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Abstract: We find some new results regarding the existence, uniqueness,
boundedness, stability and attractivity of the solutions of a class of initial-
boundary-value problems characterized by a quasi-linear third order equation
which may have non-autonomous forcing terms. The class includes equations
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1 Introduction

In this paper we deal with questions regarding the existence, uniqueness, boundedness,
stability and attractivity of solutions u of the following class of initial-boundary-value
problems:

Lu= f(z,t,u,ug, Ugz,ut), O0<z<l, 0<t<T, (1.1)

where L = —£0,44 — 20y + O, f is a continuous function of its arguments, ¢ and ¢ are
positive constants, and

u(z,0) =uo(z), u(z,0)=ui(z), 0<z<l,
w(0,8) = hi(t), w(l,t)=he(t), 0<t<T, (1.3)
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where T' < +o00, hi,he € C?([0,T[), ug,u1 € C?([0,1]) are assigned and fulfill the
consistency condition

mO) =, M =),
(1.4)
ha(0) = o (1), dh;t(o) — w(1).

Solutions u of such problems describe a number of physically remarkable continuous
phenomena occurring on a finite space interval. In the operator L the D’Alembertian
—?0pp + Oy induces wave propagation, —e0,,; dissipation. The term on the right-
hand side of (1.1) may contain forcing terms, nonlinear (local) couplings of u to itself,
further dissipative terms. For instance, when f = —bsinu — au; + F(z,t), where a,b
are positive constants, we deal with the perturbed Sine-Gordon equation, which can be
used e.g. to describe the classical Josephson effect with driving force F' in the theory
of superconductors [6,11]. F is a forcing term, —au; is a dissipative one and —bsinu
is a nonlinear coupling. On the other hand it is well known [12] that equation (1.1)
describes the evolution of the displacement u(x,t) of the section of a rod from its rest
position x in a Voigt material when an external force f is applied; in this case ¢? = E/p,
e = 1/(pp), where p is the (constant) linear density of the rod at rest, and E,u are
respectively the elastic and viscous constants of the rod, which enter the stress-strain
relation o = Ev + 0yv/u, where o is the stress, v is the strain. As we shall see in the
sequel, even considering only one of these examples, e.g. the perturbed Sine-Gordon
equation f = —bsinu — auy, it is important to keep room for a more general f because
the latter will naturally appear when asking whether a particular solution u* of the
problem is stable or attractive, or when reducing the original problem to one with trivial
boundary conditions.

Several papers [2—5,7—9,13] have already been devoted to the analysis of the op-
erator L and more specifically to the investigation of the boundedness, stability and
attractivity of the solutions of the above problem. Here we improve previous results,
by weakening the assumptions on f, and find some new ones. In Section 2 we improve
the existence and uniqueness Theorem 2.1 proved in [2], in that we require f to satisfy
only locally Lipschitz condition. In Section 3.2 we improve the boundedness and stability
Theorem 3.1 of the same reference, in that we require only a suitable time average of
the quadratic norm of f to be bounded. While doing so we prove two lemmas concern-
ing boundedness and attractivity of the zero solution for a class of first order ordinary
differential equations in one unknown; the second lemma is a generalization of a lemma
due to Hale [10]. In Sections 4 and 5 we respectively improve the exponential asymptotic
stability Theorem 3.3 of [2] and the uniform asymptotic stability Theorem 2 of [5], valid
for some special f, by removing the boundedness assumption on the latter. The trick
we use is to associate to each neighbourhood of the origin with radius o (the ‘error’) a
Liapunov functional depending on a parameter v adapted to o, instead of fixing v once
and for all.

2 Existence and Uniqueness of the Solution

To discuss the existence and uniqueness of the above problem it is convenient to formulate
it as an equivalent integro-differential equation so as to apply the fixed-point theorem.
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As in [2], we start from the identity

85(c2uw5 — c2u§w + cugw, — euwer) + O (Urw — UW; — EUgeW) 2.1)
= fw — u(eweer — c2w55 + wrr), '

that follows from (1.1) for any smooth function w(&,7), assuming u(£,7) is a smooth
solution of (1.1). We choose w as a function depending also on z,¢ and fulfilling the
equation Lw = 0, more precisely

w(x,Et—71)=0x —&t—7)— 0 +E& t—7), (2.2)

with -
0(z,t) = K(|z|,t) + Z [K(|x 4+ 2m], t) + K(Jz — 2m|, t)]. (2.3)

m=1

The function K represents the fundamental solution of the linear equation LK = 0. It
has been determined and studied in [3], and reads

t

e—c2‘r/€
Kmmwz/) dr
\/TET deT

0 0

x (Z+ )6_12(2-"_1)2/457—]0(5 2|$|\/E)dz, (24)

where Ij is the modified Bessel function of order zero. Since 6(—z,t) = 6(x,t) and
O(z + 2m, t) = 0(z,t), m € N, it is sufficient to restrict our attention to the domain
0 <z < 2, and note that 6 is continuous together with its partial derivatives and satisfies
the equation Lf = 0. Moreover, from the analysis of K developed in [3], we can deduce
that @ is a positive function that has properties similar to ones of the analogous function
0 used for the heat operator, see [1].

As for the data we shall assume that:

flx,t,n,p,q,r) is defined and continuous on the set (2.5)
{(z,t,n,p,q,7): 0<2x<1, 0<¢t<T, —c0<m,p,qr<oo, T>0}

it locally satisfies a Lipschitz condition, namely for any bounded (2.6)
set © C [0,T] x R* there exists a constant pq such that for any
(t,n1,p1,q1,7m1), (t, 12,2, q2,72) € Q and x € [0,1]

|f(xat7n17p17Q1;T1) - f(xat7n27p27q27r2)|
< pafln —na| +Ip1 — po| + g1 — q2| + [r1 — ral},

ug, ug, ug, u; continuouson 0 <z <1, (2.7)
dh;
b 1=1,2, continuouson 0<t<T, (2.8)
dh1(0 dh2(0
B(0) = uo(0), ha(0) = uo(1), PO _ o), P20 _ ) 29)

dt dt
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Given a solution v of (1.1)—(1.3), by integrating (2.1) on {(§,7): 0<¢<1, <7<
t— 40}, 6 >0, and letting § — 0, we find that it satisfies the following integral equation

a(a ) = / wn(, €, o (€) dé + / e, &, D () — eull (€)] dé (2.10)
0 0
—2 [ hy(T)(? +€0)0n(, t —T)dT +2 | ho(7)(? 4+ €0,)0,(1 — x, t —7)dr
/ /

t 1
+/d7—/w($7€7 t—T)f(f,T,u(ﬁ,T),Ug(f,T),UT(g,T),Ugg(f,T))df.
0 0

Conversely, one can immediately verify that under the assumptions (2.5)-(2.9) a
solution u of (2.10) satisfies (1.1) using the fact that L = 0 and Lw = 0. We refer
the reader to [2] for the slightly longer proof that the initial conditions (1.2) and the
boundary conditions are satisfied.

If f= f(x,t), (2.10) gives the unique explicit solution of (1.1) —(1.3). On the contrary,
if f depends on u (2.10) is an integro-differential equation. We shall now discuss the
existence and uniqueness of its solutions.

For any ¢,d € [0,T], ¢ < d, we shall denote

B[C-,d] = {U(CE, t): Uy Uy Uty Uz € C([O, 1] X [C, d])}
For any a € [0,T], v € Bjgq and t € [a,T] we define a mapping of By, 7} into itself by

t

1
Tou(a,t) = w,(a, 1) + / dr / Wi, €, = P F(ET (€, 7). e (6,7), s (€, 7). wge (€, 7)) d
a 0

(2.11)
where

"

1 1
ol t) = / wile, €, tyuo (€) dé + / e, &) (€) — eug ()] de
0 0
_ 20/h1(7-)(c + 200 (x, £ — ) dr + 20/h2(7-)(c +e0)0u(1 -z, t — ) dr

a 1
+/dT/’LU(I,£, t—T)f(f,7',U(f,T),Ug(f,T),UT(f,T%1)55(5,7')) d§
0 0

We fix a p > 0 and for any ¢ € [a,T] we consider the domain

S'Uyt = {u € B[a,T]: Vx e [07 1] |u($,t) _wU(Iat” <p, |uI(Iat) _wvfb(xat” <p,

|uww(xat) - wvmm(xut” < p7 |Ut((E,t) - wvt(xat” < p}
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and define

M = M(a,T,v,p) = SFPT] Sup LF(& mu(€,7),ue (€, 7), ur (§,7), uee (€, 7)),
TEa, u v, T
gef0.1]

b—a=min<7T —a L P EP @
7M7 M’ M’ M b

Ra-,b,v = {u € B[a,b]: V(.I,t) € [Oa 1] X [avb] |’U,(:Z?,t) _W'U('rvt” < P

(2.12)

|um($u t) - wvm(xu t)' <p, |uwm(xa t) - vam(xu t)| <p,
ue(z, 1) — woi (2, 1) < p}-
Note that by its definition M is finite because f is continuous and evaluated on a compact

subset of RS. We denote by u = pu(a,b,v,p) the constant ug of (2.6) corresponding to
the choice

Q={(t,n,p,q,r): with ¢ € [a,b], and such that Iz € [0,1], Fu € Rypo
such that n = u(z,t), p=wuy(z,t), ¢=uzz(z,t), 7 =1wus(x,t)},

we choose a positive constant A

1 142
)\:)\(a,b,wp)>max{1,u<2+_+ + c)}
c

€
and we introduce a norm

llullap:= sup |e_’\tu(:v,t)| + sup |e_)‘tum(:v,t)|
[0,1]><[a,b] [0,1]><[a,b]
(2.14)
+ sup |e_)\tut (‘Tu t)' + Sup |e_)\tu;ﬂm (‘Tu t)'
[0,1] % [a,b] [0,1] % [a,b]

We now show that 7, is a map of R, into itself, more precisely a contraction (w.r.t
the above norm). From (2.11) we get for any (zx,t) € [0,1] x [a, ]

t 1
|Tyu(z,t) — wy(z, )] < M(a,T,U,p)/dT/|w($=§at_7)|d§=
0

and, because of the inequality [3]

1

1
[lwgt-nid= [Ioa-¢t-n-b@ret-nd<t-rn @)
0

0

and the definition of b we find

Toula, 1) — ol )] < M@ T ) U2 < (2.16)
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Similarly, one can prove that

|7:JU’I(I5 t) - va(.f,t” S Ps (217)
| Totiae(@,) — Woaa (2, 1)| < p, (2.18)
|Tous(x,t) — wye(z, t)] < p, (2.19)

making use of the basic properties of K proved in [3], which lead to the following esti-
mates:

1

/lww(x7§7t_7-)|d§§ 1/07

0

/|wt z, 6t —7)|dE <1, (2.20)

1
/'ww(xvﬁvt—ﬂldf < %[1 +2¢3(t — 7).
0

The first two inequalities were already given in [2], together with

1
/| wio, &t — 1) dé < 1. (2.21)
0

The third was used but not explicitly written, and easily follows from the latter inequality,
the equation L = 0, and the relation 0(x,0) = 0. In fact, from LO = 0 it immediately

follows that
1

€
ot_emx—at[9+c_29mx_c_29t ;

and therefore
1
’(Ut(I,f,t—T) —wm(a:,f,t—T) = 8t|:w('r7£7t_7-)+ cig wmx('rvg?t_T)_c_g wt(xafvt_T)]'

Integrating over ¢ and using (2.21) we find [0;A(z,t — 7)| < 1, where

1
(E t—T = /|: JIg,t—T)"i_cimew(xugat_T)_c:l_th(‘r7€7t_T):|d§'
0

As 6(z,0) =0, then A(z,0) = 0. By the comparison principle we therefore find

1 1
1
T—t< Az, t—1) / /% / —Swdf <t—T,
0

1

1
/C—thdf'

)
0

implying
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using (2.15) and (2.20)2 to bound the integrals on the right hand-side we find (2.20)s.
From the above results we conclude that T,u(x,t) € R4, as claimed.
From (2.11), (2.15)) we get for ¢ € [a,b]

t 1

Tyus () — Toua(z, )™ < pllur — uzllap / ) gy / e €, — )| dé
. 0 (2.22)

t
< ullur ~ el [N =) dr < L s el

a

From (2.11), (2.20) one can get analogous results for the partial derivatives 9, d;, 92
of (2.11):

[ Towra(@,8) = Tyuza (@, ) e < 4= [lur = usla,
[Touns(a, ) = Touzs(w, 0] e < S llur = wollas, (2.23)
Tt (.8) — Totaga (.6 e < L2 (1 i Q—f) s = s
Thus, we obtain
[Tos(.4) ~ Toua(ar, ) < & [% T g} lur = wsllans  (224)

with g = p(a,b,v,p), A= Xa,b,v,p). Under assumption (2.13), inequality (2.24) shows
that 7, is a contraction of R, ., into itself. Thus we are in the conditions to apply
the fixed point theorem, and we find that there exists a unique solution in Ry, of the
problem 7,u = u in the time interval [a, b].

We now apply the above result iteratively. We start by choosing a = 0 = ag, v = 0;
the last integral disappears from (2.12). From the definition of b we determine the
corresponding b = a; and by the fixed point theorem a unique solution u(l)(x, t) of the
problem (1.1) —(1.4) in the time interval [0, a;]. Next we choose a = a;, v = u?); from
(2.12) we determine the corresponding b = as and by the fixed point theorem a unique
solution of the problem 7,mu = u in the time interval [a1,az]. This is also a smooth
continuation of u(!), therefore we have found a unique solution u(?)(z, ) of the problem
(1.1)—(1.4) in the time interval [0, as], and so on. We conclude by stating the following

Theorem Under hypotheses (2.5)—(2.9), the quasilinear problem (1.1)—(1.8) has a
unique smooth solution in the time interval [0, aso], where

Uoo := lim ap <T.
k—-+oo



16 A. D’ANNA AND G. FIORE

3 Eventual Boundedness and Asymptotic Stability

3.1 Preliminaries

By the rescaling t — t/c, ¢ — ce and of f — ¢*f we can factor ¢ out of (1.1), so that
it completely disappears from the problem, without loosing generality. In the sequel we
shall assume we have done this. Moreover, without loss of generality we can also consider
hi(t) = ha(t) = 0 in (1.3), as any problem (1.1)—(1.4) is equivalent to another one of
the same kind with trivial boundary conditions and a different f. In fact, setting for
any t € J = [0, 00]

v(z, t) == u(z,t) + p(a, t), p(z,t) := (1 — z)h1(t) + zha(t)

we immediately find that ©(0,¢) = v(1,t) = 0, that the initial condition for v,v; are
completely determined and that v fulfills the equation

—EVgqt + Vgt — Vg = f(xa t, U, Vg, Vs Ut),

where

f(xatvvvvxvvxx;vt) = f('rv ta V=D, Vg — h2 + h’lv Vg, Ut _pt) — Dtt-
The difference u = @ —u* between a generic solution % and a given one u* of the problem
(1.1)—(1.4) is also a solution of a new problem of the same kind, which we denote by
problem P, but with hq(t) = ha(t) =0, namely

_Eummt+utt_umm:f(xutauuuwuuwwuut)u .’L'E]O,l[, t>t0€’]u

u(0,t) =0, wu(l,t)=0, teJ, (8:1)
with the initial conditions
u(z,0) = uo(x), wu(x,0)=wui(x), z€]0,1], (3.2)
fulfilling the consistency conditions
u0(0) = u1(0) = up(l) = uy(1) = 0. (3.3)

Here

f(‘rﬂtauuuwuuwwuut) = f(‘rvta u+U*7 uw +’U,;, U’LELE +u;x7 Ut +u;x)

_f(x7t7U*7U* u, u:‘.k)

and ug(x) := Go(z) — ud(x), ui(z) = 41(x) — ui(z). The two solutions @, u* are ‘close’
to each other iff u is a ‘small’ solution of the latter problem, and coincide iff w is the zero
solution.

We introduce the distance between the origin O and a nonzero element
(u(-,t),w(,t)) € T := (Co([0,1]) N C3([0,1])) x Co([0,1]) as the functional d(u,u;),
where for any (¢, ) € I we define

1
d*(p, ) = /(ch + @2+ oo, + %) da. (3.4)
0

The notions of (eventual) boundedness, stability, attractivity, etc. are formulated using
this distance. Imposing the condition that ¢, vanish in 0,1 one easily derives that
lo(@)], |0z ()] < d(p,v) for any x; therefore a convergence in the norm d implies also a
uniform pointwise convergence of ¢, ..
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Definition 3.1 The solutions of (3.1)—(3.3) are eventually uniformly bounded if for
any « > 0 there exist an s(a) > 0 and a f(a) > 0 such that if ¢y > s(a), d(ug,u1) < «,
then d(u(t),u(t)) < B(w) for all t > ty. If s(a) =0 the solutions of (3.1) are uniformly
bounded.

Definition 3.2 The origin O of T' is eventually quasi-uniform-asymptotically stable
in the large for the solutions of (3.1) if for any p,a > 0 there exist s(a) > 0, and
T(p, ) > 0 such that if d(ug,u1) < a, to > s(a) then d(u,us) < p for any t > to+ 1.
If s(a) =0, u(z,t) =0 is said to be quasi-uniform-asymptotically stable in the large for
the solutions of (3.1).

Suppose now that problem P admits the solution u(x,t) = 0.

Definition 3.3 The solution u(x,t) =0 is uniform-asymptotical stable in the large
if it is uniformly stable and quasi-uniform-asymptotically stable in the large, and the
solutions of problem P are uniformly bounded.

Definition 3.4 The solution u(z,t) =0 of the problem P is exponential-asymptoti-
cally stable in the large if for any a > 0 there are two positive constants D(«a), C(«)
such that if d(ug,u1) < a, then

d(u(t),us(t)) < D(a)exp [-C(a)(t — to)] d(uo,u1), Vit > to. (3.5)

To prove our theorems we shall use the Liapunov direct method. We introduce the
Liapunov functional

1

/ {(e@ms — 0 + 702 + (1 +7)¢2 ) do, (3.6)

0

V(p,9) =

N =

where 7 is an arbitrary positive constant. Using the inequality |2e¢..%| < e(¢2, + 1¥?)
we find

1
1
Vg /{Ezwim + 9% el +e? + % + (1 + )92} da.
0

Setting
c3 =max{e(1+¢)/2, (1+e+7)/2}, (3.7)
we thus derive
Ve, 1) < 3d%(p, 1) (3.8)
Moreover, it is known that [13]
1

f@i(w) dr > % [ o?(z)dx
0 0

(0)=0, ¢(1)=0 = . ) (3.9)
g’ e (v) do > m g’ 3 (x) do

(these inequalities can be easily proved by Fourier analysis of ¢). In view of the bounds
we shall consider below we introduce the notation

4 4 w2

~ 0. =~ 0. = ~ 0.91. 1
0.99, wq [ — 0.90, w3 T2 0.9 (3.10)

R



18 A. D’ANNA AND G. FIORE

Using (3.9) and an argument employed in [2], we get

Vip. ) 2 Gd*(p,4). (3.11)
where
2 in {0y, L L (v > 1/2) (3.12)
¢ =miny = wi, o 5) O . .
Therefore, from (3.8) and (3.11) we find
K2 <d’< KQ (3.13)
€2 ‘1

On the other hand, choosing v =1 in (3.6) and reasoning as it has been done in [2] it
turns out that

av. € 4 9 € 5 € 9 € 9 9
0

1
< —/ {gwg(u2 +ul 4 u) +5(7r2 - %)uf + Af2}dx (3.14)
0

IN

1
—cgdz(u,ut)—i—/Aﬁdx
0

where we have set 5
A=c+2, =2 (3.15)

and we have used (3.9). In the sequel we shall set also p := c3/c3.

3.2 Eventual boundedness and asymptotic stability

We assume that

1
A / Pde < gEP + Gi(t, d) + dnlt, ), (3.16)
0

where f is the function appearing in (3.1), and g(t), g:(t,n) (i =1,2 and ¢t € J, n > 0)
denote suitable nonnegative continuous functions fulfilling the following conditions:

(1) there exists a constant ¢ > 0 such that for any ¢t >ty >0

t

/g(r) dr —p(t —to) < 03 (3.17)

to

(2) there exist constants x € [0,1], x € [0,1] and ¢ >0 (with ¢ <p if x =1) and
M > 0 such that

g(r)dr

1+ tx

o,

—q (3.18)

< T
14t
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(3) for any n >0
tl}+moo gl (ta n)eg(tX7t~) = Oa

o ) (3.19)
/éz(ﬂ et T dr = 03 (n) < +00,
0

where £ is some positive constant if x > k, while £ =0 if x <&k.

Without loss of generality we can assume that g;(¢,7) are non-decreasing in 7; if
originally this is not the case, we just need to replace g;(t,n) by Jmax gi(t,u) to fulfill
<u<n

this condition.
From (3.14), using (3.4), (3.16), (3.13) we now find

AV (u, ug) 2 242 1 g )+ 3§ 2
- L =
T < —osd®(uw) + g(D)d + u(t, d*) + Ga(t, d?) (3.20)

where we have set

g9i(t,n) = gi (t, c%) (3.21)

1
By the “Comparison Principle” (see e.g. [14]) V is bounded from above

V(t) <y(t), (3.22)

by the solution y(t) of the Cauchy problem

dy

o = Py 9y + gt y) +a2(ty),  ylto) = yo = V(to) 2 0. (3.23)
We therefore study the latter, proving first a theorem of eventual uniform boundedness.

Lemma 1l Assumeg(t), gi(t,n) (i=1,2 and t € J, n > 0) are continuous nonnega-
tive functions fulfilling the conditions (3.17) - (3.19). Then ¥ & > 0 there exist 5(&) > 0,
B(&) > 0 such that if |yo| < &, to > 3(a), the modulus of the solution y(t;to,yo) of
(8.23) is bounded by [3:

ly(tito, yo)l < B, >t > 5(a); (3.24)
if in particular yo € [0, &), then

0 <y(tito,yo) < B, t>to>35(a). (3.25)
Proof Problem (3.23) is equivalent to the integral equation

—p(t—to)-i-ft g(T)dr
y(t) =voe ‘0
- (3.26)

7pt+_f g(r)dr pr—[ g(z)dz
e Nyt 4y

to
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y o2M
Take B(&) := a(e® + — + €2M), where
m
g ify <1
m - —
3?2 if y = 1.

Because of (3.17), if |yo| < &, for any ¢t > ¢y one finds

t
—p(t—to)+ [ g(r)dr
lyole fo < ae’.

Moreover, because of (3.18), we obtain

1+¢x 1+tx
1+tX)— M 14X M .
40 = M < [ o) ds <alt+ 09+ M
0
Let
0 if x <k,
min< 1 i ifl>x>k
9= " oM
. p—q & e
mln{l, 2M’2M} if1=x>k,
0 if 9 =0,
ty = 19 1/k
(=" o

(3.27)

(3.28)

(3.29)

considering separately the cases x < k, x > k and recalling the definition of £, we find

1+ tX X — ¢~
= <14+ 9(tX —t*
T LT T ST )

for any ¢ > ty. Then from (3.29)

q(I4+tX) = M1 +9@* —t")] < /g(z) dz < q(14+tX) + M[1 4+ 9(tX —t")]
0

for any t > ty. Consequently, for i = 1,2 and |y| <

t t T
—pt+[ g(r)dr 7— [ g(z)dz
e : [{g /gi(T, y)ep [{g dr

to
t

< e—pt+q(1+tx)+M[1+19(tX—t”)] /gi(t,B)epr—q(l-ﬂ'x)+M[1+19(TX—T”)] dr

to
t
x X _ Ry ~ _grX X_ .k
— odt +MY(X—t") pt62M/gi(t,6)6pT qTX+MY(TX—T1 )dT,

to

(3.30)

(3.31)
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where we have used also the fact that g;(¢,n) are non-decreasing functions of 7.
Now consider the function

h(7) := pT — q7X — MI(X — %) (3.32)

nfl)

and its derivative h'(7) = p — qx7X"t — MI(x7X~! — k7"~ 1). We now show that, for

any x € [0,1], 1
W(r) > B () =m ﬁTzf:[ﬂ%;ny (3.33)

with the m defined in (3.27) (this implies that for 7 > ¢ the function h(7) is increasing).
In fact, if ¥ > 0, then it is either 0 < k < x < 1, implying

B (1) >p— (¢ + MI)xrx! > g =m

for any 7>, or 0 < k < x = 1, implying (because of the inequality p —¢ > 0 and the
definition of )
/ o k—1 p—4q _
W(r)=p—q— M9+ MIkt >p—q—M192T—m
for any 7 > 0, in particular for 7 > t. If 9 = 0, then it is either 0 < x <k <1 with
X < 1, implying
W(r)>p—axr ! >

N3

=m

21T .
for any T > [ﬂ} =t,or x =k = 1, implying also h'(t) = p— ¢ >m (for any 7),
p

as claimed. ~
On the other hand, because of (3.19) there exist s1(&),s2(&) > 0 (recall that 8 =

((a@)) such that
n(r, BT <@ it T >0 2 s1(d),

oo

/gz(n BT T dr <& if tg > sa(@).

to

(3.34)

Hence, for t > to > max{Z,tg, s1(&)} we find that if |y(7)| < 3 for any 7 € [to,t] then

T

t t
—pt+ [ g(T)dr T— [ g(z)dz
e 6! /gl(T,y(T))ep o dr

to

t
< o-h(H+2M / g1 (7, B)eh+6* =) g (3.35)
to

t
—h(t)+2M 2M
< efh<t>+2M&/ W) hing, — 502 (") _ ehtto)y < € 5
m m m
to
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where in the first line we have used (3.31) and the definition of ¢, in the second (3.33)
and (3.34);. Similarly, for ¢ > to > max{sa(@),tg,t} we find that if |y(7)| < 3 for any
T € [to,t[ then

T

t t
—pt+ [ g(r)dr T—[ g(z)dz
e o’ /gz(T,y(T))ep 0 f dr

to
¢

< e_h(t)+2M/92(T, B+ =" gr (3.36)
to

< e—h(t)+h(t)+2M/ ga(, B)eg(Tx_Tﬂ)dT < et

to

(in the first inequality we have used (3.31) and again the definition of ¥, in the second the
monotonicities of h and go, in the third (3.34)3). Summarizing, the inequalities (3.28),
(3.35), (3.36) are fulfilled for t > tq > 5(&) = max{Z,ty, s1(&), s2(&), }.

Now let us suppose per absurdum that there exists ¢1 > to > (&) such that

|y(f;t0,y0)| < B for tg <t<ty, (337)
ly(ta; to, yo)| = 5. (3.38)

Because of (3.37) the inequalities (3.35), (3.36) are fulfilled; together with equations
(3.26), (3.28) for ¢t =t; they imply

|y(t17 tOu y0)| < Bu

against the assumption (3.38). Finally, from (3.26) and the nonnegativity of the functions
g; we find that 0 < yo < & implies y(t) > 0 for any ¢, whence (3.25).

As a result of the previous lemma, for any & > 0 the solution y(¢) of the Cauchy
problem (3.23) remains eventually uniformly bounded by 3(a@) if 0 < yo < &. By (3.22)
and (3.13), the same applies with V() and d?(u, u).

By the monotonicity of g;(¢,n) in n and the comparison principle we find that y(t) is
also bounded

y(t) < z(t), t>tp (3.39)

by the solution z(¢) of the Cauchy problem

= _ —pz+g(t)z+gi(t, B) + g2(t, B),  z(to) = 2o (3.40)

dt
(which differs from (3.23) in that the second argument of g; is now a fixed constant
B > 0), provided that zp = yo, and tg > 5(&).
We therefore study the Cauchy problem (3.40), keeping in mind that for our final
purposes we will choose 3 = (&), to = to(@) > 5(d).
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Lemma 2 Assume g(t), gi(t,n) (i =1,2 and t € J, n > 0) are continuous func-
tions fulfilling the conditions (8.17)—(3.19). Then for any p >0, tg >0, & > 0 there
exists T(p,a,3,t0) > 0 such that for |z| < & € [0, the solution z(t;to, z) of (3.40)
is bounded as follows:

|2(t;to, 20)| < py if t>to+1T. (3.41)

If in particular zo € [0,&[, then

0< z(t;to, z0) < p, if t>to+T. (3.42)

Proof The solution z(t) = z(t;to, 29) is of the form

—p(t—to)+ | g(r)dr
z(t) =zpe to

t t -
—pt+[ g(T)dr ~ ~ 1 pr—[ g(N)dr
T PG FAC: | P

to

(3.43)

We now consider each of the three terms on the right-hand side of (3.43) separately.
By equation (3.30) for ¢ > ty

t

—Mv%w+/ﬁer§—@—m)P—q

to

1+ tX 1 X — ¢k
RN +I(tX — ") ;
t—to t—to

the right-hand side is negatively divergent for ¢t —ty — +o00, and so will be the left-hand
side; this implies that there exists a Ty(p, &,to) > 0 such that

—p(t—to)+ | g(r)dr
to

20| € < g, t>to+To, 20 €|~ al. (3.44)

As for the second term, given 8 > 0, § > 0, because of (3.19)1 there exist T; (B, p) >
max{%,t9} and oy(5) such that

(3.45)

(t,m have been defined respectively in (3.33), (3.27)). Since the function h(t) defined in
(3.32) is increasing as the first power of ¢ for ¢ > #, there exists T»(f3, 5) > T1 such that
for t Z TQ

91 —h(O)+M+qpTy o P (3.46)
P 6
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24
Therefore, for t > T,
fotnar | [ 9(x)dx
—pt+ | g(7)dT ~ T— | ¢
o [
to
t [ g(A)dx
< P+ M[1+9(X —1%)] /gl(T;B R .
0
T t
< e h(H+M+q / 1(7, B)eP dr + e~ hD+2M / g1(7, B)eh D) g
) (3.47)

0

T

S,
=
—~~
\]
~—
)
=
2
[sH
\‘

< e’h(t)JrI‘/[Jrqal/ede4—67’1(’5)“]\46*2]\4%3
0

h(t)+M et p h(t)( h(t

<O Mg, T bt h)

3

S RSTES
W™

<=(1+1)=

where in the first and in the second inequality we have used (3.30), the nonnegativity of
g1, the fact that £(7% —7%) > 0 and the definition of h(t), in the third (3.45) and (3.33),

in the fourth we have performed integration over 7, and in the last we have used (3.46).
As for the third term on the right-hand side of (3.43), from (3.19)2 it follows that

there exists T3(5, p) > max{Z,ty} such that for ¢ > Tj

4 (3.48)

t
B .
T3

and on the other hand that
(3.49)

T3
/92(7’, B)epTdT < o3,
0

where oy has been defined in (3.19). Moreover, there exists T4(3,/) > T3 such that

for t > t+ Ty
OFa+M o g. (3.50)

Uze_h(
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Therefore for ¢t > Ty

t t T
—pt+[ g(r)dr - T— [ g(z)dz
e e /gg(T,ﬁ)ep 0! dr

to

t T
< o PEHIH)+M[P (X —t7)+1] /92(77 B)em_z{ 9(=)dz |
0

T3 t
- ~ X n 3.51
< eih(t)JqurM/gz(T, B)epTdT—l—e*h(t)HM/gg(T, B)es = (T g (3:51)
0

Ts

t
< ehO+a+M 4 (—h(O+F2M+h(t) /gQ(T, e gr
T3

<=+

)

™
™
W™

where we have used the nonnegativity of g» and (3.30) in the first inequality, again (3.30),
the fact that £(7% —7%) > 0 and the nonnegativity of g in the second, (3.49) and the
monotonicity of h(7) for 7 > T3 in the third, (3.48) and (3.50) in the last one.

Let T(p, B, to) := max{Ty, Ty, Ty}. Collecting the results (3.44), (3.47), (3.51) we find
that the solution z(t) of (3.40) fulfills the condition

2(tto,20) < El4+141]=p, t>to+T.

W™

Remark 1 This lemma is a generalization of Lemma 24.3 in [14], based in turn on an
argument due to Hale [10].

Remark 2 1If x <k then in the previous proof T, and therefore f, becomes indepen-
dent of ty. In fact, ¥ =0 and from (3.30) we find

t t to
/g(z) dz = /g(z) dz — /g(z) dz < q(tX —ty) + 2M.
to 0 0
By Lagrange’s theorem there exists a 7 €]to, t[ such that tX — ¢} = ﬁx (t —to). Since
T

to >t = (2¢9x/p)"/ X we find tX -t} < 2%](1% —to)

t
1
—p(t — to) + /g(z)dz < —p(t —to) {1 - 5} +2M = —g(t —to) + 2M.
to
This implies that the left-hand side is negatively divergent for ¢ — ty — 400 uniformly

in to, as anticipated. The argument is not applicable in the case x > &.
We are now in the conditions to prove the following
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Theorem 1 Assume that the function f of (3.1) is bounded as in (3.16), where
g(t), gi(t,n) (i=1,2 and t € J, n > 0) are continuous functions fulfilling the conditions
(8.17) - (3.19). Then the solutions of the problem (3.1), (3.2) are eventually uniformly
bounded. Moreover, the origin O is eventually quasi-uniform-asymptotically stable in the
large with respect to the metric d.

Proof Set & := a?c3, and apply Lemma 1. Under the assumption d(ug,u1) <
by (3.13) we find yo = V(tp) < @&, by (3.22) and the application of the lemma we
find that y(t) (and therefore V'(¢)) is bounded by (3(a?c3), and again by (3.13) we find

d(t) < B(a) == 1/B(a2c3)/c? for t > s(a) := 3(a?c3), as claimed. Moreover, we can
now apply the comparison principle (3.39)—(3.40) and Lemma 2: chosen p > 0, we set
p = cip®. As a consequence of (3.39), (3.42), (3.13) we thus find that for tg > s()

and t > T(c2p, to(a), 2a?) = T(p, @)

2oy < YO ) _ 2t 5e)

2 =3
51 1

Remark 8 This theorem is a generalization of Theorem 3.1 in reference [2]: the claims
are the same, but the hypotheses on the function f are weakened. First, (3.16) is an
upper bound condition only on the mean square value of f2, rather than on its supremum
(as in [2]). Second, this upper bound may depend on ¢ in a more general way than in
that reference. The hypotheses (3.17), (3.18), (3.19) considered here are fulfilled by the
ones considered there with g(¢) = const and x = k = 1. The former, but not the latter,
are satisfied e.g. by the following family of examples.

¢
Ezamples Let f = b(t)sin¢p, with a function b(¢) such that the integral [ b*(7)dr
0

grows as some power tX, where x < 1, and in the case x = 1 is smaller than pt
for sufficiently large ¢; then we can set §(t,n) = b*(t). For instance we could take b* a
continuous function that vanishes everywhere except in intervals centered, say, at equally
spaced points, where it takes maxima increasing with some power law ~ 7. but keeps
the integral bounded, e.g.

1 1
AnotB(t — — ) if ¢ -
n Pt —n+—) i € [n 2na,n},

2n
1 } | (3.52)

b*(t) = b
(1) =bo 4nP — AnotP(t —n) if te]n,n—i——

2n«

0 otherwise,

with b3 <p, a>1, B€]a—1,a] and n € N. (The case o = 3 =1 has already been
considered in [5]).

The graph of (b(t)/by)? consists of a sequence of isosceles triangles enumerated by n,
having bases of length 1/n® and upper vertices with coordinates (x,y) = (n,2n”) (see
the Figure 3.1). Their areas are A,, = 1/n", where v:=a — 3 € [0,1].

If 0<t—tg <2 then we immediately find

t

/g(T) dr < b3 2. (3.53)

to
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a=1 p=06

0 1 2 3 t

Figure 3.1

If on the contrary ¢ — ty > 2, then there exist integers m, n with 0 < m <n —2 and
t >ty >0 such that ¢t € n—1/2, n+1/2] and to € ]|m — 1/2, m + 1/2]. Then we find

n—1/2 t n+1/2
/ g(T)dr < /g(T) dr < / g(7)dr,
m+1/2 to m—1/2
namely
n—1 b2 n—1 t n n b2
> k—g:bg > Ak§/g(r)d7§b32Ak: e (3.54)
k=m-+1 k=m-+1 to 12:1? 12:1?

Consider the function e(y) := y'=7, v € [0,1[. Applying Lagrange’s theorem we find
that for any h € N there exists a &, € |h, h + 1] such that

1
(h+1)'77 =K' = (1= 7).
h

whence, taking h = k and h =k — 1 respectively,
(k+ 1) = 1 < (1= )
kY
= (b= 1) > (=)
therefore
ﬁ [(k+1)' — k') < % < ﬁ K77 — (k= 1)), (3.55)
From (3.54), (3.55) we find

bg[nli’y — (m + 1)177] < /9(7’) dr < bg[n177 — (m — 1)177(1 — 66n)] ] (356)

-y 1—7
to
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where §* denotes a Kronecker 6. Hence,

/ g(r)dr =7 lf”y [ = (m 4+ 1)+ Lo, (1) (3.57)

to

where the remainder Ly, ,(t) is bounded by the difference d,, on the right-hand side
and left-hand side of (3.56),
b2
O<LWAﬂ<¢M:1f7Km+1fﬂ—0n—UFW1—ﬁﬂ.

The expression in square bracket equals 1 for m = 0 and 2!~ for m = 1. It is immediate
to check that the function é(y) := (y + 1)!=7 — (y — 1)}77 is decreasing for y > 1 and
therefore takes its maximum in y = 1. We therefore derive the bound
b3e(l b3 21—
0< Lywn(t) < dpy < 2060 _ 20277 (3.58)
’ l1—x -~

Moreover, since t >n — 1, to < m+ 1 and g is nonnegative, from (3.57) we find

t

2
[otryar < lfﬁy [+ 1) = 577+ L),

to
If to > 1, applying again Lagrange’s theorem to the function e(t) = t1=7 we find

b3
1—7

ol t—to+1
[(t+ 1) =t ﬂ:b&—7%——<baﬁ—m+1)

with a suitable ¢ € Jto, t + 1[, and therefore

/tg(T) dr — b2(t — to) < b2 (1 + 121—7> (3.59)

If 0<ty <1,

t

/g(T) dr—b2(t—ty) < /g(T) dT—bg(1—t0)+/g(T) dr—b2(t—1) < B2 (2+ 121—7) _.0
0

-7
to 1

t

1
where we have used (3.59) with ¢y =1 and [ g(7)dr < b3, showing (together with (3.59)
0

itself and (3.53)) that g fulfills condition (3.17) in any case.
On the other hand, choosing t; = 0 (and therefore m = 0) in (3.57), dividing by
1+ 77 and subtracting b%/(1 —~) we find

t

d
JQ(T) TR LR [ (4t -1 Lo (t)
1+87  1—y 1-9v 14417 L=
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Butitis n —1 <t <n+1, what implies
1=277 <! — (e D) <! T T < (D) - <L

(in fact the function é(y) := (y+1)177 —y'=7 is decreasing and therefore has maximum
at the lower extremum of the interval in which we define it); hence, using also (3.58), we
find

t
d
R en] 9O g R[22 -1 B2+ 1
11—~ |1+t 14+t 1—v 1—7 |14+t 1—y|1+t-7]

We have proved these inequalities under the current assumption ¢ > 2, showing that
in this domain also condition (3.18), with ¢ = b3/(1—7), x =k =1—v and M =
b2(2177 +1)/(1 — 7), is satisfied. For 0 <t < 2 the left-hand side of (3.18) is certainly
bounded by b3 3/[2(1 — v)], therefore it is sufficient to choose e.g. M = b29/[2(1 — 7))
to fulfill (3.18) for any ¢ > 0.

4 Exponential-Asymptotic Stability for Special f’s via a Family of Liapunov
Functionals

In this section we specialize the function f of (3.1) as f = F(u) — a(x,t, u, Uz, U, Ugs ) Ug,
where F € C(R) and a € C(]0,1[ x J x R*), and examine the particular problem
Lu = F(u) — a(x,t,u, uy, ut, Ugz )ug, x €]0,1[, &> to,

4.1
w(0,t) =0, wu(l,t)=0, > to, (4.1)

with initial and consistency conditions (3.2)—(3.3). We shall use the one-parameter
family of modified Liapunov functionals

N =

W, () = / {(0ns — )2 + 707 + (1 + )2} de
0

-1+ 7)/1 < ?z)F(z)dz> dx

0 0
where v > 1/2 is for the moment an unspecified parameter.

Theorem 2 Under the following assumptions

(1) F(u) € C*(R), F(0) =0, and moreover there exists a positive constant K such
that
F, < K < 3n%/4; (4.3)

(2) the function a satisfies
vi=en? +infa > 0; (4.4)
(3) there exist T € [0,2[ and constants A >0, A’ >0 such that
(@, b, 0, Pr, Paa, ) < Ald(p, V)] + A, (4.5)
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the zero solution of the problem (4.1) is exponential-asymptotically stable in the large.

As anticipated in the introduction, this should be compared with Theorem 3.3. in
the main reference, [2]: by replacing the requirement that supa < oo and adding the
assumption (4.5) we are still able to prove the exponential-asymptotic stability in the
large of the zero solution. The trick is to associate to each neighbourhood of the origin
with radius o (the ‘error’) a Liapunov functional (4.2) with parameter v adapted to o,
instead of fixing vy once and for all.

Proof We start by improving or recalling some inequalities proved in [2]. From (4.3)

we find

z

O]OF(z)dz_jdz/Fs(s)dngZdzO/ds_K¢2/2_ (4.6)

0

Employing this inequality and the estimate (3.9) we find

1
1
=5 [ {(e0u — 20712+ oma - 012+ (2 - /202
0
. (4.7)
+ (1 +7)¢s + 207, /4 —2(1 + 7)/F(z) dz} da.
0
It easy to see that
1 @
1 1 9 s €2,
0 0
1 / 1 22, € 2 2 2 (48)
5/ [ (v 5) + (L N)TP" + ws(eg, +9a) = (L+7) Ky }dw
0
= kd* (e, ),
where we have used again (4.3) and we have introduced the constant k7
k3 = min{e’ws/8, (2y —1)/4}, ~>1/2. (4.9)
Another inequality of [2] reads

where
m(lgl) = max{|F¢(Q)]: [¢] < [¢l}- (4.11)
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The map B(d) := [1 + m(d)]'/?d is increasing and continuous, therefore invertible.
Finally,
1
= - /{Euiz +eyul, + a(l + Y)u? + eF(u)uge — 0Uppty ) d
0

AW, (u, ug)
dt

1
3 2
=— / {Zsuiz +e [gum - %ut} +eyul, +all +v—ealu? — sFuui} dx
0

(4.12)
< - /{35(1 — ANu?, /4 + (3 1% /4 — K)u?
0
+ [(en® 4+ a)y + a(1 — ea)]u? }dz,
AW, (u,ue) _ / (1 — N (12 + 12 S(30n2 /4 — K2
Wl ) 0/{3 (L= N0 by @A/ K2

+ [(571'2 +a)y+a(l - Ea)]uf} dx,

where X € ]0,1[ is a constant chosen in such a way that 3Am?/4 — K > 0, and we have
used (3.9), (4.3).

Now we are going to show that for any “error” o > 0 there exists a § € |0, o[ such
that d(to) = d(uo,u1) < § implies

d(t) = d(u(z, t),u(z,t)) <o Yt>to. (4.14)

To this end we associate to the neighbourhood with radius ¢ of the zero solution the
Liapunov functional (4.2) choosing the parameter v and 0 as the following functions
of o:

1 2 3.4 1 1
Yo) = (Ao" + ANe+ M, Mi=-STEET L 1L (4.15)
v emw 2

ok o),
s0) =57 () (4.16)

we shall call the corresponding Liapunov functional W,. Per absurdum, assume that
there exist a t1 > to such that (4.14) is fulfilled for any ¢ € [to, t1[, whereas

d(ty) = o. (4.17)

Consider the term in the square bracket on the right-hand side of (4.13). From (4.15),
(4.4), (4.5) considering separately the cases a > 0, —em? < a < 0, we find

—[(em® + a)y + a(l —ea)] < -1, (4.18)

whence

AW (u(t), ue(t))

dt < —k3d? (u(t), ui(t)) <0, (4.19)



32 A. D’ANNA AND G. FIORE

where
k3 = min {3e(1 — Nwi /4, e(3\1?/4 — K), 1}. (4.20)

From (4.8), (4.19), (4.10), (4.16), it follows

k1d? (t1) < Wo(u(ty), ui(t1)) < Wo(u(to), us(to)) < c3 [1+m(d(to))] d*(to)

2
< A +m@)]5 =2 BO) =& [B (B-l ((’C—’“)ﬂ = k202,
2
against (4.17).
Having proved (4.14), it follows m(d(t)) < m(o), which replaced in (4.10) gives

Wo < c3(0) [1+m(o)] d*(t);

together with (4.19) this in turn implies

AW, (u(t), g (t

Wl D) < (o)W, (u(t) w0,
with C (o) := k3/[c3(0)(1+m(c))]. Using the comparison principle we find that d(tg) =
d(up,u1) < § implies

Cc(o)

d(u(t), u(t)) < D(o)e” 2

with D(o) := 2_2\/1 T m((0)).

Last, we shov& that under the present assumptions the function (4.16) can be inverted.
It is evident from (4.9) that k(o) is non-decreasing, from (3.7) and (4.5) that o/ca(y(0))
is strictly increasing, therefore that oki(o)/ca(y(c)) is strictly increasing too, hence
invertible. Since B! is invertible, §(c) is invertible and its range is J.

Thus we can express D(o), C(0) as functions of §, proving the exponential asymptotic
stability of the zero solution.

Remark 4 The theorem holds also if we replace the right-hand side of (4.5) with A(d),
where A: [0, +o0o[ — RT is any nondecreasing function such that A(c)/o? 2= (.

(t_to)d(uo,ul), (421)

Remark 5 If (4.5) holds with 7 = 2 the function is still increasing but

o
c2(7(0))
ok1(v())
20(0))
range is [0, \/ws/v/2A] . Therefore the condition (3.5) of Definition 3.4 is fulfilled only
for a € 10, B~!(\/ws/V2A4)[, and the attraction region includes the set d(ug,u1) <
B(/@5/V24).

We now give a variant of the preceding theorem, based on a hypothesis slightly different
from (4.5). Beside the distance (3.4), we need also a “weaker” distance dy (u,u;) between
the zero and a nonzero solution u(z,t) of the problem (3.1)—(3.2): for any (p,v¢) €
C2([0,1]) x Cy(]0,1]) we define

its range is [0, 2/eA], implying that the function is still increasing but its

1
B 0)= [ (7 + 62+ 0 da (422
0
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Clearly,
di(p, ) < d(p,9). (4.23)

The “Hamiltonian” Liapunov functional v(u,u;), with

1 o(x)
v(p, ) == % / {zﬁ + 2 — 2( / F(z) dz> } dr, (4.24)
0

0

will play w.r.t. the distance d; a role similar to the one played by the Liapunov functionals
V or W, w.r.t. the distance d.

Theorem 3 Under the following assumptions
(1) F(u) € CY(R), F(0) =0, and there exists a positive constant K such that

F, < K <3n%/4; (4.25)

(2) the function a satisfies
infa > —en?; (4.26)

(3) there exists a nondecreasing map A: J — J such that
la(z,t, 0, Pa, Pza, )| < Aldi(p, )], (4.27)

the zero solution of the problem (4.1) is exponential-asymptotically stable in the large.

Proof Some steps of the proof are exactly as in the previous theorem. Employing
inequality (4.6) and the estimate (3.9) we find

1
1 1 7 3 1
V23 / { (§ ug + §u27r2> +uf — 172112}6195 2 Ed% (4.28)
0

Setting v(t) = v(u,u), integrating by parts and using (4.1), (4.26), (3.9) we also find

= /{ut[—um +uy — F(u)]}de = — / {euZ, + aui} dx
X 0 (4.29)

< - /Eﬂ' +a)u?dr <0
0

Now we are going to prove the uniform boundedness of the solutions of the problem
(4.1). To this end first note that from the definition (4.11) it follows

@
/F )dz
0

2
¥
<m( |90|)7;
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employing this inequality and the one p? < d?(yp,1) we find
1
v < B [1+m (dy(u,u))] dF(u, ue). (4.30)

From (4.29) we derive the inequality v(t) < v(tg) for any ¢ > to, whence

A ) < vlt) < vlto) < 5 [1+m (d (t0))] o).

Therefore, for any t > t,
dt)) <a = di(t) <a = di(t) < pi(e):=2vV2[1+m(a)]"?a,
so that, in view of the assumption (4.27),
d(ty) <a = |a(x,t,u,uz, ut, Uze)| < A[G1(a)] = A(a). (4.31)

1
Now we associate to any « > 0 the Liapunov functional (4.2) with the parameter
chosen as the following function of a:

1 2 3.4 1 1
v(a) =Ala)e+ M, M:= fhem e +—+5 (4.32)

v em 2
we shall call the corresponding Liapunov functional W,. Consider the term in the square
bracket on the right-hand side of (4.13). From (4.31), (4.32), we find again (4.18), whence

AW (u(t), ur(t))
dt
with the same k3 of (4.20). From (4.8), (4.33), (4.10), it follows for any ¢ > to

(
ki d?(t) < Wa(u(t), ue(t)) < Wa(u(to), ur(to)) < c3 [1 +m(d(to))] d*(to)
< 3(v(@)) [1 +m(a)] a® = 3 (v(e) B* (),

proving the uniform boundedness of u:

< —k2d? (u(t), () <0, (4.33)

d(u(t), us(t)) < %‘J‘B B(a) = Bla). (4.34)

Having proved this, it follows m(d(t)) < m
Wa < c3(v(a))[1+m
together with (4.33) this in turn implies
AW (u(t), us (t
Wl 2O < o)W (1), (1)),
k2 (v())/{c3(v(a))[1+m(B())]}. Using the comparison principle we find
d(ug,u1) < a implies

with C'(a) :=
that d(to) =

d(u(t), us(t)) < D(a)e” @) d(ug, uy), (4.35)

with D(«) := % 1+ m(6(«)), namely the exponential-asymptotical stability.

5 Uniform Asymptotic Stability in the Large for a Class of Non-Analytic f’s

Here we give a generalization of Theorem 2 in [5]. As in the preceding sections, using
the trick of the one-parameter family of Liapunov functionals we are able to replace the
boundedness assumption for the function a by a weaker one.
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Theorem 4 Under the following assumptions

F(p) € C(R) such that F(0) =0, (5.1)
there exist T € [0,1] and D > 0 such that, for any ¢, ¥ (5.2)
1, (@)
0< —/ ( / F(z)dz) dx < Dd™ " (p, 1),
0 0

1
[ Fe@)enst@)ds 20 for any < C(l. 1) (5.3)
0
the function a satisfies infa > —em?, (5.4)
there exists a nondecreasing map A: [0,00[— R* such that (5.5)

|a(@,t, 0, pus paz)| < Ad(p,9))
the zero solution of the problem (4.1) is uniformly asymptotically stable in the large.
Proof From (4.7), (5.2)

1

W, (p,1) > % /{(7 —1/2)¢° + (1 +7)pl + €292, /4} dw
0

) (5.6)
1
25 /{(7 —1/2)0% + (1 + 7)ws(¥? + ¢2) + %97, /4} de > k> d* (o, 9),
0
where )
1 . 1 ¢ 1
k12 :_imm{*y—g, T (1—|—”y)w3}, 7> (5.7)

Moreover, taking into account (4.2), assumption (5.2), noting that (e¢,.—1)? < e2¢2, +
»? +e(p2, +1?), and considering (3.7) it follows

Wy, ) < Gy(d(p,9)), (5.8)

where
G- (d) == c3(v)d® + D(y + 1)d" . (5.9)
1
For any choice of v > 3 the map G(d) is increasing and continuous in d, therefore
invertible. Finally, with the help of (3.9) we obtain from (4.12)

1

<= [1G/0e02, + oy +all + - ca)lu?} do
0
1

< - /{swg(uim +u +u?) /44 [(e +a)y + a(l — ea)|ul} da.
0

AW, (u, ut)
dt
(5.10)
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Now we are going to show that for any “error” o > 0 there exists a § € |0,0[ such
that d(to) = d(uo,u1) < § implies
dt) = d(u(z,t),u(z,t)) <o YVt >to. (5.11)

To this end we choose the parameter « in the Liapunov functional (4.2) as in (4.32) and
0 as the following function of the error o:

(o) = G;(lg) (02%2 (7(0))) ; (5.12)
we shall indicate the corresponding Liapunov functional W,y simply by W. Per ab-
surdum, assume that there exist a 1 > t¢ such that (4.14) is fulfilled for any ¢ € [to, t1],
whereas (4.17) holds for ¢ = t;. Consider the term in the square bracket on the right-hand
side of (5.10). From (4.32), (4.4), (5.5) we get again (4.18), whence

dWG’ (’U,(t), Ut (t)) ) <

dt

where now k42 := min{ews/4, 1}. From (5.6), (5.8), (5.13),(5.12), it follows

ky2d2 (th) < Wo(u(th), ue(tr)) < Wo(ulto), us(to))
< G,Y(g) (d(to)) < G.Y(U)((S(U)) = k1202,

< — k2% (u(t), u(t)) <0, (5.13)

against (4.17). So we have proved the uniform stability of the zero solution.

Note now that the function d(o) is invertible, since it is the composition of two in-
creasing functions. Therefore W, can be expressed as a function Wy of the parameter §.
By (5.13) it is W5(t) < Ws(to) so by (5.6), (5.8) we find that for d(tg) = d(ug,u1) <6
Wis(t Wi (t G G

§(2) < sI(QO) < Srtdta) o O _ g

ki ki ki k1 (’7(5))
proving the uniform boundedness of w.
Employing an argument of [5] one can now show that for any choice of the initial

condition d(tp) < ¢ the functional Wy decreases to zero (at least) as a negative power of
(t —to) as (t —tg) — oco. From (5.8) we find

d%”“{ﬁgbw(wginyik

which considered in (5.13) gives

d*(t) <

dWs (u, uy) ’os Ws Wi T
— L <k — | = <0. 5.14
a = 322\ 2Dy + 1) = (5.14)
Ifat t = to
2
W W\
— > | = 5.15
2c¢3 <2D(’7+ 1)) ’ ( )
then setting
K 1-—
E(6) == s T
[2D(’7(5) + 1)] a1 L+ 7
one finds
Wi (t 1 1
() < L) < - (5.16)

K2 T R2[Wslto) + E(t — to)] T K2[E(t — to)] T



NONLINEAR DYNAMICS AND SYSTEMS THEORY, 5(1) (2005) 9-38 37

for ¢ > tg. If on the contrary

W(;(to) Wg(to) =
205 < <2D(’Y+1)) ’

(5.14) will imply for some time

dWs(u,uy)

i = kW

and by the comparison principle an (at least) exponential decrease of Wy. Hence there
will exist a T'(§) > 0 such that

Wg(to —+ T) B Wg(to —+ T) "i“
26% 2D(’y + 1) ’

after which (5.14) will take again the form considered in the previous case and thus imply

Wg(t) < 1
| W T s
1 k} [Wg(to-ﬁ-T) +E(t — 1o —T)]1*T

1
S /9 ~ 14T
RPIEQ —to —T)]7

d*(t) <
(5.17)

for ¢t > to + 7. Formula (5.17) will be valid also if § is so small that inequality (5.15)

occurs, provided we correspondingly define T := 0, so that it reduces to (5.16). Formula
(5.17) evidently implies the quasi-uniform asymptotic stability in the large of the zero
solution.
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