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Abstract: This paper discusses the quadratic stability and quadratic stabi-
lization problem for a class of nonlinear perturbed discrete time-delay systems.
Necessary and sufficient conditions for quadratic stability are presented via
S-procedure technique and linear matrix inequality (LMI). Both static and
dynamic output feedback controllers are constructed respectively. Further-
more, necessary and sufficient conditions for quadratic stabilization via static
state feedback are constructed in the form of LMI. Finally, the effectiveness
of new approach is demonstrated by numerical examples.
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1 Introduction

Quadratic stabilization theory for discrete-time systems has been receiving much atten-
tion in the last decade, see [5,6,8,12,15,19—-21]. Quadratic stability means that there
exists a deterministic quadratic stable Lyapunov function for all admissible parameter
perturbations. The objective of quadratic stabilization is to find a feedback controller
such that the closed-loop systems are quadratically stable for all admissible parame-
ter perturbations, where the associated Lyapunov function is quadratic and determinis-
tic. By means of quasiconvex optimization approach, [6] constructs quadratic stabilizing
controllers via linear static output feedback and state feedback for discrete-time linear
systems with uncertainty. In [15], the robust stabilization for a class of single-input
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discrete-time nonlinear systems is formulated into a convex optimization problem in the
form of LMI. Consequently, a static state feedback law is designed to stabilize the plant
and to maximize the bound on the nonlinear perturbation terms.

Since time-delay usually results in unsatisfactory performances and is frequently a
source of instability, many researchers have paid serious attention to those problems
caused by time-delays. Recently several authors have used different approaches such as
quadratic Lyapunov function, linear matrix inequalities to study stabilization problems
for discrete-time (or continuous-time) linear systems with time-delays [3,10,17,16]. [17]
presents an interesting approach using state feedback control design for a class of discrete-
time linear systems with time-delays and matched uncertainty, but their approach is
based on nonlinear matrixz inequalities (NLMIs). It is known that there has been no
efficient way to construct the control law in terms of NLMIs so far.

The objective of this paper is to discuss quadratic stability and quadratic stabilization
problem for a class of multi-input and multi-output (MIMO) discrete-time systems with
nonlinear perturbation on both state and control-input perturbations. A necessary and
sufficient condition for quadratic stability of unforced systems is presented by means of
S-procedure technique and LMI. In addition, both static and dynamic output feedback
are constructed if the corresponding LMI is feasible.

As compared with the existing results in the literature, this paper discusses more
general class of systems than those in [5,6,8,15,17,19,21]. Both static and dynamic
output feedback control designs are obtained in terms of LMI which is more computa-
tional efficient than the NLMI approach developed for linear uncertain systems by [17].
In addition, the single-input static state feedback design developed in [15] is a very special
case of this paper, also time-delays and perturbation on control input are not considered
in their work. Furthermore, a state feedback control design for linear uncertain systems
based on the Riccati equation approach is developed by [5], which are also regarded as a
special case of this paper.

2 Quadratic Stability for the Unforced Systems
Consider a class of unforced perturbed discrete time-delay systems as follows

241 = Az + A1zi—a + g(k, 2y 2k—d), (1)
zg =10k, k=-d,—d+1,---,0,

where z, € R™ is the system state; A, A, are constant matrices with appropriate di-

mensions; and positive integer d is maximal time-delay; §; (i = —d,—d+1,---,0) are

initial-value vectors for the delayed system; g = g(k, zx, 2k—q) 1S a vector-valued non-

linear function which is regarded as a nonlinear perturbation and satisfies the following

quadratic inequality for all (k,w,v)

g (k,w,v)g(k,w,v) < WG Gw + 2w G'G1v +v'G|G1v
' (2)
_ <‘;’) G GG G <§‘j> ,

where G and (G; are constant matrices with appropriate dimensions, w, v are vectors
with the same dimension with zj.
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The following definition on quadratic stability is presented by [17].

Definition 2.1 Systems (1) are quadratically stable if there exist matrices P > 0,
and @ > 0 such that for all admissible perturbation g, systems (1) satisfy

AV = Vk-‘,—l - Vi <0, (3)

i i d
for all pair (k, zg, zk—q) € Zy X (R" x R" —{0}), Vi = 2, Pz + Y 2., Qzk—i, Ly =
i=1
{0,1,2,--}.

Lemma 2.1 (S-procedure lemma) [18] Let Qo(x) and Qq(z) be two arbitrary qua-
dratic forms over R™. Then Qo(x) < 0 for all x € R™ — {0} satisfying Q1(z) <0 if
there exists 7 > 0 such that

Qo(I) — TQl(ZC) <0, Vzxze R" — {0}

For convenience and compactness, the following notation of (4) will be used throughout
this paper.

~“X+X, 0 v
0 X, W

L(X,X1,T,T1, 0, 0y) := r P11 x o (4)
o 0, 0 I

where X, X1, I', I'1, ¥ and ¥ are matrices with appropriate dimensions, I is an identity
matrix with appropriate dimension.

By means of S-procedure and LMI technique, the following theorem presents a neces-
sary and sufficient condition for quadratic stability of unforced systems (1).

Theorem 2.1 Unforced systems (1) are quadratically stable if and only if there exist
positive definite matrices X and Xy with appropriate dimension such that the following
LMI is solvable

L(X,X,,AX, A1 X,GX,G1X) < 0. (5)

Proof By means of the Schur Complement Lemma, LMI (5) is equivalent to the
following matrix inequality

-X + X1+ XG'GX XG'GiX XA
XG|GX -X1+XGG1X XA, | <o. (6)
AX Ay X I-X

Let P= X1 Q= X"'X;X! and multiply both sides of the first inequality of (6)
by diag {X !, X1 I}, then (6) is equivalent to

-P+Q+G'G GG A
GiG -Q+GiG1 A <0. (7)
A Aq I—p-1

Similarly, (7) is equivalent to

PrQtGE @G AN o nni
( ¢o i)ty )P oD A0

Pt—TI>0.
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Notice that
(Pr*-I)'=P+PI-P)'P (9)

Then (8) is equivalent to

APA-P+Q+G'G A'PA+G'G AP 1 ~ ~
( A PA+GLG A;PAliQJrG’ll@) + (Allp) (I-P)" (PA PA) <O,

I—-P>0.

(10)

From the Schur Complement Lemma again, matrix inequalities (10) are equivalent to

APA-P+Q+GG  APA+GG A'p
APA+ GG APA - Q+ GGy AP | <. (11)
PA PA, pP-1I

Sufficiency: If LMI (5) holds for X and X7, then (11) holds for P = X~ and Q =
X71X; X1, In order to obtain the quadratic stability of systems (1), we construct the
following quadratic Lyapunov functional candidate

d
Vi = 2, Pz + Z 2y Qzk—i. (12)

i=1

Then along with systems (1), for (2}, z,_, # 0, from (11) we have

do- () @ @y Gﬁ(z;j’“dﬂ

= Z]/C(A/P/I —P+Q)z+ z,/cfd(/i’lpfll —Q)zk_a+ g Pg+ 22,2[1/]3[112';@,(1

go- (2 )/<G Ge 6 )] (13)

Vitr — Vi —

+ 224, Pg + 2z, _,A|Pg —

Zk—d Zk—d
%\ ([APA-P+Q+GG  APA+GG, AP 2
= | zk—d AllpA—l:G/lG A/1PA1 _Q+G/1Gl Allp Zk—d < 0.
g PA PA, P—1 g

It follows from Lemma 2.1 that under constraint (2), Vi41 — Vi <0 for (2, z._,) #0,
which implies that systems (1) are quadratically stable in the sense of Definition 2.1.

Necessity: If systems (1) are quadratically stable, that is, there exists a Lyapunov
functional candidate as follows

d
Vi = 2, Pzp + Z 2 Qi (14)
i=1

where P and Q are positive definite matrices with appropriate dimensions, and under
constraint condition:

do- (] )/<G Gy on( > )< (15)

Zk—d Zk—d
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we have

AVk = Vk+1 — Vk < 0, V(Z,; Z;c—d) 75 0. (16)

Notice that (15) and AV} are quadratic on zk, zx—q and g, then it follows from Lemma 2.1
that there exists a constant 7 > 0 such that for all (z;, z,_, ¢')#0,

!
AVi—7lgdg—(.*F )@ ay@ e * )| <o 17
k T[gg (.x,)© are on( (17)
However, if 7 = 0, then (17) implies that the original systems (1) can be quadratically
stable for all g without constraint (2), which is impossible. Then (17) holds for some
7> 0. In addition, (17) is equivalent to

APA-P+Q+7G'G  APA +7GG A'p
A PA+7GHG A PA - Q+7GiGy AP | <. (18)
PA PA, P—rI

Let P=7"1P, Q = 77'Q, then (18) is the same as (11). This completes the proof.

Remark 2.1 Systems (1) with constraint (2) are more general than the systems dis-
cussed in [8,19,21]. Theorem 3.1 can be regarded as an extension of the results in
literature above.

3 Static Output Feedback

Consider a class of MIMO discrete time-delay systems with nonlinear perturbation as
follows
Tpy1 = Azg + Arxg—q + Buy + f(k, 2, Th—a, ur),
Yk = C:Eku (19)
Ik:(Sk; k:_da_d+17"'707

where z; € R”, up € R™ and y; € RP are the system state, control input and output,
respectively; A, A; € R™"*", B € R™™ and C € RP*™ are constant matrices with full-
row rank; and positive integer d is maximal time-delay; §; € R" (i = —d,—d+1,---,0)
are initial-value vectors for the delayed system; f(k,w,v,u) is a vector-valued nonlinear
function and satisfies the following quadratic inequality for all (k,w,v,u) € Z; x R™ X
R"” x R™;

F’ w
Fwoafkeen <@ o | F)E R D|e] @)
H u

where F', F} and H are constant matrices with appropriate dimensions.

Remark 3.1 If
fk, xr, Tr—a, ur) = AA(k)zr + AAL(K)zk—a + AB(k)uk + fo(k, 2k, Th—a, uk),

where the norm of AA(k), AA; (k) and AB(k) are uniformly bounded and f(k, w, v, u) is
global Lipschitz on (w,v,u) € R" xR"xR™ with f(k,0,0,0) =0 for any k € Z, then
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this class of Lipschitz systems with uncertainty can be included in systems (19). Therefore
the discrete-time linear (or time-delay) systems with matched uncertainty considered by
[5] and [17] are special cases of this paper.
In this section, we consider the following form of linear static output feedback con-
troller
ur = Ky + K1yr—d, (21)

where K, Ky € R™*P are constant matrices to be determined.

The purpose of this section is to find a controller in the form of (21) such that the
closed-loop systems (19) and (21) are quadratically stable. In this case, the controller
(21) is called a quadratic stabilisation controller.

The following theorem presents a way of constructing static output feedback controller
law (21), in which sufficient condition is presented by means of LMI approach.

Theorem 3.1 Systems (19) are quadratically stabilizable by means of static output
feedback in the form of (21) if the following LMI (22) and matriz equation (23) on
matrices X, X1 e R™*™, Y, Y1 e R™*P and Z € RP*P are solvable

L£(X,X,,T,T1,0,0;) <0, (22)
CX = Z0C, (23)

where

FZAX—FBYC, I'y :A1X+BY10,

V=FX+HYC, ¥, =FRX+ HY,C. (24)

Proof The conditions on full-row rank of C;, X > 0 and matrix equation CX = ZC
imply that
p > rank (Z) > rank (ZC) = rank (CX) > rank [(CX)X '] = rank (C) = p (25)
that is, Z is non-singular. Then the gains of control law (21) can be chosen as follows:
K=YZ"' K =viZ% (26)
In this case, the resulting closed-loop systems are systems (1) with

A=A+ BKC, A =A +BKC, g=f(kanzra KCrp+ K Crr_q), (27)

e () (&) e e (i) s

G=F+HKC, G,=Fh+HKC. (29)
From (26) and matrix equality CX = ZC, we have

where

and

AX = (A+ BKC)X = AX + BKCX
= AX + BKZC = AX + BYC =T,
A1 X = (A, + BK,C)X = A1 X + BK,CX
= A1 X + BK,ZC = A1 X + BY,C =Ty,
GX =FX+HKCX =FX+HYC =10,
G1X =F X+ HK,CX =F,X +HY,C=7,.
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Then it follows from Theorem 2.1 and (22) that the systems (1) with (27), that is, the
closed-loop systems (19) and (21) with (26), are quadratically stable, which completes
the proof.

As a direct application of Theorem 3.1, if C' = I is chosen in Theorem 3.1, we have the
following result, which presents a necessary and sufficient condition under which systems
can be quadratically stabilized via static state feedback law

Uk = K,Tk. (31)

Corollary 3.1 Systems (19) are quadratically stabilizable via static state feedback
in the form of (31) if and only if the following LMI on matrices X, X; € R™*"™ and
Y € R™*"™ is solvable

E(X,Xl,F,Fl,\II,\Ifl) <0, (32)

where
I'=AX+BY, ThW=AX, VYV=FX+HY, V,=NIX. (33)

In this case, a static state feedback law can be chosen as follows
Up = YX_l.CL'k. (34)

The Proof for sufficiency of Corollary 3.1 follows directly from Theorem 3.1. The
necessity can be obtained from Lemma 2.1.

Remark 3.2 [15] discusses a class of discrete-time systems with single-input and non-
linear perturbation (no control input perturbation is considered), and a static state feed-
back law is constructed by means of LMI. However a special structure matrix variable L
is needed to guarantee the resulting matrix inequality to be an LMI such that a solution
of K is obtained (see (19)—(21) in [15]). It is important to notice that Corollary 3.1
presents a more efficient approach to search for an explicit solution K. In addition, The-
orem 2 by [15] is a special case of Theorems 3.1 and 3.2. Furthermore, the result in this
section can be regarded as an extension of that by [6], where static output feedback is
obtained by means of quasiconvex optimization approach.

Since the conditions (22)—(23) contain the constraint CX = ZC, MATLAB LMI
Toolbox [4] can not be used to solve (22) —(23) directly. In order to convert the problem
(22) - (23) into an LMI, we will show that this constraint on X and Z can be transformed
into an equivalent constraint on X, then (22)—(23) will be equivalent to an LMI.

For convenience, we present the singular value decomposition of C' as

C=U(C, 0V, (35)

where U € RP*P and V € R™ ™ are unitary matrices and Cy € RP*P is a diagonal
matrix with positive diagonal elements in decreasing order.
The following lemma presents an equivalent condition on matrix equation CX = ZC.

Lemma 3.1 For a given C € RP*™ with rank (C) = p, assume that X € R™*" s
a symmetric matriz, then there exists a matrix Z € RP*P such that CX = ZC' if and

only if X =V (i()l )? ) V', where X, € RPXP, X, € R(n—P)x(n—p),
2

Proof If p = n, from the proof of Theorem 3.1, C is non-singular, it is clear that
the result is true. Without loss of generality, suppose p < n. From CX = ZC and
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the singular value decomposition of C, that is, C = U(Cy 0)V’, we have that matrix
equation CX = ZC is equivalent to U(Cy 0)V'X = ZU(Cy 0)V'. That is,

(UCy 0)V'XV =(ZUCy 0). (36)
X, X}

Xo Xo
R(~P)XP_then (36) is equivalent to

Suppose X = V( >V’, where X; € RP*P, X, € R(»Px("=p) and X, ¢

(UCy X1 UCyXyo) = (ZUCy 0). (37)
Matrix equation (37) is solvable on Z if and only if UCy Xy = 0, that is, Xy = 0, which
completes the proof.
Therefore we have the following result from Theorem 3.1 and Lemma 3.1.

Theorem 3.2 Systems (19) are quadratically stabilizable by static output feedback law
if the following LMI on matrices X11 € RP*P, X0 € R(PIX(—p) = X\ € R gnd
Y, Y1 € R™*P s solvable

E(X,Xl,F,Fl,\I!,\Ill)<O, (38)

where

X = leag {Xll,XQQ}V/, I'=AX + BYC, Fl = AlX + Bch,

39
V=FX+HYC, V,=FX+HYC (39)

In this case, a static output feedback controller of form (21) can be chosen as follows

up = YUCoX'Co Uy + YiUCo X, Oy ' U yp—a. (40)

4 Dynamic Output Feedback

In this section, we consider stabilisation for systems (19) via the following Luenberger-like
dynamic output feedback controller

Tpr1 = Ay + A1&i—q + Bug + L(yx — Ciy),

. . 41
ur = K2, + K1Zp_g. ( )

Let the difference of z, and &y be ey, that is, ey = xy — Zx, then the closed-loop systems
of (19) and (41) can be written as (1) with

o — Tk /i* A+ BK LC /i - Ay + BK; 0
b ’ - 0 A-LC ) T 0 Ay )

(42)

0
9k, 2, 20-a) = (f(k,fk +ep, Tp—dq + ex, KT + Kli'k—d)) '
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From (20), after some algebraic manipulations, we have
g/(ka 2l Zk—d)g(ku Zky Zk—d)
= [f(k, &k + ex, Tr—a + ex—a, Koy + Kidp—a)| f(k, &k + ex, Tp—a + e, K&k + K1@g—a)

T + eg ! F’ T + eg
< | Zh—dqt+er—a Fl|(F F, H)| Zp—a+er—a
K, + K1Zp_g H' Kz, + K12k g
Zk ! G/ Zk
() (&) e ()
(43)
where
G=(F+HK F), Gi=(FN+HK, F). (44)

Theorem 4.1 Systems (19) are quadratically stable via dynamic output feedback in
the form of (41) if there exist matrices X11, X2 € R™*", X; € R Y, € R"*P,
Y, Y7 € R™*"™ and Z € RP*P such that the following LMI (45) and matriz equation
(46) are solvable

L(X,X;,T,T1,0,¥,) <0, (45)
CXa9 = ZC, (46)
where
r— <AX11+BY YoC ) r, = (A1X11+BY1 0 )
0 AXoy — YO )7 0 A1 X9 )’
X = <*X;)11 )(022> . U=(FXu +HY FXu), 47)
U = (X1 +HY1 FiXs).
In this case, a dynamic output feedback controller can be given by (41) with
L=YZ"', K=YX;, K =VX;" (48)

Proof Similarly, we have that Z in non-singular from CXs = ZC, then L, K, K;
can be given by (48). In this case, the matrix parameters in the resulting closed-loop
systems in the form of (1) satisfy the following conditions:

Ax — A+ BK LC X1 0 ([ AXy1 + BK Xy, LCXs9
o 0 A—-LC 0 Xon/ 0 AXoo — LOXoo
_ (AX11+BY LzZC _ (AXu1 +BY YoC _T
o 0 AXo —LZC ) — 0 AXop —YoC )] —
(49)

Similarly, we have )

A X =T, GX=V, GX=V,. (50)
Then it follows from Lemma 2.1 that the systems (1) with (42) and (48), that is, the
resulting closed-loop systems (19) and (41) with (48), are quadratically stable, which
completes the proof of Theorem 4.1.

Similar to Theorem 3.2, the following result can be obtained from Theorem 4.1 and
Lemma 3.1 directly.
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Theorem 4.2 Systems (19) are quadratically stabilizable by dynamic output feedback
law (41) if there exist matrices X117 € R™™, Xg91 € RP*P, Xo9y € R(»—p)x(n=p)
X, e R*2 Y, e R™*P, and Y, Y1 € R™*™ such that the following LMI is solvable

L(X,X;,[,T1,9,7;) <0, (51)
where T, Ty, ¥, Uy are defined in the same way as those in (47),
Xop = V diag { Xa21, X222} V', X = diag {X11, X22}.
In this case, a dynamic output feedback controller can be given by (41) with

L=YoUCo X5 CoU', K=YX;', K =YX (52)

Remark 4.1 This section can be regarded as an extension of the results in Section 3.
In addition, this section presents a new approach to construction of dynamic output
feedback controller for a class of discrete-time nonlinear time-delay systems.

5 Numerical Examples

All the numerical examples in this section are computed via the MATLAB LMI Tool-
box [4].

The first example has been discussed by [17], where NLMIs are presented and no
explicit algorithms are given. We shall present quadratic stability via LMI using the
proposed explicit algorithms in this paper.

Ezample 5.1 [17] Consider the following unforced discrete-time systems:
-0.5 —-04 0.3 0.1
k41 = ( 02 —0 6) 2k + <—O 10 1) zp—2 + g(k, 2k, 21—-2), (53)

0.3
0.1

(0.2 0.1), F(k) is an uncertain matrix with an appropriate dimension and satisfying
F'(k)F(k) < T for all k.

where g(k, zg, 2k—2) = MF(k)(Nazx + Ngzgp—2), M = < >, No=(0.15 0.1), Ng=

Then we have

g/(k, Zks Zk,Q)g(k, Zk, Zk,Q) = (NAZk + Ndzkfg)/F/(k)M/MF(k)(NAZk + Ndzkfg)

<0.1(z, 2h_o) (Né) (Na~ Na) (Z:f2> '
(54)

That is, G = v0.1N4 = (0.0474 0.0316), G1 = v0.1N4(0.0632 0.0316) in (2). We
obtain a pair of solutions from LMI (5) with (4) as follows:

9.8666  —0.7210 4.2989 0.2233
X= (—0.7210 7.3597 ) X1 = (0.2233 1.8045)' (55)

Therefore the systems (53) is quadratically stable.

The following example is a nonlinear system, we shall illustrate the construction of
state feedback.
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Ezxample 5.2 Consider the following linear discrete-time systems with nonlinear per-

turbation:
S 1 —-0.6 o + 0.5 0.2 Tr o+ 0.1 0.2 Y
M7 \o4 05 )T\ 06 04) 0 01)" (56)
+ Msin(NA:vk + Ngzp_o + NBuk),

where

M =(0.1 0.1), Ns=(0.02 0.03), Ngz=(0.02 0.01), Ng=(2 1.5). (57)

Then it is easy to have F' = uNa, Fy = uNg, H = uNp, p = +/0.02. Now a static
state feedback controller can be constructed by Corollary 3.1. A triple of matrix solutions
X, X1 and Y can be obtained from LMI (32) with (33) as follows:

Y 72.0747  —23.0754 X, — 46.6402 12.4100
\ —23.0754 93.6106 )’ P\ 124100 21.4395 )

y — 348.9366 —154.6649
T\ —468.6426  208.1791 )

Then the control gain of controller (34) can be given as follows:

(58)

o1 [ 46818 —0.4981
K=YX _(—6.2863 0.6743 )

The following example presents a very simple way of constructing both static output
feedback control law and dynamic output feedback control law based on measurable
output.

Ezample 5.8 Consider the systems (56) with the following output
yr = Cg, (59)

where C = (1 0), and the constraint for nonlinear perturbation f(k,xg,xr—2,ux) is
defined by (20) with F', F; and H presented by Example 5.2.

At first, we present a static output feedback control law in the form of (21) for Exam-
ple 5.3.

Similarly, the following matrix solutions can be obtained from LMI (38) with (39)

X113 =35.1887, Xz =16.6820, X, = ( 5.5927  6.4090

v _ ( 1207891 v _ ( 1235208
—\ —174.3170 ) 1=\ —165.2880 )

17.5368 5.5927)

In this case, it follows from Theorem 3.2 that a static output feedback control law can
be given as follows:

3.6884 3.5102
uk = Ky + Kiyr-2 = (—4.9538) Yk + (—4.6972) Yk—2- (60)
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Then a dynamic output feedback controller can be constructed by means of Theorem 4.2.
To this end, the following solutions can be computed from LMI (51) and (47)

1.4250 0.1199

X1 = 10° (0 1190 0 7585) . Xoo1 = 216.5833,  Xogo = 229.0485,
754.0081 265.3081 0.0611  0.1206

x, _ [ 265.3081 2404736 —0.6242  0.0052 v _ (155.7066

Y= | 00611 —0.6242 139.6342 70.6240 |’ 0=\ 1353971 )°

0.1206 0.0052  70.6240 64.9059

a3 6.1647  0.9422 .3 [ 5.7601 2.1453
Yy =10 (—8.2406 —-1.2733 )’ =10 —7.7000 —2.8674 )"

Then it follows from Theorem 4.2 that a dynamic output feedback controller can be given
in the form of (41) with the following gain matrices:

I - 0.7189 K — 4.2786 0.5660
T \0.6252 ) T\ 57178 —0.7751 )

). — (38556 22190
7\ —5.1542 —2.9658 )

(61)

6 Conclusion

This paper has studied the problems of quadratic stability and quadratic stabilisation
problem for a class of discrete time-delay systems with nonlinear perturbations. It is
shown that the problems can be reformulated as convex optimization problems in the
form of LMI. The design technique in the existing literature has been improved and
generalized in this paper. This paper presents a unified way of designing quadratic state
feedback and output feedback laws for a class of perturbed discrete time-delay systems.
It is easy to see that the approach in this paper can be fully extended to systems with
multiple time-delays.
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