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Abstract: In this paper, by using fixed point theorem, the problem of ex-
istence of the nonoscillatory solution for a class of neutral delay difference
equations with both positive and negative coefficients has been investigated.
Under the assumption of third order, a sufficient condition is proposed for the
existence of the nonoscillatory solution. Further studies on the underlying
problem have also been conducted.
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1 Introduction

In recent years, there are many scholars who have devoted their researches to the dif-
ferential equations with positive and negative coefficients and obtained some interesting
results, see for example, [1—8] and the references therein. At the same time, the research
on difference equations with positive and negative coefficients is getting people’s atten-
tion and is becoming a new field of research [9—12]. In [12] the existence of positive
solution of the second order difference equation with positive and negative coefficients
was studied. In this paper we consider the third order equation

A3[z(n) + pr(n — 7)] + Ri(n)z(n — §1) — Ra(n)x(n — d3) =0 (1)
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where p € R, 7 € {1,2,...}, 61,02 € {0,1,2,...}, {R1(n)}, {R2(n)} are positive real
sequences, and satisfy

—+oo
> n’Ri(n) < 400, i=1,2. (2)
n=1

The related conclusion in [12] is generalized in this paper to the case of third order
equations. A sufficient condition for the existence of the positive solution of the equation
(1) is obtained.

For simplicity, we list basic conceptions and symbols as follows:

A symbols for the forward difference operator, say Ay(n) =y(n+ 1) — y(n);

Z symbols for the integer set and R for the real numbers set.

Assume a € Z and let N(a) = {a,a+1,...}, N = N(0). For any given a,b € Z
and a <b, let N(a,b)={a,a+1,...,b}.

The solution of the difference equation (1) is called eventually positive if there exists
a positive integer M such that z(n) > 0 for n € N(M). If there exists a positive integer
M such that z(n) <0 for n € N(M), then is called eventually negative.

The solution of the difference equation (1) is said to be oscillatory if it is neither
eventually positive nor eventually negative. Otherwise, it is called nonoscillatory.

2 Main Results and Proofs

Theorem 2.1 Suppose
“+o0
(i) > n?Ri(n) < +oo, i=1,2, n€ N(ng); (3)
n=1

(ii) there exists a positive integer Ty which is sufficiently large such that, for any
a >0, when n > Ty, we have

alRy(n) — Ra(n) = 0; (4)

(iii) p# +1. (5)

Then the equation (1) has an eventually positive solution.

Proof Let Lo denote the set of all the bounded real sequences x = {z(n)} on
N(ng), define the norm ||z|| = supz(n), then L forms a Banach space. There are four
situations to be contemplated:

Case 1: 0<p< 1.
From (3) and (4), we select a positive integer n; > max{T1, no + 6} which is large
enough, where 0 = max{r,d1,d2}, such that

+oo
Y n’[Ri(n) + Re(n)] <1-p, (6)
+oo
0< > n’[MaRi(n) — MiRa(n)] <p—1+ My, (7)

n=niy
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where M;, M, are positive constants and satisfy

Let
A={r € Lo: My <z(n) <My, ne N(ng)}.

It is clear that A is a bounded closed convex subset on L.
Define a mapping T: A — L, as following:

1—-p—px(n—71)+
Tam)={ 3 Cry(Ruls)a(s — 81) — Ra(s)a(s — ), n = mi,

S=nN

T:C(nl)a ng <n < ni.

203

(10)

Now we shall prove that T' is a self-mapping on A where there are two situations to

be contemplated:

Case 1-a: n > ny.
For any = € A, from (9), (10), we find that

—+oo

Ta(n) =1—p—pe(n—7)+ 3 C2y_ (Ruls)e(s — 51) — Ra(s)a(s — 62))

sS=n

—+o0
<l-—p+ Z 82(R1(S)M2 - RQ(S)Ml),

therefore from (7), we have
Tx(n)<1l—p+p—1+ My = Ms.

From (4) we have

“+o0
> C2o (Ru(s)a(s — 61) — Ra(s)a(s — 62))

= 5 x(s—4d1)
=3 C2, ,x(s—02) le(s) — Ra(s)| >0.

Hence we also have
Tz(n) >1—p—px(n—71).
Since 0 <p <1, from (8) and (9), we get

Txz(n)>1—p—pMy > M.

Case 1-b: ng < n < nj.
For any = € A, from (10) we know that

Txz(n) = Tx(ny)
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and from (11) and (12) we obtain
Ml S T:c(nl) S MQ.

Hence we have

Considering the two cases of a and b, for any x € A, we have
M1 S Tx S Mz.

Hence, Tx € A, namely T is a self-mapping on A.
In what follows, we shall prove that 7" is a contraction mapping on A where there are
also two situations to be contemplated:

Proof of Case 1-a. n > nj.
For any x1,z2 € A, we have

+oo
[Toa(n) = s = | =yl = 7) + Y- Cey u(Rr(s)n (s 61) = (o) (s = )
+oo
+pra(n—1) =Y Ol (Ri(s)wa(s = 61) = Ra(s)wa(s — b2))
+oo

<|=pri(n—7)+pra(n — 1)+ Y CZy  Ri(s)|z1(s — 61) — 2(s — 61)

+oo
+ Y C2o  Ra(s)ai(s — 62) — wa(s — 62))-

Hence from (5), we have
+oo
|Tz1(n) — Tx2(n)| < {p +) C2, L (Ri(s) + Rz(s))] |21 — 2|

+oo
< |pt 2000+ alo) | i =

Then from (6), there exists 0 < ¢; < 1, such that
[T1(n) — Tz (n)| < qifler — 22|,

Proof of Case 1-b. ny <n <nj.
From (10), we also have

|T21(n) — Taa(n)| = [To1(n1) — Taa(m)| < qifler — 22||.
In both the cases of a and b, for any x1,x2 € A, n > ngy, we have

[Ta1(n) = Tz (n)| < qifler — 2.
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So T is a contraction mapping on A.

On summarizing the above cases we can conclude from the Banach contraction map-
ping principle that there exist a fixed point « of T on A, namely Tz = x, where = x(n)
satisfies

1—p—px(n—7)+
+oo

Txz(n) = Z: C2 o (Ri(s)x(s — 61) — Ra(s)z(s — 02)), n>ny,
Tx(ni), ng <n<nj.

From this, the fixed point x(n) is a positive sequence. Differentiating three times the
above expression, we get

A3[z(n) + pz(n — 7)] + Ri(n)x(n — 61) — Ra(n)z(n — d2) = 0.

Hence this fixed point x(n) is a positive solution of the equation (1).

Case 2: 1 <p.
From (3) and (4), we select a positive integer ny > t1 > ng which is large enough and
satisfies
Nno +7 ="ng + max{&l, 62}

such that
1 X 1
=Y n’[Ri(n) + Ra(n)] < 1— -, (13)
P, p
—+o0
> n?[MyRi(n) — MsRy(n)] < 1— p+pMa, (14)
n=ns3
where M7, M, are positive constants and satisfy
(I1-—M3)p>1+ My, p(l-— My <1 (15)
Let
A={zr € Lo: Ms<z(n) <My neN(n}. (16)

It is clear that A is a bounded closed convex subset on L.
Define a mapping T: A — L, as follow:

1—1 —lx(n—i-T)—i-
p D
_ oo
fem = 21? > Clio o (Ri(s)x(s — 01) — Ra(s)x(s — 02)), n > no, 4
s=n—+T1
Tx(”?)v no S 7% ma.

In the following, we shall prove that T is a self-mapping on A. Here there are still two
situations to be discussed:

Case 2-a: n > ns.



206 X.-Z. ZHONG, H.-L. XING, Y. SHI, J.-C. LIANG, AND D.-H. WANG

For any = € A, from (16), (17) and p > 1 we find that

11 1 X
Ta(n)=1-— o ]_Dx(n +7T) = Y Clio i (Ra(s)z(s — 61) — Ra(s)a(s — 62))
s=n+T1
11 X
<l—-+4+- Z 82(R1 (S)M4 — RQ(S)Mg)
p p s=n-+T
and therefore, from (14) ,we have
1 1
Tz(n) < 1—1—74— (1—p+ My) = M,. (18)

Since from (4), we have

Z Clian—r(Ri(s)x(s = 61) = Ra(s)x(s — 62))

s=n—+T1

= 3 Craeto )W n) - mato)] 20

s=n—+T1

Hence we also have L1
Tz(n)>1—=——z(n+1).

p D
Since p > 1, from (15) and (16), we get
1 1
Ta(n) >1— = — My > Ms. (19)
p p

Case 2-b: ng < n < ns.
For any = € A, from (17) we find that

Txz(n) = Tx(ng).
Then, from (18) and (19) we obtain
M3 S TCC(TLQ) S M4.

Hence
M3 < Tx(n) < My.

Based on the two cases of a and b, for any = € A, we have
M3 < Tx < Mjy.

Hence Tz €A, namely, T is a self-mapping on A.
In what follows, we shall prove that T is a contraction mapping on A where following
two situations need to be discussed.

Proof of Case 2-a. n > no.
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For any x1,x2 € A, we have

|T2z1(n) — Txa(n)]

1
= ‘ —1—?131 n+T Z Cs+2 n— 7— ( )3:1(8—51) _RQ(S)I1(5_62))
s=n—+T1
1 1 =
+p$2(”+7 —= Y Clio i (Ri(s)wa(s — 61) — Ra(s)wa(s — 62))
s=n—+T1
1 1
g’——xl(n—i—T)—i— —xz3(n+7) Z CZi o Ri(s)|21(s — 61)
p p s=n-+T
1 X
—wa(s =)+ = Y Clio i Ra(s)wi(s — 62) — wa(s — 6)-
s=n—+T1

So from (5) we have

[Toa(n) = Taa(o)] < |54 1 S (o) + Ra(o) 1~ ]

s=n—+T1

+o0
<lats S R+ Ralo)| o - ol

p p s=n-+T

Then, from (13), there exists 0 < g2 < 1, such that
|T21(n) — Twz(n)| < g2l|z1 — 2.

Proof of Case 2-b. ny < n < nas.
From (17), we also have

|T1(n) — Tz (n)| = |Tx1(n2) — Twz(nz)| < ga2flz1 — 22
Considering the cases of a and b, for any x1,z2 € A, n > ngy, we have
|Tz1(n) — Txa(n)] < goflzy — 22|

So T is a contraction mapping on A.Based on the above discussion we can conclude from
the Banach contraction mapping principle that there exist a fixed point x of T on A,

namely, Tz = z, where © = {z(n)} satisfies

Tz(n)=q 1 *f C2s o (Ra(s)a(s — 1) — Ra(s)a(s — 62)), n > na,

Tz (n2), ng <n < no.
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Therefore this fixed point {x(n)} is a positive sequence. Differentiating three times the
above expression, we get

A3 [(n) 4+ px(n —7)] + R1(n)x(n — d1) — Ra(n)xz(n — d2) = 0.

Hence this fixed point {x(n)} is a positive solution of the equation (1).

Case 3: —1<p<O.

From (3) and (4), we select a positive integer ng > max{Ti,ng + 0} where 6 =
max{T, 1,02}, such that

+oo
Z n?[Ri(n) + Ra(n)] < p+ 1, (20)
0< Z [MgR1(n) — MsRz(n)] < (p+1)(Mg — 1), (21)

n=ns

where M5 and Mg are positive constants and satisfy
0< M5 <1< Ms. (22)

Let
A={r € Lo: Ms<z(n) < Mg, nec N(ng)}. (23)

It is obvious that A is a bounded closed convex subset on L,
Define a mapping T: A — L, as follow:

1+p—pz(n—1)+
Txz(n) = -g:o C§+27H(R1 (s)x(s — 01) — Ra(s)x(s — d2)), n > ns, (24)
Tx(n3)a ng < n < ns.

We shall prove that T' is a self-mapping on A where the following two situations are to
be discussed.

Case 3-a: n > ns.

For any = € A, from (23), (24), we find that

—+oo

Ta(n) =14 p—pa(n —7) + ) Coy_,(Ra(s)z(s — 61) — Ra(s)a(s — 62))
+00 B
<1l4p-— pM(H’Z (s)Me — Ra(s)Ms)
and therefore, from (21), we have
Tx(n) <1+p—pMs+ (1+p)(Ms— 1) = M. (25)

From (4), we have
—+oo

> s*(Ra(s)Ms — Ra(s)Ms) > 0.

s=n
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Hence, from (22) and (23), we have

Tx(n) > 14+p—pMs = (1+p)— (1 +p)Ms+ M;

— (14 p)(L— M) + My = . 20

Case 3-b: ng < n < ns.
For any = € A, from (24) we find that
Txz(n) = Tx(ns).
Then, from (25) and (26) we obtain
M5 < Tx(ns) < Mg.

Hence

In both cases of a and b, for any =z € A, we have
Ms <Tx < Mg,

namely, Tx € A. Hence, T is a self-mapping on A. Now we shall prove that T is a
contraction mapping on A under the two situations bellow.

Proof of Case 3-a. n > ns.
For any x1,x2 € A, we have

|Tz1(n) — Tza(n)|

+oo
= ‘ —pri(n—7)+ > C2s ,(Ri(s)z1(s — 61) — Ra(s)w1(s — b2))
+oo
+pa(n—1) =Y Ol (Ri(s)aa(s — 61) — Ra(s)za(s — 62))]
+oo
<|=poi(n—71)+pra(n — 1)+ Y CZ, ,Ru(s)|z1(s — 61)

+oo
—wa(s = 01)| + Y C2io , Ra(s)]ar(s — 02) — wa(s — 62))-

sS=n

Hence from (5), the following inequality is hold

+oo
[Tor(n) = Toato)] < [+ 3 G (Fa(s) = Fa(o)| s = ]

sS=n

IN

= is%ms) - Ra(s)| s = o]
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According to (20), there exists 0 < g3 < 1, such that
[Tz1(n) — Taz(n)| < gsllzr — 22|

Proof of Case 3-b. ny < n < ns.
From (20), (24) we have

|T21(n) — Taa(n)| = [Tx1(ns) — Taa(ns)| < gsflar — 2.
In both cases of a and b, for any z1,z2 € A, when n > ng, we have
|T21(n) — Taz(n)| < gsl|z1 — 2.

So T is a contraction mapping on A. Based on the Banach contraction mapping principle
we know that there exist a fixed point 2 of T on A, say, Tax = x, where = = {z(n)}
satisfies

1+p—px(n—7)+
+0oo

Tz(n) = Z: C§+2_n(R1(s)x(s — 1) — Ra(s)x(s — 02)), n>mns,
Tz(ns), ng < n < ns.

Thus this fixed point {z(n)} is a positive sequence. Differentiating three times the above
expression, we get

A3z(n) + pr(n — 7)] + Ri(n)xz(n — §1) — Ra(n)z(n — &).

Hence, this fixed point {x(n)} is a positive solution of the equation (1).
Case 4: p< —1
From (3) and (4), we select a positive integer ny4 > Ty > ng which is large enough to
satisty
ng+7>n9+ max{&l,éz}

such that
+oo
Z n?[Ri(n) + Ra(n)] < —p—1, (27)
+oo
> n?[MgRy(n) — MzRa(n)] < (p+ 1)(M7 — 1) (28)

where M7, Mg are positive constants and satisfy
0< M; <1< Ms. (29)

Let
A={z € Ly: M;<z(n)<Ms, n€ N(ng)}. (30)

It is obvious that A is a bounded closed convex subset on L.
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Define a mapping T: A — L, as follow:

1 1
1+——5;v(n+7')+

= 119 S oo (Rals)a(s — 1) = Ro(s)a(s — 2)), n >, ey
s=n-+r
Tx(ng), ng < n < ng.

We shall prove that T is a self-mapping on A under the following two situations.

Case 4-a: n > ny.
For any = € A, from (28), (30), (31) and p < —1 we find that

1 1
T()—1+——§LL’TL+T Z Cs+2n7' ().’L’(S—él)—RQ(S)JJ(S—ég))
s=n—+T1
11 1 =
>1+——§M7+— Z CSJrQ n— T(R1(S)Mg—R2(S)M7)
s=n—+T1
11 =
>14+—-——-M;+ - Z (Rl( )Mg—Rg( )M7)
p P ps:n+7'
1
>14+——-M;+—(p+1)(M7 - 1) = My
(32)

Since from (4), we have

+o0
> Co i (Ru(s)(s — 61) — Ra(s)a(s — b2))

s=n-+T1

Z Csz+2 n—rL 52) [%R](S) — RQ(S) 2 0.

s=n—+T1

Hence, from (29), (30), we have

11 1,
Ta(n) =14 = zn+7)+ 2 Y Clia i (Ri(s)a(s — 61) — Ra(s)x(s — b2))

s=n—+T1

1 1
<14 = —=-Mg < Ms.
P p
(33)

Case 4-b: ng < n < n4.
For any = € A, from (31) we find that

Tx(n) = Tx(ng).
Then, from (32) and (33) we obtain

M7 S TCL'(TL4) S Mg.
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Hence, we have
M7 < Tzx(n) < Ms.

In both two cases of a and b, for any = € A, we have
M7 <Tx < Msg.

Hence Tx € A, namely, T is a self-mapping on A. We shall prove that T is a contraction
mapping on A as bellow.

Proof of Case 4-a. n > ny.
For any x1,z2 € A, we have

|Tz1(n) — Tze(n)]

“+oo
- } - %xl(n +7)+ 1 Z C2iopr(Ri(s)z1(s — 61) — Ra(s)a1(s — 02))
s=n—+T1
1 1 =
+ Eﬂﬁz(n +7)— = Z CZionr(Ri(s)a2(s = 61) — Ra(s)za(s — 62))
s=n+T1
1 1 1 X,
< ‘ —=ri(n+7)+ —z2(Nn+T)| — = Z s Ru(s)laa(s = 0) = wa(s — o)l
p p s=n+T
1 X
_Z Z $2Ry(s)|x1 (s — 62) — w2(s — &2
s=n—+T1
< {_ 1.1 Jf s2(Ry(s) + Rz(S))} 21 — 22|
- p p

s=n-+T
and from (27), we know
+oo

Z 82(R1(8) + RQ(S)) < 1.

s=n-+T

D=
"=

Then, there exists 0 < g4 < 1, such that

[Ta1(n) — Twz(n)| < qallzr — 2.

Proof of Case 4-b. ng < n < ny.
From (31), we also have

|T21(n) — Taa(n)| = [To1(na) — Taa(na)| < qaflzr — 22].
In both cases of a and b, for any x1,z2 € A, n > ng, we have

|T$1 — T$2| S C]4||$1 — $2||
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So T is a contraction mapping on A. Based on the above analysis, we can conclude from

the Banach contraction mapping principle that there exist a fixed point x of T on A,
namely, Tz = z, where © = {z(n)} satisfies

1 1
1+-——-z(n+71)+
p p

_ +00
Te() = 2 5% 02, 0 (Ra()als — 1) — Ra()a(s — 82), > ma
D s=n+r
Ta(ng), ng < n < ny.

From this, the fixed point {z(n)} is a positive sequence. Differentiating three times the
above expression, we get

A3[x(n) + pr(n — 7)] + Ri(n)x(n — §;) — Rex(n — 62) = 0.

Hence, this fixed point {x(n)} is a positive solution of the equation (1). Therefore the
theorem is proved.

3 Conclusions

Under the conditions of third order, this paper studies the existence of the nonoscillatory
solution of the neutral delay difference equation with positive and negative coefficients
and gets a sufficient condition for the existence of the nonoscillatory solution. We can
find that the similar results of the second order difference equation in the literature [12]
have been successfully extended to the third order one. This will naturally urge us to
consider whether the high order one has the similar results. When we study this problem,
the way applied in this paper can be helpful to us.
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