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Abstract: This paper deals with the problem of robust H, filtering for dis-
crete time-delay systems with stochastic perturbation and nonlinear distur-
bance. It is assumed that the state-dependent noises and the nonlinearities
satisfying global Lipschitz conditions enter into both the state and measure-
ment equations, and the system matrices also contain parameter uncertainties
residing in a polytope. Attention is focused on the design of robust full-order
and reduced-order filters guaranteeing a prescribed noise attenuation level in
an Ho, sense with respect to all energy-bounded noise inputs for all admissible
uncertainties and time delays. Sufficient conditions for the existence of such
filters are formulated in terms of a set of linear matrix inequalities, upon which
admissible filters can be obtained from the solution of a convex optimization
problem. A numerical example is provided to illustrate the applicability of
the developed filter design procedure.
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1 Introduction

During the past decades, stochastic modelling has played an important role in many
branches of science such as biology, economics and engineering applications. Therefore,
much attention has been drawn to systems with stochastic perturbations from researchers
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working in related areas. By stochastic systems, we generally refer to systems whose pa-
rameter uncertainties are modelled as white noise processes. The appearance of these
parameter uncertainties are usually due to the random changes of the environment under
which the systems are operated, and thus it is a natural way to represent them in the
model by stochastic parameters fluctuating around some deterministic nominal values.
This kind of systems has been called systems with random parametric excitation [1], sto-
chastic bilinear systems [20,30] and linear stochastic systems with multiplicative noise
[15,17,31]. Analysis and synthesis of stochastic systems have been investigated exten-
sively and many fundamental results for deterministic systems have been extended to
stochastic cases. To mention a few, the analysis of asymptotic behaviour can be found
n [21]; the optimal control problems were reported in [17,31]; and recently with the
development of Ho, control theory, the robust control and filtering results have also been
extended to stochastic systems through Ricatti-like and linear matrix inequality (LMI)
approaches [8,18].

On the other hand, since time delay exists commonly in dynamic systems and is
frequently a source of instability and poor performance, much theoretical work has been
produced for time-delay systems. The most powerful approach for solving problems
arising in time-delay systems so far has been the so-called Lyapunov-Krasovskii approach,
in which the asymptotic stability as well as performances can be established by employing
appropriate Lyapunov-Krasovskii functionals. Within this framework, a great number
of results have been reported, including stability analysis [26], state-feedback control
[5,23, 28], output-feedback control [9, 10], filter design [12,13] and model reduction [34],
etc.

The simultaneous presence of stochastic uncertainty and time delays results in sto-
chastic time-delay systems (STDS) have attracted much attention in recent years, and
some useful research results related to STDS have been reported in the literature. Among
these results, the exponential stability and asymptotic stability of stochastic differential
delay equations are investigated in [22,24]; the problems of stabilization and Hs, con-
trol via a memoryless state-feedback are considered in [32]; and the filtering problems
have also been addressed in [2,19] for different classes of STDS. These useful results
have greatly advanced the analysis and synthesis of stochastic systems. However, it is
worth noting that most of the aforementioned results are developed for continuous-time
systems, while few results are available for discrete time-delay systems with stochastic
perturbations which are also important in practical applications.

In this paper, we are interested in the problem of robust H filtering for discrete sto-
chastic time-delay systems with parameter uncertainties and nonlinear disturbances. The
parameter uncertainty is assumed to be of polytopic-type, and the nonlinearity satisfies
global Lipschitz conditions, entering into both state and measurement equations. Atten-
tion is focused on the design of robust full-order and reduced-order filters guaranteeing
a prescribed noise attenuation level in an H., sense with respect to all energy-bounded
noise inputs for all admissible uncertainties and time delays. Sufficient conditions for
the existence of such filters are formulated in terms of a set of linear matrix inequalities,
upon which admissible filters can be obtained from the solution of a convex optimization
problem. A numerical example is provided to illustrate the applicability of the developed
filter design procedure.

Notations The notations used throughout the paper are fairly standard. The su-
perscript “T” stands for matrix transposition; R™ denotes the n-dimensional Euclidean
space and R™*" is the set of all real matrices of dimension m X n; the notation P > 0
means that P is real symmetric and positive definite; I and 0 represent identity matrix
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and zero matrices; the notation | - | refers to the Euclidean vector norm; Amin(-), Amax(*)
denote the minimum and the maximum eigenvalue of the corresponding matrix respec-
tively. In symmetric block matrices or long matrix expressions, we use an asterisk (x) to
represent a term that is induced by symmetry and diag{. ..} stands for a block-diagonal
matrix. In addition, F{z} and E{z|y} will, respectively, mean expectation of z and
expectation of x conditional on y. Matrices, if their dimensions are not explicitly stated,
are assumed to be compatible for algebraic operations. The space of square summable
infinite sequence is denoted by I3[0, c0).

2 Problem Formulation

Consider the following discrete stochastic time-delay system with nonlinear disturbance:

S: xpq1 = [Axr + Agxi—q + Ff(xt, ve—q) + Bwi] + [May + Mazi_g|ve,
Y = [Cxy + Caxi—q + Gg(xy, x4—q) + Dwi] + [Nay + Naxi—g]ve,
2z = Ly,
2= by, t=—d, —d+1,...,0,

(1)

where x; € R™ is the state vector; y, € R™ is the measured output; z; € RP is the
signal to be estimated; w; € R' is the disturbance input which belongs to I2[0,00); v;
is a zero mean white noise sequence with covariance I; A, Ay, F', B, M, My, C, Cy,
G, D, N, Ny, L are system matrices with appropriate dimensions; d > 0 is a constant
time delay; {¢:: t = —d,—d+1,...,0} is a given initial condition sequence; f(zt,z:—q),
g(x¢, x4—q) are known nonlinear functions. Throughout the paper, we make the following
assumptions.

Assumption 1 The nonlinear functions satisfy

(1) f(0,0) =0, g(0,0) = 0;

(2) (Lipschitz conditions) there exist known real appropriately dimensioned matrices
S1, S2, T1, T such that for all z1, x2, y1, y2 satisfying

I f(@1,22) — flyr,y2)| < [1S1(21 — ya) | + [[S2(z2 — w2)]l
llg(z1,22) — g(yr, y2)l| < (| Ti(z1 —yo)l| + (| T2 (w2 — yo)| -

Assumption 2 The system matrices are appropriately dimensioned with partially
unknown parameters. We assume that

Qé (AvAdvFvaMdeaOvcdvaDvaNde)ER

where R is a given convex bounded polyhedral domain described by s vertices

R 2 {Q(/\): Q) = Zz\iQi; Z)\i =1 A= 0}
i=1 i=1

and Q; £ (Ai, Agi, F, Biy My, My;, Ci, Caiy Giy Diy Niy Ny, Li) denotes the vertices of the
polytope R.
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Remark 1 The system under investigation in this paper contains both parameter and
nonlinear uncertainties. As can be seen in Assumption 2, the parameter uncertainties
are assumed to be of polytopic-type, entering into all the matrices of the system model.
The polytopic uncertainty has been widely used in the problems of robust control and
filtering for uncertain systems, see, e.g., [3,7,14] and the references therein and many
practical systems possess parameter uncertainties which can be either exactly modeled or
over-bounded by the polytope R. In addition, the nonlinear uncertainty in Assumption 1
has also been widely used in the literature, see, e.g., [16,29, 33].

Remark 2 Although there is only a single delay taken into consideration in system S,
the results developed in this paper can be easily extended to systems with multiple state
delays. The reason why we consider single delay systems is to make our derivation more
lucid and to avoid complicated notations. It is also worth mentioning that the results
obtained in this paper can be readily extended to the case where v; enters system S in a
summation form, that is, the dynamic and measurement equations in system S have the
following form

T = [Axy + Agae—q + F f (x4, xe—q) + Bwy| + Z [M;xy + Mgize—a) ves,
i—1

ye = [Coy + Cami—a + Gg(xr, xe—a) + Dwi] + Y [Niwe + Naiy—a] vri.
i=1
Here we are interested in estimating the signal z; by a linear dynamic filter of general
structure described by
.F . iit+1 = AF.ft —|— BFyt,
Zy = Cpiy, (2)
jt:gﬂt, t:—d,—d—i-l,...,O,
where #; € R is the filter state vector and (Ar, Br, CF) are appropriately dimensioned
filter matrices to be determined. It should be pointed out that here we are interested
not only in the full-order filtering problem (when k = n), but also in the reduced-order
filtering problem (when 1 < k < n). As can be seen in the following, these two filtering
problems are solved in a unified framework.
Augmenting the model of S to include the states of the filter F, we obtain the filtering
error system &:
E: &1 = [AG + AaK&_q + Fn(ze, me—a) + Bwy| + [M& + MaK& g vy,
€t = agh (3)
§t:[¢? SDtT]Tv tE[—d,O],

where & = [UCtT UACtT]T ) n(wt,wt_d) = [fT($t7$t—d) QT(UCtJCt—d)]T , €t =2 — 2 and

A o [ A = [F o0 = [ B
A_{BFO AF]’ Ad_{BFOd]’ F‘{o BFG]’ B_{BFD}’
— [ M 0 — [ My = iy N
M_[BFN 0}, Md_|:BFNd:|7 C=[L -Cr], K=[I 0].

We first introduce the following definitions.
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Definition 1 The filtering error system £ in (3) with w; = 0 is said to be mean-
square stable if for any € > 0, there is a §(¢) > 0 such that E{|&]?} <€, t > 0 when

sup  E{|&]?} < 6(e). In addition, if tlim E{|&|*} = 0 for any initial conditions, then
—d<5<0 —00

it is said to be mean-square asymptotically stable.

Definition 2 The filtering error system £ in (3) is said to be mean-square asymptoti-
cally stable with an Heo disturbance attenuation level +y if it is mean-square asymptotically
stable and under zero-initial conditions E{|le|2} < ~v|lwl||2 for all nonzero disturbances
wy € I3]0, 00), where

Bllell 2 £{ (iT>/} il 2 (éwzwt)m.

t=0

Throughout the paper, we make the following assumption.
Assumption 3 System S in (2) is mean-square asymptotically stable.

Remark 8 Assumption 3 is made based on the fact that there is no control in the
system model § in (1), therefore the original system S in (1) to be estimated has to be
mean-square asymptotically stable, which is a prerequisite for the filtering error system
€ in (3) to be mean-square asymptotically stable.

Then the filtering problem to be addressed in this paper is expressed as follows.

Problem RHF (Robust Ho Filtering):  Given system S in (1), develop full-order
and reduced-order robust Ho filters of the form F in (2) such that for all admissible
uncertainties, disturbances and time delays the filtering error system & in (3) is robustly
mean-square asymptotically stable with an H., disturbance attenuation level . Filters
satisfying this requirement are called robust H filters.

Throughout the paper, (A;, Ag, F;, Bi, M;, M 4;,C;) denotes matrices evaluated at
each of the vertices of the polytope R. The following lemma will be useful in our deriva-
tion.

Lemma 1 Let ®;, &2, &3 and II > 0 be given constant matrices with appropriate
dimensions. Then, for any scalar € > 0 satisfying el — ®IT1Py > 0 we have

[B1 + Po®3]TTI[®) + Po®3] < BT[IT! — ¢ 1Do0] | 71D + eI D3

3 Filtering Analysis

This section is concerned with the filtering analysis problem. More specifically, assuming
that the matrices (Ap, Br,CF) of the filter F in (2) are already known, we shall study
the conditions under which the filtering error system £ in (3) is mean-square asymptot-
ically stable with an H., disturbance attenuation level «. To ease the exposition of our
results, we first consider the stationary case, i.e. 2 € R is fixed. The following theorem
shows that the Ho, performance of the filtering error system can be guaranteed if there
exist some positive definite matrices satisfying certain LMIs. This theorem will play an
instrumental role in the filter design problems.
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Theorem 1 Consider system S in (1) with Q € R fized, and suppose the filter
matrices (Ap, Br,Cr) of F in (2) are given. Then the filtering error system & in (3) is
mean-square asymptotically stable with an Hoo disturbance attenuation level bound v if
there exist matrices P >0, Q >0 and a scalar € > 0 satisfying

—P 0 0 PA PA; PB PF)
* —P 0 PM PM,y 0 0
* x -1 C 0 0 0
« x x O, 0 0 0 | <0, (5)
* * * * (CH 0 0
* * * * * %I 0

L * * * * * * —el |

where
©1 £ P+ K'QK +2eK" (5] 81 +T{'T1) K,
O2 £ —Q +2¢ (53 82 + T)'Ty) .
Proof Let X, & {&—d,&—d+1s---,&}, choose a Lyapunov functional candidate for

the filtering error system &

Wi () LWy + Wh,
T = T 7T (6)
Wi =¢'PG, W= Y &KTQKE,

i=t—d

where P, @ are real symmetric positive definite matrices to be determined. Then, along
the solution of the filtering error system £ we have

T 2 E{Wi1(Xi1) | &} — Wi(X) = E{[Wip1(Xia1) — Wi(X)] | X}

— B{AW) | X} + B{AW: | X} ®

where
E{AW1 | X} = E{ (65, Péi1 — & P&)| X}
- E{( (A& + AgK &g+ Fr(wy, v1—a) + Bwy]' P
X [A& + AgK & —q+ Fn(zy, ©—q) + Buwy| (8)
+ 2 {[MIg + MyK& g) v} PAG + AgKE a+ F(wr, v1—a) + Buwr]
+ {[MI& + MaK& o] v} P{[ME + MaKE g] v} — gtTpgt) ] Xt},

t t—1
E{AWQIXt}—E{< S ERTQKE - Y fiTKTQK&-)‘Xt}

i=t+1—d i=t—d
=E{(KTQKE — ¢ (KTQK&_q) | X}
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Then from (7)—(9), we obtain
T =[A& + AaK&—a+ Fn(ze, xi—q) + Fwt]TP[/_lft + AgK&—q+ Fn(ze, ©i—a) + Bwy
+ [M& + MaK&—q)" PIM& + MaK& ] — &' P&,
+EKTQKEG — & 4K QK —a. (10)
In addition, using Assumption 1, we have
1f (e, we-a)ll < [|S1e]| + || S21—all,
lg(ze, ze—a)l| < [[Thael| + ([ T22e-all
which yields
1f (e, we—a) I < 2011 |* + [[S2xe—al*),
lg(@es we—a)l* < 20| Tvwe® + | Towe—al®).
Then
0 (e, we—a)n(@e, we—a) = [T (we, we-a) f (@0, Te—q) + 9" (@4, Be—a)g (e, T1—a)
<2 (IS 1al* + 12ze-al + |Tize* + | Towe-all?) (11)
= 26T KT (ST8) + TP K& + 268 (K™ (S5 82 + T5 To) Kéi—a.
Since (5) implies € > 0 and ¢I-F' PF > 0, by identifying ®; = A&+AyK & g+ Buwy,

by =F, §g = n(ze, zi—q) and II = P in Lemma 1 , we have an upper bound for the
first term of J in (10)

[A& + AaK&—a+ Fn(zy, me—q) + Ewt]TP[f_l{t + AgK&—a + Fn(ze, m1—q) + Buwy]

_ _ _ _ C _ (12)
< [A& + AaK &g + Bwt]T\IJ[A& + AgKé&_q + Bw] + 677T(33t7 Ti—a)n(xe, Te—a),
-1
where U — [P*l — e*lFFT} .
Then from (10)—(12) we have
— — J— T — — J—
J < [A& + AaK&_q+ Bwy| W [AG + AgK &g + Buw|
+2e¢ KT (ST S + T Th) K& + 268 yK™ (S5 82 + 15 To) K&—a
— — T — —
+ [Mé& + MaK&—a) P [M& +MyKé& 4] — & P& (13)
+KTQRG — & JKTQKE
= U;TEO},
where
or=[& & KT WTT,
AT A T 7L pag — T I
(A \I/A—TIf+TI( QK;—M PM) ATOA, + TP, B
—|—2€K (Sl Sl —|— Tl Tl) K

[1]

_ _ — T —
- . (—Q+A§@Ad+Md PMd) ATUE
+2€ (ST 8y + T T)

* *

UB

s
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Therefore, when assuming zero disturbance input w; = 0, it follows that
(&8 & KT

J<E gL KT)E
where
ATWA - P+ KTQK+ R
T ATWA; + M PM
(2EKT (ST, +T1TT1)K+MTPM) AR d
( —Q+ AJV Ay + 2¢ (5355 + Ty Ty) )
+3, PN,

*

[

By Schur complement [4], LMI (5) implies the negative definiteness of Z, therefore, for

X # 0 we have J < 0, that is
E{Wi1(Xig1) | X} < Wi(A)

which means that there exists 0 < 3; < 1 satisfying
E{ Wi (Xeg)| X} < BeWi(A)

t—1

E{Wi(X)| Xo} < [ B:Wo(Xo) < o' Wo(Xy)

It is easy to obtain by using this relationship recursively that

i=0
where o = max ;. Thus 0 < a < 1 and we have
N l_aNJrl
E{ Z [Wi(X2)| Xo] } <(T+a+--+a)Wo(X) = 1o Wo(Xo).
t=0

Since @ > 0, then
< 1w
=g Voldo).

N
Z {xtTth ‘ Xo}

lim E {
N —o0
t=0
Using the Rayleigh quotient inequality, we have
al 1
< = Wi (X
< e 0

lim E{ EEAEN

N—o00
t=0
which means E{|z:|"} — 0 as ¢t — oo, then from Definition 1, we know that the filtering

. 2
error system & in (3) with w; = 0 is mean-square asymptotically stable
To establish the H, performance, assume zero initial condition, we have Wy (AXp) = 0
(14)

Now consider the following index

san{ i)
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Then, with (13) for all nonzero w; we have

o0

I == E{ (e’tI‘et — 72(41?(4]15 + E{Wt+1(Xt+1)| Xt} - Wt(Xt)) } - E{WOO(XOO)}
t=0

< E{ S (eFer —22wln + ) } _ E{ 3 agéat}
t=0

t=0
where

ATWA - P+ KTQK
WM PM+T'C AT A, + D PN, ATUB
B +2eKT (STS + T 1) K
= . (—Q—FAE\I/Ad—I—MEPMd) ATV B
+2¢ (S5 S + T4 Ts) ¢
* * —2I + B vB

[1]x

—_

Then, by Schur complement, (5) guarantees = < 0, which further implies Z < 0 and
E{|lell2} < v|lwl|l2, then the filtering error system £ in (3) is mean-square asymptotically
stable with an H., noise attenuation level bound ~, and the proof is completed.

Remark 4 Theorem 1 presents a sufficient condition for the H., performance of
discrete-time stochastic time-delay systems with nonlinear disturbances. It is worth
pointing out that the condition presented in Theorem 1 is an LMI condition and there-
fore can be easily tested by standard numerical software [11]. In the case when we assume
vy = 0, that is, no stochastic uncertainty is present in system S, LMI (5) becomes

-P 0 PA PA; PB PF
-1 C 0 0 0
©1 0 0 0
* @2 0 0
* * I 0
* * * —el

<0. (15)

* ¥ X X %
* K K KX

LMI (15) is an Heo performance condition for linear discrete time-delay systems with non-
linear disturbances. In addition, if we further assume f(z¢, z1—q) =0 and g(x¢, T1_q) =
0, then LMI (5) becomes

-P 0 PA PA; PB
I C 0 0
* x —-P+KTQK 0 0 <0. (16)
* * * —-Q 0
* * * * —2I

LMI (16) is an H, performance condition for linear discrete time-delay systems.
Then, the following theorem provides a sufficient condition of robust H., performance
for the filtering error system & in (3).
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Theorem 2 Consider system S in (1) with ) € R representing uncertain matrices,
and suppose the filter matrices (Ap, Bp,CFr) of F in (2) are given. Then the filtering
error system & in (8) is robustly mean-square asymptotically stable with an Hoo distur-
bance attenuation level bound v if there exist matrices P; > 0, Q; > 0, V and scalars
€; > 0 satisfying

rP—V VT 0 0 VT& VTA_di VTB;, VTF;7
* P-V-VvVT 0 ViMi VTM g 0 0
* * -1 C; 0 0 0
* * * 1I; 0 0 0 <0
* * * * II, 0 0 (17)
* * * * * —y2I 0

L * * * * * * —e;1

Vi=1, .S,
where

I = —P,+ K"Q:K +2¢, K" (575, + T T1) K,
H2 = _Qi + 261' (S;FSQ + T2TT2) .

Proof LMIs (17) guarantee that for any fixed QQ € R, there exist matrices P > 0,
@ >0, V and a scalar € > 0 satisfying

rP—V-VT 0 0 VTA VvT4; VTB VTF-
* P-v-Vvt o VTM V™M, 0 0
* * I C 0 0 0
* * * 0, 0 0 0 < 0. (18)
* * * * (CP} 0 0
* * * * * —y2I 0
L * * * * * * —el |

In the following we will show that (18) is equivalent to (5). On one hand, if (5) holds,
(18) is readily established by choosing V = VT = P. On the other hand, if (18) holds, we
can explore the fact that V is nonsingular. In addition, we have (P — V)" P~ (P - V) >
0, which implies that —VTP~1V < P — VT — V. Therefore we can conclude from (18)
that

r—vrtp-ly 0 0 VTA VvT4, VTB VTF-
* ~VTp-lv 0 V™ VTM; 0 0
* * -1 C 0 0 0
* * * 0, 0 0 0 < 0. (19)
* * * * ©9 0 0
* * * * * —2T 0
L * * * * * * —el |

Performing a congruence transformation to (19) by diag {I, V-iPpV-iP 1,1, I}
yields (5), then the proof is completed.
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Remark 5 Instead of directly extending Theorem 1 to polytopic uncertain systems
based on the notion of quadratic stability, here we incorporate a new result of parameter-
dependent stability [6] to reduce the conservatism of filter designs in the quadratic frame-
work. Through the introduction of the slack variable V| the sufficient robust Ho, per-
formance condition resulting from Theorem 2 entails different positive definite matrices
P; and @; for each vertex of the polytope R, thus enabling us to obtain a parameter-
dependent performance criteria. To illustrate the benefit of such performance conditions,
let ©()\) denotes any given point of the polytope R. If we can find feasible solutions in
the light of (17), then it is not difficult to show that the Lyapunov matrices defined in
(6) for any fixed point ©()\) can be recovered by

PO =Y NP, Q) =) N@Qi,
i=1 i=1

which implies that there are different Lyapunov functionals for different points in the
polytope. Then, the Lyapunov functional defined in (6) for the whole uncertainty domain
R can be expressed as

t—1
Wi, \) = €T PONE + S EPKTQKE (20)

i=t—d

which is dependent of the parameter .

4 Filter Design

In this section we will focus on the design of full-order and reduced-order H filters of
the form F based on Theorem 2. That is, to determine the filter matrices (Ar, Bp, Cr)
which will guarantee the filtering error system £ to be mean-square asymptotically stable
with an H, performance. The following theorem provides sufficient conditions for the
existence of such H filters for system S.

Theorem 3 Consider system S in (1) with @ € R representing uncertain matrices.
Then an admissible robust Hoo filter of the form F in (2) exists if there exist matrices
X.,Y, Z, Ap, Bp, Cp, Py, Py, Psi, Q; and scalar ¢; > 0 fori=1,... s satisfying

e 0 0 Ty Tg T1o Ty 7

* TQ 0 T5 Tg 0 0
* *x —I Tg O 0 0
* * * Y7 0 0 0 <0, (21)
* * * x  Ilg 0 0
x % * * o+ =y 0
L * * * * * * —e; 1
Py Py
{ . P&l > 0, (22)

where
T, _ XF, ETBrG;
"TYTE BrG; |7
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o [Pi=X—X" Py-Y-E"Z
> * Py —27Z%—27 |’
T, = -XTAi-FETFFCi ETAF:|

Y7 YTA +BrC; Ap |’

[ XTM; + EYBgN; 0
Ty = T _ ,
| YTM; +BrN; 0
Yo=[L; —Cpr],
[ =Py + Qi + 26 (STS1 + TTTy)  —Py
L - Py —Py; |’
[ XTAg + ETBrpCy;
O ,
| Y Ay + BrCy
To— [ XTMg; + EYBpNy;
°7| Y™My+BrNg |’
[ X'B;, + EYBrD;
TlO - T - B
| Y'B,+BrD;

E=[Irxk Opx(n—k)]-

Ty

Moreover, if the above condition has a set of feasible solution (X,Y,Z, A, Br,Cr, Py,
Py, Psi, Qi €;), the matrices for an admissible robust Hoo filter in the form of F in (2)
can be calculated by the following steps:

(1) find square and nonsingular matrices S € R¥** and T € R¥** satisfying Z =
STTr-18;
(2) calculate the matrices for desired filter matrices by

&= E ] e

Proof Since LMIs (21) and (22) implies P3; — Z — ZT < 0 and P3; > 0, we can
infer that Z 4+ ZT > 0, therefore Z is nonsingular. Then we can always find square and
nonsingular k x k matrices S and T satisfying Z = STT~'S. Therefore, the matrices
(Ap, Br,CF) are uniquely defined in (23). Now introduce the following matrix variables:

B I 0 _ X YSs it T P Py _1

Then, it is easy to see that the matrix J defined above is nonsingular and we have
P; > 0. In the following we will prove that the filter F in (2) with state-space realization
(Ap, Br,Cr) defined in (23) is an admissible robust He filter such that the filtering error
system & in (3) is mean-square asymptotically stable with a guaranteed Ho, performance.

Now, by some algebraic matrix manipulations, it can be established that (21) is equiv-
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alent to
B 0 JWTAJ JWTA, JWTB, JTVTE,]
vV — VT)J i di i i
* TP, - 0 JWTM;J J'VTMy 0 0
vV — VT)J i di

s * -1 C;J 0 0 0 <0.
* * * JTIL J 0 0 0
* * * * 11, 0 0
* * * * * —~2T 0

L * * * * * * —e1 ]

(25)

The equivalence between (21) and (25) can be verified in a reverse order by the follow-
ing steps. First, by substituting (Ap, Bp,Cp) defined in (23) into (4), the matrices
(/L Ay, F,B, M, Ml,?) of the filtering error system & in (3) can be obtained as

i A 0 i Ay
TS TBrC S TARS-I'T|’ N S e
_[F 0 _ B _ M 0
F= |:0 S_TEFG:| ’ B= [S_TEFD:| ’ M= [S_TEFN 0] ’ (26)
— Md — _ 4

Then by substituting the matrices J, P;, V defined in (24) and the matrices (/_1, Ay F,
B, M, M, C) given by (26) into (25), and by considering the relationship Z = STT-1S,
we obtain inequality (21) after some straightforward matrix manipulations.

Now, performing a congruence transformation to (25) by diag{J %, J~1, I, J~1, 1,11}
yields (17). Therefore, we conclude from Theorem 2 that the filter F in (2) with state-
space realization (A, Br, Cr) defined in (24) is an admissible robust H filter such that
the filtering error system £ in (3) is mean-square asymptotically stable with a guaranteed
Ho performance, and the proof is completed.

Remark 6 To obtain certain LMI conditions for the existence of desired filters, usually
linearization procedures have to be adopted. Since the standard linearization methods
adopted in [25,27] assume the off-diagonal entry of certain matrix (the matrix to be
partitioned, in this paper it is V' in Theorem 2) to be square and nonsingular, they can
only be used to deal with the full-order filtering problem. To keep the reduced-order filter
design tractable, here we have sought a different linearization procedure, which solves
both the full-order and reduced-order filtering synthesis problems in a unified framework.
It is worth noting that the matrix E defined in Theorem 3 plays an instrumental role.
For the full-order filtering, the matrix F becomes an identity matrix of dimension n, and
for the reduced-order case, we have imposed certain structural restriction on the (2,1)
block entry of the matrix V', which introduces some overdesign into the filter design.

Remark 7 Theorem 3 casts the robust Heo filtering problem into an LMI feasibility
test, and any feasible solution to the conditions presented in Theorem 3 will yield a
suitable filter, which can be obtained by following the two steps presented in Theorem 3.
Another formulation of suitable filters upon these feasible solution can be given by

[éf; %F]:[Z: ?] [%ﬁ FOF] (27)
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To prove (27), let us denote the filter z transfer function from y(t) to 2(t) by Tsy(z) =
Cr(zI — Ap)~'Bp. By substituting the filter matrices with (23) and by considering the
relationship Z = STT~1S, we have

T:y(s) = CpS™'T(2I — S TApS™'T) 'S TBp
= GF(ZI — Z_1AF)_1Z_1§F.
Therefore, an admissible filter can also be given by (27).

Remark 8 Note that (21) and (22) are LMIs not only over the matrix variables, but
also over the scalar v2. This implies that the scalar 42 can be included as an optimization
variable to obtain the minimum noise attenuation level bound. Then the minimum (in
terms of the feasibility of (21) and (22)) guaranteed cost of robust He, filters can be
readily found by solving the following convex optimization problems

Problem RHFD (Robust He filter design):  Minimize v subject to (21) and (22)
over (X7K Z} AFaEFvéF; P1i7 PQ’U P3i7 Q’iv e’i)-

Remark 9 Theorem 3 presents a sufficient condition for the existence of robust H.,
filters for discrete-time stochastic time-delay systems with nonlinear disturbance. In the
case when we assume v; = 0, that is, no stochastic uncertainty is present in system S,
LMI (21) becomes

Ta 0 Ty Tg Tip Ty
-1 Y¢ O 0 0

*
* * x Oy 0 0 <0
* * * x —20 0

* * * * * —e; 1

In addition, if we further assume f(x,2;—q) = 0 and g(x¢,2:—q) = 0, then LMI (21)
becomes

Ty O Ty Ts Tio
x =1 Ts 0 0
P+ Q; —Pyy
* —Pg P, 0 0 < 0.
* * * —Q; 0
* * * * —~2T

5 Illustrative Example

In this section, we will provide an example to illustrate the applicability of the above
filter design method. Consider the following system:

0.9944 —0.1203 —0.4302 0
Tip1 = [ 0.0017  0.9902 —-0.07474+0.0la |zt 4+ | 0 | wy
0 0.8187 0 0.1
0.01 0 0
+ O 003 0 TV, (28)
0 0 0.02

ye=[02 0.1 0.1+0.0la]a+[01 0.1+0.0la 0]zg
+0.2sin([0 0 02]z¢+[0 01 0]xi—q)+ 0.1wy,
Zt = [0 0.1 0.2]1},
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where « is an unknown parameter satisfying —1 < « < 1. It is easy to see that system
(28) has the structure of system S in (1) with the following parameters:

[0.9944 —0.1203 —0.4302
A=10.0017 0.9902 —0.0747+ 0.0lc | ,

o 0.8187 0

[0.1 0 02 0
M=|0 003 0 |,B=|01,

|0 0 0.02 0.1

Ag =03x3, F =03x1, Mqg=03x3,
C=1[02 0.1 0.1+0.0la],
Cs=1[0.1 01+0.0la 0],
G=02 D=01, N=01x3 Ng=0ix3,
L=[0 01 02],
flag,x—q) =0
g(@s,x—q) =0.2sin ([0 0 0.2]z:+[0 0.1 O0]z¢—g).
In addition, the nonlinear functions f(x:,x:—q) and g(x¢,zi—q) satisfy Assumption 1
with
S =8 =01x5, Ti=[0 0 02], T=[0 01 0].

By solving Problem RHFD, the obtained minimum feasible v* and the associated
matrices for different cases are as follows:

Third-order Filtering: (v* = 0.0200)

0.1864 1.3287  0.1981 : —3.5599
Ap Bpl —0.0268 0.9945  0.0077 —0.1232 29)
Cr O —0.0132  0.2543 0.0391 : —0.1472
L 0.0001 —0.0999 —-0.2048 0 |
Second-order Filtering: (y* = 0.0226)
0.9669 0.1947 : —0.0624
Ap Br| _ | 00002 09353 ° —0.0084 (30)
OF 0 ............................... '
—0.0011  —0.1400 : 0
First-order Filtering: (v* = 0.0228)
Ap Bp 0.9589 : —0.1801
or Bl (10)
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6 Concluding Remarks

The problem of robust H, filtering for a class of stochastic nonlinear time-delay systems
in discrete time has been investigated in this paper. Sufficient conditions are obtained in
terms of linear matrix inequality for the existence of desired filters which guarantee the
filtering error system to be mean-square asymptotically stable with an H., disturbance
attenuation level. A parametrization of the filter matrices can be readily obtained if
these conditions have feasible solutions. A numerical example is provided to show the
applicability of the developed filter design methods.
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