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Abstract: In the paper the application of hierarchical Lyapunov functions is
proposed for qualitative analysis of solutions of discrete-time system. General
results of analysis of quasi-linear discrete system are applied to the analysis
of robust stability of large-scale neural system in the case of unperturbed and
perturbed equilibrium state. The obtained results are compared with those
obtained via the application of vector Lyapunov function in this problem. It
is shown that the application of hierarchical Lyapunov function allows us to
extend the boundaries of the parameter values of the neural network for which
the exponential stability of its solutions takes place. The examples illustrating
the efficiency of the proposed approach are given.
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1 Introduction

Discrete-time uncertain systems are satisfactory models for investigation of real pheno-
mena in populational dynamics, macroeconomics, for simulation of chemical reactions,
and also for analysis of discrete Markov processes, finite and probabilistic automata and
others.

One of the most actively developed areas in recent years is the dynamics of neural
systems [1 – 3] which are described by discrete-time equations (see [4, 5] and the references
therein). Along with the investigation of such systems under different assumptions there
has been a considerable interest in the development of general approaches in stability
analysis of discrete-time uncertain systems, which will be admissible in the stability
analysis of neural networks.
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The aim of this paper is to develop a method of analysis of exponential stability of
neural systems with nonperturbed and perturbed equilibrium states based on hierarchical
Lyapunov function.

The paper is arranged as follows.
In Section 2 the uncertain quasilinear system is considered. To decrease the order

of subsystems this system is decomposed. For each component and subsystem auxiliary
norm-like functions are constructed and robust bounds are given.

In Section 3 the uncertain neural system with nonperturbed equilibrium state is lin-
earized and the results of Section 2 are applied.

In Section 4 similar problem is solved for the uncertain neural system with perturbed
equilibrium state.

In final Section 5 two numerical examples are given.

2 Uncertain Quasilinear System

We consider the discrete-time system with uncertainties and perturbations of the form

S : x(τ + 1) = (A + ∆A)x(τ) + g(x(τ)), (2.1)

where τ ∈ Tτ = {t0 + k, k = 0, 1, 2, . . .}, t0 ∈ R, x ∈ Rn, xe ≡ 0 is an equilibrium
of (2.1), g : U → Rn is a continuous vector function, U ⊆ Rn is an open subset containing
xe. A ∈ Rn×n is a constant matrix, ∆A ∈ Rn×n is an uncertain matrix. The only
knowledge we have regarding the matrix ∆A is that it lies in the known compact set
S ⊂ Rn×n. In paper [5] robust stability results were established for the system (2.1)
via scalar quadratic Lyapunov function. Unlike this paper we shall apply vector and
hierarchical Lyapunov functions composed of norm-like components.

2.1 Vector approach

Assume that the system (2.1) is decomposed into two interconnected subsystems

Ŝi : xi(τ + 1) = (Ai + ∆Ai)xi(τ) + (Bi + ∆Bi)xj(τ) + gi(x(τ)),

i, j = 1, 2, i 6= j.
(2.2)

Here xi ∈ Rni , Ai, Bi and ∆Ai, ∆Bi are submatrices of the known and uncertain
matrices

A =

(
A1 B1

B2 A2

)
and ∆A =

(
∆A1 ∆B1

∆B2 ∆A2

)
,

respectively, with Ai, ∆Ai ∈ Rni×ni , Bi, ∆Bi ∈ Rni×nj , i, j = 1, 2, i 6= j, g = (gT
1 , gT

2)T,
gi : U → Rni are continuous vector functions.

From (2.2) we extract the independent subsystems

Si : xi(τ + 1) = (Ai + ∆Ai)xi(τ), i = 1, 2, (2.3)

with the same designations of variables as in system (2.2).
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Assumption 2.1 We assume that:

(1) there exist unique symmetric and positive definite matrices Pi ∈ Rni×ni , which
satisfy Lyapunov matrix equations

AT
i PiAi − Pi = −Gi, i = 1, 2, (2.4)

where Gi ∈ Rni×ni are arbitrary symmetric and positive definite matrices;
(2) there exists a constant γ ∈ (0; 1) such that

‖B1‖ ‖B2‖ < γ2µ1µ2,

where µi =
(
σ

1

2

M (Pi − Ini
)σ

1

2

M (Pi) + σM (Pi)
)−1

, Pi are solutions of the Lya-
punov matrix equations (2.4) for the matrices Gi = Ini

, Ini
are ni × ni identity

matrices, i = 1, 2;
(3) lim ‖x‖→0 ‖g(x)‖/‖x‖ = 0.

Here ‖Bi‖ = sup‖xi‖≤1 ‖Bixi‖, ‖xi‖ = (xT
i xi)

1

2 are the Euclidean norms of vectors

xi, and σM (Pi) are the maximum eigenvalues of Pi.
Let Pi be determined as solutions of the Lyapunov matrix equations (2.4) for Gi = Ini

.
We define the constants

αi = σ
1

2

M (Pi)µi =
(
σ

1

2

M (Pi − Ini
) + σ

1

2

M (Pi)
)−1

, i = 1, 2,

a = σ
1

2

M (P1)σ
1

2

M (P2), b = σ
1

2

M (P1)σ
1

2

M (P2)(‖B1‖ + ‖B2‖),

c = γ2α1α2 − σ
1

2

M (P1)σ
1

2

M (P2)‖B1‖ ‖B2‖, ǫ = ((b2 + 4ac)
1

2 − b)/2a.

(2.5)

Theorem 2.1 We assume that for the uncertain system (2.1) the decomposition
(2.2), (2.3) takes place and all conditions of Assumption 2.1 are satisfied. If the inequali-
ties

‖∆Ai‖ ≤ (1 − γ)µi and ‖Bi‖ < ǫ, i = 1, 2,

are true, then the equilibrium xe = 0 of (2.1) is global exponentially stable.

Proof For nominal subsystems

xi(τ + 1) = Aixi(τ), i = 1, 2,

we construct the norm-like functions

vi(xi) = (xT
i Pixi)

1

2 , i = 1, 2, (2.6)

and the function
v(x) = d1v1(x1) + d2v2(x2),

where d1, d2 are some positive constants.
Similarly to the proof of Theorem 3.1 from paper [6] for the first differences ∆v i(xi)

of the functions (2.6) along the solutions of the system (2.1) we obtain the estimates

∆vi(xi)
∣∣
Ŝi
≤ −(αi − σ

1

2

M (Pi)‖∆Ai‖)‖xi‖+ σ
1

2

M (Pi)(‖Bi‖+ ‖∆Bi‖)‖xj‖+ σ
1

2

M (Pi)‖gi(x)‖,
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i, j = 1, 2, i 6= j, and the estimate

∆v(x)
∣∣
S
= d̃TWz + g̃(x),

where d̃ = (d1, d2)
T, z = (‖x1‖, ‖x2‖)T, W ∈ R2×2 is a matrix with the elements

wij =

{
αi − σ

1

2

M (Pi)‖∆Ai‖, if i = j,

−σ
1

2

M (Pi)(‖Bi‖ + ‖∆Bi‖), if i 6= j,

the function g̃ : Rn → R+ is such that lim‖x‖→0 ‖g̃(x)‖/‖x‖ = 0.

It was shown [6] that condition (2) of Assumption 2.1 implies that the matrix W is an

M-matrix [7]. Then there exist positive constants d1 and d2 such that the vector d̃TW
has positive elements [8].

Using the trivial inequalities ‖xi‖ ≥ vi(xi)/σ
1

2

M (Pi), i = 1, 2, for the first difference of
the function v(x) along the solutions of the system (2.1) we get

∆v(x)
∣∣
S
≤ −

[
µ1 − ‖∆A1‖ −

d2σ
1

2

M (P2)

d1σ
1

2

M (P1)
(‖B2‖ + ‖∆B2‖)

]
d1v1(x1)

−
[
µ2 − ‖∆A2‖ −

d1σ
1

2

M (P1)

d2σ
1

2

M (P2)
(‖B1‖ + ‖∆B1‖)

]
d2v2(x2) + g̃(x)

≤ −ω(d1v1(x1) + d2v2(x2)) + g̃(x) = −ωv(x) + g̃(x),

(2.7)

where

ω = min
i,j=1,2, i6=j

{
µi − ‖∆Ai‖ −

djσ
1

2

M (Pj)

diσ
1

2

M (Pi)
(‖Bj‖ + ‖∆Bj‖)

}
.

The choice of the constants d1 and d2 implies ω > 0. Let us assume that ω ≥ 1, then

µi − ‖∆Ai‖ −
djσ

1

2

M (Pj)

diσ
1

2

M (Pi)
(‖Bj‖ + ‖∆Bj‖) ≥ 1, i, j = 1, 2, i 6= j. (2.8)

If ‖∆A1‖ = ‖∆A2‖ = ‖∆B1‖ = ‖∆B2‖ = ‖B1‖ = ‖B2‖ = 0, the system (2.1) is
written in the form

xi(τ + 1) = Aixi(τ) + gi(x(τ)), i = 1, 2.

It is known [9] that the equilibrium x = 0 of this system is exponentially stable.
Let at least one of the numbers ‖∆Ai‖, ‖∆Bi‖, or ‖Bi‖ be not equal to zero, for

example, ‖∆A1‖. Then the inequalities (2.8) give

µ1 ≥ 1 + ‖∆A1‖ +
d2σ

1

2

M (P2)

d1σ
1

2

M (P1)
(‖B2‖ + ‖∆B2‖) > 1,

but

µ1 =
1

σ
1

2

M (P1 − In1
)σ

1

2

M (P1) + σM (P1)
≤ 1,
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since σM (P1) ≥ 1. We get the contradiction, from which it follows that 0 < ω < 1.
Using the condition (3) of Assumption 2.1 for the function g̃(x) we get the estimate

g̃(x) = d1σ
1

2

M (P1)‖g1(x1)‖ + d2σ
1

2

M (P2)‖g2(x2)‖ ≤ (d1σ
1

2

M (P1) + d2σ
1

2

M (P2))‖g(x)‖

≤ α
(
d1σ

1

2

M (P1) + d2σ
1

2

M (P2)
)
‖x‖ ≤ α

(
d1σ

1

2

M (P1) + d2σ
1

2

M (P2)
)
(‖x1‖ + ‖x2‖)

≤ α
(
d1σ

1

2

M (P1) + d2σ
1

2

M (P2)
)( v1(x1)

σ
1

2

m(P1))
+

v2(x2)

σ
1

2

m(P2))

)

≤ α
(
d1σ

1

2

M (P1) + d2σ
1

2

M (P2)
)
max

{
1

d1σ
1

2

m(P1))
,

1

d2σ
1

2

m(P2)

}
v(x),

where σ
1

2

m(Pi) are minimum eigenvalues of the matrices Pi, α is a small positive number
such that for the constant

ω̃ = ω − α
(
d1σ

1

2

M (P1) + d2σ
1

2

M (P2)
)
max

{
1

d1σ
1

2

m(P1))
,

1

d2σ
1

2

m(P2)

}

the inequality 0 < ω̃ < 1 holds.
Using (2.7) we get the estimate

∆v(x)
∣∣
S
≤ −ω̃v(x)

for all x belonging to sufficiently small neighborhood of the origin Ũ ⊆ U , which implies
global exponential stability of the equilibrium xe = 0 of (2.1) (see [10]).

The proof of Theorem 2.1 is complete.

2.2 Hierarchical approach

Now in the framework of hierarchical approach we decompose each subsystem (2.3) into
two interconnected components

C̃ij : xij(τ + 1) = (Aij + ∆Aij)xij(τ) + (Bij + ∆Bij)xik(τ), (2.9)

where xij ∈ Rnij , Rni = Rni1 × Rni2 , Aij , ∆Aij ∈ Rnij×nij , Bi1, ∆Bi1 ∈ Rni1×ni2 ,
Bi2, ∆Bi2 ∈ Rni2×ni1 , i, j, k = 1, 2, j 6= k,

Ai =

(
Ai1 Bi1

Bi2 Ai2

)
, ∆Ai =

(
∆Ai1 ∆Bi1

∆Bi2 ∆Ai2

)
.

We assume that the matrices Bi and ∆Bi have a block structure:

Bi =

(
M

(i)
11 M

(i)
12

M
(i)
12 M

(i)
22

)
, ∆Bi =

(
∆M

(i)
11 ∆M

(i)
12

∆M
(i)
12 ∆M

(i)
22

)
,

where M
(i)
jk , ∆M

(i)
jk ∈ Rnij×nlk , i, j, k, l = 1, 2, i 6= l.

We take from (2.9) the independent components

Cij : xij(τ + 1) = (Aij + ∆Aij)xij(τ), i, j = 1, 2. (2.10)

with the same designations of variables as in system (2.9).
We denote gi = (gT

i1, g
T
i2, . . . , g

T
ini

)T and introduce the following assumptions.
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Assumption 2.2 We assume that:

(1) there exist unique symmetric and positive definite matrices Pij, which satisfy the
Lyapunov matrix equations

AT
ijPijAij − Pij = −Gij , i = 1, 2, (2.11)

where Gij are arbitrary symmetric and positive definite matrices;
(2) there exist constants γi ∈ (0, 1) such that

‖Bi1‖ ‖Bi2‖ < γ2
i µi1µi2, i = 1, 2,

where µij =
(
σ

1

2

M (Pij − Enij
)σ

1

2

M (Pij) + σM (Pij)
)−1

. Here and over Pij are

solutions of the Lyapunov matrix equations (2.11) for the matrices Gij = Inij
,

Inij
are nij × nij identity matrices.

We construct the auxiliary functions vi on the base of the functions vij(xij) =

(xT
ijPijxij)

1

2 by formulae vi(xi) = di1vi1(xi1) + di2vi2(xi2), i = 1, 2.

We consider 2 × 2 matrices Wi = (w
(i)
jk ) with the elements

w
(i)
jk =

{
γiαij , for j = k,

−σ
1

2

M (Pij)(‖Bij‖ + ǫi), for j 6= k.

Here 0 < ǫi < ǫi,

αij = σ
1

2

M (Pij)µij =
(
σ

1

2

M (Pij − Eij) + σ
1

2

M (Pij)
)−1

,

µij =
(
σ

1

2

M (Pij − Eij)σ
1

2

M (Pij) + σM (Pij)
)−1

,

ǫi = ((b2
i + 4aici)

1

2 − bi)/2ai, ai = σ
1

2

M (Pi1)σ
1

2

M (Pi2),

ci = γ2
i αi1αi2 − σ

1

2

M (Pi1)σ
1

2

M (Pi2)‖Bi1‖ ‖Bi2‖, i, j = 1, 2,

bi = σ
1

2

M (Pi1)σ
1

2

M (Pi2)(‖Bi1‖ + ‖Bi2‖).

(2.12)

Let us denote

πi = min{di1w
(i)
11 + di2w

(i)
21 ; di1w

(i)
12 + di2w

(i)
22 }, i = 1, 2,

m =
1

2


 π1π2
(
d11σ

1

2

M (P11) + d12σ
1

2

M (P12)
) (

d21σ
1

2

M (P21) + d22σ
1

2

M (P22)
)




1

2 (2.13)

A method of optimal choice of the constant dij , i, j = 1, 2, is given in [6].

Assumption 2.3 Let lim
‖x‖→0

‖g(x)‖/‖x‖ = 0 and for the submatrices M
(i)
jk of the

matrices Bi the inequalities m = max ‖M (i)
jk ‖ < m be realized for all i, j, k = 1, 2.
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Theorem 2.2 We assume that for the uncertain system (2.1) the two-level decompo-
sition (2.2), (2.3), (2.9), (2.10) is realized and all conditions of Assumptions 2.2 and 2.3
are satisfied. If the inequalities

‖∆Aij‖ ≤ (1 − γi)µij , ‖∆Bij‖ ≤ ǫi, ‖∆M
(i)
jk ‖ < m − m

are fulfilled for all i, j, k = 1, 2, then the equilibrium xe = 0 of the system (2.1) is global
exponentially stable.

Proof Under the hypotheses of Theorem 2.2 analogous to the proof of Theorem 4.1
from [6] for the function v(x) = d1v1(x1) + d2v2(x2) we get the estimates:

∆v(x)
∣∣
S
= d1∆v1(x1)

∣∣
Ŝ1

+d2∆v2(x2)
∣∣
Ŝ2

≤ −d̂TW z + g̃(x), (2.14)

where d̂ = (d1, d2)
T, z = (‖x1‖, ‖x2‖)T, gi = (gT

i1, g
T
i2)

T and W is 2× 2 matrix with the
elements

wjk =





πj , for j = k,

−dj1σ
1

2

M (Pj1)(2m + ‖∆M
(j)
11 ‖) + ‖∆M

(j)
12 ‖)

−dj2σ
1

2

M (Pj2)(2m + ‖∆M
(j)
21 ‖) + ‖∆M

(j)
22 ‖), for j 6= k,

g̃(x) = d1

(
d11σ

1

2

M (P11)‖g11(x)‖ + d12σ
1

2

M (P12)‖g12(x)‖
)

+d2

(
d21σ

1

2

M (P21)‖g11(x)‖ + d22σ
1

2

M (P22)‖g22(x)‖
)
.

Under the hypotheses of Theorem 2.2 the matrix W is the M-matrix and, according

to [7] there exist positive constants d1 and d2 such that the vector d̂TW has positive
components. That is

d̂TW z = (π1d1 − ω21d2)‖x1‖ + (π2d2 − ω12d1)‖x2‖

≥
∑

i,j=1,2, i6=j

(πidi − ωjidj)(‖xi1‖ + ‖xi2‖)/
√

2

≥
∑

i,j=1,2, i6=j

πidi − ωjidj√
2

(
vi1(xi1)

σ
1

2

M (Pi1)
+

vi2(xi2)

σ
1

2

M (Pi2)

)

≥
∑

i,j=1,2, i6=j

πidi − ωjidj√
2 di

(
1

di1σ
1

2

M (Pi1)
didi1vi1 +

1

di2σ
1

2

M (Pi2)
didi2vi2

)
≥ ωv(x),

where

ω = min
i,j=1,2, i6=j

{
πidi − ωjidj

√
2 didi1σ

1

2

M (Pi1)
,

πidi − ωjidj
√

2 didi2σ
1

2

M (Pi2)

}
.

As the matrix W is the M-matrix, γ1 ∈ (0, 1) and µ11 ≤ 1,

π1d1 − ω21d2
√

2 d1d11σ
1

2

M (P11)
≤ π1

√
2 d11σ

1

2

M (P11)

≤ d11ω
(1)
11 + d12ω

(1)
21√

2 d11σ
1

2

M (P11)
≤ ω

(1)
11√

2σ
1

2

M (P11)
=

γ1α11
√

2σ
1

2

M (P11)
=

γ1µ11√
2

< 1
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and 0 < ω < 1.

It follows from (2.14) that

∆v(x)
∣∣
S
≤ −ωv(x) + g̃(x).

As for sufficiently small α > 0 the estimate

g̃(x) ≤ α
2∑

i=1

di

(
di1σ

1

2

M (Pi1) + di2σ
1

2

M (Pi2)
)
‖x‖

≤ αβ−1
2∑

i=1

di

(
di1σ

1

2

M (Pi1) + di2σ
1

2

M (Pi2)
)
v(x)

is realized in some neighborhood of zero Ũ ,

∆v(x)
∣∣
S
≤ −ω̃v(x),

where ω̃ = ω − αβ−1
2∑

i=1

di

(
di1σ

1

2

M (Pi1) + di2σ
1

2

M (Pi2)
)
, 0 < ω̃ < 1.

These conditions are sufficient [10] for the global exponential stability of the equilibri-
um x = 0 of (2.1). The proof of Theorem 2.2 is complete.

3 Neural System with Nonperturbed Equilibrium

We consider discrete-time neural networks described by

x(τ + 1) = Gx(τ) + Cs(Tx(τ) + I), (3.1)

where τ ∈ Tτ = {t0 +k, k = 0, 1, 2, . . .}, t0 ∈ R, x ∈ Rn, x = (x1, x2, . . . , xn)T, xi is the
state of ith neuron, xi ∈ R, s : Rn → Rn, s(x) = (s1(x1), s2(x2), . . . , sn(xn))T, si : R →
(−1, 1), T ∈ Rn×n, G = diag {g1, g2, . . . gn}, gi ∈ [−1, 1], C = diag {c1, c2, . . . cn},
ci 6= 0 for all i = 1, 2, . . . , n. The functions si are twice continuously differentiable
functions, they are monotonically increasing and odd.

Together with the system (3.1) we consider an uncertain system

x(τ + 1) = (G + ∆G)x(τ) + (C + ∆C)s
(
(T + ∆T )x(τ) + (I + ∆I)

)
, (3.2)

where ∆G, ∆C, ∆T ∈ Rn×n, ∆I ∈ Rn are uncertain matrices and a vector.
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3.1 Vector approach

In the framework of vector approach we decompose the neural system (3.1) into two
interconnected subsystems

xi(τ + 1) = Gixi(τ) + Cisi(Ti1x1(τ) + Ti2x2(τ) + Ii), i = 1, 2, (3.3)

where xi ∈ Rni , xi = (xi1, xi2, . . . xini
)T, xij represents the state of the ijth neuron,

xij ∈ R, si : Rni → Rni , si(xi) = (si1(xi1), si2(xi2), . . . , sini
(xini

))T, sij : R → (−1; 1),
Tij ∈ Rni×nj , Gi = diag {gi1, gi2, . . . gini

}, gij ∈ [−1; 1], Ci = diag {ci1, ci2, . . . cini
},

cij 6= 0 for all i = 1, 2, j = 1, 2, . . . , ni. The functions sij are twice continuously
differentiable functions, they are monotonically increasing and odd.

Together with the system (3.1) we decompose the uncertain system (3.2)

xi(τ + 1) = (Gi + ∆Gi)xi(τ) + (Ci + ∆Ci)si

(
(Ti1 + ∆Ti1)x1(τ)

+ (Ti2 + ∆Ti2)x2(τ) + (Ii + ∆Ii)
)
.

(3.4)

Here ∆Gi, ∆Ci ∈ Rni×ni , ∆Tij ∈ Rni×nj , ∆Ii ∈ Rni are uncertain matrices and vector.

Let xe = (xT
1e, x

T
2e)

T denote the equilibrium state of (3.1), s′i(xi) = diag {s′i1(xi1),
s′i2(xi2),. . . , s′ini

(xini
)}, s′′i (xi) = diag {s′′i1(xi1), s

′′
i2(xi2), . . . , s

′′
ini

(xini
)}, Li1 = supxi∈Rni

‖s′i(xi)‖, Li2 = supxi∈Rni ‖s′′i (xi)‖.
All above assumptions concerning the matrices Gi, Ci, Tij , the vectors Ii and the

functions si are similar to the assumptions under which a scalar Lyapunov function is
applied to the neural systems of (3.1) type in paper [5]. Further we need assumptions
connected just with the decomposition of neural system.

Let us introduce the matrices

Ai = Gi + Cis
′
i(Ti1x1e + Ti2x2e + Ii)Tii,

Bi = Cis
′
i(Ti1x1e + Ti2x2e + Ii)Tij , i, j = 1, 2, i 6= j,

(3.5)

and the following assumptions.

Assumption 3.1 Assume that:

(1) for the matrices (3.5) the conditions (1) and (2) of Assumption 2.1 are satisfied;
(2) xe is an equilibrium state of both (3.3) and (3.4).

We set

βi = 1 +
(
‖Ci‖ + ‖Tii‖

)
Li1 +

(
1 + ‖x1e‖ + ‖x2e‖

)
‖Ci‖‖Tii‖Li2,

δi =
(
‖Ci‖ + ‖Tij‖

)
Li1 +

(
1 + ‖x1e‖ + ‖x2e‖

)
‖Ci‖‖Tij‖Li2,

Ki = min

{
1

2Li1

(
(β2 + 4(1 − γ)µiLi1)

1

2 − βi

)
,

1

2Li1

(
(δ2 + 4ǫLi1)

1

2 − δi

)}
(3.6)

where i, j = 1, 2, i 6= j, the constants µi, ǫ are computed by (2.5) for the matrices (3.5).
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Theorem 3.1 Let for the system (3.2) the decomposition (3.4) take place and all
conditions of Assumption 3.1 be satisfied. If the inequalities

max { ‖∆Gi‖, ‖∆Ci‖, ‖∆Ti1‖, ‖∆Ti2‖, ‖∆Ii‖ } < Ki, i = 1, 2, (3.7)

are true, then the equilibrium xe of (3.2) is global exponentially stable.

Proof We denote

fi(x) = Gixi + Cisi

(
Ti1x1 + Ti2x2 + Ii

)
,

hi(x) = ∆Gixi + (Ci + ∆Ci)si

(
(Ti1 + ∆Ti1)x1 + (Ti2 + ∆Ti2)x2 + (Ii + ∆Ii)

)

− Cisi

(
Ti1x1 + Ti2x2 + Ii

)
.

As the functions fi and hi are twice continuously differentiable functions in the neigh-
borhood of the equilibrium xe, the equations (3.4) can be written in the equivalent form

xi(τ + 1) − xe = fi(x(τ)) + hi(x(τ)) − fi(xe) − hi(xe)

=
∂fi(xe)

∂xi

(xi(τ) − xie) +
∂fi(xe)

∂xj

(xj(τ) − xje)

+
∂hi(xe)

∂xi

(xi(τ) − xie) +
∂hi(xe)

∂xj

(xj(τ) − xje) + gi(x(τ) − xe),

(3.8)

where gi(x(τ) − xe) are the higher-order terms with respect to (x(τ) − xe),

∂fi

∂xi

=




∂fi1

∂xi1

∂fi1

∂xi2
. . . ∂fi1

∂xini

∂fi2

∂xi1

∂fi2

∂xi2
. . . ∂fi2

∂xini

. . . . . . . . . . . . . . . . . . . . . . .
∂fini

∂xi1

∂fini

∂xi2
. . .

∂fini

∂xini


 ,

∂fi

∂xj

=




∂fi1

∂xj1

∂fi1

∂xj2
. . . ∂fi1

∂xjnj

∂fi2

∂xi1

∂fi2

∂xj2
. . . ∂fi2

∂xjnj

. . . . . . . . . . . . . . . . . . . . . . . .
∂fini

∂xj1

∂fini

∂xj2
. . .

∂fini

∂xjnj


 ,

and ∂hi

∂xi
, ∂hi

∂xj
have an analogous form. We get

∂fi(xe)

∂xi

= Gi + Cis
′
i

(
Ti1x1e + Ti2x2e + Ii

)
Tii = Ai,

∂fi(xe)

∂xj

= Cis
′
i

(
Ti1x1e + Ti2x2e + Ii

)
Tij = Bi, i, j = 1, 2, i 6= j,

If we denote

∆Ai =
∂hi(xe)

∂xi

, ∆Bi =
∂hi(xe)

∂xj

, y(τ) = x(τ) − xe,

then the equations (3.8) are written in the form

yi(τ + 1) = (Ai + ∆Ai) yi(τ) + (Bi + ∆Bi) yj(τ) + gi(y(τ)) (3.9)

and the state y = 0 will be the equilibrium of the system (3.9). Letting

zi = (Ti1 + ∆Ti1)x1e + (Ti2 + ∆Ti2)x2e + (Ii + ∆Ii),

ti = Ti1x1e + Ti2x2e + Ii, i = 1, 2.
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we find

∆Ai = ∆Gi + (Ci + ∆Ci)s
′
i(zi)(Tii + ∆Tii) − Cis

′
i(ti)Tii

= ∆Gi + Cis
′
i(zi)∆Tii + ∆Cis

′
i(zi)(Tii + ∆Tii) + Ci(s

′
i(zi) − s′i(ti))Tii

= ∆Gi + Cis
′
i(zi)∆Tii + ∆Cis

′
i(zi)(Tii + ∆Tii) + CiQi(zi, ti)Λi(zi − ti)Tii.

Similarly to [5] here we have used the formula

f(a) − f(b) = (a − b)

1∫

0

f ′(a + ξ(b − a))dξ

for the functions f = sij ,

Qi(zi, ti) = diag

{ 1∫

0

s′′i1(zi + ξ(ti − zi)) dξ,

1∫

0

s′′i2(zi + ξ(ti − zi)) dξ, . . . ,

1∫

0

s′′ini
(zi + ξ(ti − zi)) dξ

}
,

Λi(zi − ti) = diag
{
zi1 − ti1, zi2 − ti2, . . . , zini

− tini

}
, i = 1, 2.

It is easy to see that

‖Qi(zi, ti)‖ = sup
j=1,2,...,ni

∣∣∣∣∣

1∫

0

s′′ij(zi + ξ(ti − zi)) dξ

∣∣∣∣∣ ≤ Li2,

‖Λi(zi − ti)‖ ≤ ‖zi − ti‖ ≤ (1 + ‖x1e‖ + ‖x2e‖)Ki.

(3.10)

Using (3.6), (3.7) and (3.10), we get

‖∆Ai‖ < Ki + ‖Ci‖Li1Ki + Li1(‖Tii‖ + Ki)Ki + ‖Ci‖Li2‖zi − ti‖ ‖Tii‖
≤ Li1K

2
i + (1 + (‖Ci‖ + ‖Tii‖)Li1 + ‖Ci‖‖Tii‖Li2(1 + ‖x1e‖ + ‖x2e‖))Ki

= Li1K
2
i + βiKi ≤ (1 − γ)µi. (3.11)

Similarly for i 6= j

∆Bi = (Ci + ∆Ci)s
′
i(zi)(Tij + ∆Tij) − Cis

′
i(ti)Tij

= Cis
′
i(zi)∆Tij + ∆Cis

′
i(zi)(Tij + ∆Tij) + Ci(s

′
i(zi)s

′
i(ti))Tij

= Cis
′
i(zi)∆Tij + ∆Cis

′
i(zi)(Tij + ∆Tij) + CiQi(zi, ti)Λi(zi − ti)Tij

and

‖∆Bi‖ < Li1K
2
i + ((‖Ci‖ + ‖Tij‖)Li1 + ‖Ci‖TijLi2(1 + ‖x1e‖ + ‖x2e‖))Ki

= Li1K
2
i + δiKi ≤ ǫ. (3.12)
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It follows from (3.11), (3.12) and Assumption 3.1 that, for the system (3.9) all conditions
of Theorem 2.1 are satisfied. Hence the equilibrium y = 0 of the system (3.9) is global
exponentially stable, and it is equivalent to global exponential stability of equilibrium xe

of the system (3.2). Theorem 3.1 is proved.

3.2 Hierarchical approach

In the framework of hierarchical approach we decompose each subsystem (3.3) into two
interconnected components

xij(τ + 1) = Gijxij(τ) + Cijsij

(
T i1

j1x11(τ) + T i1
j2x12(τ)

+ T i2
j1x21(τ) + T i2

j2x22(τ) + Iij

)
, i, j = 1, 2.

(3.13)

Here xi = (xT
i1, x

T
i2)

T, xij ∈ Rnij , Rni = Rni1 ×Rni2 , xij = (xij1, xij2, . . . , xijnij
)T, xijl

represents the state of the ijlth neuron, xijl ∈ R,

Tij =

(
T ij

11 T ij
12

T ij
21 T ij

22

)
, Gi =

(
Gi1 0

0 Gi2

)
, Ci =

(
Ci1 0

0 Ci2

)
, Ii =

(
IT
i1, I

T
i2

)T
,

T ip
jk ∈ Rnij×npk , Iij ∈ Rnij , Gij = diag {gij1, gij2, . . . gijnij

}, gijl ∈ [−1, 1], Cij =

diag {cij1, cij2, . . . cijnij
}, cijl 6= 0, si(x) = (si1(xi1)

T, si2(xi2)
T)T, sij : Rnij → Rnij ,

sij(xij) = (sij1(xij1), sij2(xij2), . . . , sijnij
(xijnij

))T, the functions sijl : R → (−1, 1), sijl

are twice continuously differentiable, increasing and odd, i, j, k, p = 1, 2, l = 1, 2, . . . , n ij .
Together with the system (3.3) we decompose the system (3.4) into interconnected

components

xij(τ + 1) = (Gij + ∆Gij)xij(τ) + (Cij + ∆Cij)sij

(
(T i1

j1 + ∆T i1
j1)x11(τ)

+ (T i1
j2 + ∆T i1

j2)x12(τ) + (T i2
j1 + ∆T i2

j1)x21(τ)

+ (T i2
j2 + ∆T i2

j2)x22(τ) + (Iij + ∆Iij)
)
, i, j = 1, 2. (3.14)

Here ∆Gij , ∆Cij , ∆T ik
jp , ∆Iij are unknown matrices and a vector of corresponding

dimensions. The only knowledge about it is that it lies in some known compact sets.
Let us denote by xe = (xe

11
T, xe

12
T, xe

21
T, xe

22
T)T the equilibrium of system (3.13), and

s′ij(xij) = diag {s′ij1(xij1), s
′
ij2(xij2), . . . , s

′
ijnij

(xijnij
)},

s′′ij(xij) = diag {s′′ij1(xij1), s
′′
ij2(xij2), . . . , s

′′
ijnij

(xijnij
)},

L1
ij = sup

xij∈R
nij

‖s′′ij(xij)‖, L2
ij = sup

xij∈R
nij

‖s′′ij(xij)‖,

tij = T i1
j1x11 + T i1

j2x12 + T i2
j1x21 + T i2

j2x22 + Iij ,

zij = (T i1
j1 + ∆T i1

j1)x11 + (T i1
j2 + ∆T i1

j2)x12

+ (T i2
j1 + ∆T i2

j1)x21 + (T i2
j2 + ∆T i2

j2)x22 + (Iij + ∆Iij)

teij = T i1
j1xe

11 + T i1
j2xe

12 + T i2
j1xe

21 + T i2
j2xe

22 + Iij ,

ze
ij = (T i1

j1 + ∆T i1
j1)xe

11 + (T i1
j2 + ∆T i1

j2)xe
12

+ (T i2
j1 + ∆T i2

j1)xe
21 + (T i2

j2 + ∆T i2
j2)xe

22 + (Iij + ∆Iij).
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and the matrices
Aij = Gij + Cijs

′
ij(t

e
ij)T

ii
jj ,

Bij = Cijs
′
ij(t

e
ij)T

ii
jk, j 6= k,

M
(i)
jl = Cijs

′
ij(t

e
ij)T

ip
jl , i 6= p.

(3.15)

We need the following assumptions.

Assumption 3.2 We assume that:

(1) all conditions of Assumption 2.2 are satisfied for the matrices (3.15);
(2) the state xe is an equilibrium of both (3.13) and (3.14);

(3) m = max ‖M (i)
jl ‖ < m, where the constant m is computed by formula (2.13).

Let us denote

βij = 1 +
(
‖Cij‖ + ‖T ii

jj‖
)
L1

ij + ‖Cij‖‖T ii
jj‖L2

ijRe,

δpk
ij =

(
‖Cij‖ + ‖T ip

jk‖
)
L1

ij + ‖Cij‖‖T ip
jk‖L2

ijRe, i 6= p  Γff j 6= k,

Re = 1 + ‖xe
11‖ + ‖xe

12‖ + ‖xe
21‖ + ‖xe

22‖,
α1

ij =
(
(β2

ij + 4(1 − γi)µijL
1
ij)

1

2 − βij

)
/2L1

ij,

α2
ij =

(
((δik

ij )2 + 4ǫiL
1
ij)

1

2 − δik
ij

)
/2L1

ij, j 6= k,

α3
ijl =

(
((δpl

ij )2 + 4m̃L1
ij)

1

2 − δpl
ij

)
/2L1

ij, i 6= p,

Kij = min
{
α1

ij , α
2
ij , α

3
ij1, α

3
ij2

}
i, j, k, p, l = 1, 2.

Here 0 < m̃ < m − m and 0 < ǫi < ǫi the constants µij , ǫi are computed for the
matrices (3.15) by formula (2.12).

Theorem 3.2 For the system (3.2) let the decomposition (3.4), (3.14) take place and
all conditions of Assumption 3.2 be satisfied. If the inequalities

max
p,k=1,2

{
‖∆Gij‖, ‖∆Cij‖, ‖∆T ip

jk‖, ‖∆Iij‖
}
≤ Kij , i, j = 1, 2,

are true, then the equilibrium xe of (3.2) is global exponentially stable.

Proof We denote

fij(x) = Gijxij + Cijsij

(
tij
)
,

hij(x) = ∆Gijxij + (Cij + ∆Cij)sij

(
zij

)
−Cijsij

(
tij
)
.

For the functions fij we get

∂fij(xe)

∂xpk

=






Gij + Cijs
′
ij

(
teij)T

ii
jj = Aij , i = p, j = k,

Cijs
′
ij

(
teij)T

ii
jk = Bij , i = p, j 6= k,

Cijs
′
ij

(
teij)T

ip
jk = M

(i)
jk , i 6= p.
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Since the functions fij and hij are twice continuously differentiable in the neighborhood
of the equilibrium xe, the equations (3.14) can be written in the equivalent form

xij(τ + 1) − xe
ij = fij(x(τ)) + hij(x(τ)) − fij(xe) − hij(xe) =

∂fij(xe)

∂xij

(xij(τ) − xe
ij)

+
∂fij(xe)

∂xik

(xik(τ) − xe
ik) +

∂fij(xe)

∂xp1
(xp1(τ) − xe

p1) +
∂fij(xe)

∂xp2
(xp2(τ) − xe

p2)

+
∂hij(xe)

∂xij

(xij(τ) − xe
ij) +

∂hij(xe)

∂xik

(xik(τ) − xe
ik) +

∂hij(xe)

∂xp1
(xp1(τ) − xe

p1)

+
∂hij(xe)

∂xp2
(xp2(τ) − xe

p2) + gij(x(τ) − xe), i, j, k, p = 1, 2, i 6= p, j 6= k,

(3.16)
where gij(x(τ) − xe) are the higher-order terms with respect to x(τ) − xe. If we denote

∆Aij =
∂hij(xe)

∂xij

, ∆Bij =
∂hij(xe)

∂xik

, y(τ) = x(τ) − xe,

∆M
(i)
jl =

∂hij(xe)

∂xpl

, i, j, k, p, l = 1, 2, i 6= p, j 6= k,

the equations (3.16) are written in the form

yij(τ + 1) = (Aij + ∆Aij) yij(τ) + (Bij + ∆Bij) yik(τ)

+(M
(i)
j1 + ∆M

(i)
j1 ) yp1(τ) + (M

(i)
j2 + ∆M

(i)
j2 ) yp2(τ) + gij(y(τ)),

(3.17)

i 6= p, j 6= k, and the state y = 0 is an equilibrium of (3.17).
Then, as in proof of Theorem 3.1, we have

‖∆Aij‖ ≤ L1
ijK

2
ij +

(
1 + (‖Cij‖ + ‖T ii

jj‖)L1
ij

+‖Cij‖‖T ii
jj‖L2

ijRe

)
Kij = L1

ijK
2
ij + βijKij ≤ (1 − γi)µij ,

(3.18)

‖∆Bij‖ < L1
ijK

2
ij +

(
(‖Cij‖ + ‖T ii

jk‖)L1
ij + ‖Cij‖T ii

jkL2
ijRe)

)
Kij

= L1
ijK

2
ij + δik

ij Kij ≤ ǫi, j 6= k,
(3.19)

‖∆M
(i)
jl ‖ < L1

ijK
2
ij +

(
(‖Cij‖ + ‖T ip

jl ‖)L1
ij + ‖Cij‖‖T ip

jl ‖L2
ijRe)

)
Kij

= L1
ijK

2
ij + δpl

ijKij ≤ m̃ < m − m, i 6= p.
(3.20)

It follows from (3.18) – (3.20) and conditions of Assumption 3.2, that for the system (3.17)
all conditions of Theorem 2.2 are fulfilled. Hence, the equilibrium y = 0 of (3.17) is global
exponentially stable, and it is equivalent to global exponential stability of the equilibrium
xe of (3.14). Theorem 3.2 is proved.

4 Neural System with Perturbed Equilibrium

The approach considered below may be used for the investigation of uncertain neural
systems with perturbed equilibrium.
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Assumption 4.1 We assume that:

(1) for the matrices (3.5) the conditions (1) and (2) of Assumption 2.1 are satisfied;
(2) xe is an equilibrium of (3.1), xe is an equilibrium of (3.2), xe 6= xe.

We denote

Ki = min

{
1

2Li1

(
(β2

i + 2(1 − γ)µiLi1)
1

2 − βi

)
,

1

2Li1

(
(δ2

i + 2ǫLi1)
1

2 − δi

)}
,

rij = Li2

(
‖Ci‖ + Ki

)(
‖Tij‖ + Ki

)(
‖Ti1‖ + ‖Ti2‖ + 2Ki

)
, i, j = 1, 2,

∆ < min

{
(1 − γ)µ1

2r11
,

(1 − γ)µ2

2r22
,

ǫ

2r12
,

ǫ

2r21

}
,

(4.1)

where the constants µ1, µ2 and ǫ are computed by (2.5) for the matrices (3.5).

Theorem 4.1 For the system (3.2) let the decomposition (3.4), (3.14) take place and
all conditions of Assumption 4.1 be satisfied. If the inequalities

max { ‖∆Gi‖, ‖∆Ci‖, ‖∆Ti1‖, ‖∆Ti2‖, ‖∆Ii‖ } < Ki, ‖xie − xie‖ < ∆, i = 1, 2,

are true, then the equilibrium xe of (3.2) is global exponentially stable.

Proof In the neighborhood xe the equations (3.4) can be written in the equivalent
form

xi(τ + 1) − xe = fi(x(τ)) + hi(x(τ)) − fi(xe) − hi(xe)

+

(
∂fi(xe)

∂xj

+
∂hi(xe)

∂xj

)
(xj(τ) − xje) + gi(x(τ) − xe)

=

(
∂fi(xe)

∂xi

+
∂fi(xe)

∂xi

+
∂hi(xe)

∂xi

− ∂fi(xe)

∂xi

)
(xi(τ) − xie)

+

(
∂fi(xe)

∂xj

+
∂fi(xe)

∂xj

+
∂hi(xe)

∂xj

− ∂fi(xe)

∂xj

)
(xj(τ) − xje)

+ gi(x(τ) − xe), i, j = 1, 2, i 6= j,

where gij(x(τ) − xe) are higher-order terms. If we denote

∆Ai =
∂fi(xe)

∂xi

+
∂hi(xe)

∂xi

− ∂fi(xe)

∂xi

, ∆Bi =
∂fi(xe)

∂xj

+
∂hi(xe)

∂xj

− ∂fi(xe)

∂xj

,

y(τ) = x(τ) − xe, i, j = 1, 2, i 6= j,

then the equations (3.4) are written in the form (3.9) and further the proof of Theorem 4.1
is analogous to the proof of Theorem 3.1.

Assumption 4.2 We assume that:

(1) for matrices (3.15) the conditions (1) and (2) of Assumption 2.2 are satisfied;
(2) xe is an equilibrium state of (3.1), xe is an equilibrium state of (3.2), xe 6= xe;

(3) m = max ‖M (i)
jk ‖ < m, the constant m is computed by formula (2.13).
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Let us denote

α1
ij =

(
(β2

ij + 2(1 − γi)µijL
1
ij)

1

2 − βij

)
/2L1

ij,

α2
ij =

(
((δik

ij )2 + 2ǫiL
1
ij)

1

2 − δik
ij

)
/2L1

ij, j 6= k,

α3
ijl =

(
((δpl

ij )2 + 2m̃L1
ij)

1

2 − δpl
ij

)
/2L1

ij, i 6= p,

Kij = min
{
α1

ij , α
2
ij , α

3
ij1, α

3
ij2

}
, i, j, k, p, l = 1, 2. (4.2)

rip
jl = Li2

(
‖Cij‖ + Kij

)(
‖T ip

jl ‖ + Kij

)
(

2∑

ν,ξ=1

‖T iν
jξ ‖ + 4Ki

)
,

Φ = min

{
(1 − γi)µij

2rii
jj

,
ǫi

2rii
jk

,
m̃

2rip
jl

}
, i 6= p, j 6= k,

where 0 < m̃ < m−m, 0 < ǫi < ǫi, the constants µij and ǫi are computed by (2.12) for
the matrices (3.15).

Theorem 4.2 For the system (3.2) let the decomposition (3.4), (3.14) take place and
all conditions of Assumption 4.2 be satisfied. If the inequalities

max
p,k=1,2

{
‖∆Gij‖, ‖∆Cij‖, ‖∆T ip

jk‖, ‖∆Iij‖
}
≤ Kij , ‖xe

ij − x e
ij‖ ≤ Φ, i, j = 1, 2,

are true, then the equilibrium xe of (3.2) is global exponentially stable.

Proof As in the proof of Theorem 4.5, the equations (3.14) are written in the equiva-
lent form

xij(τ + 1) − x e
ij = fij(x(τ)) + hij(x(τ)) − fij(xe) − hij(xe)

=

(
∂fij(xe)

∂xij

+
∂fij(xe)

∂xij

+
∂hij(xe)

∂xij

− ∂fij(xe)

∂xij

)
(xij(τ) − x e

ij)

=

(
∂fij(xe)

∂xik

+
∂fij(xe)

∂xik

+
∂hij(xe)

∂xik

− ∂fij(xe)

∂xik

)
(xik(τ) − x e

ik)

=

(
∂fij(xe)

∂xp1
+

∂fij(xe)

∂xp1
+

∂hij(xe)

∂xij

− ∂fij(xe)

∂xp1

)
(xp1(τ) − x e

p1)

=

(
∂fij(xe)

∂xp2
+

∂fij(xe)

∂xp2
+

∂hij(xe)

∂xp2
− ∂fij(xe)

∂xp2

)
(xp2(τ) − x e

p2)

+ gij(x(τ) − xe), i, j, k, p = 1, 2, i 6= p, j 6= k.

If we denote

∆Aij =
∂fij(xe)

∂xij

+
∂hij(xe)

∂xij

− ∂fij(xe)

∂xij

, ∆Bij =
∂fij(xe)

∂xik

+
∂hij(xe)

∂xik

− ∂fij(xe)

∂xik

,

∆M
(i)
jl =

∂fij(xe)

∂xpl

+
∂hij(xe)

∂xpl

− ∂fij(xe)

∂xpl

, y(τ) = x(τ) − xe,

i, j, k, p, l = 1, 2, i 6= p, j 6= k.



NONLINEAR DYNAMICS AND SYSTEMS THEORY, 4(1) (2004) 31–49 47

then the equations (3.14) take the form (3.17) and further the proof is carried out anal-
ogously to the proof of Theorem 3.2.

5 Numerical Results

Example 5.1 Let us consider the system





x1(τ + 1) =
4

π
arctan (x1(τ) + 0.005 x2(τ) − 0.005) ,

x2(τ + 1) = −0.75 x2(τ) +
7

π
arctan

(
1

350
x1(τ) + x2(τ) − 1

350

)
,

with the equilibrium xe = (1; 1)T and the perturbed system





x1(τ + 1) =
4.04

π
arctan (1.02 x1(τ) − 0.0052 x2(τ) − 0.025) ,

x2(τ + 1) = −0.75 x2(τ) +
7

π
arctan

(
1

350
x1(τ) + 1.02 x2(τ) − 801

35000

) (5.1)

with the equilibrium xe = (1.01; 1)T.
In the framework of scalar approach (see [5]), we have

K1 = 0.0167, ǫ1 = 0.0942, ∆G = diag
{
0; 0
}
, ∆C = diag

{
0.02; 0

}
,

∆I =

(
− 0.02;− 701

35000

)T

, ∆T =

(
0.02 −0.0102
0 0.02

)
.

As |∆T |∞ = 0.0302 > K1, we can not make the conclusion about exponential stability
of equilibrium state xe = (1.01; 1)T of the system (5.1).

In the framework of vector approach the constants computed by (4.1) are

K1 = 0.0215, K2 = 0.0205, Φ = 0.1054.

Then

max { ‖∆G1‖, ‖∆C1‖, ‖∆T11‖, ‖∆T12‖, ‖∆I1‖ } = 0.02 < K1,

max { ‖∆G2‖, ‖∆C2‖, ‖∆T21‖, ‖∆T22‖, ‖∆I2‖ } = 0.02002 < K2,

‖x1e − x1e‖ = 0.01 < Φ, ‖x2e − x2e‖ = 0 < Φ,

and, by Theorem 4.1, we can conclude that the equilibrium xe = (1.01; 1)T of the
system (5.1) is global exponentially stable.

In the framework of vector approach the constants computed by (4.1) are

K1 = 0.0215, K2 = 0.0205, Φ = 0.1054.

Then

max{‖∆G1‖, ‖∆C1‖, ‖∆T11‖, ‖∆T12‖, ‖∆I1‖} = 0.02 < K1,

max{‖∆G2‖, ‖∆C2‖, ‖∆T21‖, ‖∆T22‖, ‖∆I2‖} = 0.02002 < K2,

‖x1e − x1e‖ = 0.01 < Φ, ‖x2e − x2e‖ = 0 < Φ,

and, by Theorem 4.1, we can conclude that the equilibrium xe = (1.01; 1)T of the system
(5.1) is global exponentially stable.
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Example 5.2 Let the system have the form





x11(τ + 1) =
4

π
arctan (x11(τ) − 0.01 x21(τ) − 0.01) ,

x12(τ + 1) = −0.2 x12(τ) +
1.2

π
arctan(x12(τ) + 0.01x21(τ) + 0.01),

x21(τ + 1) = 0.6 − 1.6

π
arctan (0.01x11(τ) + x21(τ) − 1.99) ,

x22(τ + 1) = x22(τ) − 3

π
arctan(0.01x12(τ) + x22(τ)),

x = (x11, x12, x21, x22)
T∈ R4. xe = (1; 0;−1; 0)T,

s(x) =
2

π
(arctanx11, arctanx12, arctanx21, arctanx22)

T,

G = diag {0; −0.2; 0.6; 1}, C = diag {2; 0.6; −0.8; −1.5}, I = (−0.01; 0.01; 1.99; 0)
T
,

T =




1 0 −0.01 0

0 1 0.01 0

0.01 0 1 0

0 0.01 0 1


 , A =




2

π
0 −0.02

π
0

0
6 − π

5π

0.012

π
0

−0.008

π
0

3π − 4

5π
0

0 −0.03

π
0

π − 3

π




.

As a result of hierarchical decomposition we get

A11 =
2

π
, A12 =

6 − π

5π
, A21 =

3π − 4

5π
, A22 =

π − 3

π
,

B11 = B12 = B21 = B22 = 0,

M
(1)
11 = −0.02

π
, M

(1)
21 =

0.012

π
, M

(2)
11 = −0.008

π
, M

(2)
22 = −0.03

π
,

M
(1)
12 = M

(1)
22 = M

(2)
12 = M

(2)
21 = 0,

Re = 3, Li
jk =

2

π
, m = 0.0095.

We get γ1 = γ2 = 0.5, ǫ1 = ǫ2 = 0.1 and do relevant computations

P11 = 1.6814, P12 = 1.0342, P21 = 1.1354, P22 = 1.0020,

µ11 = 0.3633, µ12 = 0.8180, µ21 = 0.6546, µ22 = 0.9549,

a1 = 1.3187, c1 = 0.0980, a2 = 1.0666, c2 = 0.1667,

ǫ1 = 0.2726, ǫ2 = 0.3953, m = 0.0504.

If ǫ1 = ǫ2 = 0.1, m̃ = m − m = 0.0409 then we get the robust bounds

K11 = 0.0269, K12 = 0.0407, K21 = 0.0304, K22 = 0.0393.
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