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Abstract: In this paper, exponential stabilization for three classes of uncer-
tain nonlinear systems with time-varying delay is investigated. A continuous
feedback control is constructed for each class of systems, under which global
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1 Introduction

Any physical dynamic system inherently contains, more or less, some delay phenomena
because energy in the system propagates with a finite speed. Typical systems with
time delays include turbojet engine, microwave oscillator, control of epidemics, inferred
grinding model, and population dynamics model [6,7,17]. It is noted that for many
stable systems the introduction of arbitrarily small time delay into the loop of systems
can cause instability [4,10]. Furthermore, the system uncertainties could be present due
to mathematical model errors, temperature varying, and element life. Thus, feedback
control of uncertain time-delay systems is crucial for practical design of control systems;
see, e.g., [2,7-9,13-17,19,20] and the references therein. We wish to point out that
many systems whose dynamics contain a term that is affine-linear in control have been
investigated in the past; see, e.g., [1,3,11,14,18—20]. The generalization allowing some
systems whose dynamics contain a term which depends on the square of the control in
addition to an affine term has been considered in [12].
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Uncertain input nonlinearity considered in this paper is a general expression on un-
certainties and control, that is a generalization of uncertain input nonlinearity for many
time-delay systems. Moreover, we allow the dynamics of the system containing the term
which depends on the control order up to (r — 1), where r is a positive integer greater
than three.

The paper is organized as follows. In Section 2, some preliminaries are provided.
Exponential stabilization for three classes of uncertain nonlinear systems are considered
in Section 3 to Section 5, respectively. An illustrative example is provided in Section 6
to demonstrate the use of our main results. Finally, summary follows in Section 7.

2 Preliminaries

For convenience, we define some notation that will be used throughout this paper as
follows:

Ry — Set of all nonnegative reals.

R — Set of all real numbers.

R" — n-dimensional real space.

Rmxm — Set of all real n by m matrices.

I — Unit matrix.

AT — Transpose of matrix A.

I A] — Spectral norm of matrix A.

[l]| — Euclidean norm of = € R".

Amin (P) — Minimal eigenvalue of symmetric matrix P.
Amax (P) — Maximal eigenvalue of symmetric matrix P.
C — Set of all continuous functions from [—H, 0] to R™.
V.V(t,xz) — Gradient of smooth scalar function V (¢, z).
|al — Absolute value of real number a.

v — Means “for every.”

Consider the following nonlinear time-delay dynamic system:

@(t) = f(t,z), Vt>to>0, (1)
oy (t) = 0(t), te[—H, 0], 2)

where © € R™, x4(s) = z(t+s), Vs € [-H, 0], H >0, with ||z¢||ls = sup |z(t+7)],
<r<0

and 0 € C is a given initial function. The function f: Ry x C — R™ is supposed to be
completely continuous and to satisfy enough additional smoothness conditions to ensure
the solution z(tg, 0)(t) through (g, #) is continuous in (to,0,t), t > to > 0, in the domain
of definition of the function [8].

Definition 2.1 System (1) is said to be globally exponentially stable with convergence
rate > 0 if, for each 8 € C and ty € Ry, we have

[[2(to, ) ()] < c(to, [10]]s) exp(—a(t —to)) forall &>t >0,

where ¢(+) is a bounded function depending on ¢, and ||6||5.
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Lemma 2.1 Assume there exist a sufficiently smooth function V (t,x) and positive
constants A1, A2, A3, p, €, and 3, with > A3/Aa, such that for all x € R™, t >ty > 0,

MllzlP < V(E, ) < Aolz]?, (3)
and the derivative of V' along solutions of (1) satisfies

ﬁKﬁé?QD::VAdax@»—%vaﬁjw@»-f@wm)S—Aﬂu@mp+6€ﬁﬁ (4)

then system (1) is globally exponentially stable with guaranteed convergence rate

1= As/(A2p).

Proof See Appendix A.

Lemma 2.2 For any nonnegative integers i and j, define 0! = 1, il = 1x2x3x...x1,
and C’; =4l/[j!{(i — §)Y], i > j. Then, for any nonnegative integers i, j, and r, the
following inequalities are true:

(a) C773>C57), V3<i<j<r,

(b) 3CI23 —2C}+Cj?>3C25, V3<j<r-—2

Jj—37

Proof See Appendix B.

3 First Class of Systems
Consider the following uncertain system with a time-varying delay:

@(t) = F(t,z(t)) .
+ G(t,z(t),z(t — h(t)) AV (t, 2(t), z(t — h(t)),u(t)), t>tg>0, ®)
x, (b)) =60(t), te[—H,DQ0, (6)

where z € R", h(t) is a delay argument with 0 < h(t) < H, u € R™ is the input vector,
and 6 € C is a given initial function. The functions F, G, and AV (uncertain input
nonlinearity) are assumed to be continuous with F(¢,0) =0, t > to > 0.

Before presenting our main results, we make some assumptions as follows.

Assumption (A1) [18] There exist a sufficiently smooth function W (¢, x(t)) and
positive constants A1, A2, A3, and p such that, for all x € R™, ¢t > t; > 0,

Afa]|” < W(t x) < ol (7)
and the derivative of W along solutions of &(t) = F (¢, z(t)) satisfies

AW (t, (1))

= VWt z(t) + Ve W(ta(t)) - F(t,2(t)) < =Asfz ()] (8)
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Assumption (A2) [12] There exist positive continuous functions fi(¢,z,y),
f2(t,z,y), and nonnegative continuous functions f5(¢t,z,y), ..., fr(t,2,y) such that for
all t >ty >0, z,y € R"*, and u € R™,

ut Aty u) > —fit gl + otz ) lul® = Lz y)lul,  (9)
=3
with

j=3

Remark 3.1 For r =3, r =4, and r = 5, inequality (10) becomes, respectively,

f3 = 4f1fs, (11)
I3 > Afifofs + 8fF fa, (12)
fat,x,y) > Af1 f2fs + 8F2 fafa + 163 fs. (13)

It is interesting to note that (13) reduces to (12) by setting f5 = 0 and (12) reduces to
(11) by setting f4 = 0. Similar statement can be made for higher r.

Theorem 3.1 System (5) satisfying Assumptions (A1)~(A2) is globally exponen-
tially stabilizable with convergence rate 1 = Ag/(A2p) under the control

u(t) = =(t, z(t), 2(t — h(t))) K(t, x(t), x(t = h(t))), (14)

where

V(t, x(t), z(t = h(t)))

_ 2/3 (¢, x(1), x(t — h(1)))
fa(t,2(t), 2t = h(0))[f1 (8, 2(8), 2(¢ = RO)K (¢, (), 2(¢ = h(®))]] + ()]
(15)
e*(t) = 3exp(—ft), (16)
K(t,o(t), a(t — h(t) = GT(t,x(t), x(t — h(t))) Vo W (¢, (1)), (17)

with B> As/As.

Proof Let W (t,z(t)), satisfying (7)—(8), be a Lyapunov function candidate of the
system (5) with (14)—(17). The time derivative of W (¢, z(t)) along trajectories of the
closed-loop system is given by

W =VW 4+ VIW(F +G-AV) < —\3|jz]|P + VIWG - AT, (18)

From (9) and (14), we have

KT AU > — fir|[ K+ B2 K2 =S f K
j=3
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which implies

K" AV < K| = | K7+ i K. (19)

Jj=3

Applying (19) to (18) with (15)—(17), we have

W < =Xsllzl? + Al KN = 21 KI1P+ D £ K]

Jj=3

In the following, the proof is made by setting r =3, r =4, and r > 5, respectively.
For r = 3, we have

W < =Xsllz]|P + Al K| = K2+ f3721 K2

2f2 2| K ||? 4fsfHIK]|?

(AIK+e*) " fBAIK] +e*)?

_ BRI = e P (AIE] + ) = 263 UK K ]+ )
FBAIK] +e%)?

= Asflz|” + e

+ (= e

= ~Xallall” + 1K -

20
AfsfHIE|P 2

AN +e%)?
_ KPR — 4f1fs) — KPS e + 3| K| f1fFe 0 — 9fFe "
BRIE| +e)?

+

— As|z||P 4+ e~ Pt
By using the fact that 2ab < a? + b? for any a, b > 0, one has

3e Pt Qe 25t

2

3| K| fuf2e > = f2e [2 K] } < e [<f1||K|>2 n (21)

From (11), (20), and (21), we have

—|K|Pf3(f3 — 4f1fs) — (27/4) f3e=30!

W= FRIE + )2

~aflalP + e < <Nglla]]P + e,

Next for r = 4, we have

W < =Xslzl|” + A K] = 291K+ 72K+ £ K |*

| KA fE(fS — dfifafs — 8f2f1) + | K|IPfie PUAfs — Af1fafs(3)) + 2T f5e— 4Pt
K| +e)3

— As||z||P + e Pt
(22)
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From (12) and (22), we have

W< K| fE(fS — 4fifofs — 8fFfa) + A K| fie P (f3 — Afifafs) + 2T fe 7"
- BANK] +e)?
“Xs||z||P + e Pt < —Ag|z||P 4+ 7P
Finally for r > 5, we have

W < =sllzl” + A = Al KIP+ D f K|

7=3
9 £, F21 K112 T (2)i-1f, 2(j-1) K9
LAEIK| @Y VK]
(Kl +e) = B (hllE | +ex)i

= =Xsllzll” + Al K] - 7 + (e e

s (ANKN = e PO ANKN +3e 7)1 — 2£5 7 FIK|P(AIE] + 3¢5 2
3 (ALK + 3emftyr=

T

) @) LV £ (fa| K|+ 3ePryr—d

G= —Bt

+ — — Xgl|z||P + e
3L K[| + 3=ty

IIKITff( 1 _232<j-1>ff—2f;—jfj)
J:

3 (ALK + 3Pty

r—1 9 i i
I g e - 20 - S 2060 )
J:

3 (A K ]+ 3e=ftyr=

r—2 ) . . ; _ e r— r— J i—1) pi—2pr—i T—i
) |K||ﬂe<“>ﬁf3“1ff[5 {30 20O 22V, fz-(30jl->]
J= =

3 H(ANK+3e=t)r

CKIPf S TPNE — 20T ROy ) Kl A (B) R TR (-2 4+ O
3 (ANK] A+ ety

r—2 r—1_,—rpBt
3
_ - 2 ( ) € _)\3Hx||p+€7ﬁt
3 (K| A+ 3e=st)r—t

IIKITf{< . _232<j-1>ff—2f;—jfj)
J:

3 (ALK + 3oty

r—1 . . .
K|t Pty [ CEL DY 201 f72 (70 £(3(r — )
J:

5 (A K]+ 3e=ftyr=

r—2 . . . ; _ o r— — J i— i—2pr—1 T—1
Zg”K||‘7€_(T_‘7)Bt3r_‘7_lff {5 (30725 —2C] 7 +C; 2)__232( VAT B
J= =

3 (ALK + 3oty



NONLINEAR DYNAMICS AND SYSTEMS THEORY, 4(1) (2004) 15-30 21

K2 f5 fRB) e 2P (r — 4)(r = 5)] + 1K f~ " f1(3)" e~ VP (r — 4)
3 (A K]+ 3e=ftyr=

r—2 r—1_—rBt
_ 3 (3) e - o
T HfL|| K| 4 3e—Btyr—1 sz 4 e P )

By (23), Lemma 2.2, and the fact that 3r —8 > 3(r — j), V3 < j <r —1, one has
s (757 - £ 20 )
W< - I
3 (A K]+ Be=ftyr=
r—1 . . .
Il g = 2 g
j=3

3 (A K]+ 3=ty

— (3r—8)-

r—2 . . . : _ r— r— r— J i— i—2 pr—i
Z:B |K|[7e=(r=Btgr=i=1 7 (305722 - 203'712 +C; 2)[ 3 - _232( V2
J: 1=

3 (ANK] A+ 3e=styr—t

_ K12 f5 1 f2(3) 3e =28 (r — 4)(r — 5)] + || K| f5 L f1(3) "2~ ("= DB (r — 4)
2T_1(f1HK|| + 3e—ptyr—1

r—2(3)r71677~ﬁt B -
R T ey el e s sl e
2 1

This completes our proof in view of Lemma 2.1.

Remark 3.2 In [18], exponential stability can be guaranteed via nonlinear state feed-

back control for system (4) with G(¢, z(t), z(t — h(t))) = G(¢, z(t)), AV(¢, z(t), z(t —
B(D)), ult) = ult) + €t a(t), lEE 2 ()] < p(t,2(t)), p = 2, where &(-): R X R" —
R™ and p(-,-) is a nonnegative continuous function. In this case, there exists a positive
continuous function p(t,z) > p(t,z), YVt >ty > 0, € R", such that

uPAV(t @, 2t = h), w) = ul]? +uT€(t,2) > —pt, @) Jull + [|ul®.
In view of (9), we have
flzﬁ(tv'r)v f2:17 .f3207 RS szov

and (10) is satisfied. Hence, global exponential stability can be guaranteed by memoryless
controller (14) with f; = p(t,xz) and fo = 1 by Theorem 3.1. However, our global
exponential stability result holds for more general systems.

4 Second Class of Systems

Consider the following uncertain system with a time-varying delay:
i(t) = Aw(t) + BAD(, a(t), a(t — h(D),u(t), ¢ 2 to >0, (24)
Ttq (t) = e(t)v te [_H7 O]a (25)

where x € R™, h(t) is a delay argument with 0 < h(t) < H, (A, B) is stabilizable, where
A e R"™™, B e R"™ and A®, representing uncertain input nonlinearity, is assumed
to be a continuous function satisfying the following assumption.
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Assumption (A3) There exist positive continuous functions fi(t,z,y) and
f2(t,x,y) such that for all t >, >0, z, y € R, and u € R™,

uTAD(tw,yu) = = filt, e, y)|ull + falt 2, y)|ul.

Since the pair (4, B) is assumed to be stabilizable, we can find a matrix M € R™*"
such that A = A — BM is a Hurwitz matrix and the following Lyapunov equation

ATP 4+ PA=-2I, (26)

has a unique positive definite symmetric solution P.

Theorem 4.1 System (24) satisfying Assumption (A3) is globally exponentially sta-
bilizable with convergence rate 1 = /\max(P)’1 under the control

u(t) = =(t, z(t), x(t — h(t))) K(z(t)), (27)

where

V(t,2(t), 2(t = h(t)))
_ 2(f1(t x(t), a(t — A(t))) + | M ()]
Fat,x(t), 2t = h(O))[(Fa(t, 2(t), 2(t = (1)) + | M@K ()] +*(t)]
e*(t) = 3exp(=ft),

K(z(t)) = 2BT Px(t),

with B> 2/Amax(P), and P is the solution of (26).
Proof System (24) can be rewritten as
i(t) = Azx(t) + B[A®(t, (t), z(t — h(1)), u(t)) + Mxz(t)], t>ty>0.
In the following, we use Theorem 3.1 to prove this theorem. Choose
F(ta I) = /I.I, G(tv I(t)v I(t - h(t))) = Ba
AU (t, 2(t), z(t — h(t)), u) = Mz + AD(¢, z(t), z(t — h(t)), u).
Let W(t,z(t)) = 2T (¢t)Pz(t), then we have
Amin(P)||2]> < W(t,2) < Amax(P)||z]|?, Vt>t9 >0, z€R", (28)

and the derivative of W along solutions of #(t) = Az(t) is given by

AW (, z(t))

— =22 = a()" (AP + PA)(t) = 2]2(0)]” (29)

In view of Assumption (A3), we obtain

uTAU(t, x, 2(t — h(t), u) = u" Mz + uTAdD(t, z, z(t — h(t)), u)

. i 30
> (| Mall + fi(t, 2(t), a(t = h(O)] - ull + f2(t 2(t), 2(t — h())) - [[ull*. &



NONLINEAR DYNAMICS AND SYSTEMS THEORY, 4(1) (2004) 15-30 23

Comparing (28)—(30) with (7)—(9), one obtains

A1:Amin(})); AQZAmax(Iv)v )\3:25 p:23
A=IMa|+f, fa=fo f3=0, ..., f=0,

and (10) is satisfied. The rest follows immediately from Theorem 3.1.

In the following remarks, we show that the preceding result is a generalization of
several results reported in recent literature.

Remark 4.1 In [1], practical stability can be guaranteed for system (20) with
AD(t, z, z(t — h(t)), u) = D(@)z +u+ E(q)u+v(q), |[E(q)] <1, where A is a Hurwitz
matrix, D(-), E(), and v(-) depend continuously on their arguments, and the uncertainty
q belongs to a compact set (). In this case, we have

utA® = u'(D(q)z +u+ E(q)u+v(q)) = —(ppllz| + po) - [ull + (1 = pg) - ||ul|?
> = (ppllzl +po) - lull + (1 = p5) - ul?,

where py >0, py > py = max|[v(q)|l, pr = max||E(g)| <1, and pp = max|D(q)|.
q9€Q qeQ qeQ
By the preceding theorem, global exponential stability can be guaranteed by memoryless

controller (27) with fi = ppllz|| + p» and fo =1 — pp.

Remark 4.2 In [3], global practical stability can be guaranteed for system (24) with
AD(t,x, x(t — h(t)), u) = u+ e(t,z,u) and |le(t,z,u)|| < ko + k1||z|| + k2||u|, where
ko, k1,ke € Ry and kg < 1. In this case, we have

ut AR = (u+ etz ) = (ko + ki) - full + (1 k) - [[ul®
> (ks + kallz]]) - flull + (1 = k2) - Jul?,
where k3 > 0 and ks > kg. By the preceding theorNem, global exponentia} stability can
be guaranteed by memoryless controller (27) with f1 = ks + k1||z|| and fo =1 — ko.

Remark 4.3 In [11], global exponential stability can be guaranteed by a linear control
for system (24) with A® = D(q)x + u + E(q)u, [|[D(q)]] < 4, 6 € Ry, and dg =
Amin(ET(q) + E(q)) > —1, Vq € Q, where D(-) and E(-) depend continuously on their
arguments, and the uncertainty ¢ belongs to a compact set (). In this case, we have

uTAD = uT(D(¢)z +u + E(q)u)
> —(8flz])) - ul + A +dp/2) - ||ul®
> — (81 + ) - llull + (1 +65/2) - [lull?,
where §; is a any positive constant. By the preceding theorem, global exponential sta-

bility can be guaranteed by memoryless controller (27) with f; = &, + d||z|| and fo =
140p/2.

Remark 4.4 In [14], global practical stability can be guaranteed via a linear control
for system (24) with A®(t, x, z(t — h(t)), u) = ¢(u) + a(t, z,u), 71 ||lul* < uT¢(u), and
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la(t, z,u)|| < ko + k1||z|| + k2||u||, where ko, k1,k2 € Ry and ko < 7. In this case, we
have

WTAD = u"(6(u) + alt, z,u)
> (ko + Kallzl) - Jull + (1 = ko) -
> — (ks + killel) - Jull + (1 = ko) - [lull?.

where k3 > 0 and ks > kg. By the preceding theorem, global exponential stability can
be guaranteed by memoryless controller (27) with f1 = ks + k1]|z|| and fa =1 — ko.

Remark 4.5 In [19], global exponential stability can be guaranteed by a composite
control for system (24) with A® = u + &(t,x) + & (t, 2(t — h(t))), €t 2)] < p(t, ),
and ||€"(t,z(t — h(t)))|| < d||z(t — h(¢))||, where § >0 and p(-,-): Ry x R* — R, isa
bounded continuous function. In this case, we have

uTAD =" (u+&(t, x) + £ (¢, 2(t — (1))
> —(p(t, x) + 8[|zt — h@)]) - ull + [[u]?
> —(pa(t, @) + 8]t — RE)) - [full + lul?,

where p1(t,x) > p(t,z) and pi(t,z) > 0, Vi > to > 0, x € R". By the preceding
theorem, global exponential stability can also be guaranteed by controller (27) with

fi = pi(t,2) + 8llx(t — h(t)|| and fo =1.

5 Third Class of Systems

Consider the following uncertain system with a time-varying delay:

#(t) = Az(t) + Ayt — h(t)) + Af(E, (), 2(t — h(L))) .
+ BAD(t, 2(t), z(t — h(t)),u(t)), t >ty >0, (1)

x4, (1) = 0(t), te[-H,0], (32)

where z € R™, h(t) is a delay argument with 0 < A(t) < H, u € R™ is the input
vector, 6 € C is a given initial function, A, A; € R"*™, and B € R"™™ are constant
matrices, (A, B) is stabilizable, rank(B) = n, A® is assumed to be continuous and
satisfies Assumption (A3), and the mismatch uncertainty A f is assumed to be continuous
and satisfies the following assumption.

Assumption (A4) There exists a nonnegative continuous function ¢(¢,z,y) such
that for all ¢t > ¢, >0 and z,y € R",

A2, y)ll < q(t,2,y).
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Theorem 5.1 System (31) satisfying Assumptions (A3) and (A4) is globally expo-
nentially stabilizable with convergence rate 1 = Amax(P)~% under the control

u(t) = —(t, z(t), z(t — h(t))) K(z(t)), (33)
where
2f?
folt, x(t), x(t — b)) 1| K (x(t)|| +e*(t)]
fr=BY(BB) ' Aw(t — (b)) + | BY(BB) Mg + | Mz| + fi,
(1) = 3exp(—p1),
K(z(t)) = 2BT Px(t),

Yt x(t), 2(t = h(t))) =

with > 2/Amax(P), Mis a matriz such that A = A — BM is Hurwitz, and P is the
solution of (26).

Proof Since rank(B) = n, the matrix BBT is nonsingular. System (31) can be
rewritten as
i(t) = Ax(t) + BBT(BBT) ' [Aix(t — h(t)) + Af(t,z(t), x(t — h(t)))]
+ B[A®(t, z(t), z(t — h(t)), u(t)) + Mx(t)], t>tq>0.

Define

AU(t, z(t), z(t — h(t)),u) = BY(BBY) " A1z(t — h(t)) + Af(t, 2(t), z(t — h(t)))]
+ Mz + AD(t, z(t), z(t — h(t)), u),

then we have

uT AU (L, 2, 2(t — h(t)), u) > —[||BY(BBY) ' Azt — h(t))|
+(IBY(BBT) Mg + M| + fi] lull + follull*

Hence the result follows in view of Theorem 4.1.

Remark 5.1 In [13], global exponential stabilization has been considered for a class of
uncertain systems with multiple time-varying delays and input deadzone nonlinearities.
If they consider only single time-varying delay, their system can be put in the form of (26)
with Q(tvxvy) = aO”‘TH + a1||y||7 A‘I)(t,x,y, u) = A@B(tvxay) + ¢(u)7 ||A(I)3(t, ;v,y)|| <
f(t,z,y), where y = x(t — h(t)), ap,a1 € Ry, A®3(-) and f(-) depend continuously
on their arguments, ¢(u) = [d1(u1),...,Pm(um)]t with each ¢;(u;) € D(ui,dq,ds)
representing the input deadzone nonlinearity, and D(u;,d1,dz) is defined in [13] with
dy >0, do > 0. In this case, we have

Jul®

uTAD = uT[AD3 + ¢(u) — dou + dou] > —|jul| - [|ADs|| + ||6(u) — daul|] + do
> —lull - [f + mdrda] + da[ul|* > —|ul| - [f + mdida] + da]|ul?,

where dy > 0, dy > d;. By the precedir}g theorem7~ global eXEonential stability can also
be guaranteed by controller (33) with f; = f + mdids and fo = ds.
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6 Example

Consider the following uncertain system with a time-varying delay:

0 [_2;1:1 + 27173 + 2I1I2\/W]
x =
—2x9 — x%xg — ZC%\/W (34)

N [W - Q@‘))} [a(t) + (b(t) + ()| (¢ — h()) ) + d()u?],

—x7

where u € R, © = [v1,22]T € R?, h(t) = 2+ cos(2t), —1 < a(t) <1, 4 < b(t) < 4.5,
1<e(t) <2, =2 <d(t) <2 forall ¢t >ty >0. Comparing (34) with (5), one has

)

F(t, 2(t)) [—23:1 + 21122 + 22122/ |71 22| ]
y T =
—229 — 23w9 — 23/ |2172]

Gt a(t), o(t — (1)) = ["”2“ - 3“”} ,

-7

AV (L, 2(t), x(t — h(t),u) = a(t) + (b(t) + c(t)|z1 (t — h(t)))u + d(t)u®.

Choose a simple quadratic functional

W(t,z) = 27 B 2] -

Then (7) and (8) are evidently satisfied with A\ =2, Ao =4, p =2, and A3 = 8. In
view of (9), we have
uTAU(t, 2, 2(t — h(t),u) = a(t)u + (b(t) + c(t)|z1(t — h(t))|)u? + d(t)u’
> —[ul + (4 + 21 (t = h())|ul* — 2lul*.
This suggests that in (9) we choose f1 =1, fo =4+ |x1(t — h(t))|, f3=0, and f, =2.
It is easy to show that (10) is satisfied with r = 4. According to (16) with §=2.1 >

A3/A2 =2, we have
e*(t) = 3exp(—2.1t).

By (17) and (15), we obtain
K(t, 2(t), z(t — h(t))) = 41 ()2 (t — h(t)) — 822 (t)x2(t),

2
a2t =) = A RN (R (@ 2 (0), 20— R + (D)

Finally, owing to (14), it can be readily obtained that
u=—y(t,x, z(t — h(t))) (4 ()22 (t — h(t)) — 8x2x5). (35)

By Theorem 3.1, we conclude that system (34) with control (35) is globally exponen-
tially stable with guaranteed convergence rate n = 1. With, e.g., a(t) = 1, b(t) = 4,
c(t) =1, d(t) = 2, and z1(t) =4, z2(t) = =2, Vt € [-3,0], state trajectories of the
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Figure 6.1. State trajectories of feedback-controlled system of (28).

u(t)
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Figure 6.2. Typical control signal for system (28).

feedback-controlled system and control signal are depicted in Figure 6.1 and Figure 6.2,
respectively.

7 Summary

In this paper, exponential stabilization for three classes of uncertain nonlinear systems
with time-varying delay has been considered. A continuous state feedback control has
been proposed in each case for exponential stability of feedback-controlled systems. Guar-
anteed convergence rate has also been provided. Our results have also been shown to
be generalizations of several results reported in recent literature. Finally, a numerical
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example has been provided to illustrate the use of our main results. It is interesting
to consider the problem of exponential stabilization for more general uncertain systems
with time-varying delay.
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Appendix A
Proof of Lemma 2.1 Let

Q(t,x) = V(t, ) exp(Ast/A2). (B1)
From (3), (4) and (B1), we have

sz, ) _ del? %) exp(Rat/As) + A @/ s

[(—Aa/A2)V + e exp(—t)] exp(Ast/Aa) + A3Q/ Ao (B2)
eexp[—(8 — A3/A2)t].

IN

Set & = 3 — A3/A2 > 0. Integrating both sides of (B2), we have, for all ¢ > ¢, > 0,

QUt, 2(t)) — Qlto, 2(t0)) < —=6exp(—5t) — exp(—3to)]
=6 exp(—6tg) — exp(—0t)] < 0V exp(—dty) < ed P =e(B— A3/ X)L

This implies that, for all ¢t > tq > 0,

Qt,z(t)) < Q(to, z(to)) + (B — A3/A2) !
= V(to,x(to)) eXp()\gto/)\g) + E(ﬁ — )\3/)\2)_1 (B?))
< A2|0)12 exp(Asto/A2) + (B — As/A2) " = alto, [|6]]s).

From (3), (B1), and (B3), we have, for all ¢t > tq > 0,

lz(to, )OIl < [(1/A0) V (£, 2(E)]V? = [(1/M) exp(=Ast/A2) - Q(t, x(t)]'/?
[(a/A0) exp(=Ast/ )] = elto, |16]]s) exp(—nt)

<
< c(to, [|6]]5) exp[=n(t — to)],

where c(to, ||0]|s) = [a(to, ||0]|s)/A1]Y/P and n = A3/(A2p) > 0.
This completes our proof.
Appendix B
Proof of Lemma 2.2 For any integers 4, 7, and r such that 3 <7 < j < r, one has

[(r=3)x(r—4)x...x({J=3+1)]>[(r—i)x(r—i—-1)x...x(({F—i+1).
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This implies

(r —3)! (r—i o
G-l S G = G v3sisi<r

r—3 __
Crd =

and _
Ci3=1=0Cj"}, v3<i<j=r
Hence statement (a) is true. Now for any integers j, r such that » > 5 and 3 < j <r—-2
one has
r—2 r—2 r—2 r—3
3C 2, —2C; 7 +C; 77 =303
(r=2)! [ L . : JiG-10 —2)
= 135 — 1) — 2§(r — —Dr—j—1)-3
=) G =1 =2j(r=j)+(r—j)r—j—1) -2
B (r—2)!
g =r —2)
=B g (6 - 8)% — (4% — 6r 4+ 2)j + (0 — 312+ 21
Jir = r—2)

For any given r > 5, consider the following continuous function

[ + 12(—4j — 3) +7(65% + 65 +2) — (35% + 352 + 25)]

g(y) = =3y3 + (6r — 3)y? — (4r* —6r +2)y+ (r* —=3r> +2r), ye[3,r—2].
The derivative of g(-) is given by

d
d—yg(y) = —9y% 4+ (12r — 6)y — (472 — 61 + 2).

Furthermore, the roots of the equation ¢(y) = 0 is given by

2r—1—+2r—1 b 2r—14++2r—1
a= = .

3 ’ 3

With given r > 5, define

g1(r) = g(a) = % (r® —3r2 +4-22r - 1)V 2r +1),
g2(r) = g(b) = % (r® = 3r2 +4+202r —1)V2r +1),
g3(r) = g(3) = 3 — 1502 + T4r — 114,

ga(r) = g(r —2) =2r® —12r + 16 = 2(r — 2)(r — 4).

Clearly we have
g1 (5) = 07

d 1 1
591(7&) =5 [3r® — 6r —6v2r — 1] > 9 [3r(r —5) + (9— 6,/2)r] >0, Vr>5,
92(r) > g1(r) > g1(5) =0, Vr>5,
ga(r) >0, Vr>5.

Moreover, by Sturm’s theorem [5], it is easy to show that gs(r) > 0, V7 > 5. Conse-
quently, g(y) >0 for all y € [3, r — 2] and for each r > 5. This completes the proof of

statement (b).



