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Abstract: In this paper, we present a new scheme to design adaptive con-
trollers for single-input single-output uncertain time-varying systems in the
presence of unknown bounded disturbances. No knowledge is assumed on the
sign of the term multiplying the control. The control design is achieved by
introducing certain well defined functions, estimating variation rates of pa-
rameters and incorporating a Nussbaum gain. To overcome the problem of
overparametrization, tuning functions, which are different from the standard
ones due to the use of projection operations, are employed. It is shown that
the proposed controller can guarantee global uniform ultimate boundedness.
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1 Introduction

Adaptive control has seen significant development since the appearance of a Lyapunov-
based recursive design procedure known as backstepping [7]. A great deal of attention
has been paid to tackle both linear and nonlinear systems with unknown parameters
and a number of results have been obtained in [1-6]. However, only limited number of
results are available for nonlinear systems with time-varying parameters and/or without
the knowledge on the sign of the term multiplying the control, i.e. high frequency gain
in the case of linear systems, in the presence of external disturbances. In this paper, we
shall also call this term the high frequency gain for nonlinear systems for simplicity.

In [9], output feedback control was considered for linear time-varying systems when
the sign of high-frequency gain is known. In [11], the problem of adaptive control with
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unknown sign of high-frequency gain for linear time invariant systems was studied. In [2],
Nussbaum gain incorporated with the backstepping technique was used to design adaptive
output stabilizer for high order uncertain time invariant nonlinear systems with unknown
sign of high-frequency gain in the absence of external disturbances. The nonlinearities
considered should satisfy sector conditions. In [3], disturbance decoupling was addressed
for nonlinear time invariant systems with known sign of the high frequency gain. The
result obtained is critically depending on a function of the system output y and the
reference trajectory y,. It should be noted that such a function is undefined at the time
instants when y = y,. Therefore, the control signal is undefined at these time instants.
In [4], a flat zone was used to handle the problem of nonlinear time invariant systems
with unknown sign of high frequency gain in the presence of disturbances. The bound of
the disturbance and all the unknown parameters need to be estimated at every step in
the backstepping process. This results in the problem of overparametrization and makes
the implementation complicated. In [6] state-feedback control was considered for a class
of uncertain time-varying nonlinear systems in the presence of disturbances. Due to
state feedback, no filter is required for state estimation. Thus the derivatives of the time
varying parameters and the term of the disturbance need not to be considered in controller
design. This also makes the stability analysis greatly simplified. Again, parameters are
required to be estimated at every step, which results in overparametrization. In the
case of output feedback control of nonlinear time-varying systems in the presence of
disturbances, no result is available. In this case, filters similar to [7] are required to
estimate system states and the state equations of the state estimation error will be used
in the design and analysis. In these equations, the external disturbances and derivatives
of time-varying parameters will appear and have great impact on the errors. This makes
the design and analysis quite difficult, especially when the sign of high frequency gain is
unknown and tuning functions are used.

In this paper, we consider such a case and propose a new control design scheme to solve
the problem. The nonlinearities considered are not required to satisfy the sector type of
conditions like [2]. To handle the disturbances, well defined functions are introduced to
eliminate their effects in the Lyapunov functions employed in the recursive design steps.
To deal with the time variation problem, an estimator is used to estimate the bound of
the variation rates. Furthermore, the overparametrization problem is also solved by using
the concept of tuning functions. As projection operation is used, the design of tuning
functions are different from existing schemes as in [7]. With our proposed controller,
global system stability is ensured.

2 System Model and Problem Formulation

Consider the following class of single-input-single-output (SISO) nonlinear time-varying
systems in the feedback form

ipfl =Tp + eapfl(t)wapfl(y) + dpfl(t)(bap*l (y) + 1/)Op71(y),
Tp = Tpy1 + ap(t)ap(y) + dp(t)bap(y) + 1o, (y) + b (t)u, (1)
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j';n - ean(t)wan (y) + dn (t)(ban (y) + d]On (y) + bO(t)uu
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y_elxv

where © = [21, -+ ,2,]T € R®, u € R and y € R are system states, input and output
respectively, b;(t), i = m,...,0, are bounded uncertain time-varying piecewise contin-
uous high-frequency gains, 6,;(t) € RPi are uncertain time-varying parameters, d;(t),
i=1,...,n, denote unknown time-varying bounded disturbances, 1,; and ¢,; are known
smooth nonlinear functions in R™. Similar class of systems was analyzed in [8].

In order to cope with the unknown sign of high-frequency gain, the Nussbaum gain
technique is employed in this paper. A function N(x) is called a Nussbaum-type function
if it has the following properties [10]

1 S
lim sup — /N(X)dx = 00, (2)
s—00 S
0
1T
lim inf - /N(X)dx = —0o0. (3)
5§—00 S
0

In this paper, the even Nussbaum function exp(x?) cos(Zx) is exploited. As in [6] the
following Lemma will be employed in later analysis.

Lemma 1 Let V(t) and x(t) be a smooth function defined on [0,t7) with V(t) > 0,
Vt € [0,ty), and N(x) = exp(x?)cos(5x) be an even smooth Nussbaum-type function.
If the following inequality holds:

¢ ¢
V(t) < fote / N OOXdT + e~ [ X(t)ehTdr (4)
0 0

where constant fi > 0, g1 is a parameter which takes values in the unknown closed
intervals I = [I7,1{] with 0 ¢ I, and fo represents some suitable constant, then V(t),

¢
x(t) and [ giN(x)xdr must be bounded on [0,ty).
0

For the considered system (1), the following assumptions are imposed.

Assumption 1 The uncertain parameter vector 6 is inside a compact set {2y, where
0 = [bin(t), ... b0(t),0a1(t), .., 00n(t)]T. In addition, there exists an unknown bounded

positive constant ¢ so that ¢ > ||4]|. Also q is inside a compact intervals Q, = [, 7]
and by, (t) # 0,V1.

Assumption 2 The relative degree p is fixed and known. This is ensured by As-
sumption 1.

Assumption 3 The reference signal y, and its (p — 1)-th order derivatives are also
assumed to be known and bounded.
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Assumption 4 The system is minimum phase in the sense defined in [8].

In order to design the desired adaptive control law with output via backstepping
procedures, we now transform system (1) into the following form

&= Ax + F(y,u) 0 + ©a(y)d(t)" + vo(y) (5)
where
ro 1 0 0
0 0 1 0
A= . oo, , (6)
0 0 0 . 1
LO 0 O 0
Pl = | | Moo [ )] 7
m—+1
K 0 Vo (y)
0 s 0 :
Wa(y) I - : ’ (8)
L O 0 X Wan(y)
[Ga O 0 T (y)
Caly) =1 SO R ©)
Lo o T D5, (y)
0= [bm(t),...,bo(t),001(1), ..., 0un(t)]", (10)
Yo(y) = [Wo1(y), - Yon ()] (12)
We employ the filters similar to those in [7], i.e.
€= Aok + ky + vo(y) (13)
QT = 400" + F(y,u)” (14)
where
k2 (ki ka,... Eka]", (15)
Ag= A — kel. (16)

The vector k in (15) is chosen such that the matrix Ay is strictly stable. It can be shown
that © obtained from (14) satisfies the following equations

QT = [vm, ..., v1,v0,Z], (17)
2= AE+ Tu(y), (18)
A= Ao + equ, (19)
v; = AJN. (20)
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From our designed filters, system (1) can be represented as

§=bmUma+ B+©"0+ e+ d(t)Par(y), (21)
Umyi = Um,it1 — KiVm,1, $=2,3,...,p—1, (22)
’Om,p = Um,p+1 — kpvm,l + u, (23)
where
B =&+ vYor, (24)
W= [Um2, Um—1,2y -+, V0,2, Z2 + V1] 7, (25)
@ =[0,Vm—12,---,00,2, Z2 + V1] ™. (26)

In the above equations, €2, v; 2 and &; 2 denote the second entries of €, v; and &; respec-
tively, € is the estimation error defined in (28).
With the above filters, a state estimate is given by

T=£6+0Q70 (27)
and the estimation error € is defined as
e=x— % (28)
From the equations (5), (13), (14), (27) and (28), the estimation error satisfies
é = Age + O, (y)d(t)T — QT6. (29)

Remark 1 The error e will be used in our design and analysis given later. As the
disturbances and derivatives of time-varying parameters appear in (29), their effects
should be considered in controller design. However for the state-feedback control in [6],
no filter is required for state estimation. Their effects may not be necessarily considered
in controller design and this makes the problem much simpler.

We now divide the error € into two parts, i.e. € = ¢, + €, where ¢, satisfies

g = Ageq + Py (y)d(t)T (30)

t .
with €,(0) = €(0), and e, = [T (—QTd)dr. Tt can be shown that
0

t
leo]| < / e =D 192 116 dr
0 (31)

t

t
<q / et | dr < q / ey 0 dr,
0 0

where \g and ky are chosen positive parameters so that

kge=20t > |ledot||, Vi >0. (32)
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Thus ¢, satisfies
les| < R(t)q, (33)

where h(t) is generated by
. , 1
h=—-Xoh+kol| | + 1) (34)

Suppose P € R™ ™ is a positive definite matrix, satisfying PAy + AT P < —3I and
let
V. = €} Pe,. (35)

It can be shown that

V.

€r (PAg + Aj P)eq + 265 PO, (y)d(t)T (36)
< =2eal® + | PRa(y)d(t) ">

The problem of this paper is to design an adaptive controller to make system (1) BIBO
stable.

3 Control Design

In this section, we present the adaptive control design using the backstepping technique
with tuning functions in p steps. In order to avoid using the sign of the high frequency
gain, we take the change of coordinates

2=y =y, (37)
Z2i = Um,i — ®i—1, i:2737"'7p7 (38)

where a;_1 is the virtual control at each step and will be determined in later discussions.
Before presenting the detail, a useful function is introduced. Firstly we define s(z) as

() = { ? |z| > 6, (30)
TV -2 422 2] <6,

where § is a positive design parameter. It can be shown that s(z) is (p — 1)-th order
differentiable and bounded below for |z| < §. Based on s(z), a function H(z1) is defined
as follows

Da(y)

|z1] > 6,
o %) 2
T 2, i< (40)

[CEEE T

Clearly H is well defined and for |z1] < 4, H is bounded as s(z1) is bounded below.

Remark 2 In [3], a similar function to (40) was used to design controllers for distur-
bance decoupling. However, the function is undefined at the time instants when y = y,..
Thus, the controller presented is undefined at these time instants.
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From (36) and (40) it can be shown that
; 2, 14 4, 1 4
Ve < ~2leall® + s I PH| + L0 (an)

We now illustrate the backstepping design procedures using Nussbaum gain with details
given for the first two steps.

Step 1 It follows from (21) and (37) that
21 = bpUma + B+ 00 + €2 + d(t)Pa1 (y) — Y- (42)
Without using the sign of b,,, the following virtual control law «a; is designed
a1 = N(x)ae 't (43)
N(x) = exp(x?) cos gx, (44)

where f is a positive real design parameter, x is generated by
).( = 210_41 (45)
and & is chosen to be

a1 = (c1+ 0+ (50 +8+0"0 — g,

1 | (46)
+ k%G + 121”‘1’(11(3/)”2 +y g2183(21)||PH||47
i=1 "

where ¢; and [; are two positive real design parameters, 6 and G denote the estimates of
# and ¢g. Notice that

bm’Um)g = bm(ZQ =+ 041) = I;mZQ + by + BmZQ, (47)

where by, = by, — by, by is the first element of 6, i.e. by, = elTé. Then from (42) and
(46) we have

2:'1 — O_él = —(Cl + ll =+ l;?n)zl =+ ((.DT =+ 226?)5 + 6a72 =+ 6b,2 — Zlh2q + BmZQ + meél

£ (48)

1 1
+dO)ar(y) - 20w~ Y o asIPH
i=1 "

where 6 = 6 — é, €q,2 and €p 2 represent the second entry of €, and €,. To proceed, we
define the Lyapunov function

1

1 1= <1
Vi==224+ 0T 10+ =42
1 221 + ) + -q° + 411

2
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where T is a positive definite matrix of R("1t2)%("+2)  Then the derivative of V; along
with (41), (43) and (48) is given by

. ~ . A . 1 .
Vi=21(% —a1)+za; + 00710 — 6) + GG + UVE
1

~ ~ ~, “ 1
< —(Cl + bfn)zf + by z122 + HTF_I(Tl — 6‘) - 112’12 + €q,221 — _2l ||6a||2
1

. . 1 (50)
+ €p221 — @4 — h2qu +d(t)Pa1(y)z1 — Zz%H(I)al (y)||2 4+ b2 + a2
+ Ls4||PH||4 - i i2233||PH||4 + L||d(1€)||4 +6Tr19
8l ~8l;"" 8l ’
where
T = le(@+2261). (51)
Here we know that
ev,221 — h*427 < hglz1| — h*Gz7 < q(h?2F +1/4) — h*4z7 = h*g=7 + % '
Then we can get
Vi < (b N(x)e Ht+1)x — 1224+ 0T (r — é)
_ LIRS SE R (52)
+q(t —q) — 4—ll||€a|| T 15t M,
where
n = h?zf, (53)
My = A2 + —[ld@)]* - ij L PHP T e N, (59
81, 28I, TR
07 |Zl| Z 67
N=¢ & 1 55
35 (2 = RSN PHIY, | <0 (35)
i=1 8l

From (40) we know that N is bounded.

Step 2 Now, we evaluate the dynamics of the second state zo. Differentiating (38)
for i =2 and using (22), we have

2’2 = Um,3 — kz’l)mJ — dl. (56)

Note that «; is a function of y, 0, q, &, 2, A, x and ¥, and following from similar analysis
to [7] by substituting (38) with ¢ = 3 into (56), we get

. 80&1 T 80&1 TA 80&1 ~ 8041 .
2o =an — P 2y (62 +w 0+ d(t)q)al(y)) + 23 oy w b 50 0 2 q, (57)
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R am am s day . oy
B2 = kavma + ﬁ + o+ Z (=kjA 4+ A1) + o ——yr + By (58)

where II = [¢T, Vec (2)T]T. Define the Lyapunov function and choose the virtual control
for this step as

1, 1
V2_V1+522+EV€’ (59)
1 Jar ¢ Oay 5 .|| 01
=_ - ——wlty— . — 2oh7q||—=—
Qg <C2 + 4>Z2 + oy w ‘ 20 z2 By (60)
day 2 9 0o 2 Oay ?
— —_— —l - —(I)a )
29 a4 ty — 1l 3y 22 + B2 3y 1(y)
0
T2 = T1 —Faiylwz% (61)
80&1
lg = L1 —+ h2 621 g (62)
Using (52), (59) and (60), we have that
. 1.
Vo <Vi+ 2020+ Ve
415
2 2 1
=iz + (b NO)e " + )X + 2025 — Z apleall® + M
i=1 i=1 "
- A O ~ o 2
HOTT = 6) - W 3| 2 e - Il
o — g) + 12| 2 "2 4+ 22|22 s aa1 0
— — | =

2 .
- Z iz + (b N(x)e T+ 1)x + 2023 + 0T (2 — 0) + (12 — §) + My
i=1

+22

~ 8@ 22 2 1
e -t + (%) - ) - > gl

8041
6

where

2 P
1 1 1 1
My = Zg—li||d(t)||4 +2|d(t)||* - Z L sY|PH|*+ 07710 4 = 5+3 ¢+ N. (64)

Remark 3 Note that My contains s*||PH||* and this term may not be bounded. As
seen from our analysis, g-s*||PH||* disappears in Mp due to the use of V; at step 2. If
we use V. at each step, this term will disappear in M, on the last step.
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Step i (i =3,...,p) These steps are similar to those in [7]. Define

1, 1
‘/1—‘/1714'521 +4_h‘/€, (65)
Oavi_q 2 Oavi_q TA zi || Qi1 2
i=—cizi—1; P = Zi— ; 0—— o,
e ciz 9y Zi — 2zi—1+ Bi + 9y w 1| oy 1(y)
Oai—1 2 2 (il 2 Oay—1 2> T Oa;_1
— Zi = i~ + z — Ti + Ti I' —— 66
| I+ (2|5 | )+ e (66)
Oai—1 2 2 - 2 Oag_1 2 T,2 Oa;_1 2
—Z ; — i Flic) R ——|| %
9 ' ;zk 9% (i +tiz1) 9y
— 2h24 dai—
T 8y )
Ooy;—
Ti = Ti—1 — I C:;y Loz, (67)
Li = Li—1 + h,2 8ai71 : 2 (68)
Oy v’
where
Ooi 1, O o1 . WA daig Oaj—1 .
z—kim II r —(=k; A\ s —v. (69
B Um,1+ ay B+ oI + . ; o, (=kjA1+Aj41)+ x X (69)
Also note that
||TiH2 = TiTTi = TiTTi - TiT_lTi—1 + TiT_lTi—l =(n+ Ti—l)T(Ti —Ti—1) + TiT_lTi—l
day;—
= (1 + 1i1) T 2 oz + 78 7, (70)
Lz:(bi+bi_1)Th2 % 22+L2 1-
(2 ay K2 11—
Then the actual adaptive controller is obtained and given by
u(t) = ap - vm,erlv (71)
6 = Proj (Tp), (72)
g =Proj(cp), (73)

where Proj(-) is a smooth projection operation to ensure the estimates belong to com-
pact sets for all time. Such an operation can be found in [7].

Remark 4 Note that the designed tuning functions are different from existing schemes
in [7] as the projection operations are used in the parameter estimators.
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By using the properties that —TT~! Proj (1) < —0™T 1 and Proj (7)Y Proj () <
717 the final Lyapunov function V,, satisfies

p
_chz}’%"'(bm (x)e ft+1)X+M Z ”511”2
k=1

p

80% . .
#0Ty =Proi ) + (32 4F|7 ) Bros ()7 e )~ )
k=
(74)
~ . - Oag—1 2 . 2 2
#aly = Proi )+ (3223 ) ) Proi )7 - 2)
k=2
P ; rq
<= e HhmN(Oe X+ X+ My =Y el
k=1 i=1 '
where
1 ~ . p—1 p —
28— O+ plld@* + 6T+ o=+ Ta + N (75)
Integrating both sides of (74) over the interval [0, ¢] gives
t t o, t t
/Vpe-deT < —/chziedeT—f—/me(X)XdT+/X€deT
0 0 k=1 0 0 (76)
t o
+/MpedeT_/Z4_ lea| 2! dr.
0 0 =
Note that Vi < ||P|||l€a]|*. Then
21
_\"1.2 AT -1 7
Vp—z2k+ 7 N 9+ +Z4l
k=1
) (77)
1 JT—15 e 2
<> g+ 9 r- 9+ +Z -[IPlllleal
k=1
This yields
t t
0<V,(t) <V,(0)+e jt/me(X)XdT—i—/ FE=7) g7
0 0 (78)
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1
where f = min{w,chﬂcQ, .. .,2@,,} > 0. Due to the utilization of projection
2

operations for 6 and q, the boupdedness of 6 and q can be guaranteed. Together with
the boundedness of d(t), ¢ and 6, the boundedness of M, and

[

can be guaranteed. Thus by comparing with (4), fo is selected as the upper bound of

l\3|"\-..

10+ e /dr + /M,,e*f“*f)dT

/f (0TT 10 + ¢2)e~ - T)dT—l—/Me FOdr, g1 = by,

and f; = f. Using Lemma 1, we can conclude that V,(t) and x(t¢), hence z;, (i =
1,...,p) are bounded. Finally, the stability of the whole system can be established as
in [7].

To conclude this section, the results established are presented in the following theorem.

Theorem 1 Consider the uncertain time-varying nonlinear system (1) satisfying
Assumptions 1—/4. With the application of the controller (71) and the parameter updating
laws (72) and (13), the resulting closed loop system is BIBO stable.

4 A Simulation Example

In this section, the proposed design method is illustrated on the following simple linear

system
a1 (t) = w2(t) + 01 (t)y(t),
La(t) = b(t)u(t) + d(t), (79)
y(t) = 21(2),

where 601(t) = 1+ sin(t), b(t) = 1+ exp(—t), d(t) = cos(t) are unknown timevarying
parameters in the controller design. The objective is to control the system output y(t)
to follow a desired trajectory y,(t) = sin(t) + sin(2t). The filters are implemented as

€ = Aol + ky, (80)
).\ = Ao)\ —|— €a2U, (81)
E=AE+T, U=[yo, (82)
=k 1
a=[1]. -

The control law oy in (43), u(t) in (71), and the parameter update law 6 in (72) are used
with 6 = [b 91]T. The design parameters are chosen as ¢; =co =5, ' =15, 1 =1l =2,
ki = 6, ks = 8. The initials »(0) = 0.1, 6(0) = [0.2 0.5]7 and others are set to zero.
The simulation results presented in the Figure 4.1 show the system output y(¢) and the
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25 T T T T T

Output y(t) (--) and reference yr (=)

2 I I I I L
[¢] 2 4 6 8 10 12 14 16 18 20

t(sec)

Figure 4.1. Output y(——) and trajectory y,(—).

Input signal u(t)

|
2 4 6 8 10 12 14 16 18 20
t(sec)

Figure 4.2. Control signal u(t).

desired trajectory signal y,(t). Figure 4.2 shows the control signal u(t). Clearly, these
simulation results verify that our proposed scheme is effective.

5 Conclusion

In this paper, a scheme is proposed to design an adaptive output-feedback controller for
uncertain time-varying nonlinear systems with unknown sign of high-frequency gains in
the presence of disturbances. No growth conditions on system nonlinearities are imposed.
In the design, certain well defined functions are used to cancel the effects of disturbances.
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To deal with the time variation problem, an estimator is used to estimate the bound of
the variation rates. Furthermore, the overparametrization problem is also solved by
using the concept of tuning functions. It is shown that the controller obtained by the
proposed design scheme can make the whole adaptive control system stable. Simulations
performed on a simple system also verify the effectiveness of the proposed scheme.
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