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Abstract: In the paper a new approach is developed for stability analysis of
motions of dynamical systems defined on metric space using matrix-valued
preserving mappings. These results are applicable to a much larger class
of systems then existing results, including dynamical systems that cannot
be determined by the usual classical equations and inequalities. We apply
our results in the stability analysis of hybrid systems in general and two-
component hybrid systems.
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1 Introduction

This paper presents an approach to stability analysis of dynamical systems determined in
metric space. The method of analysis of invariant sets of dynamical systems was proposed
by Zubov [11] on the basis of generalized direct Liapunov method. In our approach
a generalized comparison principle is used together with the idea of multicomponent
mapping (cf. matrix-valued Liapunov functions [5, 6]).

In the present paper, we first developed a matrix-valued preserving mapping for sta-
bility analysis of general dynamical systems defined on metric space. To accomplish this,
we utilize, as in our earlier work (see [7]), stability preserving matrix-valued mappings.
We use the above results to establish the principal Lyapunov theorems for dynamical
systems on metric space. Finally, we analyze a class of hybrid systems, using some of
these results with particular application to two-component hybrid system.
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2 Basic Concepts and Definitions

Let X be a set of elements (no matter of what nature) and a measure p(x,y) be defined
for z, y € X. The Definitions 2.1-2.6 presented here follow in the spirit of the works
[1,2,9,11] even if some of the formulations are different.

Definition 2.1 (X, p) is a metric space if the following conditions are fulfilled for
any z,y,z € X:

1) p(z,y) >0,

) pl,y) =0z =y,

3) plx,y) = ply,z),

4) p(z,y) < p(z,2) + p(y, 2),

and

\)

(
(
(
(

additionally, for any Xy C X, p(z, Xo) = in}f{’ plx,y).
yeXo

Definition 2.2 A metric space (T, p) is called a temporal space if:
(1) T is completely ordered by the ordering “<”;
(2) T has a minimum element ¢y, € T, i.e. tmin < t for any ¢ € T, such that ¢ #

tmin;

(3) for any ti,to,t3 € T such that t; < ¢t < t3 it holds that

p(t1,t3) = p(t1,t2) + p(t2,t3);

(4) T is unbounded from above; i.e., for any M > 0, there exists t € T such
that p(t, tmin) > M.

Definition 2.3 Let (X,p) be a metric space with a subset A C X and let (7, p)
be a temporal space with subset T'C R, . A mapping p(-,a,70): T4, — X is called a
motion if p(79,a,70) = a, where a € A, 10 € T and T, ,, = [r0,71) NT for 7 > 70,
with 71 being a finite value or infinity.

Definition 2.4 Let T, , x {a} x {70} — X denote the set of mappings of T, -, X
{a} x {7} into X, A = U ryeaxrTam % {a} x {70} — X) and S be a family of
motions; i.e.,

SCA{p(-,a,70) € A: p(r0,a,70) = a}.

Then the four-tuple (T, X, A, S) of sets and spaces is called a dynamical system.

Note that Definition 2.4 possesses some generality. Specifically,

(i) if X is a normed linear space and every motion p(7,a,79) is assumed to be
continuous with respect to 7, a and 79, then Definition 2.4 corresponds to the
concept of a family of motions in Hahn [3];

(ii) under some additional conditions imposed on p(7,a, 7o) (see [11], pp.183-184),
Definition 2.4 reduces to the concept of a general system introduced by Zubov.

In what follows, we consider dynamical systems satisfying the standard semigroup
property
p(TQa p(Tla a, 7-0)) = p(TQ + 7, a, TO)

for all a € A and any 71,7 € Ry.
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Definition 2.5 A dynamical system (R, X, A,S) is called continuous if any of its
motions p € S is continuous; i.e., any mapping p(-,a,70): Tar, — X is continuous.

Let (X1,p1) and (X2, p2) be metric spaces, and let (R4, X1, A1,51) be a continuous
dynamical system. We assume that the space X; is a Descartes product of spaces
X11, X2, ..., X1m, on which the multicomponent mapping (see [7])

U(t,I)Z TXX11><X12><...><X1m—>X2 (1)

is acting.

It is assumed that the mapping U: Ry x X171 X X192 X...X X1, — X3 has the following
properties: for any motion p(-,a,tp) € S1, the function ¢(-,b,to) =U(-, p(-, a,to), )
with initial value b = U(to,a) is another motion for which T, ¢, = Tpy,, b € Az C Xo.

Let S5 denote the set of motions g determined by initial values a € A; and ty € Ry.
Then (R4, X2, A2,S52) is a continuous dynamical system.

The mapping given by (1) induces a mapping of S; into Si, denoted by 9; i.e.,
Sa = M(S1). Moreover, we denote by M; C A; and My C Ay some sets invariant
under S7 and S5, respectively. The set Ms is then defined by the formula

MQZU(R+ XMl)Z{LL'Q e Xy $2:U(t/,$1)
for some z; € My and t' € Ry,}.

(2)

In what follows, we consider continuous dynamical systems (R4,Xi,A1,S1) and
(R4, X2, Ag, So) with invariant sets My C Ay and Ms C As, respectively.

Definition 2.6 Multicomponent mapping (1)
U: R+><X11XX12X,...,><X1m—>X2 (3)
preserves some type of stability of a continuous dynamical system if the sets

SQ = m(sl) £ {q( ' abv to): q(tabv tO) = U(ta p(t,a,to)),
p(-,a,to)esl, neR™, b="U(ly,a), (4)
Tb,to = Ta7t0, a € Al, to € R+}

and My (see formula (2)) satisfy the following conditions:

(1) the invariance of (S7, M7) is equivalent to the invariance of (S2, Ma);
(2) some type of stability of (S1,M7) is equivalent to the same type of stability
of (SQ, MQ)

3 Sufficient Conditions for Stability of Dynamical System

Note that the mapping U induces a mapping M: S; — So, that preserves some types
of stability of (S1, M) and (Sa, U(R4+ x My)).
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Theorem 3.1 Let a dynamical system (R4, X1,A1,S1) be assigned a comparison
system (R, Xa, A, S2) by means of a multicomponent mapping U(t,p): Ry X X1 —
Xo. Suppose that there exist closed sets M; C A;, i = 1,2, and following conditions are
fulfilled:

(1) fO'l“ 9)?(51) and Sg, 9)?(51) = Sg,'

(2) there exist constant m x m matriz A;, i = 1,2, and comparison functions

1,2 € K such that

1/)1T141‘/’1 < p2(U(t,p), M3) < 1/1;427/12 (5)

forall pe Xy and t € Ry, where

1 = (Yua(pr(p, M1)), ..., Yim(p1(p, M1)))",
Va2 = (Va1 (p1(p, M), ..., Yam(p1(p, M1)))".

Here, p1 and pa are metrics defined on X1 and Xa, respectively.

If the matrices A;, i = 1,2, are positive definite, then the following is true:

(1) the invariance of (S2, Ma) implies the invariance of (S1, M1);

(2) the stability, uniform stability, asymptotic stability, or uniform asymptotic stabil-
ity of (Sa, M2) implies the respective type of stability of (S1, M1);

(3) if in estimate (5) YT A, = a(p1(p, M1))®, where a > 0 and b > 0, then the
exponential stability of (S2, M2) implies the exponential stability of (S1, My).

Proof of item (1) Let (S2, M3) be an invariant pair. Then, for any a € M; and
any motion p(-;a,ty) € Sy, we find that q(-;b,t0) = U(t, p(-;a,tp)) € Sz, where
b= Ul(tg,a). This follows from condition (1) in Theorem 3.1 and from the definition of
M(S1) by formula (4). Moreover, the invariance of (S2, Ma) implies that ¢(¢;0,t0) =
U(t, p(t;a,to)) € My for all t € Tpy, = Ty, Since My and My are closed and the
matrices A; and Ay are positive definite and satisfy (5), we conclude that p(t; a,to) € M
for all ¢ € Ty ¢,. This implies the invariance of (Sy, M7).

Proof of item (2) Assume that (S2, Ms) is stable. Then, by the definition of sta-
bility, for any e > 0 and t9 € R4, there exists d2 = d2(tg,e2) > 0 such that
p2(q(t;b,t0), Ma) < eo for all q(-;b,tg) € Sz and all ¢ € Ty, 4, whenever pa(b, My) <
d2(to,€2). Estimates (5) can be transformed into

Am (A1) 01 (p1(p, My)) < p2(U (t,p), Ma) < Aar(Az)vha(p1(p, My)). (6)

Here Ap, (A1) >0 and Apr(Az) > 0 are the minimum and maximum eigenvalues of the
positive definite matrices Ay and As, and 1,1 € K are such that

DL (pr(p, M) 1 (1 (p, My)) > Y1 (p1(p, M)

and
o3 (p1.(p, M) ba(pr(p, M) > ha(pr(p, My)).
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Since (Sa, Mg) is stable, for any ¢ > 0 and any to € R4, we choose 3 = )\m(Al)izl ()
and 61 = Ay N(A)iby 1 (8,). Assuming that py(a, M;) < &, and taking into account (6),
we obtain

pa(b, Ma) < Aar(A2)a(p1(a, My)) < Ang(A2)2(61)
= A (A2) (A (A2)dhy * (82)) = da.

It follows that, for all motions ¢(-;b,t9) € Sa, the estimate pa(q(t;b,t0), Ma) < 2 holds
for all ¢t € T 4,. Returning to estimates (6), we find that, for all p(-;a,to) € S1 and all
t € Tot, = Ty, where b= U(tg,a), we have

p1(p(t; a, to), M1) < Ayt (A1) (p2(V (p(t; a, to)), Ma))
<A ADYT (p2(a(ts by to), Ma)) < iy <A1>¢ Y m (A1)d1(€)) = &,

whenever pi(a, M) < 01. It follows that (S7, M7) is stable.

It is well known that a system motion is asymptotically stable if it is stable and
attracting. Assume that (S, Ms) is attracting. Then, for any ¢y € R4 there exists
Ay = Ay(tp) > 0 such that, for all g(-;b,tg) € Sa, the limit relation

Jim s (g(; 0, t0), Ma) = 0

holds true whenever p2(b, Ma) < As. In other words, for any e > 0, there exists
7 = 7(€2,t0,q) > 0 with ¢ = g(-;b,t0) € Sa such that pa(q(t;,t0), M2) < e for all
t € Tp1o+7, Whenever pa(b, Mz) < Az. According to condition (1) in Theorem 3.1, for any
motion p(-;a,ty) € S1, weset b= U(tg,a). Then g(-;b,t0) = U(p(-;a to)) € Sy. Fur-
thermore, for any &1 > 0, we choose €3 = A, (A1) (e1) and set Ay = PYY: (Az)z/J2 (A2).
For any motion p(-;a,tg) € S1, we then have

pa(b, Ma) < Aar(A2)a(p1(a, M1)) < Anr(A2)va(Ar) = Ao

whenever pi(a, M1) < Ay and t € To g4+ = Tpto4-- Hence, pa(q(t;a,to), Mz) < ez =
Am (A1)1(e1) for all ¢ € Ty 1o4+-. Returning to estimate (2), we find that

p1(p(tayt0), My) < At (AW (pa(a(t; asto), Ma)) < At (A (er),

e., (S1,M;) is an attractive pair. Thus, if (S, M3) is asymptotically stable, then
(S1, M) is asymptotically stable as well.
The statements on uniform stability and uniform asymptotic stability are proved fol-
lowing the same scheme, but d2 and Ay are chosen to be independent of ty € R
Let us prove statement (3) of the theorem. Assume that (S2, M3) is exponentially
stable. Then there exists as > 0 and, for any 2 > 0, there exists d = d2(e2) > 0 such
that for any motion ¢(-;b,t9) € Sz and all ¢t € Ty,

p2(q(t; b, to), My) < gge~2(t=t0)

whenever pa(b, Ms) < 2. According to condition (1) in Theorem 3.1, for any motion
p(-;a,to) € Si, there exists a motion ¢(-;b,to) = U(p(-;a,to)) € Sz, where b =
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Ul(to,a). Furthermore, for any e; > 0, we choose €2 = ac}. Let a; = as/b and
61 = Ay (A2)¥5 1 (82). For p(t;a,tg) € My with pi(a,M;) < 01, in view of (6), we
obtain B B

p2(b, M) < Ay (A2)Y2(pr(a, M1)) < Anr(A2)¥2(01) = da.

Consequently,
p2(q(t; b,to), Ma) < ege~2(t=10)

for all t € Ty4,.
According to the hypothesis of Theorem 3.1, we have to set

¢?A1¢1 = a(p1(p, Ml))b

in (1.6.6). It is easy to see that

— 22 (t—to) —ay(t—to)

g

= £1€

o1 (p(t: o), My) < (—)Ub

for all ¢ € Ty 4,. Thus, (S1,M;) is exponentially stable.

4 Stability Analysis of Hybrid System

Many physical and technical problems of real world are modelled by mixed systems of
equations and correlations. For example, in motion control theory the feedback consists
of several interconnected blocks. These blocks are described by equations of different
types. Such systems are called hybrid (see [9]). Under certain assumptions real hybrid
system o can correspond to the dynamical system (T, X, A, S) in metric space.

Assume that (X,p) and (X, p:), ¢ = 1,2,...,m, are metric spaces. Let X = X; X
Xo x ... x X,, and there exist constants ai,as > 0 such that

arp(a,y) <Y piwi,yi) < asp(,y) (7)
=1

for all z,y € X, where 2 = (21,...,2m)%, ¥ = (Y1, ym)%, @ € Xi, vi € X;,
i =1,2,...,m. Further on we will assume that

p(x,y) = Zpi(xi,yi)- (8)

Definition 4.1 (cf. [9] ) Dynamical system (T, X, A,S) is hybrid, if its metric space
(X, p) consists of metric spaces (X;,p;), ¢ = 1,2,...,m, where X; are nontrivial un-
splitted with metrics p;(z;,y:), and if there exist at least two metric spaces X; and X,
1 < i # j < m, which are not isometric.

The proposition below is necessary when the multicomponent mapping is made by
matrix-valued functional.
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Proposition 4.1 Let multicomponent mapping U(t,z): T x X — Xa be performed
by matriz-valued functional U(t,z) = [v;;(t,x)], 4,j = 1,2,...,m, for the elements of
which:

(a) vy € C(Ry x X, Ry), i=1,2,...,m, v;; € C(Ry x X, R) for all i # j and
forall x € X and t € Ry;

(b) there exist comparison functions i1, g2 of class K, positive constants ¢;; > 0,
¢i; > 0 and arbitrary constants ¢;; € R, ¢;; € R for i # j such that

i (pi(i, My)) < vii(t,x) < Tl (pi(es, My)),
cijpir(pizi, Mi))ej (pj (x5, My)) < wij(t, ) (9)
< Cijpiz(pi(xi, Mi)) g2 (pj (x5, M;))
forall x; € X;, x€ X and t € Ry.
Then for the functional
(t,z,n) =0 U(tz)n, neRy, 0 >0,
the bilateral inequality
ui (p(z, M))H' CHuy (p(x, M)) < v(t, a,m)
< uy (p(a, M))H" CHuy(p(z, M))
holds for all x € X and t € Ry, where

H = diag (m1,m2, - - - s Mm),
_ [Qij]v C =], 4,i=12,....m
(pir(p1(x1, M1)), .., @1 (pm (Tm, M) T,
(pi2(pr(z1, M1)), .., Pm2(pm(@m, Mim)))T

I

ui (")
ua(")

Proof Estimate (10) is obtained by direct substitution by estimates (b) of Proposi-
tion 4.1 in the expression

m m
v(t,z,n) :ZZv”tmmm

=1 j=1

Theorem 4.1 Assume that behaviour of the hybrid system X is correctly described
by the dynamical system (T,X,A,S), where T=R,, X =X; x...x X,, and X; are
subspaces with metrics p;, 1t =1,2,...,m. Let M; C X; and M = My X Ms X ... xX M,
be an invariant set. If

(1) there exist functionals v;;(t, ) mentioned in Proposition 4.1;

(2) given functionals vi;(t,x) and a vector n € RT', n >0, there exist bounded for

all x € X functions ®;;(x,n), i,5 =1,2,...,m, and comparison functions ;3
of class K such that

D+1}(t, xz, 77)|(S) S ’LL;F(I)(ZE, 77)“3
on system of motions S for all x € X and t € Ry, where

uz(p(x, M)) = (p13(p1(x1, M1)), -+ m3(pm (Tm, Mm)))".
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Then
(a) If matrices By = HYCH, By = HYCH are positive definite and constant mxm

—_ 1
matric © > 3 (®T(z,n) + ®(x,m)) for all x € X is negative semidefinite, then

the couple (S, M) is uniformly stable.

(b) If matrices By and By are positive definite and matriz ® is negative definite, then
the couple (S, M) is uniformly asymptotically stable.

(c) If matrices By and By are positive definite, matriz ® is negative semidefinite,
the set M is bounded and the comparison functions p;1,p;2 € KR class i =
1,2,...,m, then the family of motion S is uniformly bounded.

(d) If in condition (c) the matriz ® is negative definite, then the family of motions S
is uniform-ultimately bounded and the couple (S, M) is uniformly asymptotically
stable in the whole.

(e) If there exist constants ay, aa, b, ¢ such that

arr® < uf (p(z, M))H" Cus (p(z, M),
Ug([)(.’l], M))HTa/U'?(p(xa M)) S a2rb7
3 Pz > er®

for all v € Ry, then the couple (S, M) is exponentially stable in the whole.

Proof Let us prove statement (a) of Theorem 4.1. Under condition (1) of Theorem 4.1
the functional v(¢, x,n) is positive definite and decreascent because matrices By and Bs
are positive definite. Under condition (2) of Theorem 4.1 the functional D% v (¢, z,7n) on
the system of motions S is negative semidefinite due to restrictions on matrix ®. In this
case the functional v(¢,z,n) is nonincreasing for all ¢ > 0 along the system of motions
S. Further, given ¢ > 0, we compute A = %I;fov(t,x,oz) for p(x, M) = e. Because of

estimate (9) we can find by value A the value § > 0 such that for p(z, M) < 0 the
estimate v(t,z, ) < A holds for all ¢ > 0. Now we show that the obtained value § > 0
corresponds to the given ¢ > 0, i.e. for p(x, M) < ¢ the inequality

plq(t;a,to), M) <e

holds for all ¢ > 0. Assume on the contrary, let there exist a motion ¢(¢;a,tp) € S such
that for some value t* € Ry the inequality p(q(t*;a,to), M) = € takes place. Then we
get

v(t, q(t*;a,tg), ) > A,

but due to condition (a) of Theorem 4.1 the functional v(¢,z,a) is nonincreascent along
the system of motions S. Therefore

v(t, q(t; a,to), @) < wlt,z, 0) <A

for any q(¢;a,to) € S.

The contradiction obtained shows that the system of motions S of the hybrid system
¥ is uniformly (S, M) stable.

The proof of statements (b)—(e) of Theorem 4.1 is similar to that of statement (a)
following the Liapunov (g, d)-technique.
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5 Stability Analysis of Two-Component Systems

We consider a hybrid two-component system [4]

dx
i X(t,z(t) + g1(t, z,z(t),w(t, 2)), =z(to) = xo, (11)
ow
E :L(t,x,@/@z)w+gg(t,z,x(t),w(t,z)), (12)
where
wty,z) = w(2), M(t,2,0/02)wlaq = w'(t,s), s€d, QR
X: TyxU—R", L: By - By, M: By — Bs, w" € By,
L, M are some differential operators and Bi,...,Bs; are Banach spaces.

A hybrid system (11) and (12) consists of the independent subsystems

dzr
ow
i L(t,z,0/02)w (14)

and interconnection functions between them

a=gqtzzw): Tox QAx HxQ — R",
g2 =go(t,z,z,w): Ty x 2 x HxQ— R™.

Let us introduce the assumptions on subsystems (13), (14) and interconnection func-
tions between them.

Assumption 5.1 There exist functions v;; € C(Ry x H x Q, R), i,j = 1,2,
v;5(t,x,w) is locally Lipschitzian in = and w, functions of comparison ¢;,¢; € K,
1 = 1,2, and positive constants a,;,@; > 0, ¢« = 1,2, and arbitrary constants a;s,
@12 such that

s ¥i([|2]) < vao(t, m, w) < @ooth3(||z]));
a1z (=) < via(t, z,w) < arapa(|[z])2(]|z])
forall z € H, we @ and t > 0.

Lemma 5.1 If all conditions of Assumption 5.1 are fulfilled and the matrices

Q a
_ [ @11 Qg9 _
A = ( ), Q9 = Qo

Qo Qoo

a1 Qa2 — —
A2=( ), Q12 = a1,

Qo1 Qi
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are positive definite, then the function
otz w) =0 Ut z,wh, (15)
where n = (n1,m2)T, n; > 0, is positive definite and decreasing.

Proof We introduce the notations

r=(pr(lll), vr(lwl)™, g = (e2(lll), va(llwl)™, B:<%l 7?2)

Under the conditions of Assumption 5.1 for the function (15) the bilateral estimation
r"BYA\Br < nTU(t,z,w)n < ¢* BT A3 Bq (16)

holds.
By virtue of conditions of Lemma 5.1 it follows from the estimation (16) that the
function v(t, z, w) is positive definite and decreasing.

Assumption 5.2 There exist:

(1) functions v11(t,x), vaa(t,w) and functions v12(¢, z, w) = va1 (¢, z, w);

(2) constants Bk, ¢ = 1,2, k = 1,...,8, and functions & = & (||z||) and & =
& (|lw]|) of the K-class such that

(a) Dfvn(t,x) + Dfvii(t 2)|x < B
(b) Divii(t,@)lg < Bra€f + Bi3&aés;

(¢) Difvaa(t,w) + Dfvaa(t,w)|r < B33

(d) Dfvaa(t,w)lg, < Por€3 + Bosbibos

(e) Dif via(taw) + Divia(t, 2, w)[x < 81467 + Bi561 605

(f) Dfvia(t,z,w)|n < Boséf + Basérbas

g) Dfvi(t,z,w)lg, < Bi687 + Brr&is + Brsés;

h) Dfvis(t, z, w)lg, < Bogki + Baréio + Bosé3.

Lemma 5.2 If all conditions of Assumption 5.2 are fulfilled and the matriz

€11 Ci12
C= ( ) ) Ci12 = C21,

C21  C22

(
(

with the elements

c11 =01 (Br1 + Bra) + 2mma(Bua + Brg + Bag):
co2 = 15 (Ba1 + Ba) + 2mm2(Brg + Bas + PBog);
1
€12 =3 (1} Brs + M5B23) + mn2(Bis + Bas + Bi7 + Bar)

is negative definite, then the derivative
D w(t,z,w) = nTDYU(t, z,w)n
of the function v(t,z,w) is a negative definite function by virtue of the system (11), (12).
Proof By virtue of the estimations (a)—(d) of Assumption 5.2 the estimation
D w(t,z,w) < pTCp

holds, where p = (&1 ([|z[]), &([l=[)"
A definite negativeness of the derivative follows from the condition of Lemma 5.2.
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Theorem 5.1 If the two-component system (11), (12) is such that all conditions of
Lemmas 5.1 and 5.2 are fulfilled, then the state of equilibrium z = 0, w = 0 of the
system is uniform asymptotically stable.

If in Assumption 5.1 N, = R*, N, = Q, functions @;, ¥;, & belong to the KR-class
and conditions of Lemmas 5.1, 5.2 are fulfilled, then the state of equilibrium x = 0,
w =0 of the system (11), (12) is uniform asymptotically stable in the whole.

Proof Under the enumerated conditions the function v(¢, 2, w) and its full derivative
satisfy all conditions of Theorem 4.1. It proves the statement of Theorem 5.1.

Remark 5.1 If in estimations (a)—(d) of Assumption 5.2 we change the sign of the
inequality for the opposite one and leave in the inequalities of Assumption 5.1 only
estimation from below, then it isn’t difficult to define conditions of instability of the
state £ =0, w =0 of the system (11), (12).

6 Concluding Remarks

Similar to Theorem 3.1 in the paper [7] the theorem was proved for discontinuous dy-
namical system. The mappings preserving stability in metric space were first considered
by Thomas [10] and Hahn [3]. In the papers [8] and the book [9] and other mappings of
the type were studied in the stability analysis of large-scale systems.

The application of multicomponent mapping U(t,p): Ry x X; — X2 adds more
flexibility to the approach to stability analysis of dynamical system in metric space,
because this mapping admits a wider class of components for its elements v;; (¢, p),.
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