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Solvability of Nonlinear Elliptic Problems with

Degenerate Coercivity in Weighted Sobolev Space

Y. Akdim 1, S. Lalaoui Rhali 2 and Y. Oumouacha 2∗
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Abstract: In this paper, we investigate the existence of our entropy solution for the
nonlinear elliptic equation

− div[ω(x)a(x, u,∇u)] = f − divF, in Ω,

in the setting of the weighted Sobolev space W 1,p
0 (Ω, ω). We focus on the case where

the operator has a degenerate coercivity and f ∈ L1(Ω), F ∈ [Lp′(Ω, ω1−p′)]N .

Keywords: nonlinear elliptic equations; degenerate coercivity; entropy solutions;
weighted Sobolev spaces.

Mathematics Subject Classification (2010): 35J60; 35J70; 46E35; 70K99;
93-02.

1 Introduction

Partial differential equations have many applications in various areas of engineering,
mathematics, physics, and other applied sciences (see for instance [8, 20]). In the last
years, there has been an increasing interest in the study of various mathematical problems
in weighted Sobolev spaces motivated by many considerations in applications (see [1, 2,
5, 10,11] and the references therein).

Let Ω be a bounded smooth subset of RN with N ≥ 2 and 1 < p < ∞. We are
interested in proving the existence of entropy solutions to the following elliptic Dirichlet
problem:

(P)

{
−div[ω(x)a(x, u,∇u)] = f − divF, in Ω,

u(x) = 0, on ∂Ω.

∗ Corresponding author: mailto:youssef.oumouacha@usmba.ac.ma

© 2023 InforMath Publishing Group/1562-8353 (print)/1813-7385 (online)/http://e-ndst.kiev.ua461
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Here a(x, s, ξ) : Ω × R × RN → RN is a Carathédory function satisfying the following
conditions:

a(x, s, ξ).ξ ≥ α

(1 + |s|)θ(p−1)
|ξ|p (1)

for some α > 0 and some real number θ such that 0 ≤ θ < 1.
As far as the datum f and F are concerned, we will assume that f belongs to the

space L1(Ω), and F ∈ [Lp′
(Ω, ω1−p′

)]N with (1/p+ 1/p′ = 1).
Problems like (P) have been studied by many authors in the non-weighted case.

In [18], Leone and Porretta studied the nonlinear elliptic problem

Bu = f(x) − div(F ) in Ω

in the setting of Sobolev spaces, where Bu = −div(a(x, u,∇u)) is a Leray-Lions op-
erator from W 1,p

0 (Ω) to W−1.p′
(Ω), they demonstrated the existence of entropy solu-

tions. In addition, Alvino et al. [4] have proved that the nonlinear elliptic equations
− div(a(x, u,∇u)) = f admit the entropy solutions under assumption (1).

Notice that the existence of a weak solution for the Dirichlet problem (P) has been
obtained by Cavalheiro in [12] under the condition

a(x, s, ξ).ξ ≥ α|ξ|p, (2)

and by assuming that f/ω ∈ Lp′
(Ω, ω). Also, he discussed in [11] the existence of our

entropy solution when f ∈ L1(Ω).
Our objective in this work is to study the problem (P) when the operator satisfies

assumption (1) instead of (2). The main difficulties that arise in our study are due, on the
one hand, to the fact that the differential operator A(u) = −div(ω(x)a(x, u,∇u)), which
is well defined between W 1,p

0 (Ω, ω) and its dual W−1,p′
(Ω, ω1−p′

), may not be coercive on
W 1,p

0 (Ω, ω) when u is large. This imposes that, even if the datum is extremely regular,
the classical methods used to demonstrate the existence of a solution to problem (P)
cannot be used.

On the other hand, f only belongs to L1(Ω), making it difficult to show the existence
of a weak solution. To get around this difficulty, we will use in this paper the concept of
entropy solutions. This concept was introduced in [7], and then used by many authors
to study elliptic equations (see [2–4,6, 10,18]).

The structure of this paper is as follows. In Section 2, we recall some preliminary
results which will be used later. In Section 3, we give the assumptions on the data, then
we state the main results which will be proved in Section 4.

2 Preliminaries

In this section, we provide a brief facts about the weighted Sobolev space as well as some
Ap-weight features. Let ω = ω(x) be a weight function, that is, 0 < ω <∞, and a locally
integrable function on RN . By integration, each weight ω generates a measure on the
measurable subsets of RN . This measure is denoted by µ and defined as follows:

µ(S) =

∫
S
ω(x)dx

for a measurable set S ⊂ RN .
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Definition 2.1 Let ω be a weight and 1 < p < ∞. We say that ω belongs to
Ap-weight if there exists a positive constant Cω,p such that, for every ball B ⊂ RN ,(

1

|B|

∫
B
ωdx

)(
1

|B|

∫
B
ω1/(1−p)dx

)p−1

≤ Cω,p if p > 1,

where |.| denotes the N -dimensional Lebesgue measure in RN .

Lemma 2.1 [16]. Let B be a ball in RN and S be a measurable subset of B. If
ω ∈ Ap, 1 < p <∞, then (

|S|
|B|

)p

≤ Cω,p
µ(S)

µ(B)
.

Remark 2.1 If µ(S) = 0, then |S| = 0. Thus, for every sequence (un) in B that
converges µ-a.e. to some u, we have un −→ u a.e.

The weighted Lebesgue space Lp(Ω, ω) is defined for every weight ω and 1 ≤ p < ∞
by

Lp(Ω, ω) =
{
u = u(x) : uω1/p ∈ Lp(Ω)

}
,

and it is endowed with the norm

∥u∥Lp(Ω,ω) =

(∫
Ω

|u(x)|pω(x)dx

)1/p

.

Definition 2.2 Let Ω be a bounded open subset of RN , 1 < p <∞ and let ω be an
Ap-weight. The weighted Sobolev space W 1,p(Ω, ω) is defined as the set of all functions
u ∈ Lp(Ω, ω) with weak derivatives ∂u

∂xi
∈ Lp(Ω, w), for all i = 1, . . . , N .

The norm of u in W 1,p(Ω, ω) is given by

∥u∥W 1,p(Ω,ω) =

(∫
Ω

|u|pω(x)dx+

∫
Ω

|∇u|pω(x)dx

) 1
p

. (3)

The space W 1,p
0 (Ω, ω) is defined as the closure of C∞

0 (Ω) with respect to the norm

∥u∥W 1,p
0 (Ω,ω) =

(∫
Ω

|∇u|pω(x)dx

) 1
p

. (4)

A compact imbedding is required because we are working with compactness methods
to find solutions to nonlinear elliptic equations. As a result, we assume also that the
domain Ω is smooth.

Theorem 2.1 [13]. Let Ω be a bounded smooth domain. For ω ∈ Ap, we have the
compact embedding

W 1,p
0 (Ω, ω) ↪→↪→ Lp(Ω, ω).

Theorem 2.2 [14]. Let Ω be a bounded open subset of RN . Take 1 < p <∞ and a
function ω ∈ Ap. There exist positive constants CΩ and δ such that for all u ∈ C∞

0 (Ω)
and all η satisfying 1 ≤ η ≤ N

N−1 + δ,

∥u∥Lηp(Ω,ω) ≤ CΩ∥|∇u|∥Lp(Ω,ω). (5)
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Definition 2.3 Let ω be a weight function and let q be a positive real number. The
weighted Marcinkievicz space Mq(Ω, ω) is the set of all measurable functions f : Ω → R
such that the function

Φf (k) = µ({x ∈ Ω : |f(x)| > k}) k > 0,

satisfies, for some positive constant C, an estimate of the form Φf (k) ≤ Ck−q.

Remark 2.2 It follows from [17] that if 1 ≤ q < p and Ω ⊂ RN is a bounded set,
then

Lp(Ω, ω) ⊂ Mp(Ω, ω) and Mp(Ω, ω) ⊂ Lq(Ω, ω).

3 Basic Assumptions and Main Result

3.1 Basic assumptions

Let Ω be an open bounded smooth domain of RN (N ≥ 2), p > 1 and ω ∈ Ap. Let
a : Ω × R × RN → RN be a Carathéodry function (that is, a(., s, ξ) is measurable on Ω
for every (t, ξ) in R × RN , and a(x, ., .) is continuous on R × RN for almost every x in
Ω). Assume that

a(x, s, ξ) · ξ ≥ b(|s|)|ξ|p (6)

for almost every x in Ω and for every (s, ξ) ∈ R× RN , where

b(s) =
α

(1 + s)θ(p−1)
(7)

for some 0 ≤ θ < 1 and some α > 0;

|a(x, s, ξ)| ≤ l0(x) + l1(x)|s|p−1 + l2(x)|ξ|p−1 (8)

for almost every x in Ω and for every (s, ξ) ∈ R×RN , where l0, l1 and l2 are non-negative
functions, with l0 ∈ Lp′

(Ω, ω) and l1, l2 ∈ L∞(Ω);

[a(x, s, ξ) − a(x, s, ξ′)] · (ξ − ξ′) > 0 (9)

for almost every x in Ω and for every s ∈ R, for every ξ, ξ′ for every ξ, ξ′ in RN with
ξ ̸= ξ′. As regards the source term, we assume that

f ∈ L1(Ω) and F ∈ [Lp′
(Ω, ω1−p′

)]N . (10)

3.2 Main result

We first give the definition of an entropy solution of problem (P). For a given constant
k > 0, the truncation function Tk : R → R is defined by

Tk(s) = max{−k,min{k, s}}.

We denote by T 1,p
0 (Ω, ω) the set of all measurable functions u : Ω → R such that for

every k > 0, the truncated function Tk(u) belongs to W 1,p
0 (Ω, ω).

Let u ∈ T 1,p
0 (Ω, ω), then there exists a unique measurable function v : Ω → RN such

that
∇Tk(u) = vχ{|u|<k}. (11)

If u ∈ T 1,p
0 (Ω, ω), the weak gradient ∇u of u is defined as the unique function v which

satisfies (11).
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Definition 3.1 A function u ∈ T 1,p
0 (Ω, ω) is an entropy solution of the problem (P)

if ∫
Ω

ωa(x, u,∇u) · ∇Tk(u− v)dx =

∫
Ω

fTk(u− v)dx+

∫
Ω

F · ∇Tk(u− v)dx (12)

for every k > 0 and for every v ∈W 1,p
0 (Ω, ω) ∩ L∞(Ω).

The main result proved in this paper is the following.

Theorem 3.1 Assume that the Carathéodry function a satisfies (6)-(9). Then there
exists an entropy solution u of the problem (P).

Proposition 3.1 The entropy solution u of the problem (P) satisfies

u ∈ Mr(Ω, ω) with r = η(p− 1)(1 − θ), (13)

|∇u| ∈ Ms(Ω, ω) with s =
pη(p− 1)(1 − θ)

r + θ(p− 1) + 1
, (14)

where η is a constant such that 1 ≤ η ≤ N
N−1 + δ.

4 Proof of the Main Result

4.1 Useful lemmas

Lemma 4.1 Let u ∈ T 1,p
0 (Ω, ω), where ω ∈ Ap, 1 < p < ∞. Let 1 ≤ λ < p, and

suppose that u satisfies ∫
{|u|<k}

|∇u|pωdx ≤Mkλ, ∀k > 0. (15)

Then u belongs to Mr(Ω, ω) with r = η(p−λ) (where 1 ≤ η ≤ N
N−1 + δ). More precisely,

there exists C > 0 such that
Φu(k) ≤ CMηk−r.

Proof. For 0 < ε ≤ k, we have {x ∈ Ω : |u| ≥ ε} = {x ∈ Ω : |Tk(u)| ≥ ε}. Thus

µ({x ∈ Ω : |u| > ε}) = µ({x ∈ Ω : |Tk(u)| ≥ ε})

=

∫
{|Tk(u)|≥ε}

ω(x)dx

=
1

εηp

∫
{|Tk(u)|≥ε}

εηpω(x)dx

≤ 1

εηp

∫
{|Tk(u)|≥ε}

|Tk(u)|ηpω(x)dx

≤ 1

εnp
∥Tk(u)∥ηpLηp(Ω,ω) .

By Theorem 2.2 and inequality (15), we get

∥Tk(u)∥Lηp(Ω,ω) ≤ CΩ ∥|∇Tk(u)∥Lp(Ω,ω) ≤ CΩ(Mkλ)1/p,
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which implies that

µ({x ∈ Ω : |u| > ε}) ≤ 1

εηp
C(Mkλ)η.

Therefore, by taking ε = k, we have

µ({x ∈ Ω : |u| > k}) ≤ 1

kηp
C(Mkλ)η = CMηk−η(p−λ) = CMηk−r.

Lemma 4.2 Assume that the hypothesis in Lemma 4.1 holds true. Then |∇u| ∈
Ms(Ω, ω), where s = pr/(r+ λ) (with r as in Lemma 4.1 ). More precisely, there exists
C > 0 such that

Φ∇u(k) ≤ CM (r+ηλ)/(r+λ)k−s.

Proof. We set for every k, ρ > 0, the function

Ψ(k, ρ) = µ ({x ∈ Ω : |∇u|p > ρ, |u| > k}) .

It is clear that the function ρ → Ψ(k, ρ) is decreasing. Thus for k > 0 and ρ > 0, we
obtain

Ψ(0, ρ) ≤ 1

ρ

∫ ρ

0

Ψ(0, s)ds ≤ Ψ(k, 0) +
1

ρ

∫ ρ

0

(Ψ(0, s) − Ψ(k, s))ds. (16)

From Lemma 4.1, we have
Ψ(k, 0) ≤ CMηk−r. (17)

Now, observe that

Ψ(0, s) − Ψ(k, s) = µ ({x ∈ Ω : |∇u|p > s, |u| > 0}) − µ ({x ∈ Ω : |∇u|p > s, |u| > k})

= µ ({x ∈ Ω : |∇u|p > s, |u| ≤ k}) .

Hence, we get by using Proposition 6.24 in [15] that∫ ∞

0

(Ψ(0, s) − Ψ(k, s))ds =

∫ ∞

0

µ ({x ∈ Ω : |∇u|p > s, |u| ≤ k}) ds

=

∫
{|u|<k}

|∇u(x)|pω(x)dx

≤Mkλ.

(18)

Going back to (16) and using (17) and (18), we obtain

Ψ(0, ρ) ≤ CMηk−r +
1

ρ
Mkλ. (19)

A minimization of the right-hand side of (19) in k gives

Ψ(0, ρ) ≤ CM (r+ηλ)/(r+λ)ρ−r/(r+λ).

Setting ρ = hp, we obtain

Ψ(0, hp) = µ ({x ∈ Ω : |∇u| > h}) ≤ CM (r+ηλ)/(r+λ)h−rp/(r+λ) = CM (r+ηλ)/(r+λ)h−s,

where s = rp/(r + λ).
Let n ∈ N, and define, for u in W 1,p

0 (Ω, ω), the differential operator

An(u) = −div[ω(x)a(x, Tn(u),∇u)].
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Lemma 4.3 The operator An maps W 1,p
0 (Ω, ω) into its dual W−1,p′

(Ω, ω1−p′
).

Moreover, An is bounded, pseudomonotone and coercive in the following sense:

< Anv, v >

∥v∥W 1,p
0 (Ω,ω)

−→ +∞ if ∥v∥W 1,p
0 (Ω,ω) −→ +∞, v ∈W 1,p

0 (Ω, ω).

Proof. By (8), we deduce that for every u in W 1,p
0 (Ω, ω),∫

Ω

(
ω|a(x, Tn(u),∇u)|

)p′

ω1−p′
dx

≤
∫
Ω

(
l0 + l1|Tn(u)|p/p

′
+ l2|∇u|p/p

′
)p′

ωdx

≤ C
[
∥l0∥p

′

L′(Ω,ω) +
(
CΩ∥l1∥p

′

L∞(Ω) + ∥l2∥p
′

L∞(Ω)

)
∥u∥p

W 1,p
0 (Ω,ω)

]
,

which means that ωa(x, Tn(u),∇u) belongs to
(
Lp′

(Ω, ω1−p′
)
)N

. Therefore

An(u) ∈W−1,p′
(Ω, ω1−p′

), ∀n ∈ N.

Thanks to Hölder’s inequality and (8), we have for all u, v ∈W 1,p
0 (Ω, ω),

|⟨Anu, v⟩| ≤
(
C
[
∥l0∥p

′

L′(Ω,ω) +
(
CΩ∥l1∥p

′

L∞(Ω) + ∥l2∥p
′

L∞(Ω)

)
∥u∥p

W 1,p
0 (Ω,ω)

])1/p′

× ∥v∥W 1,p
0 (Ω,ω).

Thus An is bounded from W 1,p
0 (Ω, ω) to W−1,p′

(Ω, ω1−p′
).

For the coercivity, by using (6), we get for every u ∈W 1,p
0 (Ω, ω),

⟨Anu, u⟩ =

∫
Ω

ωa(x, Tn(u),∇u) · ∇udx

≥
∫
Ω

ωb(|Tn(u)|)|∇u|pdx

≥ b(n)∥u∥p
W 1,p

0 (Ω,ω)
.

Hence, the operator An is coercive.
It remains to show that An is pseudomonotone. We thus consider a sequence uj in

W 1,p
0 (Ω, ω) such that

uj ⇀ u, in W 1,p
0 (Ω, ω),

Anuj ⇀ ψn, in W−1,p′
(Ω, ω1−p′

),

lim supj→∞ ⟨Anuj , uj⟩ ≤ ⟨ψn, u⟩.
(20)

We shall prove that
ψn = Anu and ⟨Anuj , uj⟩ → ⟨Anu, u⟩.

Firstly, since W 1,p
0 (Ω, ω) ↪→↪→ Lp(Ω, ω), one has

uj → u in Lp(Ω, ω) for a subsequence denoted again by (uj)j .
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Due to the boundedness of the sequence (uj)j in W 1,p
0 (Ω, ω), and using the growth

assumption (8), we have that ωa(x, Tn(uj),∇uj) is bounded in
(
Lp′

(Ω, ω1−p′
)
)N

.

Therefore, there exists a function ϕ ∈ Lp′
(Ω, ω1−p′

) such that

ωa(x, Tn(uj),∇uj) ⇀ ϕ weakly in
(
Lp′

(Ω, ω1−p′
)
)N

. (21)

It is clear that, for all v ∈W 1,p
0 (Ω, ω),

⟨ψn, v⟩ = lim
j→+∞

⟨Anuj , v⟩

= lim
j→+∞

∫
Ω

ωa(x, Tn(uj),∇uj) · ∇vdx

=

∫
Ω

ϕ · ∇vdx.

(22)

Hence, by hypotheses, we have

lim sup
j→+∞

< Anuj , uj > = lim sup
j→+∞

∫
Ω

ωa(x, Tn(uj),∇uj) · ∇ujdx

≤
∫
Ω

ϕ · ∇udx.
(23)

On the other hand, by (9),

[a(x, Tn(uj),∇uj) − a(x, Tn(uj),∇u))] · ∇(uj − u) > 0.

Hence∫
Ω

ωa(x, Tn(uj),∇uj) · ∇ujdx >
∫
Ω

ωa(x, Tn(uj),∇uj) · ∇udx

+

∫
Ω

ωa(x, Tn(uj),∇u) · (∇uj −∇u)dx.

(24)

Using (21), we get

lim inf
j→+∞

∫
Ω

ωa(x, Tn(uj),∇uj) · ∇ujdx ≥
∫
Ω

ϕ · ∇u. (25)

By using (23) and (25), we get

lim
j→∞

∫
Ω

ωa(x, Tn(uj),∇uj) · ∇ujdx =

∫
Ω

ϕ · ∇udx. (26)

As a result of (22) and (26), we get

⟨Anuj , uj⟩ → ⟨ψn, u⟩ as j −→ +∞.

Yet, due to (26) and the strong convergence ωa(x, Tn(uj),∇u) → ωa(x, Tn(u),∇u)

in
(
Lp′

(Ω, ω1−p′
)
)N

, we deduce that

lim
j→+∞

∫
Ω

(ωa(x, Tn(uj),∇uj) − ωa(x, Tn(uj),∇u)) · (∇uj −∇u) dx = 0,
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and so, by virtue of Lemma 3.2 in [1],

∇uj → ∇u a.e. in Ω,

we deduce then that ωa(x, Tn(uj),∇uj) converges to ωa(x, Tn(u),∇u) weakly in(
Lp′

(Ω, ω1−p′
)
)N

. This implies that ψn = Anu.

4.2 Approximate problem

We consider the sequence of approximate problems

(Pn)

{
An(un) = fn − divF in Ω,

un = 0 on ∂Ω,

where (fn) is a sequence of functions in C∞
0 (Ω) which is strongly convergent to f in

L1(Ω) such that ∥fn∥L1(Ω) ≤ ∥f∥L1(Ω).

Since the source term fn−div(F ) belongs to the dual space W−1,p′
(Ω, ω1−p′

), in view
of Lemma 4.3, the operator An is pseudomonotone, and by Theorem 2.7 in [19], there
exists at least one solution un ∈W 1,p

0 (Ω, ω) of problem (Pn) in the sense that∫
Ω

ωa(x, Tn(un),∇un).∇vdx =

∫
Ω

fnvdx+

∫
Ω

F.∇vdx (27)

for every v ∈W 1,p
0 (Ω, w).

By choosing v = Tk(un) in (27), we can take n > k, then applying (6) in the first
term and using Hölder’s then Young’s inequalities in the last one, we obtain

b(k)

∫
Ω

|∇Tk(un)|pωdx ≤ k∥f∥L1(Ω) +
b(k)

2

∫
Ω

|∇Tk (un)|p ωdx+ C1

∫
Ω

∣∣∣∣Fω
∣∣∣∣p′

ωdx.

Thus we have the estimate∫
Ω

|∇Tk(un)|pωdx ≤ C2(1 + k)θ(p−1)+1. (28)

4.3 Local convergence of un in µ-measure

Combining the previous estimation with Lemma 4.1, we conclude that un ∈ Mr(Ω, ω)
with r = η(p−1)(1−θ), we also have that µ({x ∈ Ω : |un(x)| > k}) is bounded uniformly
in n for every k > 0, that is,

µ({x ∈ Ω : |un(x)| > k}) ≤ Ck−r, (29)

and by Lemma 4.2, we have that the sequence (|∇un|) is bounded in Ms(Ω, ω) with
s = pr

r+θ(p−1)+1 . Our objective now is to prove that un → u locally in µ−measure. For

that, we will use the same reasoning as in the proof of Theorem 2.11 in [10] (see also
Theorem 6.1 in [7]). Let ρ > 0, we have

{|un − um| > ρ} ⊂ {|un| > k} ∪ {|um| > k} ∪ {|Tk(un) − Tk(um)| > ρ}
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so that

µ({|un−um| > ρ}) ≤ µ({|un| > k})+µ({|um| > k})+µ({|Tk(un)−Tk(um)| > ρ}). (30)

Fix ε > 0. From (29), there exists kε = k such that

µ({|un| > k}) + µ({|um| > k}) ≤ ε

2
.

Since (∇Tk(un)) is bounded in Lp
loc(Ω, ω) for all k > 0 and Tk(un) belongs to W 1,p

0 (Ω, ω),
we can assume that (Tk(un)) is a Cauchy sequence in Lq(Ω∩BR, ω) for any q < pη = p∗

and any R > 0 and

Tk(un) → Tk(u) in Lp
loc(Ω, ω) and a.e.

Then

µ({|Tk(un) − Tk(um)| > ρ} ∩BR) =

∫
{|Tk(un)−Tk(um)|>ρ}∩BR

ωdx

≤ k−q

∫
Ω∩BR

|Tk(un) − Tk(um)|qωdx ≤ ε

2

for all n,m ≥ n0(k, ρ,R). It follows that (un) is a Cauchy sequence in µ-measure. As a
consequence, there exist a function u and a subsequence, still denoted by un, such that

un → u µ-a.e. in Ω, (31)

then by Remark 2.1, one has

un → u a.e. in Ω. (32)

Using (31) and (28), we have

Tk (un) ⇀ Tk(u) weakly in W 1,p
0 (Ω, ω) for every k > 0,

Tk (un) → Tk(u) strongly in Lp(Ω, ω) and µ -a.e. in Ω for every k > 0.
(33)

Hence, Tk(u) ∈W 1,p
0 (Ω, ω).

Furthermore, by the weak lower semicontinuity of the norm W 1,p
0 (Ω, ω), estimate (28)

still holds for u, that is,∫
Ω

|∇Tk(u)|pωdx ≤ C(1 + k)θ(p−1)+1, ∀k > 0.

Applying again Lemma 4.1 and Lemma 4.2, we find that u ∈ Mr(Ω, ω) and |∇u| ∈
Ms(Ω, ω).

4.4 Strong convergence of truncations

Our aim now is prove that

Tk(un) → Tk(u) strongly in W 1,p
0 (Ω, ω) for all k > 0. (34)



NONLINEAR DYNAMICS AND SYSTEMS THEORY, 23 (5) (2023) 461–474 471

For n > k, we write

I(n) =

∫
Ω

ω[a(x, Tk(un),∇Tk(un)) − a(x, Tk(un),∇Tk(u))] · ∇(Tk(un) − Tk(u))dx

=

∫
Ω

ωa(x, Tk(un),∇Tk(un)) · ∇(Tk(un) − Tk(u))dx

−
∫
Ω

ωa(x, Tk(un),∇Tk(u)) · ∇(Tk(un) − Tk(u))dx

=I1(n) − I2(n).

Keeping in mind that (6) implies that a(x, s, 0) = 0, we get

I1(n) =

∫
{|un|<k}

ωa(x, Tn(un),∇un) · ∇(Tk(un) − Tk(u))dx

=

∫
Ω

ωa(x, Tn(un),∇un) · ∇(Tk(un) − Tk(u))dx

−
∫
{|un|≥k}

ωa(x, Tn(un),∇un) · ∇(Tk(un) − Tk(u))dx.

Observing that ∇Tk(un) = 0 on the set {|un| ≥ k}, we obtain

I(n) =

∫
Ω

ωa(x, Tn(un),∇un) · ∇(Tk(un) − Tk(u))dx

+

∫
{|un|≥k}

ωa(x, Tn(un),∇un) · ∇Tk(u)dx

−
∫
Ω

ωa(x, Tk(un),∇Tk(u)) · ∇(Tk(un) − Tk(u))dx.

We take Tk(un) − Tk(u) as a test function in (27) and we get∫
Ω

ωa(x, Tn(un),∇un) · ∇(Tk(un) − Tk(u))dx

=

∫
Ω

fn(Tk(un) − Tk(u))dx+

∫
Ω

F · ∇(Tk(un) − Tk(u))dx.

By the almost convergence of un and using the strong convergence of fn in L1(Ω), we
obtain

lim
n→∞

∫
Ω

fn(Tk(un) − Tk(u))dx = 0.

Also, since F belongs to
(
Lp′

(Ω, ω1−p′
)
)N

and by (33), we obtain

lim
n→∞

∫
Ω

F · ∇(Tk(un) − Tk(u))dx = 0.

Therefore

lim
n→∞

∫
Ω

ωa(x, Tn(un),∇un) · ∇(Tk(un) − Tk(u))dx = 0. (35)
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Using the growth assumption (8), for every u in W 1,p
0 (Ω, ω), we have that

ω|a(x, Tn(u),∇u)| is bounded Lp′
(Ω, ω1−p′

). Therefore, it converges weakly to some
g in Lp′

(Ω, ω1−p′
) and we have

lim
n→∞

∫
{|un|≥k}

ωa(x, Tn(un),∇un) · ∇Tk(u)dx =

∫
{|u|≥k}

g · ∇Tk(u) = 0. (36)

By virtue of Vitali’s theorem, we obtain

ω(x)a(x, Tn(un),∇Tk(u)) → ω(x)a(x, u,∇Tk(u)) strongly in
(
Lp′

(Ω, ω1−p′
)
)N

.

It follows from (33) that

lim
n→∞

∫
Ω

ωa(x, Tk(un),∇Tk(u)) · ∇(Tk(un) − Tk(u))dx = 0. (37)

Bringing together (35)-(37), we conclude that

lim
n→∞

I(n) = 0.

Now we can apply Lemma 3.2 in [1] to get (34). Hence, for every fixed k > 0, we have

ωa(x, Tk(un),∇Tk(un)) → ωa(x, Tk(u),∇Tk(u)) in (Lp′
(Ω, ω1−p′

))N . (38)

4.5 Passage to the limit

We will now demonstrate that u satisfies (12). Let v ∈ W 1,p
0 (Ω, ω) ∩ L∞(Ω). Testing

(27) with ψn = Tk (un − v), we get∫
Ω

ωa (x, Tn(un),∇un) · ∇ψndx =

∫
Ω

fnψndx+

∫
Ω

F · ∇ψndx.

If M = k + ∥v∥L∞(Ω) and n > M , then∫
Ω

ωa (x, Tn(un),∇un) · ∇Tk (un−v) dx=

∫
Ω

ωa(x, Tn(un),∇TM (un)) · ∇Tk(un − v)dx

=

∫
Ω

ωa(x, TM (un),∇TM (un)) · ∇Tk(un − v)dx.

Thus, we can write∫
Ω

ωa(x, TM (un),∇TM (un))·∇Tk(un−v)dx =

∫
Ω

fnTk(un−v)dx+

∫
Ω

F ·∇Tk(un−v)dx.

(39)
Hence we can pass to the limit as n tends to infinity, using (33) and (38), we obtain∫

Ω

ωa(x, u,∇u) · ∇Tk(u− v)dx =

∫
Ω

fTk(u− v)dx+

∫
Ω

F · ∇Tk(u− v)dx

for every v ∈W 1,p
0 (Ω, ω) ∩ L∞(Ω) and for every k > 0.
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Example 4.1 We put ourselves in the situation N = 2, p = 3. Let Ω ={
(x, y) ∈ R2 : x2 + y2 < 1

}
, the weight function ω(x, y) =

(
x2 + y2

)−1/2
is such

that ω ∈ A3. And the function f(x, y) = cos(xy)

(x2+y2)1/3
∈  L1(Ω) and F (x, y) =((

x2 + y2
)

sin(xy),
(
x2 + y2

)−1/3
cos(xy)

)
∈

[
L

3
2 (Ω, ω− 1

2 )
]2

. The Carathéodory func-

tion is defined as follows: a : Ω × R × R2 → R2, a((x, y), s, ξ) = ξ√
1+|s|

. Therefore, by

virtue of Theorem 3.1, the problem{
−div [ω(x, y)a((x, y), u,∇u)] = f(x, y) − divF (x, y) in Ω,

u(x, y) = 0, on ∂Ω,

has an entropy solution.

5 Conclusion

Through this work, we were able to demonstrate the existence and regularity of solutions
for some nonlinear elliptic equations of the form − div[ω(x)a(x, u,∇u)] = f − divF , in
the framework of the weighted Sobolev spaces. The novelty here is that the operator
A(u) = - div[ω(x)a(x, u,∇u)] is a nonlinear degenerate elliptic operator in the sense that
the Carathéodory function a(·, ·, ·) satisfies the degenerate coercivity (6) instead of the
case where A is a uniformly elliptic operator, that is, when b is the constant function. Let
us point out that this work can be seen as a generalization of the work in [11] and [18].
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[7] P. Bélinan, L. Boccardo, T. Gallouët, R. Gariepy, M. Pierre and J. L. Vasquez. An L1

theory of existence and uniqueness of solutions of nonlinear elliptic equations. Ann. Scuola
Norm. Sup. Pisa Cl. Sci. 22 (2) (1995) 241–273.

[8] S. Bentouati, M.Islem Soualhi, A. Abdellah El-Hadj and H. Yeklef. Design and Analysis of
Continuous Positive Airway Pressure Valve Using a 3D Printing and Computational Fluid
Dynamic. Nonlinear Dynamics and Systems Theory 21 (3) (2021) 229–237.



474 Y. AKDIM, S. LALAOUI RHALI AND Y. OUMOUACHA

[9] L. Boccardo, F. Murat and J. P. Puel. Existence of bounded solutions for nonlinear elliptic
unilateral problems. Ann. Mat. Pura Appl. 152 (1988) 183–196.

[10] A.C. Cavalheiro. The solvability of Dirichlet problem for a class of degenerate elliptic
equations with L1-data. Applicable Analysis 85 (8) (2006) 941–961.

[11] A.C. Cavalheiro. Existence of entropy solutions for degenerate quasilinear elliptic equations
in L1. Communications in Mathematics 22 (2014) 57–69.

[12] A.C. Cavalheiro. Existence of solutions for some degenerate quasilinear elliptic equations.
Le Matematiche LXIII (II) (2008) 101–112.

[13] S.-K. Chua, S. Rodney and R. Wheeden. A compact embedding theorem for generalized
Sobolev spaces. Pacific J. Math. 265 (1) (2013) 17–57.

[14] E. Fabes, C. Kenig and R. Serapioni. The local regularity of solutions of degenerate elliptic
equations. Comm. PDEs. 7 (1982) 77–116.

[15] G.B. Folland. Real Analysis. Wiley-Interscience, New York, 1984.
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Abstract: The proposed study presents a collocation method to address two types
of two-dimensional Volterra integral equations (2D VIEs): nonlinear first kind and
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linear second kind equations. A convergent algorithm using the Taylor polynomials
is developed to construct a collocation solution that approximates the solution of 2D
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the results of different methods and demonstrate the proposed approach’s accuracy
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1 Introduction

The nonlinear 2D VIE of the first kind, which includes an unknown function u, can be
represented in a standard form as follows:∫ τ

0

∫ z

0

κ(τ, z, t, s)H(u(t, s))dsdt = f(τ, z), (τ, z) ∈ D, (1)

where D is a subset of R2 defined as [0, T ] × [0, Z], f and κ are smooth functions on
their corresponding domains. Additionally, H is a continuous inverse function that is
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nonlinear with respect to u. To solve equation (1), we substitute ω(t, s) = H(u(t, s)) and
obtain the linear equation∫ τ

0

∫ z

0

κ(τ, z, t, s)ω(t, s)dsdt = f(τ, z), (τ, z) ∈ D. (2)

To obtain an approximation for ω, we transform the first kind VIE (2) into the second
kind VIE (3) by differentiating equation (2) with respect to z and τ . This transformation
technique aligns with the strategies used in various nonlinear systems analyses. It allows
researchers and practitioners to simplify the problem while retaining essential character-
istics, thus aiding the analysis and comprehension of complex nonlinear systems. This
conversion technique is effective only under the conditions that f(τ, 0) = f(0, z) = 0 and
κ(τ, z, τ, z) ̸= 0 for (τ, z) ∈ D, and results in a linear 2D VIE of the following form:

ω(τ, z) = g(τ, z) +

∫ τ

0

κ1(τ, z, t)ω(t, z)dt+

∫ z

0

κ2(τ, z, s)ω(τ, s)ds

+

∫ τ

0

∫ z

0

κ3(τ, z, t, s)ω(t, s)dsdt, (τ, z) ∈ D,

(3)

where the functions g, κ1, κ2 and κ3 are given smooth functions defined on their corre-
sponding domains by

κ1(τ, z, t) := −∂κ

∂τ
(τ, z, t, z)/κ(τ, z, τ, z), κ2(τ, z, s) := −∂κ

∂z
(τ, z, τ, s)/κ(τ, z, τ, z),

κ3(τ, z, t, s) := − ∂2κ

∂τ∂z
(τ, z, t, s)/κ(τ, z, τ, z), g(τ, z) :=

∂2f

∂τ∂z
(τ, z)/κ(τ, z, τ, z).

The solution for (1) can be approximated as H−1(ω(t, s)) = u(t, s). The existence and
uniqueness of the solution for equation (1), using H(u(t, s)) = ω(t, s) and equation (3),
have been proposed in [1].

The applications of VIEs extend to a diverse range of fields, including physical and
engineering domains, population dynamics, economics and finance, fluid dynamics, and
heat transfer. By providing a method to efficiently and accurately solve nonlinear integral
equations, we contribute to the modeling and analyzing complex nonlinear systems. Our
algorithm’s ability to handle nonlinearity is directly relevant to nonlinear dynamics, as
it provides a means to understand and predict the behaviors of such systems. However,
solving these equations has motivated mathematicians to develop reliable methods for
their solutions [2–10]. In [2], a method based on applying 2D block-pulse functions
was utilized to solve nonlinear 2D VIEs of the first kind. An Euler-type technique was
discussed in [1]. The Chelyshkov polynomial strategy for solving (1) was considered in [6].
In [7], the Tau technique was employed to approximate the solution of (2). Nemati and
Ordokhani [8] used operational matrices of Legendre polynomials to approximate the
solution of a class of (1), specifically when H = un and n is a positive integer. In [9], a
multi-step method was implemented for the numerical solution of nonlinear 2D VIEs of
the first kind. A special case of (3) for κ1 = κ2 = 0 is considered in [10].

This paper presents an extension of the collocation method proposed in previous
works such as [11–14], to solve equations (1) and (3) by utilizing Taylor’s theorem in two
variables. Additionally, the method is straightforward to implement, and the iterative
formulas used to obtain the approximate solution do not require solving any algebraic
equations. This showcases the possibility of our method to address broader challenges in
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nonlinear dynamics that involve integral equations, paving the way for its adaptation in
various related problem domains.

The remainder of this paper is structured as follows: the next section outlines our
approach to approximating the solution of equation (3) through the Taylor polynomials.
Section 3 focuses on the convergence analysis. To demonstrate the validity of our theo-
retical results, we provide several numerical examples in Section 4. Finally, in Section 5,
we present our conclusion and offer suggestions for future research.

2 Description of the Method

In this section, we approximate solutions of 2D VIE (3) in the space

S
(−1)
p−1,p−1(ΠN,M ) = {v : vn,m = v|Dn,m

∈ πp−1,p−1, n = 0, 1, ..., N − 1;m = 0, 1, ...,M − 1}
of the real bivariate polynomial spline functions of degree (at most) p − 1 in τ and z.
Its dimension is NMp2. Here, ΠN = {τi = ih, i = 0, 1, ..., N} and ΠM = {zj = jk, j =
0, 1, ...,M} denote, respectively, uniform partitions of the intervals [0, T ] and [0, Z] with
the step sizes given by h = T

N and k = Z
M . These partitions defined a grid for D

ΠN,M = ΠN ×ΠM = {(τn, zm), 0 ≤ n ≤ N, 0 ≤ m ≤ M}. Set the subintervals
σn = [τn; τn+1), n = 0, 1, ..., N − 2; σN−1 = [τN−1, τN ],
δm = [zm; zm+1),m = 0, 1, ...,M − 2; δM−1 = [zM−1, zM ], and Dn,m := σn × δm for
all n = 0, 1, ..., N − 1;m = 0, 1, ...,M − 1.

To defined the collocation solution, we use the Taylor polynomial on each rectangle
Dn,m;n = 0, 1, ..., N − 1;m = 0, 1, ...,M − 1. Note that the solution ω of (3) is known at
the point(0, 0): ω(0, 0) = g(0, 0).

2.1 Taylor collocation solution in D0,0

We approximate ω in the rectangle D0,0 by the polynomial

v0,0(τ, z) =

p−1∑
i+j=0

1

i!j!

∂i+jω(0, 0)

∂τ i∂zj
τ izj , (τ, z) ∈ D0,0, (4)

where
∂i+jω(0, 0)

∂τ i∂zj
is the exact value of

∂i+jω

∂τ i∂zj
at the point (0, 0). We differentiate

equation (3) j times with respect to z and i times with respect to τ , we obtain

∂i+jω(0, 0)

∂τ i∂zj
= ∂

(i)
1 ∂

(j)
2 g(0, 0)

+

j∑
l=0

i−1∑
q=0

q∑
η=0

(
j

l

)(
q

η

)
∂q−η

∂τ q−η

[
∂
(i−1−q)
1 ∂

(j−l)
2 κ1(τ, z, τ)

]τ=0

z=0

∂η+lω(0, 0)

∂τη∂zl

+

j−1∑
r=0

r∑
l=0

i∑
η=0

(
r

l

)(
i

η

)
∂i−η

∂τ i−η

[
∂r−l

∂zr−l

(
∂
(j−1−r)
2 κ2(τ, z, z)

)]τ=0

z=0

∂η+lω(0, 0)

∂τη∂zl

+

j−1∑
r=0

r∑
l=0

i−1∑
q=0

q∑
η=0

(
r

l

)(
q

η

)
∂q−η

∂τ q−η

[
∂i−1−q

∂τ i−1−q

∣∣∣∣
t=τ

(
∂r−l

∂zr−l

[
∂
(j−1−r)
2 κ3(τ, z, t, z)

])]τ=0

z=0

× ∂η+lω(0, 0)

∂τη∂zl
.



478 F. BIREM, A. BOULMERKA, H. LAIB AND C. HENNOUS

2.2 Taylor collocation solution in Dn,0

We approximate ω in the rectangles Dn,0, n = 1, ..., N − 1 by the polynomials

vn,0(τ, z) =

p−1∑
i+j=0

1

i!j!

∂i+j v̂n,0(τn, 0)

∂τ i∂zj
(τ − τn)

izj , (τ, z) ∈ Dn,0, (5)

where v̂n,0 is the exact solution of the integral equation

v̂n,0(τ, z) = g(τ, z) +

∫ z

0

κ2(τ, z, s)v̂n,0(τ, s)ds

+

n−1∑
ξ=0

∫ τξ+1

τξ

κ1(τ, z, t)vξ,0(t, z)dt+

∫ τ

τn

κ1(τ, z, t)v̂n,0(t, z)dt

+
n−1∑
ξ=0

∫ τξ+1

τξ

∫ z

0

κ3(τ, z, t, s)vξ,0(t, s)dsdt+

∫ τ

τn

∫ z

0

κ3(τ, z, t, s)v̂n,0(t, s)dsdt.

(6)

We differentiate (6) j times with respect to z and i times with respect to τ , we obtain

∂i+j v̂n,0(τn, 0)

∂τ i∂zj
= ∂

(i)
1 ∂

(j)
2 g(τn, 0)

+

n−1∑
ξ=0

j∑
l=0

(
j

l

)∫ τξ+1

τξ

[
∂
(i)
1 ∂

(j−l)
2 κ1(τ, z, t)

]τ=τn

z=0

∂lvξ,0(t, 0)

∂zl
dt

+

j∑
l=0

i−1∑
q=0

q∑
η=0

(
j

l

)(
q

η

)
∂q−η

∂τ q−η

[
∂
(i−1−q)
1 ∂

(j−l)
2 κ1(τ, z, τ)

]τ=τn

z=0

∂η+lv̂n,0(τn, 0)

∂τη∂zl

+

j−1∑
r=0

r∑
l=0

i∑
η=0

(
r

l

)(
i

η

)
∂i−η

∂τ i−η

[
∂r−l

∂zr−l
[∂

(j−1−r)
2 κ2(τ, z, z)]

]τ=τn

z=0

∂η+lv̂n,0(τn, 0)

∂τη∂zl

+

n−1∑
ξ=0

j−1∑
r=0

r∑
l=0

(
r

l

)∫ τξ+1

τξ

∂i

∂τ i

[
∂r−l

∂zr−l
[∂

(j−1−r)
2 κ3(τ, z, t, z)]

]τ=τn

z=0

∂lvξ,0(t, 0)

∂zl
dt

+

j−1∑
r=0

r∑
l=0

i−1∑
q=0

q∑
η=0

(
r

l

)(
q

η

)
∂q−η

∂τ q−η

[
∂i−1−q

∂τ i−1−q

∣∣∣∣
t=τ

(
∂r−l

∂zr−l

[
∂
(j−1−r)
2 κ3(τ, z, t, z)

])]τ=τn

z=0

× ∂η+lv̂n,0(τn, 0)

∂τη∂zl
.

2.3 Taylor collocation solution in Dn,m

We approximate ω by vn,m in Dn,m, n = 0, 1, ..., N − 1 and m = 1, ...,M − 1, so that

vn,m(τ, z) =

p−1∑
i+j=0

1

i!j!

∂i+j v̂n,m(τn, zm)

∂τ i∂zj
(τ − τn)

i(z − zm)j , (τ, z) ∈ Dn,m, (7)
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where v̂n,m is the exact solution of the integral equation

v̂n,m(τ, z) = g(τ, z) +

n−1∑
ξ=0

∫ τξ+1

τξ

κ1(τ, z, t)vξ,m(t, z)dt+

∫ τ

τn

κ1(τ, z, t)v̂n,m(t, z)dt

+

m−1∑
ρ=0

∫ zρ+1

zρ

κ2(τ, z, s)vn,ρ(τ, s)ds+

∫ z

zm

κ2(τ, z, s)v̂n,m(τ, s)ds

+

n−1∑
ξ=0

m−1∑
ρ=0

∫ τξ+1

τξ

∫ zρ+1

zρ

κ3(τ, z, t, s)vξ,ρ(t, s)dsdt

+

n−1∑
ξ=0

∫ τξ+1

τξ

∫ z

zm

κ3(τ, z, t, s)vξ,m(t, s)dsdt+

m−1∑
ρ=0

∫ τ

τn

∫ zρ+1

zρ

κ3(τ, z, t, s)vn,ρ(t, s)dsdt

+

∫ τ

τn

∫ z

zm

κ3(τ, z, t, s)v̂n,m(t, s)dsdt.

(8)

We differentiate (8) j times with respect to z and i times with respect to τ , we obtain

∂i+j v̂n,m(τn, zm)

∂τ i∂zj
= ∂

(i)
1 ∂

(j)
2 g(τn, zm)

+

n−1∑
ξ=0

j∑
l=0

(
j

l

)∫ τξ+1

τξ

∂
(i)
1 ∂

(j−l)
2 κ1(τn, zm, t)

∂lvξ,m(t, zm)

∂zl
dt

+

j∑
l=0

i−1∑
q=0

q∑
η=0

(
j

l

)(
q

η

)
∂q−η

∂τ q−η

[
∂
(i−1−q)
1 ∂

(j−l)
2 κ1(τ, z, τ)

]τ=τn

z=zm

∂η+lv̂n,m(τn, zm)

∂τη∂zl

+

m−1∑
ρ=0

i∑
η=0

(
i

η

)∫ zρ+1

zρ

∂
(i−η)
1 ∂

(j)
2 κ2(τn, zm, s)

∂ηvn,ρ(τn, s)

∂τη
ds

+

j−1∑
r=0

r∑
l=0

i∑
η=0

(
r

l

)(
i

η

)
∂i−η

∂τ i−η

[
∂r−l

∂zr−l
[∂

(j−1−r)
2 κ2(τ, z, z)]

]τ=τn

z=zm

∂η+lv̂n,m(τn, zm)

∂τη∂zl

+

n−1∑
ξ=0

m−1∑
ρ=0

∫ τξ+1

τξ

∫ zρ+1

zρ

∂
(i)
1 ∂

(j)
2 κ3(τn, zm, t, s)vξ,ρ(t, s)dsdt

+

n−1∑
ξ=0

j−1∑
r=0

r∑
l=0

(
r

l

)∫ τξ+1

τξ

∂i

∂τ i

[
∂r−l

∂zr−l
[∂

(j−1−r)
2 κ3(τ, z, t, z)]

]τ=τn

z=zm

∂lvξ,m(t, zm)

∂zl
dt

+

m−1∑
ρ=0

i−1∑
q=0

q∑
η=0

(
q

η

)∫ zρ+1

zρ

∂q−η

∂τ q−η

[
∂
(i−1−q)
1 ∂

(j)
2 κ3(τ, z, τ, s)

]τ=τn

z=zm

∂ηvn,ρ(τn, s)

∂τη
ds

+

j−1∑
r=0

r∑
l=0

i−1∑
q=0

q∑
η=0

(
r

l

)(
q

η

)
∂q−η

∂τ q−η

[
∂i−1−q

∂τ i−1−q

∣∣∣∣
t=τ

(
∂r−l

∂zr−l

[
∂
(j−1−r)
2 κ3(τ, z, t, z)

])]τ=τn

z=zm

× ∂η+lv̂n,m(τn, zm)

∂τη∂zl
.
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3 Study of Convergence and Error of the Numerical Method

We consider the space L∞(D) with the norm

∥φ∥L∞(D) = inf {C ∈ R : |φ(τ, z)| ≤ C for a.e. (τ, z) ∈ D} < ∞.

The following lemmas will be used in proving the convergence of the presented method.

Lemma 3.1 (Gronwall-type inequality [2]) Let ω(τ, z) and p(τ, z) be non-negative
continuous functions in Ω = [a, b]× [c, d], and let p(τ, z) be nondecreasing in each of the
variables in Ω and satisfy the following inequality:

ω(τ, z) ≤ p(τ, z) + κ

∫ τ

a

ω(t, z)dt+ κ

∫ z

c

ω(τ, s)ds+ κ

∫ τ

a

∫ z

c

ω(t, s)dsdt, (τ, z) ∈ Ω,

where κ is a positive constant. Then there exists a positive constant ν such that

ω(τ, z) ≤ νp(τ, z).

Lemma 3.2 (Discrete Gronwall-type inequality [15]) Let {kj}nj=0 be a given non-

negative sequence and the sequence {εn} satisfy ε0 ≤ p0 and εn ≤ p0+
∑n−1

j=0 kjεj , n ≥ 1,
with p0 ≥ 0. Then

εn ≤ p0 exp

n−1∑
j=0

kj

 , n ≥ 1.

Lemma 3.3 (Discrete Gronwall-type inequality of two variables [1]) Let ωn,m be a
given non-negative sequence, and let b1, b2, b3 and β be independent of h and k and strictly
positive. If the sequence ωn,m satisfies

ωn,m ≤ hb1

n−1∑
ξ=0

ωξ,m + kb2

m−1∑
ρ=0

ωn,ρ + hkb3

n−1∑
ξ=0

m−1∑
ρ=0

ωξ,ρ + β,

for all n = 0, 1, ..., N,m = 0, 1, ...,M , then

ωn,m ≤ βexp(γ(Nh+Mk),

where γ = 1
2

(
b1 + b2 +

√
(b1 + b2)2 + 4b3

)
.

Theorem 3.1 Let g, κ1, κ2 and κ3 be p times continuously differentiable on their

respective domains. Then (4),(5),(7) define a unique approximation v ∈ S
(−1)
p−1,p−1(ΠN,M ),

and the resulting error function e(τ, z) = ω(τ, z)− v(τ, z) satisfies

∥e∥L∞(D) ≤ C(h+ k)p,

where C is a finite constant independent of h and k.

Proof. Define the error e(τ, z) on Dn,m by en,m(τ, z) = ω(τ, z) − vn,m(τ, z) for all
n = 0, 1, ..., N − 1 and m = 0, 1, ...,M − 1 .
There exists a constant C independent of h and k such that

∥en,m∥L∞(Dn,m) ≤ C(h+ k)p
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for all n = 0, 1, . . . , N − 1 and m = 1, . . . ,M − 1.
First, let (τ, z) ∈ D0,0, we obtain from (4),

|e0,0(τ, z)| ≤
∑

i+j=p

1

i!j!

∥∥∥∥ ∂i+jω

∂τ i∂zj

∥∥∥∥hikj .

When using a more direct generalization of the procedures utilized in Lemma 3.6 in [10],

there exists a positive number α(p) such that
∥∥∥∂i+j v̂n,m

∂τ i∂zj

∥∥∥ ≤ α(p) for all n = 0, 1, . . . , N−1,

m = 0, . . . ,M − 1 and i+ j = 0, ..., p, where v̂0,0(τ, z) = ω(τ, z) for (τ, z) ∈ D0,0. Hence,

|e0,0(τ, z)| ≤ α(p)
∑

i+j=p

1

i!j!
hikj =

α(p)

p!︸ ︷︷ ︸
C1

(h+ k)p.

Second, let (τ, z) ∈ Dn,0, for all n = 1, . . . , N − 1, we have from (6),

|ω(τ, z)− v̂n,0(τ, z)| ≤
n−1∑
ξ=0

hκ∥eξ,0∥L∞(Dξ,0) +

n−1∑
ξ=0

hkκ∥eξ,0∥L∞(Dξ,0)

+ κ

∫ τ

τn

|ω(t, z)− v̂n,0(t, z)|dt+ κ

∫ z

0

|ω(τ, s)− v̂n,0(τ, s)|ds

+ κ

∫ τ

τn

∫ z

0

|ω(t, s)− v̂n,0(t, s)|dsdt,

where κ = max{∥κi∥L∞(D), i = 1, 2, 3}, then by Lemma 3.1

|ω(τ, z)− v̂n,0(τ, z)| ≤

n−1∑
ξ=0

hκ∥eξ,0∥L∞(Dξ,0) +

n−1∑
ξ=0

hkκ∥eξ,0∥L∞(Dξ,0)

 ν

≤
n−1∑
ξ=0

hκ(1 + Z)ν︸ ︷︷ ︸
λ1

∥eξ,0∥L∞(Dξ,0),

which implies that

∥en,0∥L∞(Dn,0) ≤ ∥ω − v̂n,0∥+ ∥v̂n,0 − vn,0∥

≤
n−1∑
ξ=0

hλ1∥eξ,0∥L∞(Dξ,0) +
α(p)

p!
(h+ k)p,

then, by Lemma 3.2, we have

∥en,0∥L∞(Dn,0) ≤
α(p)

p!
exp(Tλ1)︸ ︷︷ ︸
C2

(h+ k)p.
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Third, let (τ, z) ∈ Dn,m for all n = 0, . . . , N −1 and m = 1, . . . ,M −1, we have from (8),

|ω(τ, z)− v̂n,m(τ, z)| ≤
n−1∑
ξ=0

hκ∥eξ,m∥+
m−1∑
ρ=0

kκ∥en,ρ∥+ κ

∫ τ

τn

∫ z

zm

|ω(t, s)− v̂n,m(t, s)|dsdt

+

n−1∑
ξ=0

m−1∑
ρ=0

hkκ∥eξ,ρ∥+
n−1∑
ξ=0

hkκ∥eξ,m∥+
m−1∑
ρ=0

hkκ∥en,ρ∥

+ κ

∫ τ

τn

|ω(t, z)− v̂n,m(t, z)|dt+ κ

∫ z

zm

|ω(τ, s)− v̂n,m(τ, s)|ds,

then by Lemma 3.1,

|ω(τ, z)− v̂n,m(τ, z)| ≤
n−1∑
ξ=0

hκ(1 + k)ν︸ ︷︷ ︸
λ2

∥eξ,m∥+
m−1∑
ρ=0

k κ(1 + h)ν︸ ︷︷ ︸
λ3

∥en,ρ∥

+

n−1∑
ξ=0

m−1∑
ρ=0

hk κν︸︷︷︸
λ4

∥eξ,ρ∥,

which implies that

∥en,m∥ ≤∥ω − v̂n,m∥+ ∥v̂n,m − vn,m∥

≤
n−1∑
ξ=0

hλ2∥eξ,m∥+
m−1∑
ρ=0

kλ3∥en,ρ∥+
n−1∑
ξ=0

m−1∑
ρ=0

hkλ4∥eξ,ρ∥+
α(p)

p!
(h+ k)p,

using Lemma 3.3, we obtain

∥en,m∥ ≤ α(p)

p!
exp(γ3(T + Z))︸ ︷︷ ︸

C3

(h+ k)p

such that γ3 = 1
2

(
λ2 + λ3 +

√
(λ2 + λ3)2 + 4λ3

)
.

Thus, the proof is completed by taking C = max{C1, C2, C3}. □

4 Numerical examples

In this section, we present numerical experiments that assess the performance of the
Taylor collocation method (TCM) for solving problems of the form (1) in Example 4.4
and the form (2) in Examples 4.1–4.3. We also compare the TCM results with those
obtained using other methods such as the multi-step method [9], Euler-type method,
and Trapezoidal method [1], Chelyshkov polynomials method [6], bivariate shifted Leg-
endre functions method [16], and two-dimensional block-pulse functions method [17]. In
each example, we compare the TCM solution with the results obtained from previous
references. Our numerical experiments were conducted using Maple version 17 and a PC
with Intel Core i7-2630QM CPU @2.00 GHz and 8,00 Go of RAM, running MS Windows
7 operating system. We observed that the TCM produces more accurate results than the
previous methods.
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(τ, z) N = M = 10,p = 3 N = M = 20,p = 3 N = M = 10, p = 4
(0.1, 0.1) 1.73e− 06 5.99e− 07 2.59e− 06
(0.2, 0.2) 1.84e− 05 5.29e− 06 2.20e− 05
(0.3, 0.3) 6.23e− 05 1.68e− 05 7.02e− 05
(0.4, 0.4) 1.34e− 04 3.53e− 05 1.47e− 04
(0.5, 0.5) 2.28e− 04 5.85e− 05 2.46e− 04
(0.6, 0.6) 3.29e− 04 8.35e− 05 3.52e− 04
(0.7, 0.7) 4.27e− 04 1.07e− 04 4.55e− 04
(0.8, 0.8) 5.14e− 04 1.28e− 04 5.46e− 04
(0.9, 0.9) 5.85e− 04 1.45e− 04 6.21e− 04
(1.0, 1.0) 1.86e− 03 3.17e− 04 5.93e− 04

Table 1: Absolute errors function for Example 4.1.

Example 4.1 Consider the linear 2D VIE of the first kind∫ τ

0

∫ z

0

(τz + 1)ω(t, s)dsdt = f(τ, z), τ, z ∈ [0, 1]. (9)

By differentiating both sides of equation (9), we obtain

ω(τ, z) = g(τ, z)−
∫ τ

0

zω(t, z)

τz + 1
dt−

∫ z

0

τω(τ, s)

τz + 1
ds−

∫ τ

0

∫ z

0

ω(t, s)

τz + 1
dsdt, (10)

where g(τ, z) = −3τ2+(2+3τ+3τz)τez

2(1+τz) , which has the exact solution ω(τ, z) = τez.

A comparison between the approximate and exact solutions is shown in Table 1
by applying the TCM to equation (10) at some points with p = 3, 4 and (N,M) =
(10, 10), (20, 20).

Example 4.2 Consider the linear 2D VIE of the first kind [9](
τ2z2 + 2 sin(τz)− 2τz cos(τz)

2z2

)
sin(z) =

∫ τ

0

∫ z

0

(sin(zt) + 1)ω(t, s)dsdt

for τ, z ∈ [0, 1], and the exact solution is ω(τ, z) = τ cos(z). This equation is equivalent
to the following linear 2D VIE of the second kind:

ω(τ, z) = τ cos(z) +
τ2 sin(z) cos(τz)

sin(τz) + 1
−

∫ z

0

τ cos(τz)

sin(τz) + 1
ω(τ, s)ds.

The numerical results for p = 4 and N = M = 15 of the TCM and the numerical results
obtained by using the multi-step method [9] are compared in Table 2.

Example 4.3 Consider the linear 2D VIE of the first kind [1]

f(τ, z) =

∫ τ

0

∫ z

0

(sin(z + t) + sin(τ + s) + 3)ω(t, s)dsdt, τ, z ∈ [0, 2],

where g(τ, z) is chosen so that the exact solution is ω(τ, z) = cos(τ + z).
In Table 3, the numerical results for p = 3 and h = k = 0.1, 0.05 of the present

method (TCM) are compared with the numerical results obtained by using the Euler-type
method (EM) and Trapezoidal method (TM) [1], Chelyshkov polynomials method (2D-
CPs) [6], bivariate shifted Legendre functions method [16] and two-dimensional block-
pulse functions method (2D BPFs) [17].
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(τ, z) multi-steps method present method
(2−7, 2−7) 2.38e− 07 2.00e− 12
(2−6, 2−6) 1.90e− 06 4.00e− 11
(2−5, 2−5) 1.57e− 05 1.24e− 09
(2−4, 2−4) 2.25e− 06 3.97e− 08
(2−3, 2−3) 1.51e− 07 1.88e− 07
(2−2, 2−2) 1.92e− 07 2.66e− 07
(2−1, 2−1) 6.16e− 07 8.87e− 08

Table 2: Comparison of the absolute errors of Example 4.2.

TCM EM [1] TM [1] Method in [16] 2D-BPFs [17]
(τ, z) h = 0.05 h = 0.05 h = 0.05 M = 4 m = 32
(1, 1) 8.57e− 07 4.06e− 02 9.80e− 04 4.96e− 06 6.08e− 02
(1, 2) 2.29e− 05 1.23e− 02 5.47e− 04 5.98e− 06 4.00e− 03
(2, 1) 2.29e− 05 1.23e− 02 5.47e− 04 9.87e− 03 4.00e− 03
(2, 2) 4.27e− 05 4.06e− 02 2.03e− 03 1.22e− 05 4.74e− 02
∥e∥∞ 4.27e− 05 5.49e− 02 2.03e− 03 / /

TCM 2D-CPs [6]
(τ, z) h = 0.1 h = 0.05 N = 2 M = 4

(0.1, 0.1) 2.77e− 07 3.78e− 08 7.41e− 03 4.77e− 06
(0.2, 0.2) 9.38e− 07 1.18e− 07 4.43e− 04 2.10e− 05
(0.3, 0.3) 1.63e− 06 2.03e− 07 5.40e− 03 7.20e− 06
(0.4, 0.4) 2.14e− 06 2.67e− 07 6.65e− 03 8.20e− 06
(0.5, 0.5) 2.33e− 06 2.91e− 07 4.48e− 03 6.40e− 06
(0.6, 0.6) 2.09e− 06 2.62e− 07 5.43e− 05 6.90e− 06
(0.7, 0.7) 1.28e− 06 1.60e− 07 4.80e− 03 1.20e− 05
(0.8, 0.8) 2.85e− 07 3.66e− 08 7.93e− 03 5.00e− 06
(0.9, 0.9) 2.80e− 06 3.58e− 07 7.08e− 03 3.00e− 05
(1, 1) 6.85e− 06 8.59e− 07 2.77e− 04 1.80e− 06

Table 3: Comparison of the absolute errors for Example 4.3.

Example 4.4 Consider the nonlinear 2D VIE of the first kind [17]

1

9
(eτ+z − eτ+4z − e7τ+z + e7τ+4z) =

∫ τ

0

∫ z

0

2eτ+zω3(t, s)dsdt

for τ, z ∈ [0, 1], and the exact solution is ω(τ, z) = eτ+2z. This equation is equivalent to
the following linear 2D VIE of the second kind:

u(τ, z) = g(τ, z)−
∫ τ

0

u(t, z)dt−
∫ z

0

u(τ, s)ds−
∫ τ

0

∫ z

0

u(t, s)dsdt,

where u = ω3. In Table 4, the numerical results for p = 3 and N = M = 64 of
the TCM are compared with the numerical results obtained by using the Chelyshkov
polynomials method (2D CPs) [6], bivariate shifted Legendre functions method [16] and
two-dimensional block-pulse functions method (2D BPFs) [17].
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(2−i, 2−i) 2D-BPFs [17] Method in [16] 2D-CPs [6] Present method
i = 1 1.0e− 1 2.6e− 6 3.5e− 5 6.1e− 6
i = 2 4.6e− 2 4.6e− 6 2.0e− 6 2.6e− 6
i = 3 2.9e− 2 6.3e− 7 1.5e− 5 1.3e− 6
i = 4 2.3e− 2 1.2e− 5 1.2e− 5 7.2e− 7
i = 5 2.0e− 2 3.8e− 6 5.9e− 5 3.7e− 7
i = 6 3.1e− 2 9.0e− 6 9.6e− 5 1.9e− 7

Table 4: Comparison of the absolute errors of Example 4.4.

5 Conclusion

In this paper, the problem expressed in (1) is transformed into a linear 2D VIE of the
second kind, which is given by (3). A collocation method using the Taylor polynomials
is developed to solve the 2D VIE of the second kind. The convergence and error analysis
of this method are investigated, and numerical examples are provided to illustrate its
effectiveness and accuracy. The numerical results confirm the theoretical estimates, and
comparisons with other methods are presented. This method can be easily generalized
and applied to a system of 2D VIEs of the first and second kinds.
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Abstract: Dynamical systems can be stochastic or uncertain because of some as-
sumptions or distractions that limit the problem. This occurs when the system is
obtained from data using system identifiers with various uncertainties. One example
of a system that contains uncertainty parameters is the longitudinal motion of the
aircraft model. The longitudinal motion of the aircraft requires control, so in this
study, control was applied using the Model Predictive Control (MPC) method. Be-
fore applying control to the aircraft model, the Polynomial Chaos expansion will be
applied to the state space model to get the deterministic model. The simulation uses
different prediction horizons (Np) and polynomial orders (r). Based on the simula-
tion results, it was found that the pitch rate output can approach the given pitch rate
reference.

Keywords: polynomial chaos; hermite polynomial; model predictive control.
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1 Introduction

Mathematical models are the representations of phenomena or realities written in math-
ematical equations. The process of constructing a mathematical model of reality or a
problem is called mathematical modelling [1]. Mathematical models can be written in
the dynamic system [2]. A dynamic system is a system that changes or experiences
dynamics over time. In practice, dynamic systems are not always deterministic. The
dynamic system can be stochastic because there are assumptions to limit the problem
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or disturbances. Uncertainty in the parameters occurs if the system parameters are not
known. This can also happen when the system model is obtained from the data using
system identification so that the system’s transfer function has an uncertainty range [3].

One of the methods for approximating linear dynamic systems with parameter un-
certainty is the Polynomial Chaos method. By using the Polynomial Chaos method, the
stochastic system will be transformed into a deterministic system with a larger dimen-
sion state space [4]. Research on the Polynomial Chaos method in dynamical systems
was conducted by Bhattacharya [5] in 2014. This research develops a control design
using the Robust State Feedback Control method with probabilistic system parameters.
In this study, the Polynomial Chaos method approach was applied to the F-16 aircraft
model. Based on the simulation results, it was found that by using the Polynomial Chaos
method, the control design showed good consistency. Another study discussing the Poly-
nomial Chaos method was conducted by Tadiparthi and Bhattacharya [6] in 2020. In
this research, the Robust Linear Quadratic Regulator (LQR) algorithm was developed
with a control design based on the Polynomial Chaos method.

Model Predictive Control (MPC) is an advanced process control method that is widely
applied in industrial processes. Research on the Robust Model Predictive Control (MPC)
method was conducted by Asfihani, et al. [7] in 2019. In this study, the Robust MPC
method was applied to a linear model of Unmanned Surface Vehicle (USV) motion.
Robust MPC is used to control Dubin’s track tracking [8, 9]. In this study, sea waves
are considered as a disturbance. The simulation results show that the Robust MPC
method can guide ships to follow the trajectory and reject disturbances. Another study
discussing the MPC method was conducted in 2020 by Asfihani, et al. [10]. The MPC
method is applied to control the missile. The MPC aims to minimize the time it takes
for the missile to reach a moving target. The simulation results show that the fastest
time to reach the target is 20 seconds, when the horizon prediction value is 10 and given
a constraint on the state.

Based on the previous research described above, the Polynomial Chaos and Model
Predictive Control (MPC) are applied for the longitudinal motion of the F-16 aircraft
control. In this paper, the nonlinear aircraft model is taken from Stevens, et al. [11].
The Taylor expansion is employed for linearization so that a linear model is obtained
based on the coefficient data of the F-16 aircraft. The longitudinal motion model of the
F-16 aircraft contains stochastic uncertainty in the parameter, so the Polynomial Chaos
method is applied to the linear model [4,12] to obtain a deterministic model. The previous
studies in [4–6] assumed that the random variables ∆ were uniformly distributed. In this
study, it is assumed that the distribution of the random variables is Gaussian. Then the
control will be applied to a deterministic state space with the MPC method.

This paper is constructed as follows. The longitudinal motion model of the aircraft
is defined in Section 2. Then Section 3 explains the Polynomial Chaos method to trans-
form stochastic state space into deterministic state space. Section 4 explains the MPC
design implemented in the deterministic state space obtained from the Polynomial Chaos
method. Next, Section 5 deals with discussions based on the simulation result. And last,
Section 6 provides the conclusion.

2 Linear Model of Longitudinal Motion of the Aircraft

Longitudinal motion is the movement of the aircraft in a vertical direction such as climb-
ing or swooping. The control affecting the aircraft’s longitudinal motion response is the
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elevator deflection [13]. The condition when the elevator angle is negative causes the tail
of the plane to go down and the nose to go up (pitch angle is positive) [14].

In this study, the F-16 longitudinal motion model is used in the form of a stochastic

state space that contains uncertainty parameters. The state variable x =
[
α q xe

]T
consists of the angle of attack (α), pitch rate (q), and elevator state (xe) that captures
the actuator dynamics. The control input (u) is in the form of an elevator command or
an elevator deflection with an angle in degrees (δec). So the stochastic state space for
the longitudinal motion of the aircraft is written as follows [4, 12]:

ẋ = A(∆)x + Bu, α̇
q̇
ẋe

 =

−0, 6398 0, 9378 −0, 0014
a21(∆) a22(∆) a23(∆)

0 0 −20, 2000

α
q
xe

+

 0
0

20, 2

 [
δec

]
(1)

with the output in the form of the pitch rate (q) so that the output equation is as follows:

y = Cx =

[
0

180

π
0

]α
q
xe

 , (2)

where

a21(∆) = −1, 5679(1 + 0, 1∆),
a22(∆) = −0, 8791(1 + 0, 1∆),
a23(∆) = −0, 1137(1 + 0, 1∆).

The stochastic uncertainty parameter in the longitudinal motion model of the F-16
aircraft is shown byA(∆), a matrix function of the random variable ∆. Random variables
∆ are assumed to be Gaussian distributed.

The random variable ∆ represents the pitch of the plane. This relates to the derived
coefficients of the aircraft pitching moment. The pitching moment is the moment that
pivots on the pitch axis/Y axis [14]. The random variables a21(∆), a22(∆), and a23(∆)
represent the derived coefficients of pitch stiffness, pitch damping plane, and the power
of the elevator control [11].

3 Polynomial Chaos Method

Polynomial Chaos is a deterministic approach used to handle uncertainty evolution when
probabilistic uncertainty exists in the system parameters. [15]. Let ∆ : Ω → Rd be a
random variable and L2(Ω,F , P ) be the set of all random variables ξ over the probability

space (Ω,F ,P) such that

∫
Ω

|ξ|2 dP < ∞. The second-order general process of

X ∈ L2(Ω,F ,P) can be written in Polynomial Chaos as follows [6]:

X(ω) =

∞∑
i=0

xiϕi(∆(ω)), (3)

where ω denotes the sample point and ϕ(∆) represents the general Polynomial Chaos
(gPC) basis with degree p over the random variable ∆.
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For a random variable ∆ with a given distribution, a family of the orthogonal basis
functions {ϕi} can be selected such that its weight function f(x) exhibits a similar form
as the probability density function, i.e.,∫

D∆

ϕi(x)ϕj(x)f(x) dx = E[ϕi(∆)ϕj(∆)] = E[ϕ2
i (∆)]δij = ⟨ϕi, ϕj⟩, (4)

where E[·] represents the expectation relative to the probability measure denoted by P
and pdf f .

The relation between the choice of polynomials and given ∆ distribution can be seen
in Table 1.

Random Variable ∆ Polynomial Choice
Beta Jacobi

Gamma Laguerre
Uniform Legendre
Gaussian Hermite

Table 1: The Relation between Polynomial Choices and the ∆(ω) Distribution.

A stochastic linear system is defined as follows:

ẋ(t,∆) = A(∆)x(t,∆) +B(∆)u(t), (5)

where x ∈ Rnx ,u ∈ Rnu . The system in Equation (5) contains probability uncertainties
in its system parameters.

By applying the general finite-order Polynomial Chaos expansion, we get [6]

x̂i(t,∆) =

p∑
k=0

xi,k(t)ϕk(∆) = x̃i(t)
TΦ(∆), (6)

Âij(∆) =

p∑
k=0

aij,kϕk(∆) = ãT
ijΦ(∆), (7)

B̂ij(∆) =

p∑
k=0

bij,kϕk(∆) = b̃
T

ijΦ(∆), (8)

where x̃i(t), ãij , b̃ij ,Φ(∆) ∈ Rp is defined as

x̃i(t) =
[
xi,0(t) · · · xi,p(t)

]T
,

ãij =
[
aij,0 · · · aij,p

]T
,

b̃ij =
[
bij,0 · · · bij,p

]T
,

Φ(∆) =
[
ϕ0(∆) · · · ϕp(∆)

]T
.

The value of p is determined by the dimension of ∆ (d) and the order of the orthogonal

polynomial {ϕk} (denoted by r), which satisfies p+1 =
(d+ r)!

d!r!
. By using the Galerkin

projection onto {ϕk}pk=0, the coefficients aij,k and bij,k can be written as follows:

aij,k =
⟨Aij(∆), ϕk(∆)⟩
⟨ϕk(∆), ϕk(∆)⟩⟩

, (9)
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bij,k =
⟨Bij(∆), ϕk(∆)⟩
⟨ϕk(∆), ϕk(∆)⟩

. (10)

By substituting the Polynomial Chaos expansion (Equations (6), (7), (8)) in the
stochastic linear system (5), where {ϕk} is the basis of an orthogonal polynomial, we get

p∑
k=0

ẋi,k(t)ϕk(∆) =
nx∑
j=1

p∑
k=0

p∑
l=0

aij,kxi,l(t)ϕk(∆)ϕl(∆)

+
nu∑
j=1

p∑
k=0

bij,kϕk(∆)uj(t).
(11)

Applying the inner product on both sides with ϕm for m = 0, 1, 2, ..., p, we get

p∑
k=0

ẋi,k(t)⟨ϕk(∆), ϕm(∆)⟩ =
nx∑
j=1

p∑
k=0

p∑
l=0

aij,kxi,l(t)⟨ϕk(∆)ϕl(∆), ϕm(∆)⟩

+
nu∑
j=1

p∑
k=0

bij,kuj(t)⟨ϕk(∆), ϕm(∆)⟩.
(12)

Since {ϕm} is an orthogonal basis, ⟨ϕk, ϕm⟩ = 0 for k ̸= m, Equation (12) becomes

ẋi,m(t)∥ϕm∥2 =
nx∑
j=1

p∑
k=0

p∑
l=0

aij,kxi,l(t)⟨ϕk(∆)ϕl(∆), ϕm(∆)⟩

+
nu∑
j=1

bij,kuj(t)∥ϕm∥2.
(13)

Then divide (13) by ∥ϕm∥2 to get

ẋi,m(t) =

nx∑
j=1

p∑
k=0

p∑
l=0

aij,kxi,l(t)Cklm +

nu∑
j=1

bij,muj(t), (14)

where Cklm =
⟨ϕkϕl, ϕm⟩
∥ϕm∥2

.

From (14), the deterministic differential equation is obtained as follows:

Ẋ = AX + BU , (15)

where
X =

[
X T

1 X T
2 · · · X T

nx

]T
,

U =
[
UT

1 UT
2 · · · UT

nu

]T
,

A = [Aij ] =
p∑

k=0

aij,kT k, i, j = 1, 2, ..., nx,

B = [Bij ] = bij , i = 1, 2, ..., nx; j = 1, 2, ..., nu.
And

T k =


Ck00 Ck10 · · · Ckp0

Ck01 Ck11 · · · Ckp1

...
...

. . .
...

Ck0p Ck1p · · · Ckpp


with the dimensions of X ,A,B, and U equal to nx(p + 1) × 1, nx(p + 1) × nx(p + 1),
nx(p+ 1)× nu, and nu × nu, respectively.
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4 Design of Model Predictive Control

MPC is a control system that can predict the future system output by considering both
the present input and output information. The advantages of the MPC method are that
it can handle multi-variable system control problems, has the ability to feed-forward
control to compensate for measured disturbances, and takes into account input and state
constraints [16] [17]. The basic MPC structure is presented in Figure 1 [17].

Figure 1: MPC Structure.

In this study, MPC is applied to a discrete deterministic system given in (16) and
(17):

X (k + 1) = AdX (k) +BdU(k), (16)

Y(k) = CX (k). (17)

In designing the MPC control in this study, the objective function formulation and
constraints were determined as prediction constraints using a dynamic system and limit
constraints on control inputs. By using Np = Nc, the MPC objective function can be
written as

J =
∑Np

j=1[(Yref (k + j|k)−Y(k + j|k))TQ(Yref (k + j|k)−Y(k + j|k))
+U(k + j − 1|k)TRU(k + j − 1|k)],

(18)

where Yref is the reference output and Y is the system output subject to

X (k + j + 1|k) = AdX (k + j|k) +BdU(k + j|k),
j = 0, 1, ..., Np − 1.

(19)

Y(k + j|k) = CX (k + j|k), j = 1, 2, ..., Np, (20)

Umin ≤ U(k + j|k) ≤ Umax, j = 0, 1, ..., Np − 1. (21)

By transforming the objective function (18) and constrains in equations (19), (20),
(21) into quadratic programming form, the problem formulation for MPC is written as
follows:

min
U

J(U) =
1

2
UTHU +UTf (22)
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subject to 
Umin

Umin

Umin

...
Umin

 ≤ U ≤


Umax

Umax

Umax

...
Umax

 , (23)

where

f = 2ΦT Q̄(FX (k|k)− Yref ),

H = 2(ΦT Q̄Φ+ R̄),

Q̄ =


Q 0 0 · · · 0
0 Q 0 · · · 0
0 0 Q · · · 0
...

...
...

. . .
...

0 0 0 0 Q


ny.Np×ny.Np

,

R̄ =


R 0 0 · · · 0
0 R 0 · · · 0
0 0 R · · · 0
...

...
...

. . .
...

0 0 0 0 R


nu.Np×nu.Np

,

F =


CAd

CA2
d

CA3
d

...

CANp

d


ny.Np×nx(p+1)

,

Φ =


CBd 0 0 · · · 0

CAdBd CBd 0 · · · 0
CA2

dBd CAdBd CBd · · · 0
...

...
...

. . .
...

CANp−1
d Bd CANp−2

d Bd CANp−3
d Bd · · · CBd


ny.Np×nu.Np

.

5 Simulation and Discussion

The MPC simulation aims to make the pitch rate follow the given reference, yref =
qref = 0◦/s. The value of the pitch rate of 0◦/s means that there is no difference or
change in the pitch angle every time, so it can be said that there is no movement on
the nose of the aircraft or it is in a stable condition. The parameter values used in the
simulation are Ts = 0, 05, x(0) = [30◦, 10◦/s, 15◦]T , Q = 10.000, R = 1, Umin = −25◦,
and Umax = 25◦.

This simulation used the value of polynomial order r = 3 and prediction horizon
Np = 10. The optimal control results (U∗) are applied to the stochastic state space of
the F-16 aircraft by generating the random variable ∆, which is Gaussian distributed
in 1000 simulations. The elevator control δec and the pitch rate output are obtained as
follows.
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(a) Control Input δec. (b) Pitch Rate Output.

Figure 2: Control Input & Pitch Rate Output (Np = 10, r = 3).

From Figure 2(a), it can be seen that the elevator deflection movement is still within
the given constrain, −25◦ ≤ δec ≤ 25◦. Changes in the ups and downs of the δec value
indicate the effort of the control input so that the output approaches the given reference,
namely qref = 0◦/s.

In Figure 2(b), the blue line is the pitch rate output, while the black dotted line
shows the mean of the pitch rate output by simulating 1000 times. From Figure 2(b), it
can be seen that the output of the pitch rate by simulating 1000 times and the mean of
pitch rate output both converge or approach the given reference, q = 0◦/ second. From
the simulation, the mean of the MAE (mean absolute error) by simulating 1000 times is
0, 78171.

5.1 Simulation with various prediction horizon values

The first simulation used the polynomial order value r = 3 and different prediction
horizon values (Np = 5, Np = 10, Np = 20). The simulation results of the elevator
deflection control δec and the mean of the pitch rate output by doing 1000 simulations
are shown in the following figures.
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(a) Control Input δec Simulation 1. (b) Pitch Rate Output Simulation 1.

Figure 3: Control Input & Pitch Rate Output for Different Prediction Horizon (Np = 5, 10, 20).

Based on Figure 3(b), different prediction horizon valuesNp affect the system’s output
response towards the given reference. For a smaller prediction horizon value Np = 5, from
the simulation, it looks longer to reach the reference pitch rate. To find out the difference
in system response with different prediction horizon values Np, the mean of MAE for each
prediction horizon value is given as follows.

Prediction Horizon (Np) MAE (degree/ s)
2 0, 79424
5 0, 78501
8 0, 78310
10 0, 78171
15 0, 78150
20 0, 78134

Table 2: MAE for Different Prediction Horizon Np.

5.2 Simulation with various orders of the polynomial

The second simulation used different Hermite polynomial orders (r = 2, r = 5, r = 8).
This simulation used the same prediction horizon value, Np = 20. The control input δec
and the mean pitch rate output are given by the following figures.
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(a) Control Input δec Simulation 2. (b) Pitch Rate Output Simulation 2.

Figure 4: Control Input & Pitch Rate Output for Different Polynomial Orders (r = 2, 5, 8).

From Figure 4(b), it can be seen that the pitch rate can approach the given reference
value for all polynomial order values. The simulation obtains the same pitch rate output
for 30 seconds simulation time by using the polynomial order r = 2, r = 5, r = 8. Based
on the simulation results, the same mean of the MAE value is obtained for different
polynomial orders (r = 2, r = 5, r = 8). The mean of MAE and computation time for
different polynomial orders are given in the following table.

Polynomial Orders (r) MAE (degree/s) Computation Time (s)
2 0, 78134 6, 10266
3 0, 78134 6, 41526
4 0, 78134 7, 65380
5 0, 78134 7, 93255
6 0, 78134 11, 39271
7 0, 78134 26, 17483
8 0, 78134 49, 87485

Table 3: MAE and Computation Time for Different Polynomial Orders r.

6 Conclusion

In this study, Polynomial Chaos and MPC are implemented for controlling the longitudi-
nal motion of the F-16 aircraft, which has uncertainty in the parameter system (∆). The
contribution of this paper is the random variables ∆ are assumed to be Gaussian dis-
tributed. The simulation results indicated that the Polynomial Chaos and MPC methods
could be implemented properly for the linear model of the F-16 aircraft with uncertain
stochastic parameters. This can be seen from the pitch rate output, which can follow and
satisfy the given reference (qref = 0◦/s). Based on the simulation results for different
prediction horizon values (Np), a larger Np gives a better pitch rate output response and
a smaller mean of MAE. Meanwhile, different orders of the Hermite polynomial do not
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significantly influence the result of control input and the pitch rate output. However, a
higher order of the Hermite Polynomial requires a longer computation time.
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Abstract: In this paper, we study a singular parabolic reaction-diffusion system
with positive Dirichlet boundary conditions. It is shown that certain conditions are
sufficient to guarantee finite-time quenching and global existence of solutions. This
system appears in the modeling of the quenching phenomena.
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1 Introduction

Quenching refers to the process of rapidly cooling a material from a high temperature to a
lower temperature. This is done to alter the material’s physical or mechanical properties
such as hardness or strength. The rapid cooling prevents the material from undergoing
a gradual cooling process, which would allow the material to form larger crystals that
could weaken the material’s structure. Quenching can be accomplished using different
methods, including immersion in water, oil, or air, depending on the desired outcome.
The study of this important phenomenon began in 1975 with a paper by Kawarada [5],
where he studied a model in one space dimension. That paper was an introduction to
the large-scale studies of the quenching problem by many researchers in several scientific
fields. For a detailed survey, we refer to Chan [3], Levine [7], Rouabah et al. [13], Zouaoui
et al. [20].

By using reaction-diffusion models, researchers can simulate the behavior of quenching
processes and predict the resulting microstructure and mechanical properties of the metal.
This can help in the design of new quenching techniques and in the optimization of
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existing ones. For more research on the phenomenon of quenching via reaction-diffusion
systems, we refer the readers to Bonis [2], Ji et al. [4], Mesbahi [8], Mu et al. [11], Pei
and Li [12], Salin [14–16], Wang [17], Zheng and Song [18], Zheng and Wang [19] and the
references therein, where we will also find, in addition to the results by Mesbahi [9] and
[10], many theoretical and numerical methods frequently used to study such problems.

In biology, quenching is a process that involves the rapid cooling of a sample in
order to interrupt or halt certain biological processes. This procedure has several uses,
including stopping metabolic processes and preserving metabolite profile of a sample in
metabolomics. Protein synthesis and degradation can also be stopped for protein level
and modification analysis in cells or tissues, while RNA in cells or tissues can be preserved
for the analysis of gene expression. Moreover, microbial cultures can be preserved for
long-term storage or transport by rapidly cooling them to halt growth and metabolic
activity.

Quenching has many applications in medicine. One common medical application of
quenching is cryotherapy, where extreme cold to treat disease or injury is used. This
can include using liquid nitrogen to freeze and destroy cancerous tissue, or the use of
ice packs to reduce swelling and inflammation. Another application is controlling the
release of drugs from drug delivery systems. Rapid cooling of the system can halt or slow
down drug release, enabling sustained release over time. Furthermore, quenching can aid
in the preservation of biological samples such as blood or tissue samples for analysis or
storage. Rapid cooling can prevent degradation of the sample and preserve its integrity
for later use.

Quenching is also an important process in the manufacture of contact lenses. Typi-
cally, after the lenses are shaped, they undergo thermal quenching by being immersed in
cold water. This process helps in solidifying their structure and preventing any deforma-
tion or distortion during handling and further processing. Furthermore, it enhances the
mechanical and optical features of the lenses making them stronger, more resistant to
damage, and long-lasting. Chemical quenching is also used by manufacturers to adjust
the properties of the lenses. For instance, to crosslink the polymer chains in the lenses
or to enhance their strength and flexibility. For better understanding, we refer to Barka
et al. [1], Khurshid et al. [6].

In this work, we are interested in the study of the following reaction-diffusion sys-
tem with general singular terms and positive Dirichlet boundary conditions that can be
applied to the quenching phenomenon:

(u1)t −∆u1 = −f1 (u2) in (0, T )× Ω,
...

...
(um−1)t −∆um−1 = −fm−1 (um) in (0, T )× Ω,

(um)t −∆um = −fm (u1) in (0, T )× Ω,
u1 = u2 = · · · = um = 1 on (0, T )× ∂Ω,
u1 (0, x) = u10 (x) , . . . , um (0, x) = um0 (x) in Ω,

(1)

where Ω ⊂ RN (N ≥ 2) is a bounded domain with smooth boundary. The functions fj
(1 ≤ j ≤ m) are positive on (0, 1]. The initial data satisfy u10, u20, . . . , um0 ∈ C2 (Ω) ∩ C1

(
Ω
)
,

uj0 = 1, for all 1 ≤ j ≤ m, on ∂Ω,
0 < uj0 ≤ 1, for all 1 ≤ j ≤ m, in Ω.

(2)
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The rest of this paper is organized as follows. In the next section, we state our main
results. In the third section, we prove some important preliminary results. The fourth
section is devoted to the proof of the main results. The paper ends with a concluding
remarks and perspectives.

2 Statement of Main Results

2.1 Assumptions

For this model, the finite-time quenching phenomena are caused by singular nonlinearities
in the absorption terms of (1).

Definition 2.1 We say the solution (u1, . . . , um) of problem (1) quenches if
(u1, . . . , um) exists in the classical sense and is positive for all 0 ≤ t < T , and also
satisfies inf

t→T
min

x∈[0,1]
{(u1 (t, x) , . . . , um (t, x)} = 0. In this case, T is called quenching

time.

To study problem (1), we also assume that the positive functions fj : (0, 1] → (0,+∞),
1 ≤ j ≤ m, satisfy the following simple assumptions which allow them to be chosen from
a wide range:

(H1) The functions fj , 1 ≤ j ≤ m, are locally Lipschitz on (0, 1],

(H2) f
′
j (s) < 0 on (0, 1] for all 1 ≤ j ≤ m,

(H3) lim
s→0+

fj (s) = +∞ for all 1 ≤ j ≤ m.

In order to state our results more conveniently, we denote by φ the first eigenfunction
associated with the first eigenvalue λ1 of the problem{

∆φ+ λφ = 0 in Ω,
φ = 0 on ∂Ω,

normalized by
∫
Ω
φ(x)dx = 1, with φ(x) > 0 in Ω.

2.2 The main results

The following theorem gives us a sufficient condition for finite-time quenching.

Theorem 2.1 Under hypotheses (H1) − (H3), the solution of problem (1) quenches
in finite time for any initial data provided that λ1 is small enough.

Many quenching studies confirm that time-derivatives blow-up while the solution itself
remains bounded. We refer, for example, to Chan [3] and Kawarada [5]. Throughout
this paper, without any special explanation, we assume that the initial data u10, . . . , um0

satisfy
∆u10 − f1 (u20) < 0, . . . , ∆um0 − fm (u10) < 0 in Ω. (3)

Thus, the global existence of solutions can be described by the following theorem.

Theorem 2.2 If the diameter of Ω is small enough and the initial data satisfies
0 < ε ≤ u10, . . . , um0 ≤ 1 in Ω, then under hypotheses (H1)−(H3), the solution of problem
(1) does not quench in finite time. In this case, we say that the solution (u1, . . . , um)
exists globally.
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3 Preliminary Results

We will prove two important lemmas which we will use to prove our main results.

Lemma 3.1 Assume that the initial data satisfy (3), then (u1)t , . . . , (um)t < 0 in
(0, T )× Ω.

Proof. Let Ij (t, x) = (uj)t (t, x) for all 1 ≤ j ≤ m and (t, x) ∈ (0, T )× Ω. Differen-
tiating system (1) with respect to t, we have

∂
∂tI1 = ∆(u1)t − (u2)t f

′
1 (u2) in (0, T )× Ω,

...
...

∂
∂t (Im) (x, t) = ∆ (um)t − (u1)t f

′
m (u1) in (0, T )× Ω,

I1 = I2 = · · · = Im = 0 on (0, T )× ∂Ω,
Ij (0, x) < 0, for all 1 ≤ j ≤ m in Ω,

which, after simplification, gives

∂
∂tI1 −∆I1 = −I2f ′1 (u2) in (0, T )× Ω,
...

...
∂
∂tIm −∆Im = −I1f ′m (u1) in (0, T )× Ω,

I1 = I2 = · · · = Im = 0 on (0, T )× ∂Ω,
Ij (0, x) < 0, for all 1 ≤ j ≤ m in Ω.

(4)

By the comparison principle, we have, for all (t, x) ∈ (0, T )× Ω,

Ij (t, x) = (uj)t (t, x) < 0 for all 1 ≤ j ≤ m.

This shows that u1, . . . , um are strictly decreasing in time.
Now, we consider the radial solutions of problem (1) on Ω = Br ={

x ∈ RN : |x| < R
}
.

Lemma 3.2 Let (u1, . . . , um) be the global solution of problem (1) with
(u10, . . . , um0) ≡ (1, . . . , 1), u1, . . . , um ≥ b in (0,∞) × BR for some b ∈ (0, 1). Then
(u1, . . . , um) approaches uniformly from above to a solution (U1, . . . , Um) of the steady-
state problem 

∆U1 = f (U2) in BR,
...

...
∆Um−1 = f (Um) in BR,
∆Um = f (U1) in BR,
U1 = U2 = · · · = Um = 1 on ∂BR.

(5)

Proof. Since (1, . . . , 1) is a strict super-solution of problem (1), by Lemma 3.1, we
have (u1)t , . . . , (um)t < 0 in (0,∞)×BR. Define the functions

Qj (t, x) =

∫
BR

G (x, y)uj (t, y) dy, in (0,∞)×BR, for all 1 ≤ j ≤ m,
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whereG (x, y) is Green’s function associated with the operator−∆ on BR under Dirichlet
boundary conditions. Hence

∂

∂t
(Q1) =

∫
BR

G (x, y) (u1)t (t, y) dy

=

∫
BR

G (x, y)∆u1 (t, y) dy −
∫
BR

G (x, y) f1 (u2 (t, y)) dy,

...
∂

∂t
(Qm) =

∫
BR

G (x, y) (um)t (t, y) dy

=

∫
BR

G (x, y)∆um (t, y) dy −
∫
BR

G (x, y) fm (u1 (t, y)) dy,

this gives us

∂

∂t
(Q1) = 1− u1 (x, y)−

∫
BR

G (x, y) f1 (u2 (t, y)) dy,

...
∂

∂t
(Qm) = 1− um (x, y)−

∫
BR

G (x, y) fm (u1 (t, y)) dy.

It follows from (uj)t < 0 for all 1 ≤ j ≤ m, that

G (x, y) f1 (u2 (t, y)) , . . . , G (x, y) fm−1 (um (t, y)) and G (x, y) fm (u1 (t, y))

are nondecreasing with respect to t. According to the monotone convergence theorem
with

b ≤ Uj (x) = lim
t→0

uj (t, x) for all 1 ≤ j ≤ m,

we have

lim
t→0

∂

∂t
(Q1) = 1− U1 (x)−

∫
BR

G (x, y) f1 (U2 (y)) dy,

...

lim
t→0

∂

∂t
(Qm) = 1− Um (x)−

∫
BR

G (x, y) fm (U1 (y)) dy.

Furthermore, since Q1, . . . , Qm are bounded, (Q1)t , . . . , (Qm)t ≤ 0, and by
(u1)t , . . . , (um)t < 0, we have

lim
t→0

∂

∂t
(Qj) = 0 for all 1 ≤ j ≤ m,

which yields

U1 (x) = 1−
∫
BR

G (x, y) f1 (U2 (y)) dy,

...

Um (x) = 1−
∫
BR

G (x, y) fm (U1 (y)) dy,
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and therefore (U1, . . . , Um) is a solution of problem (5), and the uniform convergence is
ensured by Dini’s theorem.

4 Proofs of the Main Results

Proof. [of Theorem 2.1] Let (u1, . . . , um) be the solution of problem (1) with the
maximal existence time T . By the maximum principle, we have 0 ≤ uj ≤ 1 for all
1 ≤ j ≤ m, in (0, T )× Ω. Let

ψj (t) =

∫
Ω

(1− uj)φdx for all 1 ≤ j ≤ m, t ∈ [0, T ) (6)

and
Ψ (t) = ψ1 (t) + · · ·+ ψm (t) , t ∈ [0, T ) . (7)

By hypotheses (H1)− (H3) and the corresponding Taylor expansions, we can easily get

f1 (u2) ≥ δ (1− u2) + c1 , . . . , fm (u1) ≥ δ (1− u1) + cm, (8)

where δ, c1, . . . , cm are positive constants determined by f1 (u2) , . . . , fm (u1).
By a straight-forward computation and (8), we have

ψ′
1 (t) = −

∫
Ω

∆u1φdx+

∫
Ω

f1 (u2)φdx

=

∫
Ω

∆(1− u1)φdx+

∫
Ω

f1 (u2)φdx

≥ −λ1
∫
Ω

(1− u1)φdx+ δ

∫
Ω

(1− u2)φdx+ c1

∫
Ω

φdx

= −λ1ψ1 (t) + δψ2 (t) + c1.

In the same way, with ψ2 (t) , . . . , ψm (t), we finally get the following inequalities:

ψ′
1 (t) ≥ −λ1ψ1 (t) + δψ2 (t) + c1,

...

ψ′
m (t) ≥ −λ1ψm (t) + δψ1 (t) + cm.

Using (7), we get

Ψ′ (t) ≥ (δ − λ1)Ψ (t) + C , with C = c1 + · · ·+ cm. (9)

Since 0 ≤ uj ≤ 1 in (0, T )×Ω, then 0 ≤ 1−uj ≤ 1 in (0, T )×Ω, which clearly implies
by (6) that 0 ≤ ψj (t) ≤ 1 for all 1 ≤ j ≤ m, consequently, 1 ≤ Ψ(t) ≤ m. Since λ1 is
small enough, it is obvious that (δ − λ1)Ψ (t) + C > 0. Then, by (9), we have

dΨ

(δ − λ1)Ψ (t) + C
≥ dt , t ∈ [0, T ) ,

which gives, by integration from 0 to T,

t ≤


1

δ − λ1
log

(
(δ − λ1)Ψ (t) + C

(δ − λ1)Ψ (0) + C

)
if δ ̸= λ1,

1

C
(Ψ (t)−Ψ(0)) if δ = λ1.

(10)
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Now, letting t→ T− in (10) and combining lim
t→T−

Ψ(t) ≤ m, we get

T ≤


1

δ − λ1
log

(
m (δ − λ1) + C

(δ − λ1)Ψ (0) + C

)
if δ ̸= λ1,

1

C
(m−Ψ(0)) if δ = λ1.

(11)

Since 1 ≤ Ψ(t) ≤ m, we can easily arrive at the positivity of the right-hand side of (11),
which shows finite time quenching of the solutions in system (1). This ends the proof of
Theorem 2.1.

Proof. Consider the auxiliary system

∂
∂t ū1 = ∆ū1 − f (ū2) in (0, T )× Ω,
...

...
∂
∂t ūm = ∆ūm − f (ū1) in (0, T )× Ω,

ū1 = · · · = ūm = 1 on (0, T )× ∂Ω,
ū1 (0, x) = · · · = ūm (0, x) = 1 in Ω.

By the comparison principle, we have uj ≤ ūj for all 1 ≤ j ≤ m.

We first consider the following system:
∆ū∗1 = f1 (1) in BR,
...

...
∆ū∗m = fm (1) in BR,
ū∗1 = · · · = ū∗m = 1 on ∂BR.

By Green’s function, the solution is (ū∗1, . . . , ū
∗
m) denoted as follows:

ū∗j =
fj (1)

(
|x|2 −R2

)
2N

+ 1 , 1 ≤ j ≤ m

and

min ū∗j =
−fj (1)R2

2N
+ 1 , 1 ≤ j ≤ m.

Clearly, (ū∗1, . . . , ū
∗
m) is a super solution of (1). By Lemma 3.2, the solution (u1, . . . , um)

of (1) is global only if ū∗1, . . . , ū
∗
m > 0.

5 Concluding Remarks and Perspectives

This contribution advances mathematical research on quenching phenomena. The results
of this study can be used to study other singular reaction-diffusion phenomena. We
managed to overcome some difficulties and achieved very important results. This leads
us to think more about the problem and do further theoretical and numerical research
under other conditions. These efforts will advance quenching technology and modeling
in many scientific fields.



506 S. DJEMAI AND S. MESBAHI

References

[1] B. Barka et al. Thermophysical Behavior of Polycarbonate: Effect of Free Quenching above
and below the Glass Transition Temperature. Advanced Materials Research 1174 (2022)
123–136.

[2] I. de Bonis. Singular elliptic and parabolic problems: existence and regularity of solutions,
PhD Thesis. Sapienza University, Rome, 2015.

[3] C. Y. Chan. Recent advances in quenching phenomena. Proceedings of Dynamic Systems
and Applications, Atlanta, GA, 2 (1995) 107–113, Dynamic, Atlanta, GA (1996).

[4] R. H. Ji, C. Y. Qu and L. D. Wang. Simultaneous and non-simultaneous quenching for
coupled parabolic system. Appl. Anal. 94 (2015) 234–251.

[5] H. Kawarada. On solutions of initial-boundary problem for ut = uxx + 1
(1−u)

. Publ. Res.

Inst. Math. Sci. 10 (1974/75), 729–736.

[6] Z. Khurshid et al. Novel Techniques of Scaffold Fabrication for Bioactive Glasses. In Wood-
head Publishing Series in Biomaterials, Biomedical, Therapeutic and Clinical Applications
of Bioactive Glasses, Publisher: Elsevier, UK, (2019) 497–519. ISBN 9780081021965.

[7] H. A. Levine. Advances in quenching, Nonlinear diffusion equations and their equilib-
rium states. Gregynog, (1989) 319–346, Progr. Nonlinear Differential Equations Appl.,
Birkhauser Boston, Boston, MA, 1992.

[8] S. Mesbahi. On the existence of weak solutions for a class of singular reaction-diffusion
systems. Hacet. J. Math. Stat. 51 (3) (2022) 757–774.

[9] A. Mesbahi and S. Mesbahi. On the Existence of Periodic Solutions of a Degenerate
Parabolic Reaction-Diffusion Model. Nonlinear Dyn. Syst. Theory 22 (2) (2022) 197–205.
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1 Introduction

The maximum principle is an important tool in the study of differential equations and
we refer the reader to the well-known book [14] for many applications. For example, for
the specific boundary value problem for a second order ordinary differential equation,
y′′ + λy = f , y′(0) = 0, y′(1) = 0, if λ < 0, then this boundary value problem satisfies a
maximum principle. In particular, for f ∈ C[0, 1], the boundary value problem is uniquely
solvable and f nonnegative implies y is nonpositive, where y is the unique solution
associated with f . In the study of boundary value problems for ordinary differential
equations, the maximum principle implies that the associated Green’s function is of
constant sign, and in this case, the Green’s function is nonpositive on (0, 1)× (0, 1).

Clément and Peletier [8] were the first to discover an anti-maximum principle. They
were primarily interested in partial differential equations, but they illustrated the anti-
maximum principle with the boundary value problem, y′′ + λy = f , y′(0) = 0, y′(1) = 0,

0 < λ < π2

4 . For this particular boundary value problem, if 0 < λ < π2

4 , if f ∈ C[0, 1], the
boundary value problem is uniquely solvable and f nonnegative implies y is nonnegative,
where y is the unique solution associated with f .

Since the publication of [8], there have been many studies of boundary value problems
with parameter and the change of behavior from maximum to anti-maximum principles
as a function of the parameter. In the case of partial differential equations, we refer
to [1, 2, 7, 9, 10, 12, 13, 15]. In the case of ordinary differential equations, we refer to
[3–6, 16]. In this paper, we shall continue to study the change in behavior of boundary
value problems for ordinary differential equations, with respect to maximum and anti-
maximum principles, through simple eigenvalues.

In an interesting study produced in [7], those authors began with a differential equa-
tion

y′′(t) + λy(t) = f(t), t ∈ [0, 1], (1)

and considered either periodic boundary conditions or Neumann boundary conditions.
Key to their argument is that for f = 0, at λ = 0, the boundary value problem, (1) with
periodic or Neumann boundary conditions, is at resonance since constant functions are
nontrivial solutions. Further, λ = 0 is a simple eigenvalue and the eigenspace is < 1 >,
where < 1 > denotes the linear span of the 1 function. Employing the resolvent, the
inverse of (D2 + λI) for λ ̸= 0, under the imposed boundary conditions, if it exists, and
the partial resolvent for λ = 0, and under the assumption that f ≥ 0 (with f ∈ L[0, 1]),
the authors in [7] obtained sufficient conditions to construct an interval [−Λ,Λ], Λ > 0,
a constant K > 0, independent of f such that

λy(t) ≥ K|f |1, λ ∈ [−Λ,Λ] \ {0}, 0 ≤ t ≤ 1,

where |f |1 =
∫ 1

0
|f(s)|ds.With this one inequality, the authors showed that for Λ ≤ λ < 0,

the boundary value problem, (1) with periodic or Neumann boundary conditions, satisfies
a maximum principle and for 0 < λ ≤ Λ, the boundary value problem (1) with periodic
or Neumann boundary conditions, satisfies an anti-maximum principle. They proceeded
to produce many nice examples in that paper.

Consider the boundary value problem

y′′(t) + βy′(t) = f(t), t ∈ [0, 1], (2)

y(0) = 0, y′(0) = y′(1). (3)
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For f = 0, β = 0 is a simple eigenvalue and generates the eigenspace < t >, the linear
span of t. For β ̸= 0,

G(β; t, s) =


e−β(1−s)−e−βe−β(t−s)

β(1−e−β)
, 0 ≤ t ≤ s ≤ 1,

e−β(1−s)−e−βe−β(t−s)

β(1−e−β)
+ 1−e−β(t−s)

β , 0 ≤ s ≤ t ≤ 1,

(4)

is the Green’s function for the boundary value problem (2), (3). Note that

βG(β; t, s) > 0, (t, s) ∈ (0, 1]× [0, 1], and β
∂

∂t
G(β; t, s) > 0, [t, s) ∈ [0, 1]× [0, 1].

So, if y denotes the solution of (2), (3), then f ≥ 0 implies βy′ ≥ 0 and βy ≥ 0. This
observation indicates that the principle obtained in [7] can be extended to other order
derivatives.

Our goal in this paper is to study boundary value problems for ordinary differential
equations containing a parameter β such that β = 0 is a simple eigenvalue generating
an eigenspace < t− t0 > for some constant t0 and modify the methods produced in [7];
in particular, we shall assume f ≥ 0 and obtain sufficient conditions to construct an
interval [−B,B], B > 0, a constant K > 0, independent of f , and an inequality

βy′(t) ≥ K|f |1, β ∈ [−B,B] \ {0}, 0 ≤ t ≤ 1, (5)

where y is a unique solution of the boundary value problem associated with f . It will
follow that if 0 < |β| ≤ B, and if f ≥ 0, then βy′ ≥ 0.

In Section 2, following the lead of [7], we shall define the concept of a strong signed
maximum principle in y′. In Section 3, we shall obtain sufficient conditions for (5) and
hence obtain sufficient conditions for adherence to a strong signed maximum principle
in y′. In Section 4, we shall illustrate the main result, Theorem 3.1, with two examples.
In each example, the boundary conditions are such that (5) generates a natural partial
order in C1[0, 1].

We close in Section 5 with an application of a monotone method applied to a nonlinear
problem related to one of the examples produced in Section 4. At β = 0, the problem
is at resonance. The problem is shifted [11] by βy′ and β > 0 or β < 0 is chosen as a
function of the monotonicity properties of the nonlinearity.

2 Strong Signed Maximum Principle

Assume A is a linear operator with Dom (A) ⊂ C1[0, 1] and Im (A) ⊂ C[0, 1]. Let
Dy = y′ for y ∈ C1[0, 1]. The following definition is motivated by Definition 1 found
in [7].

Definition 2.1 For β ∈ R \ {0}, the operator A+βD satisfies a signed maximum
principle in Dy if for each f ∈ C[0, 1], the equation

(A+ βD)y = f, y ∈ Dom (A),

has a unique solution, y, and f(t) ≥ 0, 0 ≤ t ≤ 1 implies βDy(t) ≥ 0, 0 ≤ t ≤ 1. The
operator A + βD satisfies a strong signed maximum principle in Dy if f(t) ≥ 0,
0 ≤ t ≤ 1 and f(t) > 0 on some interval of positive length, implies βDy(t) > 0, 0 < t < 1.
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Remark 2.1 Throughout this study, the phrases “maximum principle” or “anti-
maximum principle” may be used loosely. If so, we mean the following. If f ≥ 0 implies
y ≤ 0 (or Dy ≤ 0), the phrase, maximum principle, may be used. This is precisely the
case for the classical second order differential equation with Dirichlet boundary condi-
tions. If f ≥ 0 implies y ≥ 0 (or Dy ≥ 0), the phrase, anti-maximum principle, may
be used. This is the case observed in [8] where the phrase, anti-maximum principle, was
coined.

Remark 2.2 As pointed out in the Introduction, for the boundary value problem
y′′(t) + βy′(t) = f(t), with boundary conditions (3), f(t) ≥ 0, 0 ≤ t ≤ 1 implies
βDy(t) ≥ 0, 0 ≤ t ≤ 1, and βy(t) ≥ 0, 0 ≤ t ≤ 1. In the application of the main
theorem, Theorem 3.1, one only concludes (5). In the examples produced in Section
4, the boundary conditions are such that (5) implies further that for some t0 ∈ [0, 1],
β(t− t0)y(t) ≥ 0, 0 ≤ t ≤ 1. In particular, in each example, a signed maximum principle
in Dy will generate a natural partial order on C1[a, b] in which monotone methods can
be applied.

3 The Main Theorem

Let C[0, 1] denote the Banach space of continuous real-valued functions defined on [0, 1]
with norm |y|0 = max0≤t≤1 |y(t)| and let C1[0, 1] denote the Banach space of continuously
differentiable real-valued functions defined on [0, 1] with

||y|| = max{|y|0, |y′|0}.

Also, C[0, 1] ⊂ L = L1[0, 1], and so, we shall also have use for |f |1 =
∫ 1

0
|f(s)|ds. For

f ∈ L, set

f̄ =

∫ 1

0

f(t)dt,

and define

C̃ ⊂ C[0, 1] = {f ∈ C[0, 1] : f̄ = 0}, L̃ ⊂ L = {f ∈ L1[0, 1] : f̄ = 0}.

Let t0 ∈ R. Assume A : Dom (A) → L denotes a linear operator satisfying

Dom (A) ⊂ C1[a, b] Ker (A) =< t− t0 >, Im (A) = L̃, (6)

where < t − t0 > denotes the linear span of t − t0. Assume further that for f̃ ∈ L̃, the
problem Ay = f̃ is uniquely solvable with solution y ∈ Dom(A) and such that ¯(y′) = 0.
In particular, define

Dom (Ã) = {y ∈ Dom (A) : ¯(y′) = 0},

and then
A| Dom (Ã) : Dom (Ã) → L̃

is one to one and onto. Moreover, if Aỹ = f̃ for f̃ ∈ L̃, ỹ ∈ Dom(Ã), assume there exists
a constant K1 > 0 depending only on A such that

|ỹ′|0 ≤ K1|f̃ |1. (7)
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For f ∈ L, define
f̃ = f − f̄ ,

and for y ∈ Dom (A), define

ỹ = y − ȳ′(t− t0),

which implies

ỹ′ = y′ − ȳ′.

Finally, assume there exists A′ : Dom (A′) → L such that A = A′D. In this context,
we rewrite

Ay + βy′ = f, y ∈ Dom (A), (8)

as

(A′ + βI)Dy = f, Dy ∈ Dom (A′). (9)

Define Dom (Ã′) = {v ∈ Dom (A′) : v̄ = 0} ⊂ C[0, 1] and it follows that

A′| Dom (Ã′) : Dom (Ã′) → L̃

is one to one and onto.
With the decompositions f̃ = f − f̄ and ỹ = y − ȳ′(t− t0), it follows that f̃ ∈ L̃ and

ỹ ∈ Dom (Ã), or more appropriately, Dỹ ∈ Dom (Ã′). So, equation (8) or equation (9)
decouples as follows:

A′Dỹ + βDỹ = (A′ + βI)Dỹ = f̃ , (10)

βDȳ′(t− t0) = βȳ′ = f̄ . (11)

Denote the inverse of (A′ + βI), if it exists, by Rβ and denote the inverse of

A′| Dom (Ã′) by R0. So, R0 : L̃ → C[0, 1] and

Dỹ = R0f̃ if, and only if, A′(Dỹ) = f̃ . (12)

Note that (12) implies

Dỹ = R0A′Dỹ (13)

since Dỹ ∈ Dom(Ã′),
Since C̃ ⊂ L̃, we can also consider R0 : C̃ → C[0, 1]. Let

||R0||C̃→C̃ = sup
|v|0=1

|R0v|0, v,R0v ∈ C̃,

and

||R0||L̃→C̃ = sup
|v|1=1

|R0v|0, v ∈ L̃, R̃0v ∈ C.

Since Dỹ ∈ C̃, it follows that |R0Dỹ|0 ≤ ||R0||C̃→C̃ |Dỹ|0. Similarly, f̃ ∈ L̃ implies

|R0f̃ |0 ≤ ||R0||L̃→C̃ |f̃ |1.

Theorem 3.1 Assume A : Dom (A) → C[0, 1] denotes a linear operator satisfying
(6) and (7), and assume that for f̃ ∈ L̃, the problem Ay = f̃ is uniquely solvable with
solution y ∈ Dom(A) such that ¯(y′) = 0. Further, assume there exists A′ : Dom (A′) →
C[0, 1] such that A = A′D. Assume Ã′| Dom (Ã′) : Dom (Ã′) → L̃ is one to one and
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onto. Then there exists B1 > 0 such that if 0 < |β| ≤ B1, then Rβ, the inverse of

(A′ + βI), exists. Moreover, if f̃ ∈ L̃, B1||R0||C̃→C̃ < 1 and 0 < |β| ≤ B1, then

|Rβ f̃ |0 ≤
||R0||L̃→C̃

1−B1||R0||C̃→C̃
|f̃ |1. (14)

Further, there exists B ∈ (0, B1) such that if 0 < |β| ≤ B, then the operator (A + βD)
satisfies a strong signed maximum principle in Dy.

Proof. Employ (13) and apply R0 to (10) to obtain

Dỹ + βR0Dỹ = R0f̃ .

Note that (7) implies that R0 : L̃ → C̃ is continuous. Assume |β|||R0||C̃→C̃ < 1. Then

(I + βR0) : C̃ → C̃ is invertible and

Dỹ = (I + βR0)
−1R0f̃ .

So, assume 0 < B1 < 1
||R0||C̃→C̃

and assume |β| ≤ B1. Then Rβ = (I + βR0)
−1R0 exists.

Moreover,

|Dỹ|0 −B1||R0||C̃→C̃ |Dỹ|0 ≤ |Dỹ|0 − |β|||R0||C̃→C̃ |Dỹ|0
≤ |(I + βR0)Dỹ|0 = |R0f̃ |0 ≤ ||R0||L̃→C̃ |f̃ |1

and (14) is proved since Dỹ = Rβ f̃ .
Now assume f ∈ L and assume f ≥ 0 a.e. Then f̄ = |f |1. Let 0 < |β| ≤ B1 <
1

||R0||C̃→C̃
, write f = f̄ + f̃ and consider

βDy = βRβf = βRβ(f̄ + f̃).

Note that βRβ f̄ = f̄ since (A′ + βI)f̄ = βf̄ . So,

βDy = βRβf = βRβ(f̄ + f̃)

= f̄ + βRβ f̃ ≥ |f |1 − |β||Rβ f̃ |0.

Continue to assume that 0 < |β| ≤ B1; it now follows from (14) that

βDy ≥ |f |1 − |β|
( ||R0||L̃→C̃
1−B1||R0||C̃→C̃

)
|f̃ |1.

Since f̃ = f − f̄ , and |f̃ |1 ≤ |f |1 + f̄ = 2|f |1, assume

B < min
{
B1,

(1−B1||R0||C̃→C̃
2||R0||L̃→C̃

)}
.

Then

βDy ≥
(
1− 2B

( ||R0||L̃→C̃
1−B1||R0||C̃→C̃

))
|f |1

and (5) is valid with

K =
(
1− 2B

( ||R0||L̃→C̃
1−B1||R0||C̃→C̃

))
.

2
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4 Examples

Example 4.1

Our first example considers boundary conditions that contain (3). Let t0 ∈ [0, 1] and
consider the boundary value problem

y′′ + βy′ = f, 0 ≤ t ≤ 1, (15)

y(t0) = 0, y′(0) = y′(1). (16)

So, for the boundary value problem (15), (16), A = D2, A′ = D, Ker(A) =< t− t0 > or
Ker(A′) =< 1 >.

We point out that if t0 = 0 or t0 = 1, the Fredholm alternative will imply that
Im(A) = L̃. If t0 = 0, then f ∈ Im (A), if, and only if, f is orthogonal to solutions of
the adjoint problem

y′′ = 0, 0 ≤ t ≤ 1, y(0) = y(1), y′(1) = 0.

Thus, f is orthogonal to the constant functions. If t0 = 1, then f is orthogonal to
solutions of the adjoint problem

y′′ = 0, 0 ≤ t ≤ 1, y(0) = y(1), y′(0) = 0,

and again, f is orthogonal to the constant functions.
However, if t0 ∈ [0, 1], one can show directly that Im(A) = L̃. If f ∈ Im(A), then

there exists a solution y of

y′′(t) = f(t), 0 ≤ t ≤ 1, y(t0) = 0, y′(0) = y′(1),

which implies

0 = y′(1)− y′(0) =

∫ 1

0

y′′(t)dt =

∫ 1

0

f(t)dt,

and f ∈ L̃. Likewise, if f ∈ L̃, then

y(t) =

∫ t

0

(t− s)f(s)ds−
∫ t0

0

(t0 − s)f(s)ds (17)

is a solution of

y′′(t) = f(t), 0 ≤ t ≤ 1, y(t0) = 0, y′(0) = y′(1),

which implies f ∈ Im(A′). Thus, if t0 ∈ [0, 1], Im (A) = C̃.
To argue that Ay = f̃ is uniquely solvable with solution y ∈ Dom (Ã), (17) implies the

solvability. For uniqueness, if y1 and y2 are two such solutions, then (y1−y2)(t) = c(t−t0)
and y1 − y2 ∈ Dom (Ã) implies c = 0.

Finally, (17) implies (7) is satisfied with K1 = 1.
Theorem 3.1 applies and there exists B > 0 such that if 0 < |β| ≤ B, then (A+ βI)

has the strong signed maximum principle in Dy. Thus, f ≥ 0 implies βDy ≥ 0. Hence,
a natural partial order in which to apply the method of upper and lower solutions and
monotone methods to a nonlinear boundary value problem is

y ∈ C1[0, 1] ⪰ 0 ⇐⇒ β(t− t0)y(t) ≥ 0, 0 ≤ t ≤ 1, and βy′(t) ≥ 0, 0 ≤ t ≤ 1. (18)
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In Section 5, we shall employ monotone methods with respect to this partial order
and obtain sufficient conditions for the existence of maximal and minimal solutions of a
nonlinear boundary value problem associated with the boundary conditions (16).

Example 4.2

For the second example, let h > 0, and we consider a family of boundary conditions

y(0) = hy(1), y′(0) = y′(1). (19)

The boundary conditions (19) contain the periodic boundary conditions at h = 1. In this
example, however, we exclude h = 1.

For the boundary value problem (15), (19), A = D2 and A′ = D, Ker(A) =<
t + h

1−h > or Ker(A′) =< 1 >. Appealing directly to the Fredholm alternative, f ∈ Im
(A) if, and only if, f is orthogonal to solutions of the adjoint problem,

y′′ = 0, 0 ≤ t ≤ 1, y(0) = y(1), hy′(0) = y′(1).

Thus, Im (A) = L̃. Again, f ∈ L̃ implies Dom (A) = {y ∈ B : D̄y = 0}. Again, K in (7)
can be computed since if f̃ ∈ C̃, then

ỹ(t) =

∫ t

0

(t− s)f̃(s)ds+
h

1− h

∫ 1

0

(1− s)f̃(s)ds.

Thus, Theorem 3.1 applies and there exists B > 0 such that if 0 < |β| ≤ B, then (A′+βD)
satisfies the strong signed maximum principle in Dy.

To determine sign conditions on βy, four cases arise. If 0 < β ≤ B, one considers the
two cases, 1 < h or 0 < h < 1. If 0 < β ≤ B, then βy is increasing, which in turn implies

y is increasing. If h > 1, then y(0)
y(1) > 1, and it follows that y(t) < 0 for 0 ≤ t < 1. If

0 < h < 1, then 0 < y(0)
y(1) < 1, and it follows that y(t) > 0 for 0 < t ≤ 1. Two analogous

cases can be analyzed if 0 > β ≥ −B. So, for example, if β > 0 and 1 < h, a natural
partial order in which to apply the method of upper and lower solutions and monotone
methods to a nonlinear problem is

y ∈ C1[0, 1] ⪰ 0 ⇐⇒ y(t) ≥ 0, 0 ≤ t ≤ 1, and y′(t) ≥ 0, 0 ≤ t ≤ 1.

5 A Monotone Method

Let f : [0, 1] × R2 → R be continuous. Let t0 ∈ [0, 1] and consider the boundary value
problem

y′′(t) = f(t, y(t), y′(t)), ≤ t ≤ 1, (20)

y(t0) = 0, y′(0) = y′(1). (21)

Assume that f satisfies the following monotonicity properties:

f(t, y, z1) < f(t, y, z2) for (t, y) ∈ [0, 1]× R, z1 > z2, (22)

f(t, y1, z) < f(t, y2, z) for (t, z) ∈ [t0, 1]× R, y1 > y2,

f(t, y1, z) > f(t, y2, z) for (t, z) ∈ [0, t0]× R, y1 < z2.
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So, f is monotone decreasing in the third component; for t0 < t ≤ 1, f is monotone
decreasing in the second component and for 0 ≤ t < t0, f is monotone increasing in the
second component.

Apply a shift to (20) and consider the equivalent boundary value problem

y′′(t) + βy′(t) = f(t, y(t), y′(t)) + βy′(t), 0 ≤ t ≤ 1,

with boundary conditions (21), where β < 0. Assume |β| is small such that |β| ≤ B,
where B > 0 is shown to exist in Theorem 3.1. Note that if g(t, y, z) = f(t, y, z) + βz
and f satisfies (22), then g satisfies (22).

Assume the existence of solutions, w1 and v1, of the following boundary value prob-
lems for differential inequalities

w′′
1 (t) ≥ f(t, w1(t), w

′
1(t)), 0 ≤ t ≤ 1, v′′1 (t) ≤ f(t, v1(t), v

′
1(t)), 0 ≤ t ≤ 1, (23)

w1(t0) = 0, w′
1(0) = w′

1(1), v1(t0) = 0, v′1(0) = v′1(1).

Assume further that

(t− t0)(v1(t)− w1(t)) ≥ 0, 0 ≤ t ≤ 1, (v′1(t)− w′
1(t)) ≥ 0, 0 ≤ t ≤ 1. (24)

Motivated by (18) and noting that β < 0, define a partial order ⪰ on C1[0, 1] by

u ∈ C1[0, 1] ⪰ 0 ⇐⇒ (t− t0)u(t) ≤ 0, 0 ≤ t ≤ 1, and u′(t) ≤ 0, 0 ≤ t ≤ 1.

Then the assumption (24) implies w1 ⪰ v1.

Define iteratively, the sequences {vk}∞k=1, {wk}∞k=1, where

v′′k+1(t) + βv′k+1(t) = f(t, vk(t), v
′
k(t)) + βv′k(t), 0 ≤ t ≤ 1, (25)

vk+1(t0) = 0, v′k+1(0) = v′k+1(1),

and

w′′
k+1(t) + βw′

k+1(t) = f(t, wk(t), w
′
k(t)) + βw′

k(t), 0 ≤ t ≤ 1, (26)

wk+1(t0) = 0, w′
k+1(0) = w′

k+1(1).

Theorem 3.1 implies the existence of each vk+1, wk+1 since if 0 < |β| ≤ B, the inverse of
(A+ βD) exists.

Theorem 5.1 Assume f : [0, 1] × R2 → R is continuous and assume f satisfies the
monotonicity properties (22). Assume the existence of two times continuously differen-
tiable functions, v1 and w1, satisfying (23). Define the sequences of iterates {vk}∞k=1,
{wk}∞k=1 by (25) and (26), respectively. Then, for each k ∈ N1,

wk ⪰ wk+1 ⪰ vk+1 ⪰ vk. (27)

Moreover, {vk}∞k=1 converges in C1[0, 1] to a solution v of (20) and {wk}∞k=1 converges
in C1[0, 1] to a solution w of (20) satisfying

wk ⪰ wk+1 ⪰ w ⪰ v ⪰ vk+1 ⪰ vk. (28)
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Proof. Since v1 satisfies a differential inequality given in (24),

v′′2 (t) + βv′2(t) = f(t, v1(t), v
′
1(t)) + βv′1(t) ≥ v′′1 (t) + βv′1(t), 0 ≤ t ≤ 1.

Set u = v2 − v1 and u satisfies a boundary value problem for a differential inequality

u′′(t) + βu′(t) ≥ 0, 0 ≤ t ≤ 1, u(t0) = 0, u′(0) = u′(1).

The signed maximum principle applies and u ⪰ 0; in particular, v2 ⪰ v1. Similarly,
w1 ⪰ w2. Now, set u = w2 − v2 and

u′′(t) + βu′(t) = (f(t, w1(t), w
′
1(t))− f(t, v1(t), v

′
1(t))) + β(w′

1(t)− v′1(t)), 0 ≤ t ≤ 1,

u(t0) = 0, u′(0) = u′(1).

Since f satisfies (22) and β(w′
1(t)− v′1(t)) ≥ 0, 0 ≤ t ≤ 1, it follows that

u′′(t) + βu′(t) ≥ 0, 0 ≤ t ≤ 1,

and again, the signed maximum principle applies and u ⪰ 0. In particular, w2 ⪰ v2.
Thus, (27) is proved for k = 1. It follows by a straightforward induction that (27) is valid
using the arguments presented in this paragraph.

To obtain the existence of limiting solutions v and w satisfying (28), note that the
sequence {v′k} is monotone and appropriately bounded. Thus, the sequence {v′k} is
converging pointwise on [0, 1]. Dini’s theorem then implies the uniform convergence of
the sequence {vk} on [0, 1] since {vk(t)} is monotone for each t and is appropriately
bounded. This argument can be repeated to obtain the uniform convergence of {v′k}
on [0, 1]. Since v′′k+1(t) = f(t, vk(t), v

′
k(t)) + β(v′k(t) − v′k+1(t)), the sequence {v′′k} is

converging pointwise on [0, 1]. Now, Dini’s theorem implies the uniform convergence of
the sequence {v′k} on [0, 1]. Again, employ v′′k+1(t) = f(t, vk(t), v

′
k(t))+β(v′k(t)−v′k+1(t)),

and it follows that the sequence {v′′k} converges uniformly on [0, 1]. This implies that if
v ∈ C1[0, 1] is the limit of {vk} (meaning vk is converging to v uniformly and v′k is
converging to v′ uniformly), then {v′′k} converges uniformly to v′′ on [0, 1] and v is a
solution of (20), (21) satisfying (28). Similarly, the solution w of (20), (21) satisfying
(28) exists, and the theorem is proved. 2

Suppose now f satisfies the “anti”-inequalities to (22); that is, suppose f satisfies

f(t, y, z1) > f(t, y, z2) for (t, y) ∈ [0, 1]× R, z1 > z2, (29)

f(t, y1, z) > f(t, y2, z) for (t, z) ∈ [t0, 1]× R, y1 > y2,

f(t, y1, z) < f(t, y2, z) for (t, z) ∈ [0, t0]× R, y1 < z2.

One can appeal to the signed maximum principle and apply a shift to (20) and consider
the equivalent boundary value problem, y′′(t)+βy′(t) = f(t, y(t), y′(t))+βy′(t), 0 ≤ t ≤ 1,
where β > 0. Note, if f satisfies (29) and β > 0, then g(t, y, z) = f(t, y, z) + βz satisfies
(29).

Now, assume the existence of solutions, w1 and v1, of the following differential in-
equalities

w′′
1 (t) ≤ f(t, w1(t), w

′
1(t)), 0 ≤ t ≤ 1, v′′1 (t) ≥ f(t, v1(t), v

′
1(t)), 0 ≤ t ≤ 1, (30)

w1(t0) = 0, w′
1(0) = w′

1(1), v1(t0) = 0, v′1(0) = v′1(1).
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Assume further that

(t− t0)(v1(t)− w1(t)) ≤ 0, 0 ≤ t ≤ 1, (v′1(t)− w′
1(t)) ≤ 0, 0 ≤ t ≤ 1. (31)

Noting that β > 0, define a partial order ⪰1 on C1[0, 1] by

u ∈ C1[0, 1] ⪰1 0 ⇐⇒ (t− t0)u(t) ≥ 0, 0 ≤ t ≤ 1, and u′(t) ≥ 0, 0 ≤ t ≤ 1.

In particular, assume v1 ⪰1 v1.

Theorem 5.2 Assume f : [0, 1] × R2 → R is continuous and assume f satisfies the
monotonicity properties (29). Assume the existence of two times continuously differen-
tiable functions, v1 and w1, satisfying (30) and (31). Define the sequences of iterates
{vk}∞k=1, {wk}∞k=1 by (25) and (26), respectively. Then, for each k ∈ N1,

vk ⪰1 vk+1 ⪰1 wk+1 ⪰1 wk.

Moreover, {vk}∞k=1 converges in C1[0, 1] to a solution v of (20) and {wk}∞k=1 converges
in C1[0, 1] to a solution w of (20) satisfying

vk ⪰1 vk+1 ⪰1 v ⪰1 w ⪰1 wk+1 ⪰1 wk.

6 Conclusion

Boundary value problems for ordinary differential equations with dependence on a real
parameter β, where β = 0 is a simple eigenvalue, are studied. The concept of a maximum
principle in βy′ is defined. Sufficient conditions are obtained such that if Ay+βy′ = f is a
representation of the boundary value problem, there exists a punctured neighborhood of
β = 0 such that f ≥ 0 implies βy′ ≥ 0, where y is the unique solution ofAy+βy′ = f. Two
examples are provided to illustrate the main theorem and an application of a monotone
method is given.
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1 Introduction

Underwater robots are widely developed by many countries as one of their defense tech-
nologies. The underwater defense technology is very important for a country in keeping
and maintaining its marine wealth. This underwater robot is usually called the Remotely
Operated Underwater Vehicle (ROV). The ROV is commonly used for marine security
systems, assisting evaluation on at-sea accidents, and underwater exploration [1]. The
ROV has two kinds of motions, namely, the translational and rotation motions on the
x-, y-, and z-axes. Two parts of the ROV functioning to control the ROV motion are
the propulsion system and the �n system. The propulsion system is used to regulate the
angular velocity of the ROV, and the �n system is used to adjust the angle of the �n and
the rudder position. The development of the ROV was initiated in the 1970s together
with the initial investigation of the usefulness of the ROV system, and in 1970-1980,
the ROV technology development and experiments were carried out. In 1980-1990, the
experiments using prototypes were done, then in 1990-2000, the ICT-based ROV was
developed.

This encouraged researches to improve the technology for innovations, in particular
on the controller design of unmanned vehicles. The development of the controllers aimed
to organize the actuator such that the unmanned vehicle can be stable in its motion as
expected. Several studies related to the AUV control system began in the 2000s when
Chiu et al. [2] used a fuzzy control sliding mode with a 2-DOF model. In 2002, W.
Naeem [3] used a predictive control model for a nonlinear 2-DOF (surge and yaw) model.
Kim and Ura [4] used the R-One Robot AUV with a length of 8.3 meters, a diameter
of 1.2 meters, and a mass of 4400 kg with PID. Repoulias and Papadopoulos [5] used
partial state-feedback in nonlinear 3-DOF (surge, sway and yaw) models. Lapierre and
Soesanto [6] used the Infante AUV with a length of 4,215 m and a mass of 23 Kg with
path-following control. Akcaya et al. [7] used SMC in a 3-DOF linear model. Rezazadegan
et al. [8] used an adaptive nonlinear controller in the 5-DOF model. Okta�anto et al. [9]
used SMC in the linear model of AUV. Herlambang et al. [10] used the PID controller
method to control the movement of the 6-DOF linear model applied to UNUSAITS AUV,
Nurhadi et al. [11] used the SMC method to control the Surge, Heave and Pitch Motions
in the 3-DOF nonlinear model, in 2020, Herlambang et al. [12] used SPID Control in the
6-DOF linear model of the AUV, and also used the Linear Quadratic Regulator (LQR)
for the linear motion system of the AUV [14].

The focus of this paper was to compare two control methods: SMC and SPID for 6-
DOF motion control, of which the SPID controller is a combination of the SMC and PID
controllers. This study used the 6-DOF liner model, and the linear model was obtained by
linearization of the nonlinear 6-DOF model. The result of this study was the comparison
of the stability performance of SMC and SPID shown by numerical simulation on the
response results of both methods. The stability obtained by both methods was quite
signi�cant with an error of 0.1%-4% with a settling time of 0.1-1 second.

In order to analyze an ROV, it is necessary to consider the axis system which com-
prises the Earth Fixed Frame (EFF) and Body Fixed Frame (BFF) that are displayed
in Figure 1 [14]. The motion of the ROV has 6 degrees of freedom (6 DOF) comprising
3 degrees of freedom in the direction of translational motions on thex-, y-, and z-axes
and 3 degrees of freedom in the rotational motions on thex-, y- and z-axes. The gen-
eral description of an ROV with 6 DOF can be expressed in (1), where represents the
position and orientation vectors over the EFF and v represents the linear and angular
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velocities over the BFF. The details have been described in [15].

2 Remotely Operated Underwater Vehicle (ROV)

In order to analyze an ROV, it is necessary to consider the axis system which comprises
the Earth Fixed Frame (EFF) and Body Fixed Frame (BFF) that are displayed in Figure
1 [14]. The motion of the ROV has 6 degrees of freedom (6 DOF) comprising 3 degrees of
freedom in the direction of translational motions on the x-, y-, and z-axes and 3 degrees
of freedom in the rotational motions on the x-, y- and z-axes. The general description of
an ROV with 6 DOF can be given as (1) [15]

� = [ � T
1 ; � T

2 ]T ; � 1 = [ x; y; z]T ; � 2 = [ ; ; �; 	] T ;

v = [ vT
1 ; vT

2 ]T ; v1 = [ u; v; w]T ; v2 = [ p; q; r]T ;

� = [ � T
1 ; � T

2 ]T ; � 1 = [ X; Y; Z ]T ; � 2 = [ K; M; N ]T :

(1)

This study uses the prototype of the Evacuation ROV, and the speci�cations of the
Evacuation ROV are: the weight is 16 kg, the length is 2 meter and the diameter is 300
mm [15]. The properties of the Evacuation ROV are displayed in Figure 2 and Table 1.

Figure 1 : ROV Motion with Six Degrees of Freedom [20].

Figure 2 : Pro�le of Evacuation ROV.
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Table 1 : Speci�cation of the Evacuation ROV.
Weight 15 Kg
Overall Length 900 mm
Beam 300 mm
Controller Wired Control ArduSUB with Joystick
Sensors Depth Sensor, Sonar
Camera TTL Camera
Lighting 1500 LM, 145 � Beam Dimmable
Battery 11 :8 V Li Po 5200 mAh
Material Carbon Fiber
Main Propulsion T200 Motor Thruster Include Propeller
Maneuver Propulsion T200 Motor Thruster Include Propeller
Service Speed 1; 6 knots
Operation Depth 5 � 10 m

Variable � represents the vector position and orientation w.r.t. EFF, whereas� rep-
resents the force vectors and moments that are working on the ROV w.r.t. BFF, namely
surge (u), sway (v), heave (w), roll ( p), pitch ( q) and yaw (r ). The total forces and
moments which are working on the ROV can be gained by combining hydrostatic, hydro-
dynamic and thrust forces. In this case, we assumed that the diagonal inertia tensor (I o)
is zero, in order to obtain the total forces and moments of the whole model as follows.

Surge:

m[ _u � vr + wq � xG (q2 + r 2) + yG (pq� _r ) + zG (pr + _q)] = X res + X j u ju ujuj+

X _u _u + X wq wq + X qqqq+ X vr vr + X rr rr + X prop ; (2)

Sway:

m[ _v � wp + ur � yG (r 2 + p2) + zG (qr � _p) + xG (pq+ _r )] = Yres + Yj v jv vjvj+

Yr j r j r jr j + Y_v _v + Y_r _r + Yur ur + Ywp wp + Ypqpq+ Yuv uv + Yuu� r u2� r ; (3)

Heave:

m[ _w � uq + vp � zG (p2 + q2) + xG (rp � _q) + yG (rq + _p)] = Z res + Z jw jw wjwj+

Zqjqj qjqj + Z _w _w + Z _q _q + Zuq uq + Zvp vp + Z rp rp + Zuw uw + Zuu� s u2� s; (4)

Roll:

I x _p + ( I z � I y )qr + m[yG ( _w � uq + vp) � zG ( _v � wp + ur )]K res +

K pjpj pjpj + K _p _p + K prop ; (5)

Pitch:

I y _q + ( I x � I z )rp + m[zG ( _u � vr + wq) � xG ( _w � uq + vp)] = M res + M wjw j wjwj+

M qjqj qjqj + M _w _w + M _q _q + M uq uq + M vp vp + M rp rp + M uw uw + M uu� s
u2� s: (6)

3 Linearization

In general, it is di�cult to design a controller for nonlinear systems (2)-(6). Therefore,
the non-linear ROV model is linearized by using the Jacobi matrix. The general equations
of the non-linear ROV model can be written as
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_x(t) = f (x(t); u(t); t);

y(t) = g(x(t); u(t); t);
(7)

and the Jacobi matrix is de�ned as

@f(�x; �u; t )
@x

=

2

6
6
6
6
6
6
6
6
4

@f1 (�x; �u;t )
@x1

@f1 (�x; �u;t )
@x2

: : : @f1 (�x; �u;t )
@xn

@f2 (�x; �u;t )
@x1

@f2 (�x; �u;t )
@x2

: : : @f2 (�x; �u;t )
@xn

...
...

. . .
...

@fn (�x; �u;t )
@x1

@fn (�x; �u;t )
@x2

: : : @fn (�x; �u;t )
@xn

3

7
7
7
7
7
7
7
7
5

: (8)

When the Jacobi matrix shown in (8) is used to linearize the ROV equation of motion
for 6-DOF, then we obtain the following equation:

@f(�x; �u; t )
@x

=

2

6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
4

@f1 (�x; �u;t )
@u

@f1 (�x; �u;t )
@v

@f1 (�x; �u;t )
@w

@f1 (�x; �u;t )
@p

@f1 (�x; �u;t )
@q

@f1 (�x; �u;t )
@r

@f2 (�x; �u;t )
@u

@f2 (�x; �u;t )
@v

@f2 (�x; �u;t )
@w

@f2 (�x; �u;t )
@p

@f2 (�x; �u;t )
@q

@f2 (�x; �u;t )
@r

@f3 (�x; �u;t )
@u

@f3 (�x; �u;t )
@v

@f3 (�x; �u;t )
@w

@f3 (�x; �u;t )
@p

@f3 (�x; �u;t )
@q

@f3 (�x; �u;t )
@r

@f4 (�x; �u;t )
@u

@f4 (�x; �u;t )
@v

@f4 (�x; �u;t )
@w

@f4 (�x; �u;t )
@p

@f4 (�x; �u;t )
@q

@f4 (�x; �u;t )
@r

@f5 (�x; �u;t )
@u

@f5 (�x; �u;t )
@v

@f5 (�x; �u;t )
@w

@f5 (�x; �u;t )
@p

@f5 (�x; �u;t )
@q

@f5 (�x; �u;t )
@r

@f6 (�x; �u;t )
@u

@f6 (�x; �u;t )
@v

@f6 (�x; �u;t )
@w

@f6 (�x; �u;t )
@p

@f6 (�x; �u;t )
@q

@f6 (�x; �u;t )
@r

3

7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
5

; (9)

where the functions f 1, f 2, f 3, f 4, f 5 and f 6 are

f 1 = f X res + X j u ju ujuj + X wq wq + X qqqq+ X vr vr + X rr rr + X prop � m[� vr+

wq � xG (q2 + r 2) + pqyG + przG ]g=f m � X _u g; (10)

f 2 = f Yres + Yj v jv vjvj + Yr j r j r jr j + Y_r _r + Yur ur + Ywp wp + Ypqpq+ Yuv uv+

Yuu� r u2� r � m[� wp + ur � yG (r 2 + p2) + qr zG + pq xG ]g=f m � Y_v g; (11)

f 3 = f Z res + Z jw jw wjwj + Zqjqj qjqj + Z _q _q + Zuq uq + Zvp vp + Z rp rp + Zuw uw+

Zuu� s u2� s � m[� uq + vp � zG (p2 + q2) + rp x G + rq yG ]g=f m � Z _w g; (12)

f 4 =
K res + K pjpj pjpj + K prop � (( I z � I y )qr + m[yG (� uq + vp) � zG (� wp + ur )])

I x � K _p
;

(13)

f 5 = f M res + M wjw j wjwj + M qjqj qjqj + M _w _w + M uq uq + M vp vp + M rp rp + M uw uw+

M uu� s u2� s � (( I x � I z )rp + m[zG (� vr + wq) � xG (� uq + vp)])g=f I y � M _qg;
(14)

f 6 = f N res + Nvjv j vjvj + N r j r j r jr j + N _v _v + Nur ur + Nwp wp + Npqpq+ Nuv uv+

Nuu� r u2� r � (( I y � I z )pq+ m[xG (� wp + ur ) � yG (� vr + wq)])g=f I z � N _r g:
(15)
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The linear model obtained from the above process is as follows:

_x(t) = Ax (t) + Bu(t);

y(t) = Cx(t) + Du(t);
(16)

where

A = Jx =

2

6
6
6
6
6
6
6
6
6
6
6
6
6
6
4

1 0 0 0 mz G
m � X _u

� my G
m � X _u

0 1 0 � mz G
m � Y _v

0 (mx G � Y _r )
m � Y _v

0 0 1 my G
m � Z _w

� (mx G + Z _q )
m � Z _w

0

0 � m z G
I x � K _p

m y G
I x � K _p

1 0 0

m z G
I y � M _q

0 � (m x G + M _w )
I y � M _q

0 1 0

� my G
I z � N _r

(mx G � N _v )
I z � N _r

0 0 0 1

3

7
7
7
7
7
7
7
7
7
7
7
7
7
7
5

� 1

�

2

6
6
6
6
6
6
4

a1 b1 c1 d1 e1 g1

a2 b2 c2 d2 e2 g2

a3 b3 c3 d3 e3 g3

a4 b4 c4 d4 e4 g4

a5 b5 c5 d5 e5 g5

a6 b6 c6 d6 e6 g6

3

7
7
7
7
7
7
5

;

B = Ju =

2

6
6
6
6
6
6
6
6
6
6
6
6
6
6
4

1 0 0 0 mz G
m � X _u

� my G
m � X _u

0 1 0 � mz G
m � Y _v

0 (mx G � Y _r )
m � Y _v

0 0 1 my G
m � Z _w

� (mx G + Z _q )
m � Z _w

0

0 � m z G
I x � K _p

m y G
I x � K _p

1 0 0

m z G
I y � M _q

0 � (m x G + M _w )
I y � M _q

0 1 0

� my G
I z � N _r

(mx G � N _v )
I z � N _r

0 0 0 1

3

7
7
7
7
7
7
7
7
7
7
7
7
7
7
5

� 1

�

2

6
6
6
6
6
6
4

A1 B1 C1 D1 E1 G1

A2 B2 C2 D2 E2 G2

A3 B3 C3 D3 E3 G3

A4 B4 C4 D4 E4 G4

A5 B5 C5 D5 E5 G5

A6 B6 C6 D6 E6 G6

3

7
7
7
7
7
7
5

;

C =

2

6
6
6
6
6
6
4

1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1

3

7
7
7
7
7
7
5

; D = 0 :
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4 Sliding Mode Control

SMC is a controller that is robust w.r.t. internal and external disturbances. As such,
SMC has been widely used in many applications. In order to apply SMC to a system,
we need to proceed according to the algorithm presented in Figure 3.

Construct the function of switching S(x; t ) based on the tracking error

Construct the sliding surface

Calculate the estimation of controller value â

Apply the following control law a = â � K sgn(S)

Use the obtained value ofâ in the control law

Calculate the value of K

Replace the signum function by a saturation function

Figure 3 : Algorithm of Sliding Mode Control.

5 Sliding PID

The design of the Sliding-PID control system is a combination of SMC and PID. In this
study, the system �rst passes through SMC, then the result is optimized by the PID
controller. The process works as follows. The notatione represents the error signal, i.e.,
the di�erence between the output and the reference. The error signal is substituted into
the sliding surface equationS = _e + �e for some� 2 R. Then the value of S is used by
the PID to determine the input signal u. This scheme is shown in the block diagram in
Figure 4.

6 Control System Design

Designing the SMC control system for the 6-DOF linear model involves creating control
equations for surge, sway, heave, roll, pitch and yaw, obtained by the SMC Algorithm
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Figure 4 : Block Diagram of SPID.

described in the previous section. From (16), the status of surge can be written as follows:

_u = aa1u + bb1v + cc1w + dd1p + ee1q + gg1r + AA 1X prop + BB 1� r 1 + CC1� s1 +

DD 1K prop + EE 1� s2 + GG1� r 2 : (17)

To �nd the control of the surge, the tracking error of surge is determined as follows:

~u = u � ud;

where ud is a constant function. Since the system has order 1, the switching function is
formed as follows:

S(u; t) =
�

d
dt

� n � 1

~u; with n = 1 ;

S(u; t) =
�

d
dt

� 1� 1

~u;

S(u; t) = ~u = u � ud:

The derivative of S is
_S(u; t) = _u � _ud: (18)

Since ud is a constant function, one has _ud = 0. By subtituting the equation (17) into
(18), we get

_S(u; t) = aa1u + bb1v + cc1w + dd1p + ee1q + gg1r + AA 1X prop + BB 1� r 1 + CC1� s1 +

DD 1K prop + EE 1� s2 + GG1� r 2 : (19)

Next, the value of X̂ prop is determined from the equation (19), when the value of _S = 0,
as follows:

aa1u + bb1v + cc1w + dd1p + ee1q + gg1r + AA 1X prop + BB 1� r 1 + CC1� s1 +

DD 1K prop + EE 1� s2 + GG1� r 2 = 0 : (20)

Then the obtained X̂ prop is

X̂ prop = �
�

aa1u + bb1v + cc1w + dd1p + ee1q + gg1r
AA 1

�
�

�
BB 1� r 1 + CC1� s1 + DD 1K prop + EE 1� s2 + GG1� r 2

AA 1

�
: (21)

Since we require that the control law has to satisfy the condition of sliding, we have

X prop = X̂ prop � K 1sgn(S); (22)
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then from the equation (21) and (22), it is obtained that

X prop = �
�

aa1u + bb1v + cc1w + dd1p + ee1q + gg1r
AA 1

�
�

�
BB 1� r 1 + CC1� s1 + DD 1K prop + EE 1� s2 + GG1� r 2

AA 1

�
� K 1sgn(S): (23)

By substituting the equation (23) into (19), it is obtained that

_S(u; t) = � AA 1K 1sgn(S): (24)

Next, the value of K 1 is set up by substituting the equation (24) into the following
equation to meet the sliding condition, that is,

S _S � � � jSj; (25)

� SAA1K 1sgn(S) � � � jSj;

� AA 1K 1sgn(S) � �
� jSj
S;

K 1 �
�

AA 1sgn(S)
: (26)

From the equation (26), the value of K 1 is obtained as follows:

K 1 =

�
�
�
�max

�
AA 1

�
�
�
� : (27)

Next, in order to minimize chattering, a boundary layer is used by replacing the function
of signum (sgn) into the function of saturation (sat) as follows:

X prop = X̂ prop � K 1sat
�

S
�

�
: (28)

Thus, the design of the SMC control of surge, obtained by substituting the equations
(21) and (27) into the equation (28), is as follows:

X prop = �
�

aa1u + bb1v + cc1w + dd1p + ee1q + gg1r + BB 1 � r 1 + CC1 � s1 + DD 1K prop + EE 1 � s2

AA 1

�

�
GG1 � r 2

AA 1
�

�
�
�
�max

�
AA 1

�
�
�
� sat

�
S
�

�
: (29)

Furthermore, the state equations for sway, heave, roll, pitch and yaw are as follows:

_v = aa2u + bb2v + cc2w + dd2p + ee2q + gg2r + AA 2X prop + BB 2� r 1 + CC2� s1 +

DD 2K prop + EE 2� s2 + GG2� r 2 (30)

_w = aa3u + bb3v + cc3w + dd3p + ee3q + gg3r + AA 3X prop + BB 3� r 1 + CC3� s1 +

DD 3K prop + EE 3� s2 + GG3� r 2 (31)

_p = aa4u + bb4v + cc4w + dd4p + ee4q + gg4r + AA 4X prop + BB 4� r 1 + CC4� s1 +

DD 4K prop + EE 4� s2 + GG4� r 2 (32)

_q = aa5u + bb5v + cc5w + dd5p + ee5q + gg5r + AA 3X prop + BB 5� r 1 + CC5� s1 +

DD 5K prop + EE 5� s2 + GG5� r 2 (33)

_r = aa6u + bb6v + cc6w + dd6p + ee6q + gg6r + AA 6X prop + BB 6� r 1 + CC6� s1 +

DD 6K prop + EE 6� s2 + GG6� r 2 : (34)
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In the same way as obtaining the surge input control with the switching function, control
law, sliding conditions and applying the boundary layer, the input controls for sway,
heave, roll, pitch and yaw are as follows:

� r 1 = �
�

aa2u + bb2v + cc2w + dd2p + ee2q + gg2r
BB 2

�
�

�
AA 2X prop + CC2 � s1 + DD 2K prop + EE 2 � s2 + GG2 � r 2

BB 2

�
�

�
�
�
�max

�
BB 2

�
�
�
� sat

�
S
�

�
;

(35)

� s1 = �
�

aa3u + bb3v + cc3w + dd3p + ee3q + gg3r
CC3

�
�

�
AA 3X prop + BB 3 � r 1 + DD 3K prop + EE 3 � s2 + GG3 � r 2

CC3

�
�

�
�
�
�max

�
CC3

�
�
�
� sat

�
S
�

�
;

(36)

K prop = �
�

aa4u + bb4v + cc4w + dd4p + ee4q + gg4r
DD 4

�
�

�
AA 4X prop + BB 4 � r 1 + CC4 � s1 + EE 4 � s2 + GG4 � r 2

DD 4

�
�

�
�
�
�max

�
AA 1

�
�
�
� sat

�
S
�

�
;

(37)

� s2 = �
�

aa5u + bb5v + cc5w + dd5p + ee5q + gg5r
EE 5

�
�

�
AA 3X prop + BB 5 � r 1 + CC5 � s1 + DD 5K prop + GG5 � r 2

EE 5

�
�

�
�
�
�max

�
CC3

�
�
�
� sat

�
S
�

�
;

(38)

� r 2 = �
�

aa6u + bb6v + cc6w + dd6p + ee6q + gg6r
GG6

�
�

�
AA 6X prop + BB 6 � r 1 + CC6 � s1 + DD 6K prop + EE 6 � s2

GG6

�
�

�
�
�
�max

�
BB 2

�
�
�
� sat

�
S
�

�
:

(39)

The design of the SPID control system for the 6-DOF linear model �rst passes the
SMC control system equation, then the result is optimized by the PID controller whose
proportional, integral and derivative values are shown in Table 2. Once the control
system equations are obtained, they are connected to the 6-DOF linear model on the
block diagram shown in Figure 5 (right).

Table 2 : Proportional, Integral and Derivative Values of SPID.

K p K i K d

Surge 2.1 0 0
Sway 2.01 0 0
Heave 2.01 0 0
Roll 2.01 0 0
Pitch 2.1 0 0
Yaw 2.1 0 0
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Figure 5 : The Left Panel Displays the ROV Block Diagram Using the SMC Control System.
The Right Panel Displays the ROV Block Diagram Using the SPID Control System.

7 Computational Results

In the simulation, the response ratio of SMC and SPID control systems for surge, sway,
heave, roll, pitch and yaw motion was obtained. The setpoint of surge is 1 m/s, those
of sway and heave are 1 m/s, while the setpoint for roll rotation motion is 1 rad/s, and
those of pitch and yaw are -1 rad/s. From the simulation results, the comparison of time
delay, rise time, peak time and settling time was obtained. The simulation results by
SMC and SPID control systems are shown in Figure 6.

The comparison of the surge responses in Figure 6 (top left) is the result of AUV
simulation by SMC and SPID control systems. The results of both methods show simi-
larity of the delay time of 0.03 s, the rise time of 0.05 s, the peak time of 0.08 s, and the
settling time of 1 s. SMC and SPID are stable at the setpoint of 1 m/s at time of 1 s.
When viewed from the resulted error, SPID is 3.4%, while SMC is 4.15%. Figure 6 (top
right) shows the similarities for the delay time, rise time, peak time and settling time.
That is, the delay time is 0.037 s, the rise time is 0.065 s, the peak time is 0.07 s, and
the settling time is 0.1 s. SMC and SPID are stable at the setpoint -1 m/s at 0.1 s. In
terms of the resulted error, that of SPID is 0.09% and that of SMC is 0.11%. In Figure
6 (middle left), it is shown that the results of both methods have similarity for a delay
time, that is, a delay time of 0.037 s. SMC has a rise time of 0.15 s and a settling time of
0.2 s, while SPID has a rise time of 0.25 s and a settling time of 0.25 s. SMC and SPID
are stable at the setpoint 1 m/s at 0.2 s. SMC and SPID on the heave response do not
have a peak time and maximum overshoot. As regards the error generated, that of SMC
is 0.19% and that of SPID is 0.8%.

The comparison of the roll response in Figure 6 (middle right) is the result of the
simulation of the AUV with SMC and SPID control systems. The results of both methods
show similarity of a delay time of 0.04 s, rise time of 0.12 s, and settling time of 0.12 s.
The response generated by the SMC and SPID methods is stable at the setpoint 1 rad/s
at 0.12 s. SMC and SPID on the roll response do not have a peak time and maximum
overshoot. In terms of the error generated, that of SMC is 0.42%, while that of SPID is
0.6%, so SMC is better than SPID for the roll response. Figure 6 (bottom left) shows that
the response results by SMC and SPID methods are stable at the setpoint -1 rad/s, the
SMC settling time at 1.5 s, while that of SPID at 1.25 s. As regards the error generated,
that of SPID is 4.3% while that of SMC is 4.58%, so SPID is better than SMC but it
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