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1 Preliminaries

Let K(R™)(K.(R™)) denote the collection of all nonempty, compact (compact, convex)
subsets of R™. Define the Hausdorff metric

D[A, B] = max [ sup d(z, A), sup d(y, B)], (1.1)
z€B yeEA

where d[z, A] = inf[d(z,y): y € A], A, B are bounded sets in R". We note that K(R"),
(K.(R™)), with the metric is a complete metric space.

It is known that if the space K.(R™) is equipped with the natural algebraic operations
of addition and nonnegative scalar multiplication, then K.(R™) becomes a semilinear
metric space which can be embedded as a complete cone into a corresponding Banach
space [1,9].

The Hausdorff metric (1.1) satisfies the following properties.

D[A+C,B+C]=DI[A,B] and D[A,B] = D|B,A]
D[AA,\B] = AD[A, B],
DIA, B] < D[A,C] + DI[C, B), (1.4)

for all A, B, C € K.(R") and X\ € R".
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Let A, B € K.(R™). The set C € K .(R") satisfying A = B + C is known as the
geometric difference of the sets A and B and is denoted by the symbol A — B. We say
that the mapping F': I — K.(R™) has a Hukuhara derivative Dy F'(to) at a point ¢g € I,
if there exists an element Dy F(tg) € K.(R"™) such that the limits

lim F(to+h) — F(to), and  lim F(to) — F(to — h)
h—0+ h h—0t h

exist in the topology of K.(R"™) and are equal to Dy F(tg). Here I is any interval in R.
By embedding K.(R™) as a complete cone in a corresponding Banach space and taking
into account the result on differentiation of Bochner integral, we find that if

F(t) = Xo + /cb(s)ds, Xo € Ko(R"™), (1.5)
0

where ®: I — K (R"™) is integrable in the sense of Bochner, then Dy F(t) exists and the
equality
DpF(t) =®(t), aeon I, (1.6)

holds. Also, the Hukuhara integral

/F(s) ds = [/ f(s)ds: f is a continuous selector of F'|,
T 1

for any compact set I C R,. With these preliminaries, we consider the set differential
equation
DyU = F(t, U), U(fo) =U € KC(RH), to >0, (17)

where F' € C[R4+ x K.(R"), K.(R™)].
The mapping U € C1[J, K.(R")], J = [to,to + a] is said to be a solution of (1.7) on J
if it satisfies (1.7) on J. Since U(t) is continuously differentiable, we have

Ut)=Uy+ /DHU(S) ds, teJ. (1.8)

Thus we associate with the initial value problem (IVP) (1.7) the following

Ut)=Uy+ /F(s, U(s))ds, teJ, (1.9)

to

where the integral is the Hukuhara integral. Observe also that U(t) is a solution of
(1.7) iff it satisfies (1.9) on J. The investigation of set differential equation (1.7) as an
independent subject has some advantages. For example, when U(t) is a singlevalued
mapping, it is easy to see that Hukuhara derivative and the integral reduce to the ordi-
nary vector derivative and the integral, and therefore, the results obtained in this new
framework of (1.7) become the corresponding results of ordinary differential systems.
Also, we have only semilinear complete metric space to work with, in the present setup,
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compared to the complete normed linear space one employs in the study of ordinary
differential systems. Furthermore, set differential equations, that are generated by mul-
tivalued differential inclusions, when the multivalued functions involved do not possess
convex values, can be used as a tool for studying multivalued differential inclusions. See
Tolstonogov [9]. Moreover one can utilize set differential equations of the type (1.7) to
investigate profitably fuzzy differential equations, since the original formulation of which
suffers from grave disadvantages and does not reflect the rich behavior of corresponding
differential equations without fuzziness [2, 3, 6]. This is due to the fact that the diameter
of any solution of fuzzy differential equation increases as time increases because of the
necessity of the fuzzification of the derivative involved.

It is well known that the ideas embedded in the interesting and fruitful method of
monotone iterative technique have proved to be of immense value and have played a
crucial role in unifying a wide variety of nonlinear problems [4]. In this paper, we shall
develop this technique to set differential equations (1.7) in a unified way following the
work in [5]. In [7], we initiated the study of set differential equations of the type (1.7) as
an independent subject and in [8] an interconnection between fuzzy differential equations
and set differential equation is investigated.

2 Comparison Results

Let us introduce a partial ordering in the metric space (K.(R™), D) which is needed in
order to prove a basic comparison result that is required for our discussion.

We denote by K(K°) the subfamily of K.(R") consisting of sets X € K.(R") such
that any z € X is a nonnegative (positive) vector of n-components satisfying z; > 0
(z; > 0) fori=1,2,...,n. Thus K is a cone in K.(R") and K is the nonempty interior
of K. We can therefore induce a partial ordering in K.(R™). See [1] for this approach.

Definition 2.1 For any X and Y € K (R"), if there exists a Z € K .(R™) such that
Z € K(K°) and
X=Y+2

then we write X > Y (X > Y) respectively. Similarly, one can define X <Y (X <Y).
We can now prove the following basic result on set differential inequalities.

Theorem 2.1 Assume that

(i) V, W € CYRy,K.(R")], F € C[R; x K.(R"), K.(R")], F(t,X) is monotone
nondecreasing in X for each t € Ry and

DyV < F(L,V), DyW >F(t,W), teRy;
(ii) for any X, Y € K.(R") such that X >Y,t € Ry,

for some L > 0.
Then V (to) < W (to) implies
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Proof Lete= (e1,€,...,6,) > 0 and define W = W 4 ee?Lt. Since V(tg) < W (to) <
W (to), it is enough to prove that
V() <W(t), t=>to, (2.2)
to prove the conclusion (2.1) in view of the fact € > 0 is arbitrary.
Let 1 > 0 be the supremum of all positive numbers § > 0 such that V(to) < Wi(to)

implies V (t) < W(t) on [to,d]. It is clear that t; > to and V(t1) < W (t;). From this
follows, using the nondecreasing nature of F' and condition (ii), that
Dy V(t1) < F(t1,V(t1)) < F(t1, W(t1)) < F(t1, W(t1)) + LW — W)
< DgW(t)) + L € *' < DyW (ty) + 2L € e*2" = Dy W (t).
Consequently, it follows that there exists an n > 0 satisfying

V(t) — W(t) > V(tl) — W(tl), t1—n<t<t.

This implies that ¢; > ty cannot be the supremum in view of the continuity of the
functions involved and therefore the relation (2.2) is true, which, in turn, leads to the
conclusion (2.1). The proof is complete.

The following corollary is useful.
Corollary 2.1 Let V, W € C'[Ry, K.(R")], 0 € C[R4, K.(R")]. Suppose that
DV <o, DgW >o for t>t.
Then V(t) < W(t), t > to, provided V(tg) < W(tp).

3 Monotone Flows

In this section, we shall consider the following set differential equation
DyU =F(,U)+ G(t,U), U)=Uy e K.(R"), (3.1)

where F, G € C[J x K.(R"), K.(R")] and J = [0,T]. We need the following definition
which gives various possible notions of lower and upper solutions relative to (3.1).

Definition 3.1 Let V, W € C'[J, K.(R™)]. Then V, W are said to be
(a) natural lower and upper solutions of (3.1) if

DV < F(t,V)+G(t,V), DuyW > F(t, W)+ Gt W), teJ; (3.2)
(b) coupled lower and upper solutions of type I of (3.1) if

DyV <F(t,V)+ Gt W), DgW >F(@t,W)+G(, V), teJ; (3.3)
(¢) coupled lower and upper solutions of type II of (3.1) if

DV < Ft,W)+G(t,V), DgW >F(t,V)+ Gt W), teJ; (3.4)
(d) coupled lower and upper solutions of type III of (3.1) if

DV < F@t,W)+ G, W), DgW >F(t,V)+Gt V), tel (3.5)

We observe that whenever we have V(t) < W (¢t), t € J, if F(¢,X) is nondecreasing in
X for each ¢t € J and G(t,Y) is nonincreasing in Y for each ¢t € J, the lower and upper
solutions defined by (3.2) and (3.5) reduce to (3.4) and consequently, it is sufficient to
investigate the cases (3.3) and (3.4).

We are now in a position to prove the following result.
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Theorem 3.1 Assume that

(A1) V, W € C'[J, K.(R™)] are coupled lower and upper solutions of type I relative to
(5.1) with V(t) <W(t), t € J;

(A2) F, G € C[J x K.(R"), K.(R")], F(t,X) is nondecreasing in X and G(t,Y) is
nonincreasing in Y, for each t € J.

Then there exist monotone sequences {V,,(¢)}, {Wn(t)} € K.(R"™) such that V,,(t) — p(t),
Wn(t) — R(t) in K.(R™) and (p, R) are the coupled minimal and mazimal solutions of
(3.1) respectively, that is, they satisfy

DyR=F(t,R)+ G(t,p), R(0)=Uy, on J.

Proof For each n > 0, define the unique solutions V;,41(¢), W,,4+1(t) by

DpVpi1 = F(t, V) + G(t, Wa),  Vaqa(0) = U, (3.6)
DygWyi1 = F(t, Wn) + G(f, Vn), Wi+ (O) =Upy, te,

where V(0) < Uy < W(0). We set Vo =V, Wy = W. Our aim is to prove
Vo<V < o SV W, < <Wo Wy < W, ted (3.8)

Since Vj is the coupled lower solutions of type I of (3.1), we have using the fact
Vo < Wy and the nondecreasing character of F,

DyuVy < F(t, Vo) + G(t, Wp).
Also from (3.6), we get for n =0,
DyVi = F(f, VO) + G(f, WQ)

Consequently, we arrive at Vp < V4 on J. A similar argument shows that W; < W, on
J. We next prove V3 < W; on J. For this purpose consider

DHVi = F(t, Vb) + G(t, Wo) and
DWWy = F(t,Wy) + G(t, Vo), V1(0) = W1(0) = U.

Then, the monotone nature of F' and G respectively yield
Dy < F(t,Wy) + G(t,Wy), DpWy > F(t,Wy)+ G(t,Wy), te
We therefore have, by Corollary 2.1, V; < Wj on J. As a result, we obtain
Vo<WVi<W; <W, on J. (3.9)
Assume that for some j > 1, we have

‘/}_1 S V} S Wj S Wj_l on J. (310)
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Then we show that
Vi <Vipn Wi <W; on J. (3.11)

To do this, consider

DHVJ :F(tvvjfl)_FG(thj*l)v VJ'(O):U07
DV =F(t,V;)+ Gt W;) > F(t,V,_1) + G(t,W;_1), te.

Here we have employed (3.10) and the monotone nature of F' and G. Corollary 2.1 now
gives V; < Vj4q1 on J. Similarly, we can get W11 < W; on J. Next we show that
Vig1 < Wjta, t € J. We have from (3.6) and (3.7)

DupVji1 = F(tvvj) + G(t, Wj)? Vit (0) = U,
DgWit = F(t,Wj) + G(f, V;), Wi (O) =Upy, ted

Using (3.10) and the monotone character of F' and G, we arrive at

DH‘/jJrl < F(tij) + G(ta Wj)v
DyWii 2 F(t,Wj)-l-G(t, Wj), telJ,

and therefore Corollary 2.1 implies that Vj;1 < Wj4q, t € J. Hence (3.11) follows and
consequently, by induction (3.8) is valid for all n. Clearly the sequences {V,,}, {W,,} are
uniformly bounded on J. To show that they are equicontinuous, consider for any s < t,
where t, s € J,

t

DIV (1), Va(s)] = D [Uo + [P Vas(€) + GlE W (€
0

S

Uo + / (F(E, Vo 1(6)) + G(&, W 1(6)} d&}
0

t

-D { / (F(6, Va1 (6)) + G Wy (6)) de, / (F(E, Va1 (€) + G(E Wiy (6))) de
0 0

< / DIF(E, V1 (6)) + G(&, W1 (€)), 0] dE < M]t — .

Here we have utilized the properties of integral and the metric D, together with the
fact F' + G are bounded since {V,,}, {W,} are uniformly bounded. Hence {V,,(t)} is
equicontinuous on J. The corresponding Ascoli’s Theorem [9] now gives a subsequence
{Vp, (t)} which converges uniformly to p(t) € K.(R"™), t € J, and since {V,,(¢)} is mono-
tone nondecreasing sequence, the entire sequence {V,,(¢)} converges uniformly to p(¢) on
J. Similar arguments apply to the sequence {W,,(¢)} and W, (t) — R(¢) uniformly on J.
It therefore follows, using the integral representations of (3.6) and (3.7) that p(t), R(t)

satisfy
Drp(t) = F(t, p(t)) + G(t, R(t)), p(0) = U,

(3.12)
DuR(t) = F(t, R(t)) + G(t, p(t), R(0)=1Uy, te.J,
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and that
VQSpSRSWQ, teJ (313)

Next we claim that (p, R) are coupled minimal and maximal solution of (3.1), that is,
if U(t) is any solution of (3.1) such that

VWo<U<W,, tel, (314)
then
W<p<U<R<W, tel (3.15)
Suppose that for some n,
Vp, <U<W, on J (3.16)

Then we have using monotone nature of F', G and (3.16),

DpU=Ft,U)+ Gt U) > F(t,V,)+ G, W,), U(0)="Uy,
DyVig = F(t, Vo) + G(t, W),  Viy1(0) = Up.
Corollary 2.1 yields V41 < U on J. Similarly W,,;; > U on J. Hence by induction

(3.16) is true for all n > 1. Now taking limit as n — oo, we get (3.15) proving the claim.
The proof is therefore complete.

Corollary 3.1 If, in addition to the assumptions of Theorem 3.1, F and G satisfy
whenever X > Y, X, Y € K.(R"),
Ft,X)<F(t,Y)+ Ni(X -Y)
and
G(taX) + NQ(X - Y) > G(t,Y),
where N1, Ny > 0. Then p = R="U is the unique solution of (3.1).
Proof Since p < R on J, it is enough to prove that R < p on J. We know that
DyR=F(t,R)+G(t,p), R0O)=Uy tel

Using the assumptions, we then get
Dy(R—p) < (N1 + Na2)(R - p),
which leads to by Theorem 2.1, R < pon J, proving the claimed uniquenessof p = R = U,
completing the proof.
Several remarks are now in order.

Remark 3.1

(1) In Theorem 3.1, if G(¢,Y) = 0, then we get a result when F is nondecreasing.
(2) In (1) above, suppose that F' is not nondecreasing but F(t, X) = F(t,X) + MX
is nondecreasing in X for each ¢ € J, for some M > 0, then one can consider
the IVP
DU + MU = F(t,U), U(0) = Uy,
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where F(t,X) = F(t,X) 4+ MX to obtain the same conclusion as in (1). To see
this, use the transformation U = UeM? so that
DU = [DyU + MUJeMt = F(t,Ue MMt = Fy(t,0),

50) — o (3.17)

Clearly (3.17) has V = VeM! as a lower solution and W = WeM? as an upper
solution and therefore we have the same conclusion as in (1).

If f(t,X) =0 in Theorem 3.1, then we obtain the result for G nonincreasing.

If in (3) above, G is not monotone but G(t,Y) = G(t,Y) — MY, M > 0 is
nonincreasing in Y for each ¢ € J, then one can consider the IVP

DyU — MU = G(t,U), U(0) = U.
The transformation U = Ue~ Mt gives the IVP
DU = Go(t,U), U(0) = Uy, (3.18)

where Go(t,U) = G(t,UeM*)e=M*. In this case, we need to assume that (3.18)
has coupled lower and upper solutions of (3.18) to get the same conclusion as
in (3).

Suppose that in Theorem 3.1, G(¢,Y) is nonincreasing in Y and F(¢, X) is not

monotone but F(t, X) = F(t,X)+ MX, M > 0 is nondecreasing in X. Then we
consider the IVP

DyU + MU = F(t,U) + G(t,U), U(0) = U. (3.19)

The transformation as in (2) yields the conclusion by Theorem 3.1 in this case as
well.
If F in Theorem 3.1 is nondecreasing and G is not monotone but éo(t,Y) =
G(t,Y) — MY, M > 0 is nonincreasing in Y for each ¢t € J, then we consider
the IVP }

DyU - MU = F(t,U)+G(t,U), U(0) = Uy,

and employ the same transformation as in (4) to obtain
DHU:FQ(t, U)—I—Go(t, U), U(O) = U, (320)

where Fy(t,U) = F(t,UeM)e Mt and Go(t,U) = G(t,UeM)e Mt If we as-
sume that (3.20) has coupled lower and upper solutions of type I then we get by
Theorem 3.1 the same result in this case also.

If both F and G are not monotone in Theorem 3.1 but F(t, X) = F(t, X)+MX,
M > 0, é(t,Y) = G(t,Y) — NY, N > 0 are nondecreasing and nonincreasing
respectively, then we consider the IVP

DyU+ (M — N)U = F(t,U) + G(t,U), U(0) = Uy,
one can utilize a similar transformation to obtain
DU = Fy(t,U) + Go(t,U), U(0) = U, (3.20%)

where Fy, Gy are defined suitably as before. Assuming that (3.20*) has coupled
lower and upper solutions of type I, one gets the same conclusion by Theorem 3.1.
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Let us next consider utilizing the coupled lower and upper solutions of type II. In
this case, we don’t need to assume the existence of coupled lower and upper solutions of
type IT of (3.1) since one can construct them under the given assumptions. However, we
have to pay a price to get monotone flows, by assuming certain conditions on the second
iterates. Also, we get alternative sequences which are monotone but complicated.

Theorem 3.2 Assume that (As) of Theorem 3.1 holds. Then for any solution U (t)
of (3.1) with Vo < U < Wy on J, we have the iterates {V,,}, {W,} satisfying

Vo<Va< - <Vo <UL Vo1 <--- <V <Vi on J, (3.21)

Wi <Wg <o < Wapg SUS W, < <Wo < Wy on J, (3.22)

Provided Vo < Vo, Wo < Wy on J, where the iterative schemes are given by

DpVyi = F(t, Wn) + G(t, Vn), Vn+1(0) = Uy, (323)
DyWyi1 = F(t, Vn) + G(f, Wn), Wn+1(0) =Uy, on J. (324)
Moreover, the monotone sequences {Van}, {Vant1}t, {Wan}, {Want1} € K.(R™) converge
to p, R, p*, R* in K.(R"™) respectively and verify
DyR=F(,R")+G(t,p), R(0)="Uy,
DHR* :F(t,R)+G(t,p*), R*(O) = Uo,
Dpp* =F(t,p)+ G(t,R"), p*(0)=Uy, on J.

Proof We shall first show that coupled lower and upper solutions V, Wy of type II
of (3.1) exist on J satisfying Vo < Wy on J. For this purpose, consider the IVP

DyZ =F(t,0) + G(t,0), Z(0)="Up. (3.25)
Let Z(t) be the unique solution of (3.25) which exists on J. Define Vy, Wy by
Ro+Vo=2 and Wy=Z+ Ry,

where the positive vector Ry = (Ro1, Ros2, - - -, Ron) is chosen sufficiently large so that we
have V) <8 < Wy on J. Then using the monotone character of F' and G, we arrive at

DyVo =DuZ = F(t,0) + G(t,0) < F(t, W) + G(t, Vo),
V(0) = Z(0) - Ro < Z(0) = Uy,
Similarly, DgWy > F(t, Vo) + G(t, Wy), Wo(0) > Uy. Thus Vp, Wy are the coupled lower
and upper solutions of type IT of (3.1).
Let U(t) be any solution of (3.1) such that V, < U < W, on J. We shall show that
Vo<V <U< V3 <V,

(3.26)
Wi <W3<U<W,<W, on .J
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Since U is a solution of (3.1), we have using the monotone character of F' and G and the
fact Vo < U < Wy,

DHU:F(t, U)—I—G(t, U) SF(t, W())—FG(t, V()), U(O):Uo,
and V7 satisfies
DHV1 = F(f, WQ) + G(f, VQ), Vl (O) = Uo, on J. (327)

Hence Corollary 2.1 yields U < V; on J. Similarly, W7 < U on J. Next we show that
Vo < U on J. Note that

DpVo = F(t,W1)+ G(t, V1), V2(0) = U,
and because of monotonicity of F' and G, we get
DyU=F(t,U)+ Gt U) > Ft,W1)+ G, V1), U0)=Uy on J.

Corollary 2.1 therefore gives Vo < U on J. A similar argument shows that U < W5 on
J. Next we find utilizing the assumption Vy < Vo, Wy < Wy on J and monotonicity of
F and G,

DyVs = F(t,Ws) + G(t,V2) < F(t, Wo) + G(t, Vo), V3(0)=U, on J.

This together with (3.27) shows by Corollary 2.1 that V3 < V3, on J. In the same way
one can show that Wi < W3 on J. Also, employing a similar reasoning, one can prove
that U < V3 and W5 < U on J, proving the relations (3.26).
Now assuming for some n > 2, the inequalities
Vv2n—4 < ‘/271—2 < U < ‘/2"_1 < ‘/271—37
Wop—3 < Wap1 U < Wapo <Wapy, on J,

to hold, it can be shown, employing similar arguments that
‘/271—2 S Vv2n S U S ‘/2n+l S ‘/271—17
Wap—1 < Wapi1 SU < Wap, < Wap—2, on J.

Thus by induction (3.21) and (3.22) are valid for all n =0,1,2,....
Since V,,, W,, € K.(R™) for all n, employing a similar reasoning as in Theorem 3.1,
we conclude that the limits

lim V5, = p, lim V5,41 = R,
n—oo n—oo
lim W41 = p¥, lim Ws, = R*,
n—oo n—oo

exist, in K.(R"), uniformly on J. It therefore follows using the integral representations
(3.23) and (3.24) suitably that p, p*, R, R* satisfy corresponding set differential equations
given in Theorem 3.2 on J. Also, from (3.21)and (3.22), we arrive at

p<U<R, p"<U<R* on J.

The proof is therefore complete.
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Corollary 3.2 Under the assumptions of Theorem 3.2 if F and G satisfy the as-
sumptions of Corollary 3.1, then p = p* = R = R* = U s the unique solution of (3.1).

Proof Let g1 +p= R, g2+ p* = R* so that ¢1, g2 > 0 on J, since p < R and p* < R*
on J. It then follows using the assumptions, that

Du(gi+42) < (N +N2)(a1 +@2), @1(0)+¢2(0) =0 on J
This implies that ¢; + g2 < 0 on J and consequently, we get
U=p=R and p*=R*"=U on J,

and this proves the claim of Corollary 3.2.

Theorem 3.2 also has several remarks which correspond to the remarks of Theorem 3.1.
To avoid monotony we do not list them again. For similar results which unify monotone
iterative technique refer to [5].
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