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Abstract: In this paper, based on the assumption that both the leading princi-
pal submatrix of r-order and its complementary submatrix in A(t) have eigen-
values with only negative real parts, we establish a criterion for the stability
of a class of nonlinear time-varying dynamic system dz/dt = A(t)x + f(t, z).
Also a feasible method for decomposition and aggregation of large-scale system
is provided. Moreover, we shall show the efficiency of the presented criterion
by a numerical example.
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1 Introduction

The problem of constructing Liapunov functions for non-autonomous systems in general
case still remains open. The concept of vector Liapunov functions (see [1,2]) in terms of
differential inequalities (see Lakshmikantham, et al. [3]) allowed to express the existence
conditions for certain dynamical properties of the initial system via the existence of the
corresponding properties in the comparison system. This approach has been intensively
developed in the stability investigation of large-scale systems (see [4—6]). For recent
results of the direct Liapunov method development and some approaches to the problem
of Liapunov functions construction see [7—10].

In this paper, based on the assumption that both the leading principal submatrix of
matrix A(t) and its complementary submatrix have eigenvalues with only negative real
parts, we give a feasible method of constructing vector Liapunov function of dynamic
system (1), and establish sufficient conditions for stability of the system

dzr

i At)x + f(z,t), (1)
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where A(t) = aij(t)nxn, = = (z1,29,...,2,)%, fl,t) = (ilt,z1,...,20), ...,
folt, 1, . 20))T, ai;(t) is differentiable and bounded on [0,+00), f(z,t) is conti-
nuous on field ¢t > 0, |z| < h, i = 1,2,...,n, and assume the system (1) have unique
solution for any initial condition on the field.

Moreover, we also extend the result [11], and show that it is a special case of this
paper for r =1, m = n — 1. Finally, we give a numerical example to show the efficiency
of the presented criterion.

2 Notations and Definitions
Let A(t) = (aij)nxn, and partition A(t) into the following:

AT A’I‘Xm

M@:[A ], m=n-—r, 1<r<n, (2)

mxr Am

where A, is a r X r matrix, which is called leading principal submatrix of order r and
Ay, is an m x m matrix, called complementary submatrix of A,. The matrix B(s,n) of
order (n —s+1)(n—s+2)/2 is defined as

B(s,n) =
a(ss, s8) + dss .. a(sn, ss) e a(nn, ss)
a(ss,sn) a(sn, sn) + Osm, a(nn,sn) (3)
a(ss,(s+1)(s+1)) ... a(sn,(s+1)(s+1)) ... a(nmn,(s+1)(s+1))|"
a(s.s', nn) a(s;l‘,'nn) . a(nn, nn) + dnn

When s =1 and n = r, let B, = B(l,r); when s = r+ 1 and n = n, let
B, = B(r+1,n). Thus, B, is a matrix of order r(r +1)/2, and B,, is a matrix of order
m(m+1)/2, where m = n —r. The elements a(ik, jl) in either matrix B, or B,, satisfy
the equalities a(ik, jl) = a(ki, jl) = a(ki,lj) and

0, it i#j, k#L kFj J#FL
akl, if i=j5, k#I,
atik i) = { " Loma kAL
ai; + agk, if i=4, k=1, i#k,
Qg5 if i:j:k:l,
where a;; is an element either in A, for 7,5 =1,2,...,7, orin A, for ¢,j=r+1,...,n.
In matrix B,, d; = «/2 if i =k, and d;x = « if i # k. In matrix B,,, dix =
§/2 if i =k, and &y = 6 if i # k. And « = min(inf |Re |, ..., inf|Re ),|) and
d = min(inf |Re p1|, ..., inf | Re ps|), where X\; and p; are eigenvalues of A, and A,
(i=1,...,r; 5=1,...,m), respectively.
Let p be an unknown variable, and p1,...,p, be r roots of the equation

:pr_’_alpr—l_’_..._f_aT:O’ (4)

«
(-3)e
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and let
ap a3 azr—1
A —a A _ aq as A _ ao as agyr_9
! b 2 ap a2 ’ V " .. ’
0 0o ... ar
where ag =1, and ar =0 for k> r .
Let ¢ be an unknown variable, and ¢, ..., g, be m roots of the equation
6 m m—1
¢-3 E, — Ay, =q¢" +big + .-+ b, =0, (5)
and let
bl b3 R bgm_l
g{ — b1, A; _ bl b3 , . A: — bo b2 e b2m_2
by bo e e
0 0o ... b

where bg =1, and by =0 for k > m.
The quadratic forms w; and vy are respectively defined as

wlz—AlAgAT(xf—l—xg—l—

0 x% 22122 2x1x, x% 20,12, x%
1
r 0
H Az . T
=1 : _ o
T et B, |1 B, = ), it
0 i,j=1 (7)
1
where ¢; = A1Ay...A,/det By, and for 4,5 =1,2,...,7, v;; and vj; are both half the
algebraic cofactor of the element 2z;z;, while v;; is the algebraic cofactor of :1012
The quadratic forms we and vy are respectively defined as
wo = —AJAG = AL (27 Ty ), 8)
0 3:3+1 2T 41X 42 2% 41%n xf+2 2Tp—1Tn xi
1
m 0
[T A} .
— :
2 det Bm 1 Bm
: 9)
1

=C2 E VijZiZyj,

i,j=r+1
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where co = AJA; ... A} /det By, and for i,j =r+1,r+2,...,n, v;; and v;; are both
half the algebraic cofactor of the element 2z;z;, while v;; is the algebraic cofactor of 2.

For all ¢ € [tg,+00), the meanings of the letters vy, vy, A, A*, by, by, My, Ma, 3,7,
€1 and g9 are given by the following equalities, respectively:

v = z§+~i~n+fx$:1 vi(t,x1,. .., @), vy = z$+1+i-I~1~£z$L:1 Va(t, Trg1,y .-y Tn),
A =sup(A1Ag...A), A" =sup(ATAS...AY ),
b, = inf|det B.|, by, = inf|det By,|,
My =sup(|vijl, 4,5=1,2,...,7), My=sup(Jvi=j|, i,j=r+1,7r+2,...,n),

by B ArMym3  Aey N
30n— )2 5—7‘<”‘”M1(T+ b )/

A*(n —r)Mym3 n A*Eg)/ .

v
1>
b2, b

T
8 < —— g9 <
TS VA

v = T(n—T)MQ(

where m, and my are positive numbers.

3 Main Results

In the sequel, we shall give main results of this paper, that is, a criterion for stability
of nonlinear time-varying dynamic system (1), and show the efficiency of the presented
criterion by a numerical example.

3.1 A criterion for stability of nonlinear time-varying dynamic system

Theorem 3.1 The trivial solution of (1) is asymptotically stable if
(i) Rehi < —a<0, Rep; <—=0<0,i=1,....,r, j=1,...,m;

(i) every a;; (i,j = 1,...,n) is differentiable and bounded on [ty,+00), especially,
when a;j is an element of Apxm, |aij| < ma, when a;j is that of Apxyr, |ai;| <
ma;

(ili) ad — By >0, |fi(t,x1,t2, ..., xn)| <e(|za]| + |x2| + -+ |z0l), i=1,...,n;
< 3r2 M 3(n —r)2 M.

(iv) N < (1— ! 15)A1...AT, fi; < (1-%)&{...&, where ¢ =

T m
min(eq, €2), X and il are eigenvalues of the matrizes A, and A,, respectively,
where

A’I" - ((Clvij)/)rxr; Am - ((C2Ui:j)/)m><m-

Proof Partition (1) into two correlative subsystems

% = A1 ()G + Ara(t)Co + f* (2, 1), (10)
G _ A1 ()G + A22(t)C + (2, 1), (11)

dt
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where

A(t)_[dij(”nxn—{Aﬂ(t) A22(t)]’ i,j=1,2,...,n,

all(t) Ce alT(t) ar+1,r+1(t) cee aT+1,ﬂ(t)
Ay = , Aoy = R
ar1(t) ... ap(t) nrt1(t) oo ana(t)
[r= [fl(xvt)v [ fr(xvt)]Tu = [fr-i—l(‘rv t)? SRR fn(xvt)]Tv
Cl :(Ila"'axT)Tv CQZ(IT+1)"-7xn)T-

Taking v; and vy as components of Liapunov function of systems (10) and (11) re-
spectively, we have the following results:

d 15}

ﬂ - vwvl(xvt)All(t)Cl + vmvl (xat)A12( )C? + ﬂ + v f ) (12)

dt (10) ot

d'UQ 8’02 ok

= | = Vaua(2,0) A2 ()G + Vava (@, ) A2 ()G + = + Vo [ (13)
t ) ot

Obviously, the eigenvalue A; of A,, and the root p; of (4) are related by expression
pi = A + «/2, which shows Rep; < —a/2 when Re)\; < —a for i = 1,...,r. Hence,
Ay >0, Ay >0,..., A, > 0. Moreover, Ay...A, >k, where k is such a positive as is
decided by «, and not dependent on t.

Based on [12], we can prove that v; is positively definite function, and obtain the
following result

3}
Z - [%11171 +oeet <aii + %)Iz +F a/irxrj| = 2ws. (14)

ox;
i=1 v

According to Barbashin formula [13], the v is unique quadratic form that satisfies the
equality (14). Therefore, v; should be in accordance with Liapunov function constructed
n [12], that is,

r—1 r

v =A Zx +Y N H AAZ (1) (21 ... z0), (15)

o=1j=1 s=1(#0+1)

where the meaning of A,; is the same as in [12], if a;; + /2 is substituted for a;; in
Agj from [12] for ¢ =1,...,r. Consequently, the following inequality holds

vy > Ng. . A, Zx?Zka?
j=1 j=1
which means that v is positive definite with respect to ¢, x1, ..., . It can be proved

similarly that quadratic form vy is positive definite with respect to t, z,41, ..., Tp.
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By means of Euler theorem on homogeneous function we can change (14) into

ovy O — ov
P [azl$1 4 dagxi o+ airxr] — 3 sza:—lx + 2w = —avy + 2w, (16)

i=1

namely,

val(:c,t)All(t)Cl = —avy + 2w;.

For the same reason, it can be done that

\% ’Ug(x t)Agg = —= Z LL‘l + 2we = —dvg + 2ws. (17)
1=r+1

Calculating the second terms on the right-hand side of (12), we have

Vavi(,t)A12(t)C2

ovy ovy ovy
=\t pt15— ta2rp15—+ -+ Q15— |Trp1 + ...
o0x1 0xo ox,
8’01 81)1 8’01
+ 1n o — + a2 n o + -+ Qrno— |Tn
81?1 8$2 8{E7«
T r
= 261 <a177«+1 E V1525 + az r41 E V25T —+ ...
j=1 7j=1
T
+ Apr41 E 'Urjxj>xr+l —+ ...
j=1
T T T
+ 261 (alyn E ’Ulej + az n E ’UQj.Ij —+ 4 Ay n E 'Urjxj>xn
=1 =1 =1
r T
= 2c171 <33r+1 E Qi r41Vi1 + 0+ Ty E ai,n”il)
i=1 i=1

T r
+ 2c122 ($r+1 E Qi r1Vi2 + -+ Ty E ai,nvi2) +
i=1

i=1
T T
+ 2c12, (%«H > igirvie Ty ai,nvm«> : (18)
i=1 =1

In order to reduce the sum on the right-hand side of (12) into the form of linear
combination of v; and vs, we set up the estimation, with the aid of condition (ii) and
inequality —az? + bz < —az?/2+ b%*/2a (a > 0), as follows:

T s
2
—2cy77 det By + 2¢1y <$r+1 E Qi r1Vil + -+ Ty E ai,nvil)
im1 =1

T T
C1
< —clx% det B, + Tt B, (:Cr+1 g Qi r41Vi1 + -+ Tn E Gi,nvil)
r i=1 i=1
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m
< —Clil,'l det B, + AL (Z |’U11 ) |=’E7‘+1| + -+ |$n|)2

T

r
— 2C1$$ det B, + 2c1z, <$T+1 Z Qi r+1Vip + 0+ Tn Z ai,nvir)
=1

i=1

T r 2
C1
S —Clxi det BT + m <Ir+1 E A r+1Vir + -tz E ai,n”ir)
T - .

clm
S —Cll'%detBr‘i‘d tBl (Zh&rl) |xr+l|++|xn|)2

The inequality obtained by adding corresponding terms on both sides of r inequalities
above shows that

dvy clm% 9
-1 < _
i < —avy +wi + det B, (|lzrga| + + [@n])
T 2 T 2 T 2 avl
X[(Z|Ui1|> +(Z|Ui2|> +"'+<Z|Uir|) ]+—+|V vif*| (19)
i=1 i=1 i=1

Clm% 2 . 2 8’01 *
< —av; +wi + detBT(|IT+1| + -+ |In|) Z vij + E + |va1f |

ij=1

We estimate the last sum expression on the right-hand side of (19)

s T
2e1) Y wigajfilt, a1, @)

|vwvlf*| =
i=1 j=1
< 2efe|(fan | + o] + - + mn(ZZ o] |wj|) (20)
i=1 j=1
< 2efer| rMa(Jan | + o] 4 - + o) (] + o] + - + [z])

< 3r2|cl|M15(x§ 4+t ) +7r(n— r)|cl|M1£( T+ + :Ci)

Based on the deduction above, for (19) there is following estimation:

do = —avy + (3r%|c1|Mie — A1 Ao A (23 4+ - 4 22)
dt (10)
v
2 . i
)+ (21)
< —av; + Pug + [(xfﬂ + o+ 22) vl — Bus]
2
+ |:A1A2...AT<3TbM1€ — 1>(:p% —|——|—:L‘£) + %]

In the same way, taking (17) into consideration, we can obtain

d’UQ

7 = —dvg + 2wy + 2¢coTr41 <$1 Z Ai1Vipy1 + -+ Ty Z airvi,r—i-l)

(11) i=r+1 i=r41
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n n
+ 2c2%r42 (561 E Ai1Virg2 + 0+ Ty E airvi,r+2) +...
1=r+1 1=r+1

- v
+ 202«7:71 (xl Z ailvi,n + -+ Ty Z A4 V5 n) + a; + |vwv2f**|
i=r+1 i=r+1

Similarly to the way of getting (21), we can estimate (13) as follows

dvg 2
22 = _ 2 . .
7 ) dv2 + 2wo + d B (| i+ +z])
2 8’02 o
Z |vz r+1| Z |'Uln| + —— + vm 2f
i=r+1 i=r+1
" v . (22)
§—502+w2+d (| =+ +|$r|)2_ Z Ufj+5—;+vzv2f
1,7=r+1
< —6vy + vy + [yf (af 4 -+ 22) — v
3(n —1r)2M. 0
+ [A*{A;...Afn(w —1)(x§+1+---+xi)+ﬂ}
b, ot
The simultaneous existence of (21) and (22) leads to the inequality system
d 3r2 M 0
ﬂS—O&’Ul—I—ﬂvg—l—[(:E%—I—""Fﬂfi)ﬂv;_ﬁ"@]"' 1- e w1+ﬂ7
dt by ot
i ) 5 (23)
3(n —r)° M.
2 <o = Gun [l 4 aDef — w1 2T, O

Let z; = p1ay;, where e =r+1,r4+2,...,n, p1 = 1/$72_+1+---+$72“ then a$+1+

-+ a2 =1. It follows for arbitrary ¢ € [to, +00) that

vy = . inf Vo(t, Tyg1y- -y @) = inf vo(t, apg1, ...y ap) > 0.
mr+l+“'+;ﬂ%:1

The sum of the first expression in the system of inequalities (23) is
(2200 + -+ 22)Bvs —va(t, Tpg1, .o, ) B < V5 — V2t g1, )] BpT = 0. (24)
For the same reason, it follows that
(‘T%—’— o )/le _’Ul(t xla"'?"ET)/yg [UT_Ul(t7a17"'7a7‘)]7p3207 (25)

where po = /2% + -+ + 22.
Since A, and A,, are real symmetric matrices, there exist orthogonal transformations

C Prn and Cl mnl
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to make the following equations to hold.

) - - - -
S = A =0T PTA Py = My + o+ Ay,

ov .
8; = (T AnG =0l PR A, Py = fuyZo, + - + fimy2,

where
n:(ylu"'7y7‘)T7 771:(yr+17---7yn)T7

P, and P,, are orthogonal matrices in correspondence with order » and m (m =n —r),
respectively. By using the orthogonal transformations above, we can change w; and wo
into:

—Ww = AlAQ N ATCTETC = AlAQ . AT’I]TP;FPTT]

26
ZAlAgAr(y%‘f"f'yz), ( )
=ATAS ALt ).
Taking (iv) into consideration, we can obtain
3r2Mie ovy . 3r2M1 9
1— e )\ 1— T‘ e
( bT )(AJl + ot ( Y1 +
2
+[ (1 3r M1<€> ] <0;
3(n — )2 Mye Ovy ) w | 2
(1—T W1+E: 1 Am y'r+1+"'
3(n —r)"M.
+ {/jm - (1 - w>A’;...A;}y§ <.
The discussion above shows that (23) can take the form
dvy
—p S —avi+ B,
o (28)
d_ < yv1 — 6vg,
where a, 3, 7, 0 are all positive number. Define vector Liapunov function v = (v, vs)7T,
we rewrite inequality (28) as follows:
d
2 < Do, (29)
vt
and establish differential equation system as
dX
DX, (30)

-
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where D is a 2 x 2 order aggregation matrix
_|—a B
D= [ . 5] |
Let v(t, vo, to) and X (¢, X, to) be solution of (29) and (30), respectively. For vy = X,
based on the result of [4], the following inequality holds for all ¢ € [to, +00).
’U(f,’l)o,to) < X(t,’l)o,to). (31)
Because ad — By > 0, —a < 0, —4 > 0, we can conclude that zero solution of (30)
is asymptotically stable, this means . ligrn X (t,v0,t0) = 0. By (31) and the positive

definite character of v; and vy, we have t — +o00, v = (v1,v2)T — (0,0)T, and the zero
solution of the system (1) is asymptotically stable.

Remark 1 Tt should be noted that Theorem 3.1 is different from the approach proposed
by Razumikhin (see, e.g., [14]). Especially, one can see this from the following numerical
example.

3.2 Numerical example

Next, we give a numerical example to show the efficiency of the presented criterion.
Consider the following nonlinear time-varying dynamic system:

d
= = Alt)r + f (1),
where
-10 0 0 —2—0 cost ,
0 8 Laing Lt -
— — S1n —€ ECCQ
A =| 2 50 C faty=|
—et = —6 0 S
(i() 40 ex
L~ 1o cos2t 0 0 —-10 ]

According to (2), A(t) can be partitioned into as follows:

. 0 ——cost
Ar = 10 0 P Ar><m = 0 P
0 -8 1 T,
—sint —e
- 20 50
o1l 1
Ap= |6 00 4 =] 60 10
0 -10 L cos’t 0
L 40

The eigenpolynomial of A, can be obtained as

A+100 0 ]
0  A+8] 7
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and consequently, the eigenvalues of A, can be obtained as A; = —10, Ay = —8. Make
a = min(inf | Re A1 |, inf | Re A2]) = 8, and substitute it into (3), we have

—6 0 0 -6 0 0
B,=|0 -10-8+8 0 =0 =10 0},
0 0 —8+4 0 0 -4

and, one obtains det B, = —240.
By using (4), we have
|(p —a/2)E, — Ar| = [(p— 4)Er — Ay

_|:p—4+10 0

_ 2 _
0 p_4+8]—p +10p 424 =0,

and, one obtains ag =1, a1 = 10, ay = 24.
Therefore, we have the following results

o _|lar az| |10 O]
Al—Oél—lO, A2_|:040 a2:|—|:1 24:|—240,

and substitute them into (6), one obtains

ro x% 2x1x2 x%
po = D182 |1
' detB, |0 B,
L1
r0 2?2 2zwy 3
o AlAQ 1 _6 0 0 _ 2 2
“ B |0 0 10 ol= 400z7 + 6003,
L1 O 0 —4
v = _inf 01 =400, A =sup(A1Az)=2400, b, =inf|detB,|= 240,
ri+x5=1
My = sup(|vyj], 4,7 =1,2) =600,
< b, 240 1 1
g = = — m = —
"S3r2M,  3-4-600 300 ' 40

the eigenpolynomial of A,, can be obtained as

u+6 0 —0
0 p+10] 7

and consequently, the eigenvalues of A,, can be obtained as p; = —10, pe = —6. Make
d = min(inf | Re 1], inf |Repz|) = 6, and substitute it into (3), we have

6
—6+§ 0 0 -3 0 0
B, = 0 —6—-10+6 0 6 =10 —-10 0|,
0 0 ~10+ ~ 0 0 -7

2
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and, one obtains det B,, = —210.
From (5), we have

(@ =0/2)Em — Am| = [(q = 3) Ep — Am|

_{q—3+6 0

_ 2 _
0 q_3+40}—q-+mq+21—Q

and, one obtains by =1, by = 10, by = 21.
Therefore, we have the following results

and substitute them into (7), we have

0 x% 22314 17421 0 x% 22314 xﬁ
ATAY |1 _ATAY |1 -3 0 0] 2 2
Vg = B, |0 B, “&B. |0 0 _10 0o |= 700235 + 300z,
1 1 0 0 =7

vy = _inf wy =300, A" =sup(AJA})=2100, by, = inf|det B,,|= 210,

z§+xi:1
. 1
My = Sup(|v’ij|a L) = 374) = 7007 ma = Ev
bm 210 1
3(n—7r)2My  3-4-700 40’
A*(n — r)Mam3 A*52>/ . 49

'YZT(TL—T)M2< b12n + by Ulzﬂv

A*M2m2 A*EQ % 35
ﬁzr(n—r)Mg( = R b vz =15

g2 <

One can see that it satisfies the conditions (i)—(iv) of Theorem 3.1, that is, the
zero solution of the system (1) is asymptotically stable, which shows that the proposed
criterion is efficient for the stability of a class of nonlinear time-varying dynamic system.

4 Conclusions

In this paper, we have given a feasible method to construct Liapunov function of a
dynamic system (1), and established some of sufficient conditions for stability of the
system. It is shown that for any differentiable matrix A(t), if there exist submatrices
A, and A,, in A(t) such that their eigenvalues all have negative real parts, then it
is always available to take v = (v1,v2)T as a vector Liapunov function of the system
dz/dt = A(t)z+ f(x,t), and based on this, the conditions to ensure stability of the system
can be established. Also, the efficiency of the presented criterion has been confirmed by
means of a numerical example.
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