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Abstract: Indonesia is one of tropical countries where dengue fever disease can
spread through Aedes aegypti mosquitoes and sometimes cause deaths. There are
many control strategies to bound the spread of dengue fever: vaccination for control-
ling susceptible humans, treatment for controlling infected humans, and abateseae
(larvacides for killing the mosquito larvae). Optimal control is used for minimizing
the number of infected humans, larvae, infected mosquitoes, the cost of vaccination,
the cost of treatment, and the cost of abateseae. Due to the cost of the objective
function depending on weights, in this research, we will apply the Fire
y Algorithm
(FA) to optimize the weights minimizing the cost of the objective function. The FA
is based on the behavior of 
ashing characteristics of �re
ies. Simulations have been
applied and we can obtain the comparison of the number of humans and mosquitoes
with and without control. In addition, we also obtain the optimal weight related
to the number of infected humans, the number of larvae, the number of infected
mosquitoes, the cost of vaccination, the cost of treatment, and the cost of abateseae,
respectively.
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1 Introduction

Indonesia is one of tropical countries where dengue fever disease can spread throughAedes
aegypti mosquitoes and sometimes cause deaths. Based on the data of the Directorate
of Animal Disease Control Source, Ministry of Health Department of the Republic of
Indonesia, in 2011, there were 126,908 cases of dengue with 1,125 deaths [14].

Dengue fever disease is caused byAedes aegyptimosquitoes. The mosquitoes have 4
life stages: egg, larva, pupa and adult (mosquito). Mosquitoes can live and reproduce
inside and outside the home. The mosquitoes are most frequently found in tropical and
subtropical areas of the world. Aedes aegyptihistorically is considered to be a primary
vector of viral diseases such as dengue fever, chikungunya and yellow fever. Generally,
the habitats of Aedes aegyptiare the areas lacking piped water systems and depend on
water storage containers to lay their eggs. Male and female mosquitoes feed on nectar
of plants. However, female mosquitoes need blood in order to produce eggs, and they
are active in the daytime. Aedes aegyptiprefers biting people but it also bites dogs and
other domestic animals, mostly mammals. Only female mosquitoes bite to obtain blood
for laying eggs.

The purpose of modelling epidemics is to provide policies designed to control the
spread of the disease [7]. There are many control strategies to bound the spread of dengue
fever: vaccination for controlling susceptible humans, treatment for controlling infected
humans, and abateseae (larvacides for killing the mosquito larvae). Optimal control is
used for minimizing the number of infected humans, larvae, infected mosquitoes, the cost
of vaccination, the cost of treatment, and the cost of abateseae [6].

From the previous researches, a mathematical model to look for stability of the disease
or for controlling the disease has been contructed [13]. In [16], the dengue fever control has
been applied by vaccination to control the number of susceptible humans to be recovered
humans. However, in Indonesia, dengue fever controls have been applied by vaccination
to control the number of susceptible humans to be recovered humans, and fogging for
devastating the mosquitoes [17]. In this paper, we construct a mathematical model for
controlling dengue fever by vaccination for controlling susceptible humans, treatment for
controlling infected humans, and abateseae (larvacides for killing the mosquito larvae)
for controlling larvae.

In the earlier research from Michalewicz, by heuristic optimization like the Genetic
Algorithm (GA), we can determine an optimal control minimizing the objective function
based on the natural selection of chromosomes [5]. In this research, the Fire
y Algorithm
(FA) will be used. The FA was discovered by Xin-She Yang in 2008. It is based on the
behavior of 
ashing characteristics of �re
ies. These insects communicate, search for a
prey, and �nd mates using bioluminescence with varying 
aying patterns. One of the
characteristics of �re
ies is the less bright one will move toward the brighter one. A
brighter �re
y indicates a better objective function as a �tness function [4].

In the optimal control problem, weight selection is applied by trial and error [2].
Due to the cost of the objective function depending on weights [8], [11], in this research,
we will apply the Fire
y Algorithm to optimize the weights minimizing the cost of the
objective function. In the previous research, the Ant Colony Optimization (ACO) has
been applied for SEIR contagious disease [6], [9], [10]. The arti�cial Bee Colony (ABC)
has been applied for in
uenza disease [7].

Simulations have been applied and we can obtain the comparison of the number of
humans and mosquitoes with and without control. In addition, we also obtain optimal
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weights related to the number of infected humans, the number of larvae, the number
of infected mosquitoes, the cost of vaccination, the cost of treatment, and the cost of
abateseae, respectively.

2 Optimal Control Dengue Fever Model

Generally, the disease can be modeled as a SIR (Susceptible, Infected, Recovered) epi-
demic model [6]. In the SIR epidemic model, there are three compartments of individuals:
susceptible, infected, and recovered. A susceptible individual can be an infected individ-
ual after making contact with an infected individual based on disease transmission rate.
An infected individual can be a recovered individual when the symptoms of the disease
have gone based on recovery rate [1], [12].

2.1 Mathematical model of dengue fever

The dengue fever model is the development of a standard SIR epidemic model. In the
dengue fever model, there are two di�erent populations such as mosquito as a vector and
human as a host. The compartments of the dengue fever model can be seen in Figure
1 where in the mosquito as a vector one, there are larvae (mosquitoes in aquatic phase)
Am , susceptible mosquitoesSm , and infected mosquitoesI m , while in the human as a
host one, there are susceptible humansSh , infected humans I h , and recovered humans
Rh . The mathematical model of dengue fever can be constructed in equations (1) - (8):

Figure 1 : Compartments of the Dengue Fever Model.

dSh

dt
= � � B� mh

I m

Nh
Sh � � h Sh � u1Sh ; (1)

dI h

dt
= B� mh

I m

Nh
Sh � � h I h � � h I h � � h I h � u2I h ; (2)

dRh

dt
= � h I h + u1Sh + u2I h � � h Rh ; (3)

dAm

dt
= ’

�
1 �

Am

kNh

�
(Sm + I m ) � � A Am � � A Am � u3Am ; (4)

dSm

dt
= � A Am � B� hm

I h

Nh
Sm � � m Sm ; (5)
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dI m

dt
= B� hm

I h

Nh
Sm � � m I m ; (6)

Nh (t) = Sh (t) + I h (t) + Rh (t); (7)
Nm (t) = Sm (t) + I m (t); (8)

with the positive solutions

Sh (t) � 0; I h (t) � 0; Rh (t) � 0; Am (t) � 0; Sm (t) � 0; I m (t) � 0:

The parameters used in the model above are:
� : The recruitment rate (birth or immigration) of the human population.
� h : The natural death rate of humans.
� m : The natural death rate of mosquitoes (adult phase).
� A : The natural death rate of mosquitoes (aquatic phase).
B : The average daily biting (per day) of the mosquito.
� mh : The transmission probability (per bite) from infected mosquitoes to humans.
� hm : The transmission probability (per bite) from infected humans to mosquitoes.
’ : The number of eggs at each deposit per capita (per day).
� h : The recovery rate of the human population.
� A : The maturation rate from larvae to adult mosquitoes (per day).
� h : The death by the disease rate of humans.

In the human population, the model can be explained as follows. At the suscepti-
ble compartment, the recruitment rate (birth or immigration) can increase the number
of susceptible. However, the disease transmission rate due to the contact with infected
mosquitoes through bitings and the natural death rate can decrease the number of sus-
ceptible. At the infected compartment, the disease transmission rate due to the contact
with infected mosquitoes through bitings can increase the number of infected. How-
ever, the natural death rate, death by the disease rate, and recovery rate can decrease
the number of infected. At the recovered compartment, the recovery rate can increase
the number of recovered. However, the natural death rate can decrease the number of
recovered.

In the mosquito population including larva in aqua phase, the model can be explained
as follows. At the larvae compartment, the recruitment rate can increase the number of
larvae. However, the maturation rate and natural death rate can decrease the number of
larvae. At the susceptible compartment, the maturation rate of larvae can increase the
number of susceptible. However, the disease transmission rate due to the contact with
infected humans through bitings and the natural death rate can decrease the number of
susceptible. At the infected compartment, the disease transmission rate due to the con-
tact with infected humans through bitings can increase the number of infected. However,
the natural death rate can decrease the number of infected.

In addition, there are the control function of susceptible humans vaccinated,u1, the
control function of infected humans treated, u2, and the control function of larvae killed
by abateseae,u3. The e�ectiveness range ofu1; u2 and u3 is [0; 1], where the value 0
means the control functions fail or are not applied, and the value 1 means the control
functions are successful or applied entirely.
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The objective function which will be minimized is

J (u; v)=
Z t f

0

�
W1I h (t)2 + W2Am (t)2 + W3I m (t)2 + W4u1(t)2 + W5u2(t)2 + W6u3(t)2�

dt

(9)
with the weights W1 > 0; W2 > 0; W3 > 0; W4 > 0; W5 > 0; W6 > 0. From the model,
we want to minimize the number of infected humans, the number of larvae, the number
of infected mosquitoes, the cost of vaccination, the cost of treatment, and the cost of
abateseae.

The goal is �nding u�
1; u�

2; u�
3 such that

J (u�
1; u�

2; u�
3) = min( J (u1; u2; u3)) : (10)

2.2 Pontryagin’s maximum principle

If u�
1; u�

2; u�
3 are the optimal control, there exist the adjoint variables

�
� 1 � 2 � 3 � 4 � 5 � 6

�

which satisfy the following [3]:

d� 1

dt
= �

@H
@Sh

= � 1B� mh
I m

Nh
+ � 1� h + � 1u1 � � 2B� mh

I m

Nh
� � 3u1; (11)

d� 2

dt
= �

@H
@Ih

= � 2� h + � 2� h + � 2� h + � 2u2 � � 3� h � � 3u2 +

� 5B� hm
Sm

Nh
� � 6B� hm

Sm

Nh
� 2W1I h ; (12)

d� 3

dt
= �

@H
@Rh

= � 3� h ; (13)

d� 4

dt
= �

@H
@Am

= � 4’
Sm + I m

kNh
+ � 4� A + � 4� A + � 4u3 � � 5� A � 2W2Am ; (14)

d� 5

dt
= �

@H
@Sm

= � � 4’ + � 4’
Am

kNh
+ � 5B� hm

I h

Nh
+ � 5� m � � 6B� hm

I h

Nh
; (15)

d� 6

dt
= �

@H
@Im

= � 1B� mh
Sh

Nh
� � 2B� mh

Sh

Nh
� � 4’ +

� 4’
Am

kNh
+ � 6� m � 2W3I m ; (16)

with the �nal conditions � 1(T ) = � 2(T ) = � 3(T ) = � 4(T ) = � 5(T ) = � 6(T ) = 0 ; where
the Hamiltonian is

H = W1I h (t)2 + W2Am (t)2 + W3I m (t)2 + W4u1(t)2 + W5u2(t)2 + W6u3(t)2

� 1

�
� � B� mh

I m

Nh
Sh � � h Sh � u1Sh

�
+

� 2

�
B� mh

I m

Nh
Sh � � h I h � � h I h � � h I h � u2I h

�
+

� 3 (� h I h + u1Sh + u2I h � � h Rh ) +
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� 4

�
’

�
1 �

Am

kNh

�
(Sm + I m ) � � A Am � � A Am � u3Am

�
+

� 5

�
� A Am � B� hm

I h

Nh
Sm � � m Sm

�
+ � 6

�
B� hm

I h

Nh
Sm � � m I m

�
: (17)

Furthermore, we can �nd the optimal control u�
1; u�

2; u�
3 :

@H
@u1

= 0 ;

2W4u1 � � 1Sh + � 3Sh = 0 ;

u1 = min
�

1; max
�

0;
(� 1 � � 3) Sh

2W4

��
;

@H
@u2

= 0 ;

2W5u2 � � 2I h + � 3I h = 0 ;

u2 = min
�

1; max
�

0;
(� 2 � � 3) I h

2W5

��
;

@H
@u3

= 0 ;

2W6u3 � � 4Am = 0 ;

u3 = min
�

1; max
�

0;
� 4Am

2W6

��
: (18)

2.3 Forward-backward sweep method

The forward backward sweep method applied to the optimal control dengue fever model
can be designed as follows [3]. Suppose the state variables and the adjoint variables are

f 1 =
dSh

dt
; f 2 =

dI h

dt
; f 3 =

dRh

dt
; f 4 =

dAm

dt
; f 5 =

dSm

dt
; f 6 =

dI m

dt
;

g1 =
d� 1

dt
; g2 =

d� 2

dt
; g3 =

d� 3

dt
; g4 =

d� 4

dt
; g5 =

d� 5

dt
; g6 =

d� 6

dt
:

The algorithm to compute the objective function as the �tness function with the param-
eter weights W1 > 0; W2 > 0; W3 > 0; W4 > 0; W5 > 0; W6 > 0 is:
control dengue(W1; W2; W3; W4; W5; W6) while (process has not converged yet)uold = 0 :

1. Compute the solution of state variables forward with the initial condition
x(0) = ( Sh (0); I h (0); Rh (0); Am (0); Sm (0); I m (0)) using the Runge-Kutta fourth-
order method:

k1i = f i (t; x i (t); u1(t); u2(t); u3(t)) ; i = 1 ; 2; : : : ; 6;

k2i = f i

�
t +

h
2

; x i (t) +
h
2

k1i ;
u1(t) + u1(t + h)

2
;

u2(t) + u2(t + h)
2

;
u3(t) + u3(t + h)

2

�
; i = 1 ; 2; : : : ; 6;
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k3i = f i

�
t +

h
2

; x i (t) +
h
2

k2i ;
u1(t) + u1(t + h)

2
;

u2(t) + u2(t + h)
2

;
u3(t) + u3(t + h)

2

�
; i = 1 ; 2; : : : ; 6;

k4i = f (t + h; x i (t) + hk3i ; u1(t + h); u2(t + h); u3(t + h)) ; i = 1 ; 2; : : : ; 6;

x i (t + h) = x i (t) +
h
6

(k1i + 2k2i + 2k3i + k4i ) ; i = 1 ; 2; : : : ; 6:

2. Compute the solution of adjoint variables backward with the �nal condition
� (0) = ( � 1(T ); � 2(T ); � 3(T ); � 4(T ); � 5(T ); � 6(T )) using the Runge-Kutta fourth
order method:

k1i = gi (t; x i (t); � 1(t); u2(t); u3(t)) ; i = 1 ; 2; : : : ; 6;

k2i = gi

�
t �

h
2

;
x i (t) + x i (t � h)

2
; � i (t) �

h
2

k1i ;
u1(t) + u1(t � h)

2
;

u2(t) + u2(t � h)
2

;
u3(t) + u3(t � h)

2

�
; i = 1 ; 2; : : : ; 6;

k3i = gi

�
t �

h
2

;
x i (t) + x i (t � h)

2
; � i (t) �

h
2

k2i ;
u1(t) + u1(t � h)

2
;

u2(t) + u2(t � h)
2

;
u3(t) + u3(t � h)

2

�
; i = 1 ; 2; : : : ; 6;

k4i = gi (t � h; x i (t � h); � i (t) � hk3i ; u1(t � h); u2(t � h); u3(t � h)) ; i = 1 ; 2; : : : ; 6:

� i (t � h) = � i (t) +
h
6

(k1i + 2k2i + 2k3i + k4i ) ; i = 1 ; 2; : : : ; 6:

3. Compute the optimal control u�
1; u�

2; u�
3 using equations (18).

4. Update the optimal control

u1  
u1 + u1;old

2
; u2  

u2 + u2;old

2
; u3  

u3 + u3;old

2
(19)

End

5. Compute the objective function as the �tness function

J (u1; u2; u3) =
T � 1X

k=0

�
W1I h (k)2 + W2Am (k)2 + W3I m (k)2 + W4u1(k)2+

W5u2(k)2 + W6u3(t)2�
: (20)
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3 Fire
y Algorithm

The Fire
y Algorithm (FA) was discovered by Xin-She Yang in 2008. It is based on the
behavior of 
ashing characteristics of �re
ies. These insects communicate, search for a
prey, and �nd mates using bioluminescence with varying 
aying patterns. The FA is
based on the rules [4]:

1. All �re
ies are unisex so they attract one another.

2. Attractiveness is proportional to �re
y brightness. For any couple of 
ashing �re-

ies, the less bright one will move toward the brighter one. Attractiveness is pro-
portional to brightness and they both decrease as their distance increases. If there
is no a brighter one than a particular �re
y, it will move randomly.

The brightness of a �re
y is a�ected or determined by the landscape of the objective
function. In the FA, the attractiveness of a �re
y is assumed to be determined by
its brightness which is related to the objective function. The brightness of a �re
y at
a particular location x can be chosen asf (x), where f (x) is the objective function.
However, if the attractiveness � is relative, it should be judged by the other �re
ies.
Thus, it will vary with the distance r ij between the �re
y i and the �re
y j .

In this algorithm, the weights used areW1; W2; W3; W4; W5; W6 related to the number
of infected humans, the number of larvae, the number of infected mosquitoes, the cost of
vaccination, the cost of treatment, and the cost of abateseae, respectively.

The overall algorithm for optimizing the weights W1; W2; W3; W4; W5; W6 using the
FA is as follows:

1. Generate the initial population position of �re
ies x i =�
W i

1; W i
2; W i

3; W i
4; W i

5; W i
6
�

; i = 1 ; 2; : : : ; maxpop, and compute the �tness
value

f (x i ) = control dengue
�
W i

1; W i
2; W i

3; W i
4; W i

5; W i
6
�

i = 1 ; 2; : : : ; maxpop:

2. Determine the best �re
y in the population with its position

i min  arg min
i

�
f (x i ); i = 1 ; 2; : : : ; maxpop

�
; (21)

x i min
 arg min

x i

�
f (x i ); i = 1 ; 2; : : : ; maxpop

�
: (22)

3. Do the iteration as follows:
for i = 1 : max pop
for j = 1 : max pop
if (f (x) j < f (x i )).

a. Compute the distance between the �re
y i and the �re
y j

r ij =


 x i � x j 

 =

vuut
TX

t =1

�
x i

t � x j
t

� 2
:

b. Compute the attractiveness function of a �re
y �  � 0e� 
r ij :
c. Generateui = �

�
rand � 1

2

�
, with rand � U(0; 1).
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d. Update the movement of the �re
y i

x i  (1 � � ) x i + �x j + ui

end
end
end
Generateui min = �

�
rand � 1

2

�
, with rand � U(0; 1).

Update the movement of the best �re
y

x i min
 x i min

+ ui min :

4. Repeat step 3 until stopping criteria is achieved.

4 Simulation Results

Parameters used in the FA simulations are� 0 = 1 ; 
 = 5 ; � = 0 :1 with the number of
�re
ies being 10 and maximum iterations being 50. Parameters used in the dengue fever
model are [15], [16]:

Parameters Value
The recruitment rate (birth or immigration) of the human population � 3
The natural death rate of humans � h

1
(70 � 365)

The natural death rate of mosquitoes (adult phase)� m 0.0741
The natural death rate of mosquitoes (aquatic phase)� A 0.2
The average daily biting (per day) of the mosquito B 0.5
The transmission probability (per bite) from infected mosquitoes
to humans � mh 0.38
The transmission probability (per bite) from infected humans
to mosquitoes � hm 0.38
The number of eggs at each deposit per capita (per day)’ 3
The recovery rate of the human population � h 0.17
The maturation rate from larvae to adult mosquitoes (per day) � A 0.0541
The death by the disease rate of humans� h 0.000457

Table 1 : Parameters of the Dengue Fever Model.

The simulations of the optimal control dengue fever model can be seen in Figures 3-5,
while Figure 2 is the FA simulation.

Figure 2 shows the optimization process of the FA. At the �rst iteration, the positions
of �re
ies are random. In the optimization process, we update the brightness of �re
ies
so that the �re
ies move toward the brighter �re
y with the minimum �tness function.
Optimal weights obtained are W1 = 0 :641; W2 = 0 :110; W3 = 6 :040; W4 = 5 :581; W5 =
7:443; W6 = 1 :990 with the minimum �tness being 4:529� 1012.

Figure 3 shows the numerical solution for larvae with and without control. The
number of larvae with control is lower than that without control because of the abateseae
e�ect which decreases the number of larvae. The decreasement of larvae will cause the
decrease of the number of susceptible mosquitoes and infected mosquitoes.
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Initial Value Value
Susceptible humansSh (0) 39850
Infected humans I h (0) 50
Recovered humansRh (0) 100
Larvae Am (0) 50
Susceptible mosquitoesSm (0) 1500
Infected mosquitoesI m (0) 100

Table 2 : Initial Value of Dengue Fever Model.

Figure 2 : The FA Optimization Process.

Figure 3 : Numerical Solutions for Mosquitoes as a Vector. (a) Larvae. (b) Susceptible
Mosquitoes. (c) Infected Mosquitoes.

Figure 4(a) shows the numerical solution for susceptible humans with and without
control. The number of susceptible humans with control is lower than that without
control because of the vaccination e�ect which decreases the number of susceptible hu-
mans. Figure 4(b) shows the numerical solution for infected humans with and without
control. The number of infected humans with control is lower than that without control
because of the treatment e�ect which decreases the number of infected humans. Figure
4(c) shows the numerical solution for recovered humans with and without control. The
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number of recovered humans with control is higher than that without control because of
the vaccination and treatment e�ect which increases the number of recovered humans.

Figure 4 : Numerical Solutions for Humans as a Host. (a) Susceptible Humans. (b) Infected
Humans. (c) Recovered Humans.

Figure 5 shows the control function of vaccination, the control function of treatment
and the control function of abateseae. Each of the control functions has the range of
e�ectiveness between 0 to 1, where the value 0 means the control functions fail or are not
applied and the value 1 means the control functions are successfull or applied entirely.

Figure 5 : Control Function Solutions. (a) Vaccination. (b) Treatment. (c) Abateseae.

5 Conclusion

The FA can optimize the weights of the optimal control dengue fever model. From the
simulations, the positions of �re
ies are random. In the optimization process, we update
the brightness of �re
ies so that the �re
ies move toward the brighter �re
y with the
minimum �tness function. When the FA has obtained optimal weights related to the
number of infected humans, the number of larvae, the number of infected mosquitoes,
the cost of vaccination, the cost of treatment, and the cost of abateseae, respectively,
the optimal weights are applied in dengue fever simulation. Based on the parameters of
the dengue fever model, we can compare the numerical solutions for larvae, susceptible
mosquitoes, infected mosquitoes in the mosquito population and the susceptible humans,
infected humans, and recovered human in the human population when the vaccination,
treatment, and abateseae controls are applied.
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Abstract: The solvability of the semilinear parabolic problem with integral overde-
termination condition for an inverse problem is investigated in this work. Accord-
ingly, we solve the generated direct problem by using the so-called \energy inequality"
method and then the inverse problem is handled with the use of the �xed point tech-
nique.
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1 Introduction

The goal of this research was to investigate the solvability of a pair of functionsf y; f g
that satisfy the following semilinear parabolic problem:

yt � a
@2y
dx2 + by+ cy3 = f (t)h(x; t ); (x; t ) 2 
 � (0; T ); (1)

with the initial condition
y(x; 0) = ’ (x); x 2 
 ; (2)

the boundary condition

y(x; t ) = 0 ; (x; t ) 2 @
 � (0; T ); (3)
� Corresponding author: mailto:i.batiha@zuj.edu.jo
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and the nonlocal overdetermination condition
Z



y(x; t )v(x)dx = E (t); t 2 (0; T ); (4)

where 
 is a bounded domain of Rn with smooth boundary @
, the functions g, ’ ,
and E are well-known and � is a positive constant. In this case, supplementary or
additional information about the solution of the main problem comes in the form of
integral condition (4).

Inverse boundary value problems exist in a variety of domains, including seismology,
biology and physics [1,2]. Inverse problems for parabolic equations satisfying the nonlocal
overdetermination condition were �rst investigated in [3{5], whereas the references [6{8]
discussed this subject for equations with time-independent coe�cient under �rst and
third-order boundary conditions. Several solvability investigations of the inverse problem
and others were carried out in [9{12]. The theory of the existence and uniqueness of the
inverse problem has been examined by many authors, see [13{17] and also [18{20]. In
the present work, a new study for the inverse problem of a semilinear parabolic equation
is presented. The existence and uniqueness of the classical solution to problem (1)-(4)
are analysed by a �xed point technique.

2 Preliminaries

Let us now give certain notations and rules that we will use:

g� (t) =
Z



v(x)h(x; t )dx; Q = 
 � (0; T ):

We use also the well-known inequality (Cauchy’s" -inequality)

2jabj � "a2 +
1
"

b2; a; b2 R:

Lemma 2.1 (Gronwall’s Lemma) Let f 2 L 1 (0; T ), g 2 L 1(0; T ) and
f (t) � 0; g(t) � 0: If we have

f (t) � c +
Z �

0
f (s)g(s)ds;

then
f (t) � cexp(

Z �

0
g(s)ds):

Lemma 2.2 (Poincare Inequality) If 
 is bounded in at least one direction, then
there exists a constantc = c
 ;p > 0 such that

Z



jujpdx � c(

nX

i =1

Z



j

@u
@xi

jpdx);

or, what is equivalent,

kukL p (
) � c0kr uk(L p (
)) n ; 8u 2 W 1;p
0 (
) ;

where c0 is a constant dependant onc given by

c0 = c
1
p :
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3 Existence and Uniqueness of the Solution to the Direct Problem

3.1 Setting of the problem

In the rectangle Q = (0 ; 1) � (0; T ) = 
 � (0; T ), with T < 1 , we consider the semilinear
parabolic problem

(P )

8
>><

>>:

yt � a
@2y
dx2 + by+ cy3 = f (x; t ); (x; t ) 2 
 � (0; T );

y(x; 0) = ’ (x); x 2 
 ;
y(x; t ) = 0 ; (x; t ) 2 @
 � (0; T );

Ly = yt � a
@2y
dx2 + by+ cy3 = f (x; t ); (5)

with the initial condition

ly = y(x; 0) = ’ (x); x 2 
 ; (6)

and the Dirichlet boundary condition

y(x; t ) = 0 ; (x; t ) 2 @
 � (0; T ); (7)

where the functions f (x; t ) and y0(x) are known functions and a; b; care also given con-
stants that verify the following hypothesis:

A1 : a � 0; b � 0; c � 0:

The operator L is de�ned from E to F , where E is the Banach space, which contains all
functions y(x; t ) with �nite norms

kyj2E = kyk2
L 1 (0 ;T;L 2 (
)) + k

@y
@x

k2
L 2 (Q ) + kyk2

L 2 (Q ) + kyk4
L 4 (Q ) :

Besides,F represents the Hilbert space, which includes all elementsF = ( f; ’ ) for which
the norm

kFk2
F = kf k2

L 2 (Q ) + k’ k2
L 2 (
)

is �nite.

3.1.1 A priori estimate

Theorem 3.1 Let condition A1 be satis�ed. Then for any function y 2 D (L ), we
have the inequality

kykE � CkLy kF ;

whereC is a positive constant independent ofy and D (L ) denotes the domain of de�nition
of the operator L , which can be de�ned by

D (L ) = f y n y; yt ;
@y
@x

;
@2y
@x2

2 L 2(Q); y 2 L 4(Q)g:
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Proof. Taking the scalar product in L 2(Q) of (5) and My = y, we have

< Ly; My > L 2 (Q ) = <y t ; y > L 2 (Q ) � a <
@2y
dx2 ; y > L 2 (Q ) + b <y; y > L 2 (Q ) + c <y 3; y > L 2 (Q )

= < f; y > L 2 (Q ) :
(8)

Integrating (3.1.1) and applying Cauchy’s " -inequality yield

1
2

ky(:; � )k2
L 2 (
) + ak

@y
@x

k2
L 2 (Q ) + bkyk2

L 2 (Q ) + ckyk4
L 4 (Q )

�
1
2"

kf k2
L 2 (Q ) +

1
2

k’ k2
L 2 (
) +

"
2

Z T

0
kyk2

L 2 (
) dt:

Using Gronwall’s lemma and the fact that the right-hand side is not related to � , we
substitute the left-hand side with its upper bound with respect to � from 0 to T to
obtain

kyk2
L 1 (0 ;T;L 2 (
)) + k

@y
@x

k2
L 2 (Q ) + kyk2

L 2 (Q ) + kyk4
L 4 (Q ) � C(kf k2

L 2 (Q ) + k’ k2
L 2 (
) );

where

C =
max(

c0

2
;

c0

2"
)

min (
1
2

; a; b; c)
and c0 = exp(

"T
2

):

Consequently, we have
kykE � CkLy kF : (9)

Proposition 3.1 The operator L from E to F has a closure.

Proof. Let (yn )n 2 N � D (L ) be a sequence such that

yn �! 0 in E

and
Lyn �! (f; ’ ) in F: (10)

Herein, we should prove that

f � 0; ’ � 0 in F:

The convergence ofyn to 0 in E entails that

yn �! 0 in D 0(Q): (11)

According to the continuity of the derivation of D 0(Q) and the continuity distribution
of the function y2, relation (11) involves

Lyn �! 0 in D 0(Q): (12)

Also, the convergence ofLyn to f in L 2(Q) gives

Lyn �! f in D 0(Q): (13)
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By means of the uniqueness of the limit inD 0(Q), we can deduce from (12) and (13) that
f � 0. Therefore, it can be generated from (10) that

lyn �! ’ in L 2(
) :

On the other hand, we have

kyn kE � k yn k2
L 1 (0 ;T;L 2 (
)) ;

i.e.,
kyn kE � k ’ k2

L 2 (
) :

Immediately, we have
yn �! 0 in E;

which implies
kyn k2

E �! 0 in R:

So, we get’ � 0, and as a result, the operatorL is closable.

De�nition 3.1 Let L be the closure ofL and D (L ) be the de�nition domain of L .
The solution of the equation

Ly = F

is called a strong solution to problem (5)-(7). Then a priori estimate (9) can be extended
to the strong solution, i.e., we have the following inequality:

kykE � CkLy kF ; 8y 2 D (L ): (14)

Corollary 3.1 The range R(L ) of the operator L is closed in F and equal to the
closure R(L ) of R(L ).

Proof. First, we prove the uniqueness of the solution if it exists. Lety1 and y2 be
two di�erent solutions. If we put � = y1 � y2; then � satis�es

(P0)

8
>><

>>:

� t � a
@2�
@x2

+ c(y3
1 � y3

2) + b� = 0 ; (x; t ) 2 Q;

� (x; 0) = 0 ; x 2 
 ;
� (x; t ) = 0 ; (x; t ) 2 @
 � (0; T )

(15)

� t � a
@2�
@x2

+ c(y3
1 � y3

2) + b� = 0 ; (x; t ) 2 Q: (16)

By multiplying (16) by � and integrating the result over 
, we get
Z



� t (x; t ):� (x; t )dx � a

Z




@2�
@x2

:� (x; t )dx + c
Z



(y3

1 � y3
2)(y1 � y2)dx + b

Z



� 2(x; t )dx = 0 :

Consequently, we can get

1
2

d
dt

k� k2
L 2 (
) + ak

@�
@x

k2
L 2 (
) + bk� k2

L 2 (
) + c
Z



(y3

1 � y3
2)(y1 � y2)dx = 0 : (17)
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As the function � 3 is a monotone function over 
, we can conclude that the last term of
the left-hand side of (17) is positive, so it follows that

d
dt

k� k2
L 2 (
) � 0;

which implies that for all t 2 (0; T ), we have y1(t) = y2(t) in E . Now, we will return to
the proof of Corollary 3.1. To this end, we let z 2 R(L ). Then there exists a Cauchy
sequence (zn )n 2 N in R(L ) such that

lim
n �! + 1

zn = z:

So, there exists a corresponding sequence (yn )n 2 N in D (L ) such that Lyn = zn . Now, let
"; n � n0 and m; m0 2 N such that m � m0 and ym ; ym 0 are two solutions, i.e.,

Lym = f and Ly m 0 = f:

We put � = ym � ym 0 and we apply to � the same procedure that we used to
demonstrate the uniqueness of the solution in the previous step. This yields� = 0. It
means that for all t 2 (0; T ), we have

0 � k ym (t) � ym 0(t)kE � 0 (18)

$ 8 " � 0; 9n0 2 Nn8m; m0 � n0 : kym (t) � ym 0(t)kE � ":

As a result, (yn )n is a Cauchy sequence in the Banach spaceE . So, there isy 2 E such
that

lim
n �! + 1

yn = y:

By virtue of the de�nition of L (i.e., limn �! + 1 yn = y if lim n �! + 1 Lyn =
limn �! + 1 zn = z, and so limn �! + 1 Lyn = z as L is closed, which implies thatLy = z),
the function y veri�es

y 2 D (L ); Ly = z:

Thus z 2 R(L ), and so R(L ) � R(L ). In the same regard, we can also deduce that
R(L ) is closed because it is a Banach space. It remains to prove the reverse inclusion.
For this purpose, we observe thatz 2 R(L ), and then there exists a sequence of (zn )n in
F consisting of the elements of the setR(L ) such that

lim
n �! + 1

zn = z:

As a result, there exists a corresponding sequence (vn )n � D (L ) such that

lim
n �! + 1

Lvn = zn :

On the other hand, we have (vn )n is a Cauchy sequence inF . So, there isv 2 E such
that

lim
n �! + 1

vn = v; v 2 E:

This implies
lim

n �! + 1
Lvn = z:

Consequently,z 2 R(L ), and hence we conclude thatR(L ) � R(L ).
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3.1.2 Solvability of the direct problem

To prove the existence of the solution, we must prove thatR(L ) is dense in F for all
y 2 E and for arbitrary F = ( f; ’ ) 2 F:

Theorem 3.2 Suppose thatA1 is satis�ed. Then for each F = ( f; ’ ) 2 F , there is
a unique strong solutiony = L � 1F = L � 1F to problem (P).

Proof. First, we prove that R(L ) is dense inF for all y 2 D (L ) for the exceptional
case whenD (L ) is reduced to D0(L ), where

D0(L ) = f y; y 2 D (L ) : ly = 0g:

Proposition 3.2 Let the conditions of Theorem 3.2 be satis�ed. If for w 2 L 2(Q)
and for eachy 2 D0(L ), we have

Z

Q
Ly:wdxdt = 0 ; (19)

then w vanishes almost everywhere inQ.

Proof. The scalar product of F is de�ned as follows:

(Ly; W )F =
Z

Q
Ly:wdxdt; W = ( w; 0) 2 D (L ): (20)

If we put y = w, the equality (19) can be written as follows:
Z

Q
yt (t; x ):y(t; x )dxdt � a

Z

Q

@2y
@x2

:y(t; x )dxdt + b
Z

Q
y2(t; x )dxdt + c

Z

Q
y4(t; x )dxdt = 0 :

(21)
Integrating (21) by parts yields

ak
@y
@x

k2
L 2 (Q ) + bkyk2

L 2 (Q ) + ckyk4
L 4 (Q ) =

� 1
2

kyk2
L 2 (
) :

So, we can deduce thatkyk2
L 2 (Q ) � 0, i.e., y � 0 in Q, and hencew � 0. Now, we return

to the proof of Theorem 3.2. To this end, we suppose thatW = ( w; w1) 2 R? (L ). This
implies

(Ly; W )F =
Z

Q
Ly:wdxdt +

Z



ly:w1dx = 0 ; 8y 2 D (L ): (22)

By means of the last proposition and by putting y 2 D0(L ), we obtain w � 0. Thus,
(22) becomes Z



ly:w1dx = 0 ; 8y 2 D (L ): (23)

The range of the trace operatorl is dense in the Hilbert spaceF , then the equality (23)
implies that w1 = 0. As a result, we can conclude that W = 0, and this completes the
proof of Theorem 3.2.



256 A. BENGUESMIA et al.

4 Existence and Uniqueness of Solution of the Inverse Problem

In this section, we will suppose that the functions appearing in the problem data are
measurable and satisfy the following conditions:

(H )

8
>><

>>:

h 2 C(0; T; L2(
)) ; v 2 V = f v;
@v
@x

2 L 2(
) ; v 2 L 4(
) g; E 2 W 2
2 (0; T );

kh(x; t )k � m; jg� (t)j � r > 0; for r 2 R; (x; t ) 2 Q;
’ (x) 2 W 1

2 (
) :

:

The relation between f and y is given by the following linear operator:

A : L 2(0; T ) �! L 2(0; T ); (24)

with the value

Af (t) =
1
g� f a

Z




@y
@x

@v
@x

dx + c
Z



y3(t; x )v(x)dxg: (25)

As a result, the preceding relationship betweenf and y may be expressed as a second-
order linear equation for the function f over L 2(0; T ) such that

f = Af + �; (26)

where

� =
E 0+ bE

g� : (27)

Theorem 4.1 Assume that the input of data of the inverse problem (1)-(4) veri�es
condition (H). Then the following statements are equivalent:

� If the inverse problem (1)-(4) is solved, then so is equation (26).

� If equation (26) has a solution and the compatibility condition E (0) =R

 ’ (x)v(x)dx is true, then the inverse problem (1)-(4) has also a solution.

Proof.

� Assume that the inverse problem (1)-(4) is solved. We denote its solution byf y; f g.
Now, multiplying (1) by v and then integrating the result over 
 yield

d
dt

Z



y(t; x )v(x)dx + a

Z




@y
@x

@v
@x

dx + b
Z



y(x; t )v(x)dx + c

Z



y3(t; x )v(x)dx

= f (t)g� (t):
(28)

Using (4) and (24) implies
E 0+ bE

g� + Af = f:

This gives that f solves equation (26).
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� According to the assumption, the equation (25) has a solution, sayf . By substi-
tuting f into equation (1), the resulting relationships (1)-(3) can be then treated
as a direct problem with a unique solution. It is yet up to us to show that y veri�es
the integral overdetermination (4). By the equation (28), the function y is subject
to the following relation:

E 0+ bE + a
Z




@y
@x

@v
@x

dx + c
Z



y3(t; x )v(x)dx = f (t)g� (t): (29)

Subtracting equation (28) from (29) yields

d
dt

Z



y(t; x )v(x)dx + b

Z



y(x; t )v(x)dx = E 0+ bE: (30)

Now, integrating the above di�erential equation and using the compatibility con-
dition E (0) =

R

 ’ (x)v(x)dx lead us to the conclusion thaty satis�es the integral

condition (4). As a result, we can conclude thatf y; f g is the solution of the inverse
problem (1)-(4).

In what follows, we aim to introduce some properties connected to the operatorA.

Lemma 4.1 If (H1) holds, then there exists a positive� for which the operator A is
a contracting operator in L 2(0; T ).

Proof. We obtain from (25) the following estimate:

jAf (t)j2 �
2
r 2 [a2k

@y
@x

k2
L 2 (
) k

@v
@x

k2
L 2 (
) + 
 kvk2

L 4 (
) kyk4
L 4 (
) ];

where 
 = kyk2
L 1 (0 ;T;L 4 (
)) � 0. Now, integrating the above equality over (0; T ) yields

Z T

0
jAf (t)j2 �

2
r 2 max(a2k

@v
@x

k2
L 2 (
) ; 
 kvk2

L 4 (
) )
Z T

0
(k

@y
@x

k2
L 2 (
) + kyk4

L 4 (
) )dt: (31)

So, we get

kAf kL 2 (0 ;T ) � K (
Z T

0
(k

@y
@x

k2
L 2 (
) + kyk4

L 4 (
) )dt)
1
2 ;

where

K =
1
r

r
2max(a2k

@v
@x

k2
L 2 (
) ; 
 kvk2

L 4 (
) ):

By multiplying both sides of (1) by y in L 2(Q) and then by integrating the resulting
expression by parts with the use of Cauchy’s" -inequality and the Poincare inequality,
we get

1
2

kyk2
L 2 (
) + ( a �

c00"
2

)k
@y
@x

k2
L 2 (Q ) + bkyk2

L 2 (Q ) + ckyk4
L 4 (Q ) �

m2

2"
kf k2

L 2 (0 ;T ) +
1
2

k’ k2
L 2 (
) ;

(32)

with a �
c00"
2

> 0. With the help of passing to the maximum and omitting some terms,
we get Z T

0
(k

@y
@x

k2
L 2 (
) + kyk4

L 4 (
) )dt � M 0kf k2
L 2 (0 ;T ) ; (33)
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where

M 0 =

m2

2"

min (a �
c00"
2

; c)
:

It means that

 Z T

0
(k

@y
@x

k2
L 2 (
) + kyk4

L 4 (
) )dt

! 1
2

� M 00kf kL 2 (0 ;T ) ; (34)

where M 00=
p

M 0. Consequently, we get

kAf kL 2 (0 ;T ) � � kf kL 2 (0 ;T ) ; (35)

with � = KM 00. It is obvious from the above assertion that there exists a positive�
such that � � 1. Thus, inequality (35) demonstrates that the operator A is a contracting
mapping in L 2(0; T ).

Theorem 4.2 Let the compatibility condition E (0) =
R


 ’ (x)v(x)dx and the condi-
tion (H) hold. Then the following statements are correct:

� With any initial iteration f 0 2 L 2(0; T ), the following approximations are correct:

f n +1 = A f n ; (36)

which converge tof in the L 2(0; T; L2(0; T )) -norm.

� The inverse problem (1)-(4) has a unique solutionf y; f g.

Proof.

� We have the following operatorA : L 2(0; T ) �! L 2(0; T; L2(0; T )), which is de�ned
by

A f = Af +
E 0+ bE

g� ; (37)

where the operator A and the function g� come from (25). As a result of (36),
relation (26) can be expressed as

f = A f: (38)

As a result, it is su�cient to show that the operator A has a �xed point in the
spaceL 2(0; T; L2(0; T )) : Accordingly, we can have

A f 1 � A f 2 = Af 1 � Af 2 = A(f 1 � f 2):

From estimate (35), we can deduce that

kA f 1 � A f 2kL 2 (0 ;T ) � � kf 1 � f 2kL 2 (0 ;T;L 2 (0 ;T )) : (39)

Based on (38),A is a contracting mapping on L 2(0; T; L2(0; T )). As a result, A
has a unique �xed point f in L 2(0; T; L2(0; T )) and the successive approximations
(36) converge to f in L 2(0; T; L2(0; T ))-norm, which is independent of the initial
iteration f 0 2 L 2(0; T; L2(0; T )).
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� This demonstrates that equations (38) and (26) have a unique solutionf in
L 2(0; T; L2(0; T )) : The existence of a solution to the main problem is proved by
Theorem 4.1, but it has to be proven that this solution is unique. Using the
demonstration by contradiction, we assume that there are two distinct solutions
f y1; f 1g and f y2; f 2g to problem (1)-(4). First, we claim that f 1 6= f 2 almost ev-
erywhere on (0; T ). If f 1 = f 2, then by applying the uniqueness theorem to the
related direct problem (5)-(7), we �nd y1 = y2 almost everywhere inQ. Given that
both pairs have veri�ed (28), we infer that the functions f 1 and f 2 are two distinct
solutions to equation (38), which contradicts the uniqueness of the functions.

Corollary 4.1 If the conditions of Theorem 4.2 are satis�ed, then the solution f
varies continuously with respect to the data� of the equation (26).

Proof. Let � and # be two sets of data that satisfy the assumptions of Theorem
4.2 and let f and g be two solutions of the equation (26), which correspond to� and #,
respectively. As a result of (26), we have

f = Af + �; g = Ag + #:

By calculating the di�erence f � g and by using (35), we can have:

kf � gkL 2 (0 ;T;L 2 (0 ;T )) �
1

1 � �
k� � #kL 2 (0 ;T ) :

Therefore, the proof of this corollary is completed.

5 Conclusion

The novel contribution of this manuscript has been successfully made by investigating
the solvability of the semilinear parabolic problem with the integral overdetermination
condition for an inverse problem. In addition, we have solved the direct problem by using
the "energy inequality" method and accordingly, we have dealt with the inverse problem
by using the �xed point technique.
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Abstract: In the present paper, some new explicit bounds on solutions to a class of
new nonlinear retarded integral inequalities of Volterra-Fredholm type for the func-
tions of n-independent variables are established, which generalize some known integral
inequalities. The derived results can be used as useful tools in the study of certain
integral and di�erential equations of Volterra-Fredholm type. An application is given
to illustrate the usefulness of our results.

Keywords: delay integral inequality; Volterra-Fredholm type integral inequalities;
explicit bounds; n-independent variables.
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1 Introduction

It is well known that the Gronwall-Bellman integral inequality [3,8] and its various gener-
alizations which provide explicit bounds on unknown functions have played an important
role in the study of existence, uniqueness, boundedness, and other qualitative proper-
ties of solutions of di�erential equations, integral equations and have been applied in
the stability analysis of solutions to dynamic equations on time scale [1, 12]. Recently,
many authors have further improved more general forms of this inequality [2,4,6]. In the
past few decades, many such new interesting retarded integral inequalities of Volterra-
Fredholm type were established [10,15].
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In [13] and [14], respectively, Pachpatte has established the following useful linear
Volterra-Fredholm type integral inequalities with delay:

u(t) � k +
Z � ( t )

� ( t 0 )
a(t; s)

"

f (s)u(s) +
Z s

� ( t 0 )
c(s; � )u(� )d�

#

ds +
Z � (T )

� ( t 0 )
b(t; s)u(s)ds; (1)

u(x; y) � c +
Z � (x )

� (x 0 )

Z � (y )

� (y0 )
a(x; y; s; t )u(s; t)dtds +

Z � (M )

� (x 0 )

Z � (N )

� (y0 )
b(x; y; s; t )u(s; t)dtds:

(2)
In [11], Ma and Pe�cari�c discussed the following nonlinear retarded Volterra-Fredholm
integral inequality:

u(x; y) � k +
Z Z � (x )

� (x 0 )

Z � (x )

� (x 0 )
� 1(s; t)

h
f (s; t)! (u(s; t))

+
Z s

� (x 0 )

Z t

� (x 0 )
� 2(�; � )! (u(�; � )) d�d�

#

dtds

+
Z � (M )

� (x 0 )

Z � (M )

� (x 0 )
� 1(s; t)

h
f (s; t)! (u(s; t))

+
Z s

� (x 0 )

Z t

� (x 0 )
� 2(�; � )! (u(�; � )) d�d�

#

dtds: (3)

El-Deeb and Ahmed [5] have established the following useful Volterra-Fredholm type
integral inequality with delay which generalizes some results obtained in [9]:

! p(t) � c(t) +
Z � ( t )

a
g(s)! (s)ds +

Z b

a
f (s)! p(s)ds: (4)

However, in certain situations such as some classes of delay di�erential or integral equa-
tions of Volterra-Fredholm type, it is desirable to �nd some new delay inequalities in
order to achieve a diversity of desired goals. In this paper, we discuss a class of retarded
integral inequalities of Volterra-Fredholm type. We use some analysis techniques to get
the explicit estimations of the unknown function in the inequality. Finally, we give an
application to illustrate the usefulness of our results.

2 Main Results

Throughout this paper, we use the following notations: I = [ x0; T ] = I 1 � ::: � I n ,
where I i = [ x0

i ; Ti ], i = 1 ; :::; n, and x0 =
�
x0

1; :::; x0
n
�
, T = ( T1; :::; Tn ) 2 Rn , � =�

(x; s) 2 I 2 : x0 � s � x � T
	

. If x = ( x1; :::; xn ) and y = ( y1; :::; yn ) belong to Rn , we
write x � y (x < y ) if and only if x i � yi (x i < y i ), i = 1 ; :::; n. We also adopt the
notation x = ( x1; x2; :::; xn ) = ( x1; x1), where x1 = ( x2; :::; xn ), (x0)1 =

�
x0

2; :::; x0
n
�
, and

� D i = @
@xi ; i = 1 ; :::; n;

� dx1 = dxn :::dx2;

�
Rx

x 0 :::ds =
Rx 1

x 0
1

:::
Rx n

x 0
n

::::dsn :::ds1 =
Rx 1

x 0
1

Rx 1

(x 0 )1 ::::ds1ds1;
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�
R� (x )

� (x 0 ) :::ds =
R� 1 (x 1 )

� (x 0
1 ) :::

R� n (x n )
� (x 0

n ) :::dsn :::ds1:

In the following, we establish some new generalized Volterra-Fredholm type integral
inequalities in n-independent variables.

Theorem 2.1 Let u(x) 2 C (I; R+ ), f (x; s); 
 1(x; s); 
 2(x; s) 2 C (� ; R+ ) and
f; 
 1; 
 2 be nondecreasing inx for each s 2 I; � (x) = ( � 1(x1); :::; � n (xn )) 2 C1 (I; I ),
where � i (x i ) 2 C1 (I i ; I i ) are nondecreasing functions onI i with � i (x i ) � x i , i = 1 ; :::; n.
Let  ; !; ! 1 2 C(R+ ; R+ ) be nondecreasing withf  ; !; ! 1g (u) > 0 for u > 0, and

lim
u ! + 1

 (u) = + 1 and F1(v) =
Rv

v0

ds
! (  � 1 (s)) ! 1 (  � 1 (s)) , v � v0 > 0, F1(+ 1 ) = + 1 .

If u(x) satis�es

 (u(x)) � u0 +
Z � (x )

� (x 0 )

 1(x; s)! (u(s))

"

f (x; s)! 1(u(s)) +
Z s

� (x 0 )

 2(s; � )! 1(u(� ))d�

#

ds

+
Z � (T )

� (x 0 )

 1(x; s)! (u(s))

h
f (x; s)! 1(u(s))

+
Z s

� (x 0 )

 2(s; � )! 1(u(� ))d�

#

ds (5)

for x 2 I , where u0 � 0 is a constant and

H1(t) = F1(2t � u0) � F1(t) (6)

is increasing for t � u0, then

u(x) �  � 1

(

F � 1
1

 

F1

"

H � 1
1

 Z � (T )

� (x 0 )

 1(x; s)

"

f (x; s) +
Z s

� (x 0 )

 2(s; � )d�

#

ds

!#

+
Z � (x )

� (x 0 )

 1(x; s)

"

f (x; s) +
Z s

� (x 0 )

 2(s; � )d�

#

ds

!)

(7)

for x 2 I , F � 1
1 and H � 1

1 are the inverse functions ofF1 and H1, respectively.

Proof. Let u0 > 0 and �x any arbitrary X = ( X 1; :::; X n ) 2 I , then for x0 � x �
X � T , we de�ne a positive and nondecreasing functionz(x) on I by the right-hand side
of (5) for x 2 I , so we have

u(x) �  � 1 (z(x)) ; (8)

and

D1:::Dn z(x) � 
 1(X; � (x)) ! ( � 1 (z(� (x))))
h
f (X; � (x)) ! 1( � 1 (z(� (x))))

+
Z � (x )

� (x 0 )

 2(� (x); � )! 1( � 1 (z(� ))) d�

#

� 0(x)

� 
 1(X; � 1(x1); :::; � n (xn ))( !! 1)(  � 1 (z(� 1(x1); :::; � n (xn ))))
h
f (X; � 1(x1); :::; � n (xn )) +

Z � 1 (x 1 )

� 1 (x 0
1 )

:::
Z � n (x n )

� n (x 0
n )


 2(� (x); � 1; :::; � n )

d� n :::d� 1

i
� 0

1(x1):::� 0
n (xn ):
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So

D1:::Dn z(x)
(!! 1)(  � 1(z(x)))

� 
 1(X; � 1(x1); :::; � n (xn ))
h
f (X; � 1(x1); :::; � n (xn )) +

Z � 1 (x 1 )

� 1 (x 0
1 )

:::
Z � n (x n )

� n (x 0
n )


 2(� (x); :::; � n (xn ); � 1; :::; � n )d� n :::d� 1

#

� 0
1(x1) � ::: � � 0

n (xn );

then

Dn

�
D1:::Dn � 1z(x)

(!! 1)(  � 1(z(x)))

�
� 
 1(X; � 1(x1); :::; � n (xn ))

h
f (X; � 1(x1); :::; � n (xn )) +

Z � 1 (x 1 )

� 1 (x 0
1 )

:::
Z � n (x n )

� n (x 0
n )


 2(� 1(x1); :::; � n (xn ); � 1; :::; � n )

d� n :::d� 1

i
� 0

1(x1) � ::: � � 0
n (xn ): (9)

Keeping x1; :::; xn � 1 �xed in (9), setting xn = sn and integrating with respect to sn from
x0

n to xn , we get

D1:::Dn � 1z(x)
(!! 1)(  � 1(z(x)))

�
Z � n (x n )

� n (x 0
n )


 1(X; � 1(x1); ::::; � n � 1(xn � 1); sn )
h
f (X; � 1(x1); ::::; � n � 1(xn � 1); sn ) +

Z � 1 (x 1 )

� 1 (x 0
1 )

:::
Z sn

� n (x 0
n )


 2(� 1(x1); :::; � n � 1(xn � 1); sn ; � 1; :::; � n )

d� n :::d� 1

i
� 0

1(x1) � ::: � � 0
n � 1(xn � 1)dsn :

Repeating this, we �nd (after n � 1 steps)

D1z(x)
!! 1( � 1(z(x)))

�
Z � 2 (x 2 )

� 2 (x 0
2 )

:::
Z � n (x n )

� n (x 0
n )


 1(X; � 1(x1); s2; :::; sn )
h
f (X; � 1(x1); s2; :::; sn )

+
Z � 1 (x 1 )

� 1 (x 0
1 )

Z s2

� 2 (x 0
2 )

:::
Z sn

� n (x 0
n )


 2(� 1(x1); s2; :::; sn ; � 1; :::; � n )

d� n :::d� 1

i
� 0

1(x1)dsn :::ds2: (10)

Keeping x1 = ( x2; :::; xn ) �xed in (10), replacing x1 by s1 and then integrating with
respect to s1 from x0

1 to x1, we obtain

z(x) � F � 1
1

 

F1(z(x0
1; x1)) +

Z � (x )

� (x 0 )

 1(X; s )

"

f (X; s ) +
Z s

� (x 0 )

 2(s; � )d�

#

ds

!

(11)

for x 2 I . From the equation

z(x0
1; x1) = u0 +

Z � (T )

� (x 0 )

 1(X; s )! (u(s))

"

f (X; s )! 1(u(s)) +
Z s

� (x 0 )

 2(s; � )! 1(u(� ))d�

#

ds;
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we observe that

z(T ) = 2 z(x0
1; x1) � u0 = u0 + 2

Z � (T )

� (x 0 )

 1(X; s )! (u(s))

h
f (X; s )! 1(u(s))

+
Z s

� (x 0 )

 2(s; � )! 1(u(� ))d�

#

ds:

Using (11), we get

2z(x0
1; x1)� u0 � F � 1

1

 

F1(z(x0
1; x1)) +

Z � (T )

� (x 0 )

 1(X; s )

"

f (X; s ) +
Z s

� (x 0 )

 2(s; � )d�

#

ds

!

;

or

F1
�
2z(x0

1; x1) � u0
�

� F1(z(x0
1; x1)) �

Z � (T )

� (x 0 )

 1(X; s )

"

f (X; s ) +
Z s

� (x 0 )

 2(s; � )d�

#

ds;

(12)
then H1

�
z(x0

1; x1)
�

�
R� (T )

� (x 0 ) 
 1(X; s )
h
f (X; s ) +

Rs
� (x 0 ) 
 2(s; � )d�

i
ds. SinceH1 is increas-

ing, for t � u0, we get

z(x0
1; x1) � H � 1

1

 Z � (T )

� (x 0 )

 1(X; s )

"

f (X; s ) +
Z s

� (x 0 )

 2(s; � )d�

#

ds

!

: (13)

SinceX 2 I is chosen arbitrary, now substituting (13) into (11) and from (8), we obtain
the desired inequality (7). If u0 = 0, we carry out the above procedure with " > 0 instead
of u0 and subsequently let" ! 0. 2

Remark 2.1 For 
 1 = 1, 
 2 = 0,  (u) = ! 1(u) = u, ! (u) = 1 and x2 = ( x3; :::; xn )
�xed, inequality (5) reduces to inequality (2).

Remark 2.2 For  (u) = u, 
 1(x; s) = 
 1(s), 
 2(s; � ) = 
 2(� ), f (x; s) = f (s), ! (u) =
1 and x1 �xed, (5) reduces to (3). Further, for  (u) = u, 
 1(x; s) = 
 1(s), 
 2(s; � ) =

 2(� ), f (x; s) = f (s), ! (u) = 1 and x2 �xed, Theorem 2.1 reduces to Theorem 3.1 in [11].

Theorem 2.2 Let u; f; g; h 2 C (I; R+ ) and � (x) = ( � 1(x1); :::; � n (xn )) 2 C1 (I; I ),
where� i (x i ) 2 C1 (I i ; I i ) are nondecreasing functions onI i with � i (x i ) � x i ; i = 1 ; :::; n.
Let ! 1; ! 2; ! 3; ! 3

! 2
2 C(R+ ; R+ ) be nondecreasing with! i (u) > 0 (i = 1 ; 2; 3) for u > 0,

and

G1(r ) =
Z r

r 0

ds
! 1! 2(s)

; G2(r ) =
Z r

r 0

! 2
�
G� 1

1 (s)
�

ds
! 3

�
G� 1

1 (s)
� ; r � r 0 > 0; G1(1 ) = G2(1 ) = 1 ;

(14)

H1(u) = G2 (G1 (2u � u0)) � G2

 

G1(u) +
Z � (T )

� (x 0 )
f (s)g(s)ds

!

�
Z � (T )

� (x 0 )
f (s)

 Z s

� (x 0 )
h(� )d�

!

ds (15)
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is increasing, and H1(u) = 0 has a solutionc for u � u0. If u(x) satis�es

u(x) � u0 +
Z � (x )

� (x 0 )
f (s)! 1(u(s))

"

g(s)! 2 (u(s)) +
Z s

� (x 0 )
h(� )! 3(u(� ))d�

#

ds

+
Z � (T )

� (x 0 )
f (s)! 1(u(s))

"

g(s)! 2 (u(s)) +
Z s

� (x 0 )
h(� )! 3(u(� ))d�

#

ds; (16)

then

u(x) � G� 1
1

(

G� 1
2

"

G2

 

G1(c) +
Z � (x )

� (x 0 )
f (s)g(s)ds

!

+
Z � (x )

� (x 0 )
f (s)

 Z s

� (x 0 )
h(� )d�

!

ds

#)

(17)
for x 2 I , where G� 1

1 ; G� 1
2 are the inverse functions ofG1; G2, respectively.

Proof. Let u0 > 0 and z(x) denote the function on the right-hand side of (16), which
is positive and nondecreasing function onI: Then we have

u(x) � z(x); (18)

and

z
�
x0

1; x1�
= u0 +

Z � (T )

� (x 0 )
f (s)! 1(u(s))

"

g(s)! 2 (u(s)) +
Z s

� (x 0 )
h(� )! 3(u(� ))d�

#

ds:

Di�erentiating z(x) with respect to x, using (18), we have

D1:::Dn z(x) � � 0(x)f (� (x)) ! 1(z(� (x)))

"

g(� (x)) ! 2 (z(� (x))) +
Z � (x )

� (x 0 )
h(� )! 3(z(� ))d�

#

by the monotonicity of ! 1, ! 2, and z and the property of � . From the above inequality,
we have

D1:::Dn z(x)
(! 1! 2)(z(x))

� � 0(x)f (� (x))

"

g(� (x)) +
Z � (x )

� (x 0 )
h(� )

! 3(z(� ))
! 2 (z(� ))

d�

#

;

or

Dn

�
D1:::Dn � 1z(x)

! 1! 2(z(x))

�
� � 0

1(x1):::� 0
n (xn )f (� 1(x1); :::; � n (xn ))

h
g(� 1(x1); :::; � n (xn ))

+
Z � 1 (x 1 )

� 1 (x 0
1 )

:::
Z � n (x n )

� n (x 0
n )

h(� 1; :::; � n )
! 3(z(� 1; :::; � n ))
! 2 (z(� 1; :::; � n ))

d� n :::d� 1

#

:

Keeping x1; :::; xn � 1 �xed, integrating both sides of the above inequality from x0
n to xn ,

we obtain

D1::Dn � 1z(x)
! 1! 2(z(x))

�
Z � n (x n )

� n (x 0
n )

f (� 1(x1); :::; � n � 1(xn � 1); sn )
h
g(� 1(x1):::; � n � 1(xn � 1); sn )

+
Z � 1 (x 1 )

� 1 (x 0
1 )

:::
Z � n � 1 (x n � 1 )

� n � 1 (x 0
n � 1 )

Z sn

� n (x 0
n )

h(� 1; :::; � n )
! 3(z(� 1; :::; � n ))
! 2 (z(� 1; :::; � n ))

d� n :::d� 1

i
� 0

1(x1) � ::: � � 0
n � 1(xn � 1)dsn :
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Continuing this process, we obtain (after n � 1 steps)

D1z(x)
! 1! 2(z(x))

�
Z � 2 (x 2 )

� 2 (x 0
2 )

:::
Z � n (x n )

� n (x 0
n )

f (� 1(x1); s2; :::; sn )
h
g(� 1(x1); s2; :::; sn ) +

Z � 1 (x 1 )

� 1 (x 0
1 )

Z s2

� 2 (x 0
2 )

:::
Z sn

� n (x 0
n )

h(� 1; :::; � n )
! 3(z(� 1; :::; � n ))
! 2 (z(� 1; :::; � n ))

d� n :::d� 1

#

� 0
1(x1)ds1:

Integrating the above inequality from x0
1 to x1; using (14), we obtain

G1 (z(x)) � G1
�
z(x0

1; x1)
�

+
Z � (x )

� (x 0 )
f (s)

"

g(s) +
Z s

� (x 0 )
h(� 1; :::; � n )

! 3(z(� ))
! 2 (z(� ))

d�

#

ds

� G1
�
z(x0

1; x1)
�

+
Z � (X )

� (x 0 )
f (s)g(s)ds

+
Z � (x )

� (x 0 )
f (s)

 Z s

� (x 0 )
h(� 1; :::; � n )

! 3(z(� ))
! 2 (z(� ))

d�

!

ds (19)

for all x 2 [x0; X ], X 2 I , and X is chosen arbitrarily. Let v(x) denote the function on the
right-hand side of (19), which is positive and nondecreasing in each variablex 2 [x0; X ].

From (19), we have

z(x) � G� 1
1 (v(x)) ; 8x 2 [x0; X ]; (20)

v(x0
1; x1) = G1

�
z(x0

1; x1)
�

+
Z � (X )

� (x 0 )
f (s)g(s)ds:

Di�erentiating v(x) with respect to x, by the monotonicity of v; G� 1
1 , and ! 3

! 2
, the property

of � , and (20), we have

D1:::Dn v(x) � � 0(x)f (� (x))
! 3(G� 1

1 (v(x)))
! 2

�
G� 1

1 (v(x))
�

Z � (x )

� (x 0 )
h(� 1; :::; � n )d�

for all x 2 [x0; X ]. Then we have

! 2
�
G� 1

1 (v(x))
�

D1:::Dn v(x)
! 3(G� 1

1 (v(x)))
� � 0(x)f (� (x))

Z � (x )

� (x 0 )
h(� 1; :::; � n )d�;

Dn

 
! 2

�
G� 1

1 (v(x))
�

D1:::Dn � 1v(x)
! 3(G� 1

1 (v(x)))

!

� � 0(x)f (� (x))
Z � (x )

� (x 0 )
h(� 1; :::; � n )d�:

Keeping x1 �xed, integrating both sides of the above inequality with respect to x2; :::; xn ,
respectively, we obtain (after n � 1 steps)

! 2
�
G� 1

1 (v(x))
�

D1v(x)
! 3(G� 1

1 (v(x)))
�

Z � 2 (x 2 )

� 2 (x 0
2 )

:::
Z � n (x n )

� n (x 0
n )

f (� 1(x1); s2; :::; sn ) �
 Z � 1 (x 1 )

� 1 (x 0
1 )

Z s2

� 2 (x 0
2 )

:::
Z sn

� n (x 0
n )

h(� 1; :::; � n )d� n :::d� 1

!

ds1� 0
1(x):
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Integrating both sides of the above inquality from x0
1 to x1, using (14), we obtain

G2 (v(x)) � G2
�
v(x0

1; x1)
�

+
Z � (x )

� (x 0 )
f (s)

 Z s

� (x 0 )
h(� )d�

!

ds;

or

v(x) � G� 1
2

"

G2
�
v(x0

1; x1)
�

+
Z � (x )

� (x 0 )
f (s)

 Z s

� (x 0 )
h(� )d�

!

ds

#

; 8x 2 [x0; X ]: (21)

From (20) and (21), we have

z(x) � G� 1
1 (v(x)) � G� 1

1

(

G� 1
2

"

G2
�
v(x0

1; x1)
�

+
Z � (x )

� (x 0 )
f (s)

 Z s

� (x 0 )
h(� )d�

!

ds

#)

:

Substituting v(x0
1; x1) into the above inequality, and since X is chosen arbitrarily, we

have

z(x) � G� 1
1

(

G� 1
2

"

G2

 

G1
�
z(x0

1; x1)
�

+
Z � (x )

� (x 0 )
f (s)g(s)ds

!

+
Z � (x )

� (x 0 )
f (s)

 Z s

� (x 0 )
h(� )d�

!

ds

#)

: (22)

By the de�nition of z and the expression ofz
�
x0

1; x1�
, we have 2z

�
x0

1; x1�
� u0 = z(T ).

From (22), we have

2z
�
x0

1; x1�
� u0 � G� 1

1

(

G� 1
2

"

G2

 

G1
�
z(x0

1; x1)
�

+
Z � (T )

� (x 0 )
f (s)g(s)ds

!

+
Z � (T )

� (x 0 )
f (s)

 Z s

� (x 0 )
h(� )d�

!

ds

#)

; or

G2
�
G1

�
2z

�
x0

1; x1�
� u0

��
� G2

 

G1
�
z(x0

1; x1)
�

+
Z � (T )

� (x 0 )
f (s)g(s)ds

!

+
Z � (T )

� (x 0 )
f (s)

 Z s

� (x 0 )
h(� )d�

!

ds: (23)

By the de�nition of H1, the assumption of Theorem 2.2, and (23), we observe that

H1
�
z(x0

1; x1)
�

� 0 = H1 (c) : (24)

SinceH1 is increasing, from (18), (22), and (24), we have the desired estimation (17). If
u0 = 0, we carry out the above procedure with " > 0 instead of u0 and subsequently let
" ! 0. 2

Remark 2.3 If ! 2 = ! 3, and for x2 = ( x3; :::; xn ) �xed, G2(u) = u � u0, and
G� 1

2 (u) = u + u0, (17) is equivalent to

u(x) � G� 1
1

(

G1(c) +
Z � (x )

� (x 0 )
f (s)

"

g(s) +
Z s

� (x 0 )
h(� )d�

#

ds

)

:

Theorem 2.2 reduces to Theorem 3.1 in [11].
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Theorem 2.3 Let u; f; �; u 0 be as in Theorem2.1, a(x; s), b(x; s), c(x; s), g(x; s),
d(x; s) be the functions ofC (� ; R+ ) nondecreasing inx for each s 2 I , and 0 < p < 1
be a constant. If u(x) satis�es

u(x) � u0 +
Z � (x )

� (x 0 )
a(x; s)

"

f (x; s)u(s) +
Z s

� (x 0 )
b(s; � )u(� )d�

#

ds

+
Z � (T )

� (x 0 )
c(x; s)

"

g(x; s)up(s) +
Z s

� (x 0 )
d(s; � )up(� )d�

#

ds (25)

for x 2 I , and

exp

 Z � (T )

� (x 0 )

 �

1 (x; s)

"

f � (x; s) +
Z s

� (x 0 )

 �

2 (s; � )d�

#

ds

!

< 2; (26)

then

u(x) �

( �
1 + ( c)1� p

�
exp

 

(1 � p)
Z � (x )

� (x 0 )

 �

1 (x; s)

"

f � (x; s) +
Z s

� (x 0 )

 �

2 (s; � )d�

#

ds

!

� 1
o 1

1 � p
(27)

for x 2 I , where c is the solution of the equation

H2(t) =
1

1 � p
ln

1 + (2 t � u0)1� p

1 + t1� p �
Z � (T )

� (x 0 )

 �

1 (x; s)

"

f � (x; s) +
Z s

� (x 0 )

 �

2 (s; � )d�

#

ds = 0

(28)
for t � u0, where 
 �

1 (x; s) = max f a(x; s); c(x; s)g, f � (x; s) = max f f (x; s); g(x; s)g, and

 �

2 (x; s)) = max f b(x; s); d(x; s)g.

Proof. Let W 2 C(R+ ; R+ ) so that W (u) = u + up is nondecreasing, so it is obvious
that u; up � W (u). From (25) and the assumptions, we get

u(x) � u0 +
Z � (x )

� (x 0 )

 �

1 (x; s)

"

f � (x; s)W (u(s)) +
Z s

� (x 0 )

 �

2 (s; � )W (u(� )) d�

#

ds

+
Z � (T )

� (x 0 )

 �

1 (x; s)

"

f � (x; s)W (u(s)) +
Z s

� (x 0 )

 �

2 (s; � )W (u(� )) d�

#

ds:

Fix any arbitrary X = ( X 1; :::; X n ) 2 I , then for x0 � x � X � T , de�ne a positive and
nondecreasing functionz(x) on I by

z(x) = u0 +
Z � (x )

� (x 0 )

 �

1 (X; s )

"

f � (X; s )W (u(s)) +
Z s

� (x 0 )

 �

2 (s; � )W (u(� )) d�

#

ds

+
Z � (T )

� (x 0 )

 �

1 (X; s )

"

f � (X; s )W (u(s)) +
Z s

� (x 0 )

 �

2 (s; � )W (u(� )) d�

#

ds;

so we haveu(x) � z(x), by the same steps as in the proof of Theorem 2.1, we obtain

z(x) � F � 1
2

 

F2(z(x0
1; x1)) +

Z � (x )

� (x 0 )

 �

1 (x; s)

"

f � (x; s) +
Z s

� (x 0 )

 �

2 (s; � )d�

#

ds

!

; (29)
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where
F2(v) =

Z v

v0

ds
W (s)

=
Z v

v0

ds
s + sp =

1
1 � p

ln
1 + v1� p

1 + v1� p
0

; v � v0 > 0; (30)

then
F � 1

2 (v) =
h�

1 + v1� p
0

�
exp ((1 � p) v) � 1

i 1
1 � p

: (31)

We have

H2(t) = F2 (2t � u0) � F2(t) �
Z � (T )

� (x 0 )

 �

1 (x; s)

"

f � (x; s) +
Z s

� (x 0 )

 �

2 (s; � )d�

#

ds;

so

H2(t) =
1

1 � p
ln

1 + (2 t � u0)1� p

1 + t1� p �
Z � (T )

� (x 0 )

 �

1 (x; s)

"

f � (x; s) +
Z s

� (x 0 )

 �

2 (s; � )d�

#

ds;

so we have
H2

0(t) =
u0 + 2 tp � (2t � u0)p

[2t � u0 + (2 t � u0)p] (t + tp)
> 0 (32)

for t � u0 and

H2(u0) = �
Z � (T )

� (x 0 )

 �

1 (x; s)

"

f � (x; s) +
Z s

� (x 0 )

 �

2 (s; � )d�

#

ds < 0; (33)

and from (26), we get

lim
t ! + 1

H2(t) = ln 2 �
Z � (T )

� (x 0 )

 �

1 (x; s)

"

f � (x; s) +
Z s

� (x 0 )

 �

2 (s; � )d�

#

ds > 0: (34)

By (32)-(34), we obtain that (28) has a unique solution c > u 0. Now by (29), (30) and
(31), we get (27). 2

3 Application

In this section, we apply our results to obtain the estimate of the solution of the retarded
Volterra-Fredholm integral equation with delay in n-independent variables.

Example 3.1 . Consider the following di�erential boundary value problem system in
n-independent variables

�
D1:::Dn z(x) = D1:::Dn f (x) + A (x; s; z (s � � (s))) + B (x; s; z (s � � (s))) ;

z(x1; :::; xn � 1; x0
n ) = f (x1; :::; xn � 1; x0

n ); :::; z(x0
1; :::; xn ) = f (x0

1; :::; xn ); (35)

where z; f 2 C1 (I; R) ; A; B 2 C(� � R; R), I =
�
x0; T

�
� Rn ,

� =
�

(x; s) 2 I 2 : x0 � s � x � T
	

� Rn and � 2 C1(I; I ) is nonincreasing onI such
that � (x) = ( � 1(x1); :::; � n (xn )), x i � � i (x i ) � 0, � 0

i (x i ) < 1, and � i (x0
i ) = 0 for i =

1; :::; n, x = ( x1; :::; xn ), x0 =
�
x0

1; :::; x0
n
�

2 Rn . Integrating both sides of (35) with
respect to x1; :::; xn , respectively, we obtain (after n steps)

z(x) = f (x) +
Z x

x 0
A (x; s; z (s � � (s))) ds +

Z T

x 0
B (x; s; z (s � � (s))) ds: (36)
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Theorem 3.1 Assume that the functionsf; A; B in (36) satisfy the conditions

jf (x)j � u0; (37)

jA(x; s; z)j � a(x; s) jzj ; (38)
jB (x; s; z)j � b(x; s) jzjp ; (39)

where u0, a(x; s), b(x; s) are as in Theorem 2.3, 0 < p < 1 is a constant. Let

M i = max
x i 2 I i

1
1 � � 0

i (x i )
; i = 1 ; :::; n; (40)

and

exp

 

M
Z � (T )

� (x 0 )

 (x; s)ds

!

< 2; (41)

where M = M 1 � ::: � M n ; � (x) = x � � (x) 2 C1(I; I ) is increasing on I ,

 (x; s) = max

�
a(x; � � 1(s)) ; b(x; � � 1(s))

	
. If z(x) is a solution of (35) on I , then

jz(x)j �

( �
1 + ( c3)1� p

�
exp

 

(1 � p)M
Z � (x )

� (x 0 )

 (x; s)ds

!

� 1

) 1
1 � p

(42)

for x 2 I , where c3 is the solution of the equation
�

H3(t) =
1

1 � p
ln

1 + (2 t � u0)1� p

1 + t1� p � M
Z � (T )

� (x 0 )

 (x; s)ds = 0 ; t � u0:

Proof. Using the conditions (37)-(39) for (36), we have

jz(x)j � u0 +
Z x

x 0
a(x; s) jz(s � � (s)) j ds +

Z T

x 0
b(x; s) jz(s � � (s)) jp ds

� u0 +
Z x

x 0
a(x; s) jz(� (s)) j ds +

Z T

x 0
b(x; s) jz(� (s)) jp ds;

with a suitable change of variables and using (40), we get

jz(x)j � u0 + M
Z � (x )

� (x 0 )
a(x; � � 1(s)) jz(s)j ds + M

Z T

x 0
b(x; � � 1(s)) jz(s)jp ds

� u0 + M
Z � (x )

� (x 0 )

 (x; s) jz(s)j ds + M

Z T

x 0

 (x; s) jz(s)jp ds (43)

for x 2 I . The application of Theorem 2.3, with f = g = 1, b = d = 0, to (43) yields
(42). 2

Remark 3.1 In (35), if we replace R by any time scale T , we obtain a dynamic
boundary value problem system as follows:

�
z� 1 ::: � n (x) = f � 1 ::: � n (x) + A (x; s; z(s)) + B (x; s; z(s)) ;

z(x1; :::; xn � 1; x0
n ) = f (x1; :::; xn � 1; x0

n ); :::; z(x0
1; :::; xn ) = f (x0

1; :::; xn ); (44)

(44) can be restated as follows:

z(x) = f (x) +
Z x

x 0
A (x; s; z (s)) � s +

Z T

x 0
B (x; s; z (s)) � s;

which can be applied in the dynamic analysis of stability of solutions to dynamic Volterra-
Fredholm integral equations on time scales.
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4 Conclusion

Some new generalized Gronwall-Bellman-Volterra-Fredholm type nonlinear integral in-
equalities with delay have been established in this paper, which extend some known
results obtained in [11,14]. In the last section, to illustrate the usefulness of our results,
we give an application to the research of boundedness of solutions of certain Volterra-
Fredholm integral equations in n-independent variables.
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1 Introduction

Chaos is one of the few concepts in mathematics that cannot usually be de�ned in
a word or statement. The study of chaos has been rapidly developed since Lorenz’s
in
uential book [7], and Li and York’s pioneer paper [8]. R. L. Devaney has been provided
one of the most popular and accepted de�nitions of chaos, in which chaotic systems
exhibit a sensitive dependence on the initial conditions, topological transitivity, and
dense periodic orbits [2]. Recently, there has been an increasing interest in controlling
and utilizing chaos, particularly among the physicists, mathematicians, engineering and
technological communities. The noun \chaos" and the adjective \chaotic" are used to
describe the time behavior of a system when this behavior is a sensitive dependence on
the initial conditions, aperiodic (it never exactly repeats), and apparently random or
\noisy". The key word here is apparently. Underlying this apparent chaotic randomness
is an order determined, in some sense, by the equation describing the system [7{9,11]. The
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combination of optimization methods and fundamentals of chaotic systems has attracted
an increased interest in various �elds in recent years. The chaos optimization algorithm
is a new global optimization, which used chaotic variables directly in the search for the
optimal solution. Referring to the properties of chaotic systems, it is clear that the
ergodicity, self-similarity, regularity, and intrinsic stochastic property of chaos make it
more possible to obtain the global optimal solution by the chaos optimization than by
the method adopted before. It can more easily escape from local minima than other
stochastic algorithms. The optimization algorithms based on the chaos theory are search
methodologies that di�er from any of the existing traditional stochastic optimization
techniques [2{4, 13]. So, the chaos optimization algorithm (COA) is used to greatly
reduce computational cost and select the optimal threshold value, and �nally, to enhance
segmentation performance [5, 6, 12]. The paper is organized as follows: in the next
section, we introduce the proposed approach with a new strategy based on two phases
of global/local chaotic search using the Gingerbreadman map. In Section 2, illustrative
examples with the discussion of the results are presented and conclusions are o�erred.

2 The Principal of Chaos Optimization

Non-linear systems with complex dynamics have lately been the subject of intense re-
search and exploration, giving birth to chaos theory. Chaotic systems are deterministic
systems that exhibit irregular behavior and sensitive dependence on the initial conditions.
Chaos theory studies the behavior of systems that follow deterministic laws but appear
random and unpredictable, i.e., dynamical systems. Chaotic variables can go through
all states in certain ranges according to their own regularity without repetition [8]. A
chaotic map is a map that exhibits some type of chaotic behavior. In this work, we
applied a chaotic map that is common in the literature, namely, the Gingerbreadman
map. The mathematical form of a chaotic two-dimensional map, which maps the unit
square I � I , where I = [0 ; 1], onto itself in a one-to-one manner, is chosen.
Later on, we will use this map in the chaotic searches.

2.1 Chaos model

In most COA methods [3], chaos variables are generated by the logistic map [1,2]. It is
possible to change the form of this map to obtain other chaotic attractors, but in this
paper, we assume a Gingerbreadman two-dimensional discrete map can generate chaos
variables. The Gingerbreadman map is a discrete-time dynamical system [9{11]. It is
one of the most studied examples of dynamical systems that exhibit chaotic behavior.
The Gingerbreadman map takes a point (xn ; yn ) on the plane and maps it to a new point

(
y1(k) = 1 � a(y1(k � 1))2 + by(k � 1);
y(k) = y1(k � 1);

(1)

wherek is the iteration number. In this work, the values of y are normalized in the range
[0; 1] to each decision variable in the uni-dimensional space of the optimization problem.
This transformation is given by

zi (k) =
(x i (k) � L i )

(Ui � L i )
:
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Figure 1 : A chaotic Gingerbreadman attractor obtained for a = 1 and b = 1.

The parameters used in this work area = 1 and b = 1, these values are suggested by
(1). An example of the evolution of a new map is shown in Fig.1. The properties of
stochastic sensitivity to the initial value and ergodicity of the two-dimensional map (1)
are expressed in Fig.1 by iterating 1000 times.

3 Design of the Algorithm

Recently, the idea of using chaotic sequences instead of random sequences has been
noticed in the research �eld such as chaos optimization. Li and Jiang [3] presented
a chaos optimization algorithm (COA) that can solve complex optimization problems.
The most important advantages of the COA are summarized as: easy implementation,
short execution time, and speed-up of the search. Observations, however, reveal that the
COA also has some problems including: (i) the COA is e�ective only for small decision
spaces; (ii) the COA easily converges in the early stages of the search process [8]. Figure
2 shows the 
owchart of the proposed algorithm.

Consider the following optimization problem on the minimum of functions. If the
target function f (x i ) is continuous and di�erentiable, the object problem to be optimized
is �nd x i to minimize f (x i ); x i 2 [L i ; Ui ]; i = 1 ; 2; :::; n.

The main procedures of this algorithm are shown as follows:
Input :

M g : maximum number of iterations of the global search.
M l : maximum number of iterations of the local search.
M l + M g : stopping criterion of the chaotic optimization method in iterations.
� : step size in the chaotic local search.

Output :
X � : best solution from the current run of the chaotic search.
f � : best objective function (minimization problem).
Then the basic steps of the chaos optimization algorithm based on the chaos variable
from chaos map (1) are expressed as follows [2]:
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Figure 2 : Diagram of the COA.

3.1 Step-size control

It is well-established that the convergence of a chaos optimization algorithm directly
depends on how it controls the step size. Moreover, the step-size control in
uences to a
large extent the rate at which a chaos optimization algorithm approaches the optimum.
The step-size adaptation mechanisms are all based on the idea that the smaller the step
size, the higher the probability of sampling good solutions.

4 Numerical Results

In order to verify the typical function of this paper to optimize the e�ectiveness of the
algorithm, the 4-target function expression is as follows [14,15]:
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1. F1 is the Rosenbrock function,

F1 = 100(x2
1 � x2)2 + (1 � x1)2: (2)

� Search domain : � 2:048 � x i � 2:048; i = 1 ; 2:

� Number of local minima : no local minima except the global one.

� The global minima : �x = (1 ; 1); f (�x) = 0 :

Figure 3 : The Rosenbrock function.
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2. F2 is the Goldstein-Price function,

F2 = (1 + ( x1 + x2 + 1) 2(19 � 14x1 + 3x2
1 � 14x2 + 6x1x2 + 3x2

2))
(30 + (2x1 � 3x2)2(18 � 32x1 + 12x12 + 48x2 � 36x1x2 + 27x2

2)) : (3)

� Search domain : � 2 � x i � 2; i = 1 ; 2:
� Number of local minima: several local minima.
� The global minima : �x = (0 ; 1); f (�x) = 3 :

Figure 4 : The Goldstein-Price function.

3. F3 is the Easom function,

F3 = � cos(x1)cos(x2)exp(� (x1 � pi)2 � (x2 � pi)2): (4)

� Search domain : � 10 � x i � 10; i = 1 ; 2:
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� Number of local minima : several local minima.

� The global minima : �x = ( �; � ); f (�x) = � 1:

Figure 5 : The Easom function

4. F4 is the Scha�er function,

F4 = � 0:5 + (
((sin

p
(x2

1 + x2
2))2 � 0:5)

(1 + :001(x2
1 + x2

2))2 ): (5)

� Search domain : � 4 � x i � 4; i = 1 ; 2:

� Number of local maxima : in�nite local maxima.

� The global maximum: �x = (0 ; 0); f (�x) = � 1:
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Figure 6 : The Scha�er function.

Function F1 is the Rosenbrock function, which has global minima �x = (1 ; 1), and
optimal objective function value F1(�x) = 0. The function F2 is the Goldstein-Price
function, which has in�nite local minima and one global minimum �x = (0 ; 1); F2(�x) = 3.
The function F3 is the Easom function, which has many local minima and one global
minimum �x = ( � �; � ) and F3(�x) = � 1. The function F4 is the Scha�er function, which
has in�nite local maxima and one global maximum �x = (0 ; 0), and F4(�x) = � 1. These
four nonlinear multimodal functions are often used to test the convergence, e�ciency,
and accuracy of the optimization algorithms [3].

During the chaotic local search, the step size� is an important parameter in the
convergence behavior of the optimization method, which adjusts small ergodic ranges
around. The step size� is employed to control the impact of the current best solution on
the generating of a new trial solution. A small � tends to perform exploitation to re�ne
results by local search, while a large one tends to facilitate a global exploration of search



NONLINEAR DYNAMICS AND SYSTEMS THEORY, 23 (3) (2023) 273{282 281

space [2,13]. A suitable value for the step size� usually provides a balance between global
and local exploration abilities and consequently, a reduction of the number of iterations
required to locate the optimum solution.

In this work, using the same number of function evaluations :M g + M l , we perform
50 runs with di�erent initial conditions for the mapping of the tested values of step size in
the chaotic optimization method based on the Gingerbreadman map which are described
as follows:

� � = 0 :1;M g = 2200;M l = 300.

Best Value Mean Value Std. Dev ( �x1; �x2) Time
F1 0.0000 0.0003 0.0003 (0.9913, 0.9831) 33.9249s
F2 3.0031 3.0031 0.0000 (0.0032, -0.9978) 34.4000s
F3 -0.9961 -0.9961 0.0000 ( 3.1364 , 3.0906) 37.6054s
F4 -0.9993 -0.9989 0.0001 (-0.0310, 0.0080) 35.6340s

Table 1 : The COA based on the Gingerbreadman map.

� � = 0 :001;M g = 2200;M l = 300.

Best Value Mean Value Std. Dev ( �x1; �x2) Time
F1 0.0000 0.0000 0.0000 (1.0001, 1.0002) 33.8875s
F2 3.0000 3.0000 0.0000 (-0.0001, -1.0001) 33.9260s
F3 -1.0000 -0.9997 0.0001 (3.1438 , 3.1411) 37.1161s
F4 -0.9999 -0.9998 0.0001 (-0.0006, -0.0017) 35.7883s

Table 2 : The COA based on the Gingerbreadman map.

� 0:001 � � � 0:1;M g = 2200;M l = 300.

Best Value Mean Value Std. Dev ( �x1; �x2) Time
F1 0.0000 0.0001 0.0001 (1.0044, 1.0088) 35.2739s
F2 3.0000 3.0027 0.0010 ( 0.0024, -0.9985) 35.4629s
F3 -0.9994 -0.9963 0.0008 ( 3.1374 , 3.0952) 38.2361s
F4 -0.9996 -0.9989 0.0001 (-0.0290 , 0.0063) 36.9733s

Table 3 : The COA based on the Gingerbreadman map.

5 Conclution

The chaos optimization method based on the Gingerbreadman map (COGM methodolo-
gies) was successfully validated for testing four di�erent cost functions. From the case
studies and comparison of the results through three tested COGM approaches it has
been shown that the parameter of step size� is essential for the good convergence pro-
�le. In this context, the parameter � regulates the trade-o� between the global and local
exploration abilities of the chaotic local search. However, the future works will include a
detailed study of self-adaptive heuristics for the step size design.
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Abstract: This paper reports on a novel chaotic system with three nonlinearities.
Firsltly, some properties of the system are studied including equilibrium points and
their stability, the Lyapunov exponent and Kaplan-Yorke dimension. Also, the sys-
tem dynamics are studied by numerical mathematical tools, namely, the Lyapunov
exponent spectrum, bifurcation diagrams and 0-1 test. Also, we have studied a type
of synchronization, a full-state hybrid projective synchronization (FSHPS), between
master and slave chaotic systems. We design suitable controllers to achieve this type
of synchronization by using the Lyapunov stability criteria of the integer-order linear
system. Finally, the e�ectiveness of the proposed scheme for this type of synchroniza-
tion is demonstrated by an illustrative example with numerical simulation in Matlab.

Keywords: chaotic system; strange attractor; Lyapunov exponent; Lyapunov stabil-
ity theory; adaptive control; synchronization.
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1 Introduction

In the �elds of nonlinear systems dynamics and Chaos theory, a chaotic system is a non-
linear deterministic system that displays a complex, unpredictable behavior and extreme
sensitivity to initial conditions. Chaotic systems are applied in many disciplines such as
biology, ecology, economics, science and engineering [1-4], etc. They have many di�erent
and common application areas such as neural networks, image and sound encryption,
robotics, cryptography and secure communication [5-13]. In 1963, Lorenz discovered the
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�rst 3-d chaotic system [14]. After that, several chaotic systems have been designed by
many researchers, they are: the Rossler, Chen, Zhou, Vaidyanathan, Yu-Wang, Han-
nachi systems [15-20], etc. After the work done by Pecora and Carroll [21], the chaos
synchronization between chaotic systems has been extensively studied by di�erent the-
oretical and experimental methods and due to the powerful and multiple applications
of synchronization using chaotic systems in various �elds such as secure communication,
telecommunication, cryptography and encryption [22-26], the study of chaos and syn-
chronization in dynamical systems has attracted a considerable attention, and an intense
competition has begun among researchers for �nding new chaotic systems and developing
di�erent types and methods of synchronization for those systems. The synchronization
of chaotic systems has been presented in diverse works, where di�erent techniques were
employed to synchronize two chaotic systems. In recent years, we �nd that diverse types
and methods of synchronization have been developed, among them there are the active
control [27-28], sliding mode control [29-31], backstepping control [32], adaptive control
[33-36], function projective synchronization [37], modi�ed projective synchronization [38],
hyprid projective synchronization [39], full state hybrid projective synchronization [40],
inverse full state hybrid projective synchronization [41]. In this work, a new 3-D chaotic
system with three nonlinearities is introduced. Basic dynamical properties of this new
chaotic system are studied, namely, the equilibrium points and their stability, dissipa-
tivity and Lyapunov exponent, Lyapunov exponent spectrum, Kaplan-Yorke dimension,
bifurcations. Also, we have studied a type of synchronization, a full-state hybrid pro-
jective synchronization (FSHPS), using the new systems. We design suitable controllers
to achieve this type of synchronization by using the Lyapunov stability criteria of the
integer-order linear system. Finally, the e�ectiveness of the proposed scheme for this type
of synchronization is demonstrated by an illustrative example with numerical simulation
in Matlab.

This paper is organized as follows. In Section 2, a description of the novel chaotic
system is given. In Sections 3, the FSHP synchronization using the new chaotic sys-
tem is investigated. The new system and another new system are used in Section 4 to
demonstrate the e�ectiveness of the proposed method. Finally, the conclusion is given
in Section 4.

1.1 Description of the novel chaotic system

A novel 3-D autonomous chaotic system is expressed as follows:

8
<

:

dx
dt = a(y � x);
dy
dt = cx � y � xz;
dz
dt = exy � y2 � bz;

(1)

where x; y; z are the state variables anda; b; care the positive real parameters:
There are eight terms on the right-hand side but it mainly relies on three nonlineari-

ties, namely, exy , y2 and xz, respectively.
System (1) can generate a new double scroll strange attractor for the parameters

a = 10; b = 3 ; c = 35 with the initial conditions [1 ; 1; 1] as displayed in Figs.2-3. We
note the new chaotic attractor is di�erent from that of the Lorenz system or any existing
systems.
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1.2 Basic properties

In this section, some basic properties of the system (1) are given. We start with the
equilibrium points of the system and check their stability at the initial values of the
parametersa; b; c:

1.3 Equilibrium points

Put the equations of the system (1) equal to zero, i.e.,
8
<

:

a(y � x) = 0 ;
cx � y � xz = 0 ;
exy � y2 � bz = 0 :

(2)

A simple calculation yields the unique equilibrium point

p1 =
�

0; 0;
1
3

�
: (3)

1.4 Stability

In order to check the stability of the equilibrium points, we derive the Jacobian matrix
at a point p (x; y; z) of the system (1):

J (p) =

0

@
� a a 0

c � z � 1 � x
yexy � 2y + xexy � b

1

A : (4)

For p1, we obtain three eigenvalues:

� 1 =
1
6

p
3
p

4403�
11
2

; � 2 = �
1
6

p
3
p

4403�
11
2

; � 3 = � 3: (5)

Since all the eigenvalues are real, the Hartma-Grobman theorem implies thatp1 is a
saddle point which is unstable according to the Lyapunov theorem on stability.

1.4.1 Lyapunov exponents and Kaplan-Yorke dimension

For the chosen parameter values ofa; b; c; the Lyapunov exponents of the novel chaotic
system (1) are obtained using Matlab with the initial conditions ( x (0) ; y (0) ; z (0)) =
(1; 1; 1) as

L 1 = 0 :955333; L 2 = � 0:00158345; L 3 = � 14:9537: (6)

Since the spectrum of Lyapunov exponents (6) has a maximal positive valueL 1; it
follows that the 3-D novel system (1) is a chaotic system. Moreover, the sum of all
the Lyapunouv exponents is negative, which implies that the system is dissipative. The
Kaplan-Yorke dimension of system (1) is calculated as

DKL = 2 +
L 1 + L 2

jL 3j
= 2 :0638: (7)

The Lyapunov exponents spectrum and the chaotic attractor of system (1) in 2-D and
3-D are shown in Figs.1-3.



286 FAREH HANNACHI AND RAMI AMIRA

0 200 400 600 800 1000
-25

-20

-15

-10

-5

0

5

10

Time (sec)
Ly

ap
un

ov
 E

xp
on

en
ts

Figure 1 : Lyapunov exponents spectrum.
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Figure 2 : Chaotic attractor of system (1) in the x-y and x-z plane.
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Figure 3 : 3-D view of the chaotic attractor of system (1) in the x-y-z and y-x-z space.

2 Dynamics of the System

In this section, we investigate numerically the dynamical behavior of the system (1) using
the largest Lyapunov exponents spectrum and bifurcation diagrams.

Figs.4-6 show the largest Lyapunov exponents spectrum and the bifurcation diagrams
of system (1) with respect to the parameters a, b, c, respectively. Obviously, whena 2
[0; 20], b 2 [0; 10], c 2 [20; 40], the behavior of system (1) is either chaotic, periodic or con-
verges to an equilibrium. When a 2 ]1:07; 1:3][ ]4; 8:7[[ ]9:3; 11:2[, b 2 [2:6; 3:2] [ [3:5; 10],
c 2 [22:23; 22:6][ [23; 40], the maximum Lyapunov exponent is positive, implying that the
new system (1) is chaotic in this range of parameters. Fora 2 [11:47; 20], b 2 [1:25; 2:5],
c 2 [20; 21:9], the maximum Lyapunov exponent almost always equals zero, imply-
ing that the new system (1) has a periodic orbit. The maximum Lyapunov expo-
nent is negative whena 2 [0; 1:06] [ [1:43; 4[[ ]11:2; 11:46[, b 2 [2:3267697; 2:3886929][
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[3:2490194; 3:2743673][ [3:3644489; 3:437006][ [3:4626194; 3:4800358], c 2 ]21:9; 22] [
[22:8; 22:87], which means that the trajectories of the new system (1) is fall to converge
to equilibria. Figs.7 shows the di�erent behavior of system (1): for a = 3 :02 converging
to an equilbrium, for c = 32 chaotic, for c = 21:9 and b = 1 :75 periodic.
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Figure 4 : Lyapunov exponents spectrum and bifurcation diagram for a 2 [0; 20].
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Figure 5 : Lyapunov exponents spectrum and bifurcation diagram for b 2 [0; 10].
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Figure 6 : Lyapunov exponents spectrum and bifurcation diagram for c 2 [20; 40].

2.1 0-1 test for system (1)

The 0-1 test was proposed by Gottwald and Melbourne, it is a test approach for distin-
guishing regular and chaotic dynamics in deterministic dynamical systems [42]. This test
depends on the rapportkc, if it is close to one, then the system has a chaotic behavior
and if it is close to zero, then the system has a regular behavior.
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Figure 7 : Di�erent behavior of system (1): For a=3.02 converging to an equilbrium, for c=32
chaotic, for c=21.9 and b=1.75 periodic.

Figure 8 : Brownian motion in the (p-q) plane and Kc Plot for the new system (1).

In Matlab, we choose the random constant (C 2 [0; � ]), as a result, we �nd the rapport
kc = 0 :9990 which is close to one as shown in Fig.8, moreover, we obtain a Brownian
motion in the (p-q) plane, which means that the novel system (1) has a chaotic behavior
as shown in Fig.8.

3 Master-Slave Synchronization of Non-Identical 3-D Novel Chaotic Sys-
tems Using FSHP Method

We consider the drive system given by

_x i (t) = f i (X (t)) ; i = 1 ; ::; n; (8)

where X (t) = ( x1; x2; :::; xn )T is the state vector of the system (8); f i : Rn �! Rn for
i = 1 ; ::; n are nonlinear functions, and the response system is the system given by

_yi (t) =
nX

j =1

bij yj (t) + gi (Y (t)) + ui ; i = 1 ; ::; n; (9)

where Y (t) = ( y1; y2; :::; yn )T is the state vector of the system (9); gi : Rn �! Rn for
i = 1 ; ::; n are the nonlinear functions, ui are the controllers to be designed so that the
system (8) and the system (9) are synchronized.

Now, we introduce the de�nition of FSHPS [40] between master and slave systems.
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