dimensional approximation of solutions in a Hilbert space.

2 Local Existence of Mild Solutions

We first prove the following result establishing the local existence and uniqueness of a
mild solution of (1.2).

Theorem 2.1 Suppose that —A is the infinitesimal generator of a Cy-semigroup
S(t), t >0 of bounded linear operators in X. Let H: Cy — Cqy be such that there exists
a function x € Co such that H(x) = ¢. Let Co(x) = {x € Co: X(0) = x(0)}. Let
F: Co(x) — X satisfy a Lipschitz condition

[F(x1) — F(x2)llx < Lrllx1 — xzllos
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for all x; € Co(x), @ = 1,2, where Lr is a non-negative constant. Then there exists a
mild solution u of (1.2) on [—7,To] for some 0 < Ty <T. Moreover, the mild solution
u s unique if and only if x is unique.

Proof Let M >1 and w > 0 be such that [|S(t)||px) < Me“* for t > 0. Here
B(X) is the space of all bounded linear operators from X into itself. We choose 0 <
To < T be such that

ToMe“TLp < 3/4.

Define a map F: Cp,(x) — Cr,(x) by

X(t) le [_Tv O]’

Fult) = S(t)x(0) + j S(t— s)F(ws)ds, te€0,Tp). (2.1)

Here and subsequently, any function in Cr(x) = {¢ € Cr: ¥(0) = x(0)} is also in
C#(x), 0< T < T, as its restriction on the subinterval. Also, for w; € Cr,(x), i = 1,2,
we have

| Fwi(t) — Fwe(t)||x < ToMe“" Li||lwy — wa| 7,

Since TyMe“T Ly < 3/4, F is a strict contraction on Cr,(x) and hence has a unique
fixed point u € Cr, ().

Clearly, if x € Cr satisfying H(x) = ¢ on [—7,0] is unique on [—7,0], then w is
unique. If there are two x and x in Cy satisfying H(x) = H(x) = ¢ on [—7,0], with
X # x on [—7,0], then the corresponding solutions v and @ of (1.2) belonging to Cr,(x)
and Cgp (x) are different. This completes the proof of Theorem 2.1.

3 Global Existence of Solutions

Theorem 3.1 Assume the hypotheses of Theorem 2.1. Then the local mild solution
u of (1.2) exists on the whole interval [—T,00).

Proof Let 0 < T < oo be arbitrarily fixed. If Ty < T, consider the functional
differential equation

V() + Av(t) = F(v), 0<t<T—Ty,
N By (3.1)
H(UO) = ¢7

where H: Co(x) — Co(x) given by Hx = x for x € Co(x) and ¢(0) = u(Tp + ) for
6 € [—7,0]. Since all the hypotheses of Theorem 2.1 are satisfied for problem (3.1), we
have the existence of a mild solution w € Cr,(x), 0 < Ty <T — Ty of (3.1). This mild

solution w is unique as H in (3.1) is the identity map on Cy(x). We define

at) = { u(t), t e [—7,To] (3.2)

w(t—To), te [TO7T0+T1].

Then @ is a mild solution of (1.2) on [—7, Ty + T1], unique for fixed x. Continuing
this way, we get the existence of a mild solution u either on the whole interval [—7,T]
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or on the maximal interval [—T,tpax) of existence. In the later case we may use the
arguments similar in the proof of Theorem 6.2.2 in Pazy [9, P.193-194], to conclude
that , ltim lu(t)]|x = oc.

In order to show the global existence, we show that |u(t)||x < C for t > 0. Let
M; = max{M,e“7, (M/w)||F(0)| x,|xllo}. For t e [—7,0], e “!|u(t)||x < M; and for
t€[0,T), we have

t

e “Hlu®)||lx < M + MLF/ e sup. [u(s + 6)]|x]ds. (3.3)
—T 0
) <0<

From (3.3), for any 0 <r <, we have

t

e “Hu(r)||x < My + M LF/ [67“5 s2£)< |lu(s + 9)||X]ds. (3.4)
—T 0
/ <6<

Putting r =t +n, —t <n <0, in (3.4), we get
t

e “Hult+n)|lx <M+ MLp / [e““s S3£)<0 l|lu(s + 9)||X]ds. (3.5)
J <6<

Now, if —7 < —t, then

et sup u(t+n)|x <e™ sup  u(t+n)|x +e" sup u(t +n)|x
—7<n<0 —r<n<—t —t<n<0

t
§2M1+MLF/[6_“’S sup ||u(s+9)||x]ds,

—7<6<0
0

and for the case —t < —7, we have

e sup |u(t+n)lx <e " sup Ju(t+n)lx
—7<n<0 —t<n<0
t
<20+ MLe [ [ sup fuls +6)]]ds

—7<0<0
0

Thus,

t

e " sup u(t+mn)|x <2M; + MLF/ le™@* sup [lu(s+0)]|x]ds.
—7<n<0 5 —7<0<0

Gronwall’s inequality implies that

t

et sup [t +n)lx < 2000+ ML [ J(s)exp 2MIFO)x(t— s)}bds. (36)
—7<n<0 A

Inequality (3.6) implies that ||u(t)||x is bounded by a continuous function and therefore

[lu(t)]|x is bounded on every compact interval [—7,7T], 0 < T < co. Since T is arbitrary,

the global existence follows.
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4 Regularity of Solutions

Theorem 4.1 Assume the hypotheses of Theorem 2.1. If, in addition, x € Cy
satisfying H(x) = ¢ is Lipschitz continuous on [—7,0] and x(0) € D(A), then the
solution u corresponding to x is Lipschitz continuous on every compact subinterval of ex-
istence. If, in addition, X is reflexive, then u is a strong solution of (1.2) on the interval
of existence and this strong solution is a classical solution of (1.2) provided S(t) is an
analytic semigroup.

Proof We shall prove the result for the first case when the mild solution u exists on
the whole interval. The proof can be modified easily for the second case.

We need to show the Lipschitz continuity of « only on [0, T]. In what follows, C;’s are
positive constants depending only on R, T and ||x||o. Let ¢t € [0,7] and h > 0. Then

0
[ut +h) —u@)|[x < [1(S(h) = 1)S()x(0)]lx + / [S(t — s)F(ussn)llx ds
—h

t

+ / st — $)[F (ussn) — Fus)]llxds
0

t (4.1)
<Ci|h+ /[Hus—i-h - us”Co] ds
0
t
§01h+/ wp|ww+h+®—uﬁ+om4d&
—7<6<0

For the case when —7 <t <0 and 0 <t+ h (clearly, t+ h < h in this case), we have

[ut +h) = u@®)l[x < [[(SE+h) = Dx(O)]x + [Ix(t) = x(0)llx

7 (4.2)
+ / ISt +h — s)F(us)||xds < Cah.
0
Combining the inequalities (4.1) and (4.2), we have for —7 <t <t,
t
lu@+h) —u(@®)||x < Cs|h+ / sup |lu(s+h+0)—u(s+ 9)|de] . (4.3)
—r<6<0
J —T<6<

Putting t =t+60, —t—7 <6 <0, in (4.3), and taking supremum over § on [—,0], we
get

t

h—l—/ sup ||u(s+h+9)—u(s+9)||xds]. (4.4)

—7<6<0

sup |u(t+h+60)—u(t+0)||x < 2Cs
—7<6<0




NONLINEAR DYNAMICS AND SYSTEMS THEORY, 5(4) (2005) 345-356 351
Applying Gronwall’s inequality in (4.4), we obtain

lu(t +h) —u®)]|x < sup |u(t+h+0)—ult+0)|x < Cih.
—7<6<0

Thus, u is Lipschitz continuous on [—7,T7.

The function F: [0,7] — X given by F(t) = F(u;), is Lipschitz continuous and
therefore differentiable a.e. on [0,7] and s in LY((0,T); X). Consider the Cauchy
problem

V'(t) + Au(t) = F(t)

, te(0,T],
v(0) = u(0),

(4.5)

By the Corollary 2.10 on page 109 in Pazy [9], there exists a unique strong solution v of
(4.5) on [0,T]. Clearly, v defined by

{u@% te[-7,0]
v(t), telo,T],

is a strong solution of (1.2) on [—7,T]. But this strong solution is also a mild solution of
(1.2) and © € Cp(x). By the uniqueness of such a function in Cr(x), we get o(t) = u(t)
on [—7,T]. Thus u is a strong solution of (1.2). If S(¢) is analytic semigroup in X then
we may use Corollary 3.3 on page 113 in Pazy [9] to obtain that u is a classical solution
of (1.2). This completes the proof of Theorem 4.1.

5 Finite Dimensional Approximations

In this section we assume that X is a separable Hilbert space. Furthermore, we assume
that in (1.2), the linear operator A satisfies the following hypothesis.

(H1) A is a closed, positive definite, self-adjoint linear operator from the domain
D(A) C X into X such that D(A) is dense in X, A has the pure point spectrum

O0< X <A <<
and a corresponding complete orthonormal system of eigenfunctions {u;}, i.e.,
Aui = )\iui and (ui7uj) = (52‘j7

where §;; =1 if ¢ = j and zero otherwise.
If (H1) is satisfied then the semigroup S(t) generated by —A is analytic in X. It

follows that the fractional powers A® of A for 0 < a < 1 are well defined from D(A%) C
X into X (cf. Pazy [9], pp. 69-75). D(A®) is a Banach space endowed with the norm

[zlla = [[A%2x, @€ D(A®). (5.1)
For t € [0,T], we denote by C¥ = C([—r,t]; D(A%)) endowed with the norm

[Cllta = sup_[[C()[las € €CF-

—r<n<t
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In addition, we assume the following hypotheses.

(H2) There exists a function x € C§ satisfying H(x) = ¢.
(H3) The map F is defined from C§(x) = {x € C5': x(0) = x(0)} into D(A®) for
0 < B8 <a< 1 and there exists a non-negative constant Ly such that

I1F'(¢1) — f()llx < Lrp||¢i — Clloa;

for ¢; € C§(x), fori=1,2.
Let X,, denote the finite dimensional subspace of X spanned by {ug,u1,...,u,} and
let P": X — X, be the corresponding projection operator for n = 0,1,2,.... Let
X € Cp be such that H(x) = ¢. Let Y be the extension of x by the constant value x(0)

n [0,7]. We set
. 31—a)\"™°
T() = mln{T, (M> },

where C\, is a positive constant such that ||[A*S(¢)|| < Cqt=* for ¢ > 0.
We define
Fy: CO(X) — Xn,

given by
Fo(Q) = P"F(P"C), ¢ €Colx),

where (P™()(0) = P™((0), —7 < 6 < 0. We denote 1, = P™ for any ¢ € Cr.
Let A%: C — C; be given by (A*Y)(s) = A%(¢(s)), s € [-nr,t], t € [0,Tp]. We
define a map F,,: Cr,(x) — Cr,(x) as follows:

A%xn(t), tel-n0,
(Fré)(t) = S(t) A%y (0) + jAaS(t —s)F, (A7) ds, te€]0,Tpl, (52)
0

for € € Cr, (x)-
Proposition 5.1 There exists a unique w, € Cr,(x) such that Fpyw, = wy, on [—r,Tp].

Proof For €1,6 € Cry(x), (Faft)(t) — (Fak2)(t) = 0 on [7,0] and for ¢ € [0, T3],
we have
T, 3
1(Fn€0)(t) = (Fu&2)W)llx < 2LpCay— 161 =~ &lln < 7 16 = &2ll70-

Taking the supremum over [—7,Tp], it follows that F,, is a strict contraction on Cr, (x)
and hence there exits a unique w, € Cr,(x) with w, = F,w, on [—7,Ty]. This
completes the proof of Proposition 5.1.

Let w, = A~%w,,. Then u, € C%U and satisfies

un(t) = ¢ (5.3)
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Proposition 5.2 The sequence {u,} C Cr,(x) is a Cauchy sequence and therefore
converges to a function u € Cr,(X).

Proof For n,m € N, n>m, t € [—1,0], we have
[un (8) = tm (B)la < [JA*(xn () = xm ()] x < (P = PT)A%X(#)[[x — 0 as m — oo.
For t € (0,Tp] and n, m as above, we have
[[un (t) = um (D)]lo < [|(P™ = P™)S(#)Ax(0)]|x

4 [ 148 = 1 ((wn).) = Fnl ) ) ds.

Now, using the fact that F((u,)s) € D(A?), m >ng and 0 < a < 8 < 1, we have

[Fn((un)s) = Fin((um)s)lx < [[(P™ = P™)F(P™(um)s)llx
+ Lr[[|[(P™ = P™)A%(um)sllo] + Lrllun — tmlls,a
1
g CIE + CQHUn - um”s,aa
for some positive constants C; and Cs independent of n and m. Thus, we have the

following estimate
[t (£) = i () la < Col| (P™ = P™)A%x(0)]|x

t

C\T” 5.4
+IT+02/(t_S)a”un_um||s,ad87 ( )
A
0
where Cp = Me“T. Since u, — Uy = Xn — Xm on [—7,0], we have for 0 <f<t,
[un(®) — tum@lla < Ixn — Xmllo,a + Col|(P™" — P™)A%X(0) x
t
T _ (5.5)
+ % + Cs /(t = 8)Y|tn, — U 5,0 ds.
Am
0
Weput t=t+n, —t <n <0, to obtain
[un(t +n) = un(t +n0)lla < [Xn — Xmllo,a + Col[(P" — P™)A%X(0)[|x +
t4n
T 5.6
A%JFCE/(t+77*5)a||unfum|8,ad5- ( )
m 0
Now, we put s —n =35 to get
[un(t +n) = un(t +n)lla < [Xn — Xmllo,a + Col[(P" — P™)A%X(0)]|x
t
T
+ =+ Co [ (t = 5)*[|un — tmls4n.ads
A, E
! (5.7)

< Ixn = Xmllao + Col[(P™ = P™) A% (0)

t
o
+ S+ Gy /(t 5[ — upnls.0 5.

0
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For t > 7, we have

sup lun(t +n) — um(t +n)lla < sup o [un(t +1) = um(t +n)lla

—7<n<0 —t<n<
t
n AW ClT s\« s
< Ixn = Xmlla,o + Coll(P™ = P™)A%x(0)[| + VA Ca [ (t=5)[lun — ums.qds.
" 0
(5.8)
Since un(t+n) = x(t +n) for t+n <0 for all n > ng, for 0 <¢ <7, we have
sup  [Jun(t +n) — um(t +n)lla
—7<n<0
< sup un(t+n) —umE+n)lla+ sup  un(t+n) — um(t +n)lla
—T<n<—t —t<n<0
t
n my g ClT N\ _
< lIxn = Xmlla,o + Coll(P™ — P™)A%x(0)[| + BURRAC: (t = 8)*[[un = um|5.a ds.
" 0
(5.9)
Combining (5.8) and (5.9), we have
[un — umllt,a < X0 = Xmlla,0 + Col| (P — P™)A%x(0) |
t
C\T (5.10)

+ O /(t 5 — .0 5.
0

Application of Lemma 5.6.7 on page 159 in Pazy [9] gives the required result. This
completes the proof of Proposition 5.2.

With the help of Propositions 5.1 and 5.2, we may state the following existence,
uniqueness and convergence result.

Theorem 5.3 Suppose that assumptions (H1)— (H3) hold. Then there exist functions
un € ([-7,T0]; Xpn), n €N, and u € Cr, (0<Ty <T) unique for a given x € Cy with
H(x) = ¢, such that

Xn(t), te[-70],
un(t) = S(t)xn(O)+OftS(t—s)Fn((un)s)ds, t e [0,T], (5.11)
e (), teln,
ult) = S(t)x(o)+b/t‘5(t—s)F(us)ds, t e [0, Ty, (5.12)

such that u, — w in Cp, as n — oo, where P,(t) = P"Y(t) for ¢ € Cr, and
Fo(Q) = PTE(P(), ¢ € Co.

6 Applications

As an applicability of the theory developed in previous sections, we cite two examples of
partial differential equation with retarded arguments and a nonlocal history condition.
These problems are closely related to a mathematical model for population density with
a time delay and self regulation (cf. [6,10]).
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Ezxample 6.1

ow 0%w
T et) =0 S 1) + bt — 1)1~ we 1),

t>0, 0<£C<7T, (61)

h(wl—ro)(2,t) = ¢(x,t), —7<t<0, 7>0, 0<z<m,

where w(-,t) is the population density at time ¢, b is the constant rate of growth for
the species. 7 is a fixed positive constant and ¢ € C|_; g = C([0,7] x [-7,0]). Let
X = C[0,x]. For each ¢, define an operator A by

Au = —au”,

for uw € D(A) = {u € C([0,7]): v € C([0,7]), u(0) =u(nr)=0}. It follows that —A
generates an analytic semigroup in X. The nonlinear map H can be defined as mentioned
in the first section.

Let Co(x) be the set consisting of all continuous function y: [—7,0] — X such that
X(0) = x(0) and define F': Co(x) — X by

F(x) = bx(=7)(1 = x(0)), x € Co(x)-

It is easily verified that F' satisfies Lipschitz condition. The problem (6.1) now take the

abstract form
W (1) + Ault) = F(ug), t € (0,T],

H(up) = ¢, on[—T,0], (62)

Then the theorems ensure the existence of a unique solution of the problem (6.2) (hence
a unique solution of the problem (6.1)).

Ezample 6.2

ow 8w

0
E(m,t) =a w(m,t) + bw(x,t) [1 - /wt(x, s) dn(s)] ,

t>0, O0<x<m, (6.3)

w(0,1) = w(m t) =0, 150,
h(w|[—770])(xvt) :(]S(l‘,t), _T<t§07 T>O7 OSZESTF,

which is a population model when diffusion occurs within the population. Here 7(-) is
bounded, nondecreasing function on [—7,0], 7 > 0. All other functions and maps are as
described in Example 6.1.

Let X = C(]0,7]). The linear operator A is defined as in the previous example. Also
we define F': Co(x) — X by

F(x) = bx(0) [1 -

|
S
=
&
QU
3
—
VA
N—
| I
=
m
aQ
)
—
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Then clearly F' satisfies Lipschitz condition and problem (6.3) transforms into the ab-
stract form (6.2).

Since all the assumptions taken into account for establishing the existence and unique-
ness results are satisfied, we can apply these results to considered problem which shows
that there exists a unique solution of (6.3).
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