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Abstract: We study a mathematical problem modeling the antiplane shear defor-
mation of a cylinder in frictionless contact with a rigid foundation. The material
is assumed to be thermo-electro-viscoelastic with long-term memory, the friction is
modeled by Tresca’s law and the foundation is assumed to be electrically conductive.
We derive a variational formulation for the model which is in the form of a system
involving the displacement field, the electric potential field and the temperature field.
We prove the existence of a unique weak solution to the problem. The proof is based
on the arguments of time-dependent variational inequalities, parabolic inequalities,
differential equations and a fixed point theorem.

Keywords: weak solution; wvariational formulation; antiplane shear deformation;
thermo-electroviscoelastic material; Tresca’s friction law; fized point; variational
inequality.

Mathematics Subject Classification (2010): 74M10, 49J40, 70K70, 7T0K75.

1 Introduction

Anti-plane shear deformation problems arise naturally from many real world applications
such as rectilinear steady flow of simple fluids [6], interface stress effects of nanostruc-
tured materials [10], structures with cracks |16], layered/composite functioning materi-
als |15), and phase transitions in solids [17]. Considerable attention has been paid to the
modelling of such kind of problems, see for instance (8] and the references therein. In
particular, the review paper [8] deals with modern developments for the antiplane shear
model involving linear and nonlinear solid materials, various constitutive settings and
applications. Antiplane frictional contact problems are used in geophysics in order to

* Corresponding author: mailto:la.benziane@yahoo.fr
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describe the pre-earthquake evolution of the regions of high tectonic activity, see for in-
stance [5] and the references therein. The mathematical analysis of models for antiplane
frictional contact problems can be found in |2}|8}|18].

Currently, there is a considerable interest in frictional or frictionless contact prob-
lems involving piezoelectric materials, i.e., materials characterized by the coupling of
mechanical and electrical properties. This coupling, in a piezoelectric material, leads to
the appearance of electric potential when mechanical stress is present, and conversely,
mechanical stress is generated when electric potential is applied. The first effect is used
in mechanical sensors, and the reverse effect is used in actuators, in engineering control
equipment. Piezoelectric materials for which the mechanical properties are elastic are
also called electro-elastic materials and piezoelectric materials for which the mechanical
properties are viscoelastic are also called electro-viscoelastic materials. General models
for piezoelectric materials can be found in [3/4,|12]. Static frictional contact problems
for elastic and viscoelastic materials were studied in [111/13\|14], under the assumption
that the foundation is insulated. Contact problems with normal compliance for electro-
viscoelastic materials were investigated in [9,19]. There, variational formulations of the
problems were considered and their unique solvability was proved. Antiplane problems
for piezoelectric materials were considered in [18].

In paper |20], the authors have studied an antiplane contact problem for viscoelas-
tic materials with long-term memory. This mechanical problem leads to an integro-
differential variational inequality. In the present paper, we deal with an antiplane contact
problem for a thermo-electro-viscoelastic cylinder, which leads to a new mathematical
model, different from the one presented in [20]. The novelty of this paper consists in the
fact that we model the friction by Tresca’s law and the material’s behavior by a thermo-
viscoelastic constitutive law with long-term memory. We neglect the inertial term in the
equation of motion to obtain a quasistatic approximation of the process.

Thermal effects in contact processes affect the composition and stiffness of the con-
tacting surfaces, and cause thermal stresses in the contacting bodies. Moreover, the
contacting surfaces exchange heat, and energy is lost to the surroundings. Our interest is
to describe a simple physical process in which the frictional contact, viscosity and piezo-
electric effects are involved, and to show that the resulting model leads to a well-posed
mathematical problem. Taking into account the frictional contact between a viscous
piezoelectric body and an electrically conductive foundation in the study of an antiplane
problem leads to a new and interesting mathematical model which has the virtue of rela-
tive mathematical simplicity without loss of essential physical relevance.The main result
we provide concerns the existence of a unique weak solution to the model. Its proof is
carried out in several steps, and is based on the arguments of evolutionary variational
inequalities and Banach’s fixed-point theorem.

The rest of the paper is structured as follows. In Section 2, we describe the model of
the frictional contact process between a thermo-electro-viscoelastic body and a conduc-
tive deformable foundation. In Section 3, we derive the variational formulation. It con-
sists of a variational inequality for the displacement field coupled with a time-dependent
variational equation for the electric potential and the heat equation for the tempera-
ture. We state our main result, the existence of a unique weak solution to the model,
in Theorem 3.1. The proof of the theorem is provided in Section 4, where it is based
on the arguments of evolutionary inequalities, an ordinary differential equation and a
fixed-point theorem.
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2 Mathematical Model

We consider a piezoelectric body B identified with a region in R2, it occupies in a fixed
and undistorted reference configuration. We assume that B is a cylinder with generators
parallel to the X3-axis with a cross-section which is a regular region €2 in the X1X»-plane,
Ox1X2X3 being a Cartesian coordinate system. The cylinder is assumed to be sufficiently
long so that end effects in the axial direction are negligible. Thus, B=Q ( 1;+1).
The cylinder is acted upon by body forces of density fy and has volume free electric
charges of density qp. It is also constrained mechanically and electrically on the boundary.
To describe the boundary conditions, we denote by @2 = I' the boundary of € and we
assume a partition of I' into three open disjoint parts I'1, Iz, and I's, on the one hand,
and a partition of I'; [ I's into two open parts I'y and I'y, on the other hand. We assume
that the one-dimensional measures of I'y and I'y, denoted meas I';y and meas I'y, are
positive. The cylinder is clamped on I't  ( A;+1) and therefore the displacement
field vanishes there. Surface tractions of density f> act on I'>  ( A;+1). We also
assume that the electrical potential vanishes on I'a  ( 1;+1) and a surface electrical
charge of density qy is prescribed on I’y ( A;+1). The cylinder is in contact over
I's ( A;+21) with a conductive obstacle, the so-called foundation. The contact is
frictional and is modeled by Tresca’s law. We are interested in the deformation of the
cylinder on the time interval [0; T]: We assume that

fo = (0;0;Fy) with Ffo=TFo(xy;x2;t): Q [0;T] ¥ R; (1)
fo = (0;0;f2) with f2=f(x1ix;t): T2 [0;T] I R; (2)
Jo = Qo (X1;X2;t) : 2 [0;T] ¥ R; (3)
Q2 =2 (X1;%X2;t) : Ty [0;T] ¥ R: (4)

The forces , and the electric charges , are expected to give rise to deforma-
tions and to electric charges of the piezoelectric cylinder corresponding to a displacement
u and to an electric potential field > which are independent of X3 and have the form

u=(0;0;u) with u=u(xy;x2;t): Q2 [0;T] I R; (5)

7 =7(Xy;X2;t): Q2 [0;T] ¥R (6)

Such kind of deformation, associated to a displacement field of the form 7 is called an
antiplane shear, see for instance [8] for details.

Below, the indices i and j denote components of vectors and tensors and run from 1 to
3, summation over two repeated indices is implied, and the index that follows the comma
represents the partial derivative with respect to the corresponding spatial variable; also,
the dot above represents the time derivative. We use S for the linear space of second
order symmetric tensors on R® or, equivalently, the space of symmetric matrices of order

3, and “”, kik will represent the inner products and the Euclidean norms on R® and S2;
we have
uv = uj i kvk= (v:v)% 8u=(uj); v=(i) 2R3
= G kk=(:)F 8 =(y); =(iy2s

The infinitesimal strain tensor is denoted by " (u) = (*ij (u)) and the stress field by
=( ij). We also denote by E(”) = (E;(”)) the electric field and by D = (Dj) the
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electric displacement field. Here and below, in order to simplify the notation, we do not
indicate the dependence of various functions on Xi;Xz; X3 or t and we recall that

"ij(u) (U.l +UJ|)' Ei(’): ’;i:

N\H

The material’s behavior is modeled by the following thermal electro-viscoelastic consti-
tutive law with long-term memory

7t
= ({tr'(u)I+2 "(u)+2 G(t s)'(u(s))ds E E(*) M ; (7)

0
D = E"u+ E(7) P ; (8)
. : Ps . .
where >0 and = 0 are the Lamé coefficients, tr("(u)) = =, "ii(u), I is the unit
tensor in R, G : [0;T] ¥ R is the relaxation function, E represents the third-order
piezoelectric tensor, and E is its transpose, is the temperature field and M := (m;;);
P (pi) are, respectively, the thermal expansion and the pyroelectric tensor which have

the forms (o) 1 o) 1
0 0 M, P1
M.=@ 0 0 Mg, A; P=@p, A
MC1 MCZ O 0
We assume that M, (X1;%2): @ T Ryand pi:Q ¥ R:

In the antiplane context ( . @ when using the constitutive equations . . it
follows that the stress field and the electric displacement field are given by

(@] 1
0 0 13
=@ 0 0 A 9)
31 32 0
0 . 1
eu.1 1 P1
D :@ eu.o ’;2 P2 A, (10)
0

where is the electric permittivity constant, e is a piezoelectric coefficient,

7t
13 = 31 = U1+ G(t S)U;l(S)dS + e,;l Mcl: ;
0
7t
23 = 32= U2+ G(t s)ux(s)ds e’ Mg, :
0
We assume that o) 1
e("13 + "31)
E" = @ e ("23 + "32) A gr= ("ij) 2s3: (11)
"33
We also assume that the coefficients G; ; ; and e depend on the spatial variables X;

Xo; but are independent of the spatial variable X3: Since E":v = ":E v for all " 2 S3: v
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2 R3; it follows from (IIJ) that

1
0 0 evy

Ev=@ 0 0 ew A 8v=(;)2R%: (12)
eV, Eevy evs

We assume that the process is mechanically quasistatic and electrically static and there-
fore is governed by the equilibrium equations

Div +fy=0; divD (gp=0 inB (O,T),

where Div. = (_ jj;j) represents the divergence of the tensor field . When taking into

account , , , @, @, and , the equilibrium equations above reduce to the

following scalar equations:

7t
div( ru)+ G(t s) div(ru(s))ds+ div(er?) div( M¢)+fo=0 inQ (0;T);
0
(13)
div (eru r’) div(P)=qginQ (0;T) (14)
with (@] 1
C1
MC = @ MCZ A:
0
Here and below we use the notation
div. = 10+ 12 for  =(1(X1;X2;t); 2 (X1; %2, 1))
rv=_1; 2); @v= 114+ 22 for = (Xg;X2;t):

We now describe the boundary condition. During the process, the cylinder is clamped
onT; ( A;+71) and the electric potential vanisheson T’y  ( A;+1). Thus, and

@ imply that
u =0 on 'y  (0;T); (15)
= 0 on Ty (0;7): (16)
Let denote the unit normal on T'  ( A;+1). We have
=(1;, 20) with = i(xX;x2): T T R;i=12 (17)

For a vector v; we denote by and v its normal and tangential components on the
boundary, given by
=Vv. ; VvV = vV : (18)

For a given stress field , we denote by = and  the normal and the tangential compo-
nents on the boundary, that is,

—( )x: = : (19)
From @, , and , we deduce that the Cauchy stress vector and the normal
component of the electric diplacement field are given by
R
=(0;0; @u+ G(t s)@ u(s)ds+e@ > Mg );
D: e@ u (U P::

(20)

o
|
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Taking into account , , and , the traction condition on I',  ( A;4+71) and
the electric conditions on I'y ( ;+1) are given by

7t
@u+ G(t s)@u(s)ds+e@ > Mg = F,onTp, ( A;+1); (21)
0
e@ u @7 = g onTy ( A;+1) (22

Now, we describe the frictional contact condition and electric conditions on I's
( A;+1). First, from and 7 we infer that the normal displacement vanishes,
u = 0, which shows that the contact is bilateral, that is, the contact is kept during the
whole process. Using now and —, we conclude that

u = (0;0;u); =(0;0; ); (23)
where
7t
=(0;0; @u+ G(t s)@ u(s)ds+e@ > M ):
0

We assume that the friction is invariant with respect to the Xgz-axis and is modeled by
Tresca’s friction law, that is,

8.

2] ] G

S1 1=g2@ =0 onTs (0T (24)
“j j=9)9 0;suchthat = 1;

Hereg : '3 ¥ R4 is a given function, the friction bound, and 1 represents the tangential
velocity on the contact boundary. Using now ; it is straightforward to see that the
condltlons . imply

@ u+ G S)@ u(s)ds+e@ > Mcj o0;
0
R
u+ G(t s)@ u(s)ds+e@ ~ Mc j<gDu(t)=0;

onTs (0;T):
%j u+ G S)@ u(s)ds+e@ > Me j=gD9 0
R
such that @ u+ G(t s)@ u(s)ds+e@ >~ Mg =
0
(25)

Next, since the foundation is electrically conductive and the contact is bilateral, we
assume that the normal component of the electric displacement field or the free charge
is proportional to the difference between the potential on the foundation and the body’s
surface. Thus,

D: =k(> 7?g) onTs (0;T);

where ”F represents the electric potential of the foundation and K is the electric conduc-
tivity coefficient. We use and the previous equality to obtain

e@u @~ P: =k(> 7g) onT's (0;T): (26)
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Finally, we prescribe the initial displacement
u(0) = ug in Q; (27)

where Ug is the given function on (.

We collect the above equations and conditions to obtain the classical formulation of
the antiplane problem for thermo-electro-viscoelastic materials with long-term memory,
in frictional contact with a foundation.

Problem P: Find the displacement field u : £ (0;T) ¥ R, a temperature field
:Q  (0;T) ¥ Ry and the electric potential * : Q@ (0;T) ¥ R such that

z t
div( ru)+ G(t s) div(ru(s))ds+ div(er?) div( M¢)+fo=0inQ (0;T);
i (28)
div (eru r’) div(P)=qinQ (0;T); (29)
div(Kr )= Mcru+h(t)inQ (0;T); (30)
u=20 onT; (0;T); (31)
z t
@u+ G(t s)@ u(s)ds+e@ > Mg =T, onT, (0;T); (32)
0
51 tG t s)@ us)ds+e@ > Mcj g
j@u+R G(t S)@ u(s)ds +e@ Mc j<gDu=0; L
. onTz (0;T);
2 0 u+ G SH@ u(s)ds+e@ ~ M: j=9gD 9 0;
" such that @ u+ OtG(t )@ u(s)ds+e@ > Mg = U
(33)
=0 onDli [T (0;T); (34)
e@u @ =0 onIly (0;7); (35)
e@ u @ P: =k(> 7g) onTs (0;T); (36)
kij@@Xjnl = ke( R) on Fg (O;T); (37)
u(0) =up; (0)= o in (38)

The differential equation describes the evolution of the temperature field, where
K := (kij) represents the thermal conductivity tensor, h(t) is the density of volume heat
sources. The associated temperature boundary condition is given by 7 where R is the
temperature of the foundation, and K is the heat exchange coefficient between the body
and the obstacle. Finally, up; ¢ represent the initial displacement and temperature,
respectively.
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3 Variational Formulation and Main Result

We derive now the variational formulation of Problem P . To this end we introduce the
function spaces

V= v2HYQ)jv=0onT; ; W= 2HYQ)j =0onTly ;

and we assume that
E= 2HYQ)j =0onTy [T

Similarly, we write for the trace  of the function 2 H(2) on I': Since measT'; > 0
and measT'y > 0, it is well known that V and W are real Hilbert spaces with the inner

products
z z

(uivly = rur dx 8u; 2V; (7; ) w= r7r dx 87, 2W

Moreover, the associated norms
k ky=krv k|_2( )2 8 2V; k kw=kr k|_2( )2 8 2W, (39)

are equivalent on V and W, with the usual norm K : Kyz¢ y. By Sobolev’s trace theorem
we deduce that there exist three positive constants ¢; > 0; ¢, > 0 and ¢3 > 0 such that

k k|_2( 3) C1 k kV 8 2V; k k|_2( 3) Co k kW 8 2W,

K k(s Cak ke 8 2E: (40)

If (X;k : kx ) represents a real Banach space where X =V W, we denote by C([0; T]; X)
the space of continuous functions from [0; T| to X, with the norm

kX keqorix)= trz]%}T(] k x(t) kx;

and we use standard notations for the Lebesgue space L2(0;T;X) as well as for the
Sobolev space W%2(0; T; X). In particular, recall that the norm on the space L2(0; T; X)
is given by the formula

Zt
kU KE20:m:%9= . ku(t) K dt;

and the norm on the space W12(0; T; X) is given by the formula
kukdyi20.mx0= ; ku(t) k% dt+ . k u(t) k% dt:
Finally, we suppress the argument X when X = R; thus, for example, we use the
notation W%2(0; T) for the space WX2(0; T;R) and the notation k : kwaize.7y for the
norm K : kW132(0;T;R) .
In the study of Problem P we assume that the viscosity coefficient satisfies

G2WY2(0;T) (41)
and the electric permittivity coefficient satisfies

2 L1 (Q) and there exists > 0 such that (x) a.e. x 2 (42)
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We also assume that the Lamé coeflicient and the piezoelectric coefficient satisfy

2 LT (Q) and (x)>0 ae x2Q; (43)
e 2 LT (Q): (44)
The thermal tensor and the pyroelectric tensor satisfy
o 1
C1
Mc=@ M, A, M (x1;%): Q2 1R, M, 2L1(Q): (45)
0
The boundary thermal data satisfy
h2WH2(0; T;L2(Q); r 2WH2(0; T; L3(I's)); ke 2 LT (R4 (46)

The thermal conductivity tensor verifies the usual symmetry and ellipticity: for some
ck >0 and for all ; 2 RY;

K= (kij); kij = kji 2 LZ(Q); 8ck=>=0; ;2 Rd; kij it j Ck i- j- (47)

The forces, tractions, volume, and surface free charge densities have the regularity
fo 2 WE2(0;T;L%(Q)); f, 2 WE2(0; T L2(I)); (48)
o 2 WY2(0;T;L%(Q); g2 2 WH2(0; T; L*(Ty)): (49)

The electric conductivity coefficient and the friction bound function g satisfy the following
properties:

k 2 LT3 and k(x) 0 ae x2Tg; (50)
g 2 LT3 and g(x) 0 ae x2Ts: (51)
Also, we assume that the electric potential of the foundation is such that
“r 2WE2(0; T; L%(I's)): (52)
Finally, we assume that the initial data verifies
U 2V; o2L3Q); (53)
and moreover,
a (uo; Jv +i( ) (F(0); Jv;: 8 2V: (54)

We consider the functional j : [0; T] ¥ R4 given by
z

j()= gjjda 8 2V, (55)
andlet £:[0;T] ¥V andq:[0;T] ¥ W be defined by
Z Z
(f(t); v = fo(t) dx+  Fo(t) da; (56)
Z Z? Z
@®; Jw = G dx Q) dat+ k7 (1) da; (57)

8 2 V; 2W,8t2[0;T]:
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The definitions of ¥ and q are based on Riesz’s representation theorem and by and
, we infer that the integrals above are well-defined and

f 2 wb20;T:v); (58)
qg 2 WY20;T;W): (59)

Next, we define the bilinear formsa :V V T R;a.:V W I Rja,:W V I R;
anda :W W @ R; by the equalities

z

a (u ) = rur dx; (60)
z

a(u;”) = erur’ dx=a,(7;u); (61)
z z

a (7, ) = r’:xr dx+ k” da (62)

3

forallu; 2V; 7; 2 W. Assumptions f imply that the integrals above are
well-defined and when using and , it follows that the forms a , a. and a, are
continuous; moreover, the forms @ and a are symmetric and, in addition, the form a
is W-elliptic since

a(;) kk\2,V82W: (63)

By using Green’s formula, it is straightforward to derive the followmg variational
formulation of P. We denote by h;iy0 ,, the duality pairing between V' and V.

Problem Py: Find a displacement field u : [0;T] ¥ V, an electric potential
field * : [0; T] ¥ W and a temperature field :[0;T] ¥ E such that

a (u(t); (t)+( G(t s)u(s)ds; Uy +a. (7 (1);  u(t) (64)
+(Mc (1);  u(t)v +J( ) J@(r)  (F);  ul)y 8 2V;t2(0;T);

a (7(t); ) au®; ) Pir )y=@QM; )w 8 2W; t2[0;T];  (65)

() +K () =Ru(t)+Q(t) inE"; (66)

u(0) = uo; 0)= o in Q: (67)

Here, the function Q : [0; T] ¥ E° and the operators K : E ¥ E'; R:V 1 E% M, :
E ¥ V'aredefined by 8 2V;8 2E;8 2E:

Z Z
hQ(t); g g = ke r ds+ g dx;
3
> Z 0 0 Z
hK ;g g = Kij ~—~—dx + ke ds;
=1 0x; 0x; 7 3
hR ; ig g = h (G j) ds (M¢r ) dx;

3

M ; iy v =( Mg )v:

Our main existence and uniqueness result is stated as follows.
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Theorem 3.1 Assume that (41)-(59) hold. Then there exists a unique solution
(u; ;7) of problem Py . Moreover, the solution satis es
u 2 WY2;T;V); 2 2Wh2(0;T;W); (68)
2 W30, T;E’)\L%(0; T;E) \ C(0; T; L2(Q)):
An element (u;”; ) which solves Py is called a weak solution of the mechanical

problem P. We conclude by Theorem 3.1 that the antiplane contact problem P has a
unique weak solution, provided that - hold.

4 An Abstract Existence and Uniqueness Result

The proof of Theorem 3.1 is carried out in several steps that we prove in what follows.
Everywhere in this section, we suppose that assumptions of Theorem 3.1 hold and we
denote by ¢ > 0 a generic constant, whose value may change from lines to lines.

In the first step of the proof, we introduce the set

W= 2W¥20;T:X)j (0)=0x ; (69)
and we prove the following existence and uniqueness result.

Lemma 4.1 For all 2 W, there exists a unique element u 2 W12(0; T; X) such
that

alu (v o () +( (v u (1)x+iv) JU ()

(Ftiv 0 ())x  8v2X; ae t2(0;T]; (70)

u (0) = Up: (71)

Here X is a real Hilbert space endowed with the inner product (:;:)x and the data
a is a bilinear continuous coercive and symmetric form.
Proof. We use an abstract existence and uniqueness result which may be found
in [2].
In the second step, we use the displacement field u obtained in Lemma 4.1 and we
consider the following lemma.

Lemma 4.2 For all 2 W , there exists a unique solution

2WL2(0; T;E' )\ L2(0; T;E)\ C(0; T; L2(Q)); c>08 2 L2([0;T|;V');

satisfying C
")+ K ()=Ru (t)+Q(t) inE ae. t2[0;T];
(72)
0) = o,
Z¢
i . Ltecy C . jui(s) u2(s)iGds 8t2[0;T]; (73)
and Z .

i, 2j2,_2( y ¢ . jui(s) u(s)jids aet2(0;T]: (74)
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Proof. The existence and uniqueness result verifying follows from the classical
result for the first order evolution equation, applied to the Gelfand evolution triple

0 0

E F F E:

We verify that the operator K : E ¥ E’ is linear continuous and strongly monotone,
and from the expression of the operator R,

2WH2(0;T;V) =D R 2WH2(0;T;F);

as Q2WZY2(0;T;E); then R +Q2W%Y2(0;T;E); we deduce and (see
)-

In the third step, we use the displacement field u obtained in Lemma 4.1 and
obtained in Lemma 4.2 and we consider the following lemma.

Lemma 4.3 For all 2 W , there exists a unique solution > 2 W%2(0; T; W) which
satis es

a (> (1); ) a ®; ) P ;r)y=@M; )w 8 2W t2[0;T]: (75)

Moreover, if > , and * ; are the solutions of (4.7) correspondingto 1; 2 2 C([0;T];V);
then there exists ¢ > 0 such that

kK” (1) 7 ,(bk, cku,(t) u,(k, 8t2[0;T]: (76)

Proof. Let t 2 [0;T]. We use the properties of the bilinear form a and the Lax-
Milgram lemma to see that there exists a unique element * (t) 2 W which solves
at any moment t 2 [0; T]. Consider now ti;t, 2 [0; T]; using (75)), we get

a (7 () ) a(u (b); ) (P (t);r ), )
=(Q(t1); )w 8 2W; t1 2[0;T];
a (7 () ) a(u (k); ) (P ();r ), (78)
=(@(t2); )w 8 2W; 12 2[0;T]:
Using , and ; we find that
K™ (t)  ~ (t2)K, (kek 2 ( yku(ty) u(ta)k, +Kkg(t) q(t2)ky +

kpkLl( )k (tl) (tg)kl_g( ) )k’ (tj_) z (tz)kw ;
and using we find that

K™ (t1)  ~ (K (kek 2 yku(ty) u(tok, +kq(ty) q(t)ky +
kpkLl( )kU (tl) u (tz)kv )k’ (tl) z (tz)kw :
It follows from the previous inequality that
k”(t1) 7 (t2)ky c(ku(ty) u(t)ky +kq(t) q(tz)ky): (79)

Then, the regularity u 2 W2(0; T;V) combined with (59 ) and (79) imply that = 2
Wl;Z(O; T;W); which concludes the proof.
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Now, for all 2 W, we denote by u the solution obtained in Lemma 4.1, by  the
solution obtained in Lemma 4.2 and by > the solution obtained in Lemma 4.3.
Step 4: In the fourth step, we consider the operator A : W ¥ W,
We now use Riesz’s representation theorem to define the element A (t) 2 W by the
equality
Z
hA (t);wiw = ( G(t s)u (s)ds M ;w)y +a.(* (t);w) (80)
0

8 2 W, w2V;t2]0;T]:

Clearly, for a given 2 W, the function t ¥ A (t) belongs to W. In this step we show
that the operator A : W ¥ W has a unique fixed point.

Lemma 4.4 The operator A has a unique xed point 2 W suchthat A =

Proof. Let 1; 2 2W and t 2 [0; T]: In what follows we denote by ui; i and 7 the
functions u and ” . obtained in Lemmas 4.1, 4.2 and 4.3, for i = 1, 2. Using

and ([61)), we obtain

kA i(t) A 2 (DK (81)
t
C i kup(s) up(s)ky ds+k 1 okfzo y+k7, (1) 7, (DKG, 8t2[0;T]:

The constant C represents a generic positive number which may depend on
k kW152(O;T)7 T, mjj and e, and whose value may change from place to place.

Since u 2 WY2(0;T;V) and > 2 WY2(0; T; W), we deduce from inequality
that A 2 WL2(0;T;V). On the other hand, and arguments similar to those used
in the proof of yield

k7, (1) 7, (Dky  Cku, (t) U, (bk, : (82)
Using now in 7 we get
KA 3 (8) A 2 (DK

Zy Z ¢

C kup (s) Uz (s)ky ds+  kup(t) Up (ke ds+ku, () u, (DK
0 0

Using the norm on the space W12 (0; T; X) ; we deduce that
KA 1 (t) A 2(Ky Ckui(s) ux(s)ki ds  8t2[0;T]: (83)
Taking into account , we have the inequalities

a(ua(t);v Ug(t) + (2();v u(t))x +5(v)  Juw(t))
(f(t);V Ul(t))x 8 2X; t2 [0; T] ;
and

a(uza(t); v uz(t) + ( 2(t);v U2(t)x +3(v)  J(U2(t))
(F(t); v uz(t)x 8 2X; t2[0;T];
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forall 2 X; awe:s2][0;T]: We choose = U3(S) in the first inequality and = U4(S)
in the second inequality, add the result to obtain

%kul(s) uz(s)kf( (1(s) 2(s);u1(s) Ux(s))x a.e. s2[0;T]:

Let t 2 [0; T]: Integrating the previous inequality from 0 to t using , we obtain

3 kup () Uz (DK (1(t)  2(t);uL(t) up(t)y
ot('l ) 2(s);ur(s)  u2(s))y ds:

—~
n

We deduce that
Ckuy (D) U (kS
+ 0 K1 (S)

Using Young’s inequality, we get

kup (t) Uz (DK +(tR(L<l(L(t) 2 (DK + ok_'1(8> 5 (s)k% ds (84)
o KU1 (s) uz(s)ky ds):

On the other hand, as

z t
1()  200)= "1(s) ‘2(s)ds;
0
we can obtain Z,
k() 2K C ) k'a(s) “2(s)k ds: (85)
Using now in , we have
z t z t
kup (t) uz (ks C( k'1(s) “2(s)Kx ds+  kui(s) up(s)ky ds):

0 0

Taking into account Gronwall’s inequality, we deduce

z t
kup(t) ux(Hky C  k'1(s) “2(s)kx ds: (86)
0
From (83)); (86), we obtain
YA t
KA1 (t) A2k, C  kii(s) “2(s)ki ds:
0

Iterating the last inequality m times, we infer
Z.Zg, VAN
kA™ 1 (t) A™ z(t)k§< cm S k'i1(sm) 2 (sm)k§< dsm:idsy;
0 o 0

where A™ denotes the power of operator A. The last inequality gives

Cme 2

KAT 1 (1) A™ 5 (DK 120mx k1O 2 (Okyrzer
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which implies that for m sufficiently large, the power A™ of A is a contraction in the
Banach space, since
Cme
lim =0;
mif1 m!

it follows now from Banach’s fixed-point theorem that there exists a unique element
2 W such that A™ = . Moreover, since

AMA )=AA™ )=A

we deduce that A is also a fixed point of the operator A™. By the uniqueness of the
fixed point, we conclude that A = | which shows that is a fixed point, we conclude
that A = . Step 5: In the fifth and last step of our demonstration, we have now all
the ingredients to provide the proof of Theorem 3.1.
Existence. Let 2 W2 (0;T;V) be the fixed point of the operator A, and let u ;
and 7 be the solutions defined in Lemmas 4.1, 4.2 and 4.3, respectively, for =
It follows from that

Zt
h @iwiv =( Gt sju (s)ds Mc W)y +a. (" (t)iw) 8w2V;t2[0;T];

0
(87)
and, therefore, (64)), (, and imply that (u ; ;7 ) is a solution of problem
Py . Regularity (68) of the solution follows from Lemmas 4.1, 4.2 and 4.3.
Uniqueness. The uniqueness of the solution follows from the uniqueness of the fixed

point of the operator A. It can also be obtained by using arguments similar to those used
in [20] and [9].

5 Conclusion

This work models the phenomenon of contact with friction between a cylindrical body
and a foundation. These contact phenomena abound in industry and in everyday life, so
they play an important role in the behavior of mechanical structures.

The envisaged mechanical model is an antiplane one. We recall that the antiplane
shear deformation is the expected deformation of a very long cylinder loaded in the
direction of its generators. In such a model, the displacement vectorial field is parallel to
the generators of the cylinder and it is independent of the axial coordinate. Due to their
simplicity in the writing of the equations without loss of physical relevance, antiplane
models have enjoyed special attention in recent years. The antiplane models appear in
the technical literature in engineering, describing the functioning of various mechanisms,
and in geophysics, focusing on the deformation of the tectonic plates, and in particular,
on earthquakes.

The novelty of the result obtained is the coupling of an electro-viscoelastic problem
and a thermal effect.

The problem is formulated as a coupled system of evolutionary variational inequality
for the displacement field with a time-dependent variational equation for the electric
potential field and the heat equation for the temperature. We establish a variational
formulation for the model and we prove the existence of a unique weak solution to the
problem.
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Abstract: In this work, we consider a control system governed by a dynamic equa-
tion with memory. We obtain conditions under which the system is approximately
controllable and approximately controllable on free time. In order to do this, we
use a technique developed by Bashirov et al. [4-6], where we can avoid fixed point
theorems. But first of all, we prove the existence and uniqueness of solutions of the
system and after that, we prove the prolongation of solutions under some additional
condition. Finally, we present several examples to illustrate the applicability of our
results.
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1 Introduction

Control theory addresses how a system can be modified through feedback, in particular,
how an arbitrary initial state can be directed either exactly or approximately close to
a given final state using a control in a set of admissible controls. In the last decades,
control theory of dynamic equations on time scales has attracted the attention of several
researches, because this is a powerful tool that allows to study from a unified point of
view controllability of continuous systems, discrete systems, systems in which the time
variable can vary both continuously and discretely, as well as other types of time variables.
Among the works made, we can cite Bartosiewicz [1] who explored linear positive control
systems, Bartosiewicz and Pawtuszewicz [2}/3] reviewed linear systems, Janglajew and
Pawluszewicz [15] analyzed constrained local controllability of linear dynamic systems,
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Bohner and Wintz [8] studied controllability and observability of linear systems, Grow
and Wintz [13] proved existence and uniqueness of solutions to a bilinear state system
with locally essentially bounded coe LCciehts on an unbounded time scale. Approximate
and exact controllability of semilinear systems on time scales was studied by Duque,
Leiva and Uzcategui in [10,(11], Malik and Kumar in [18] established exact controllability
for time-varying neutral diCerential equations with impulses. More works can be seen
in [9,/17,{19] and references therein.
In this regard, in this paper, we will consider a control system governed by the
dynamic equation with memory
8 Z .
Sz ()= Az ®)+BMu®)+a M(s)(s;z (s) s
to
= +bf(tz();u®); t to O
z()= (1); t2[ (to);tolr;

where z(t) 2 R" is the state function, z (t) = z( (t)), and : T ¥ T is the delay
function which is increasing and unbounded on T such that (t) tfort2 T (see [12]).
A2R(T;R" ™, B 2 R(T;R" M), the control u 2 L°(T;R™), M : T T Y Risa
function that is locally essentially bounded on T T, the functionsf: T R"™ R™ I RN,
g: T R"™ ¥ R"are rd-continuous and there exist rd-continuous functions L¢;Lg : T ¥
R™ such that

Cl) kf(t;z;u) F(t;zuwk Le(t)(kz zk+ku wk), with f(t;0;0) =0,
C2) kg(t;z) o(tz)k Lg(t)kz zk, with g(t;0) = 0.

The function lies in the space C.q([ (to);to]r; R™), which is a Banach space endowed
with the norm

()

k ko =supfk (Dk:t2[ (to);to]r0:

In this paper, we suppose that the time scale T satisfies 1 < (tp) <supT = 1.

The main goal of this work is to study controllability of system . Specifically, we
shall show that under certain conditions, controllability of the associated linear system
implies controllability of the semilinear dynamic equation with memory. In order to
prove this assertion, we impose some conditions on the nonlinear terms presented in the
system, and then apply a direct approach developed by A. E. Bashirov et al. (see [4-6])
to avoid fixed point theorems, and approximate controllability is achieved. But before
that, we prove existence, uniqueness and continuation of solutions of the system. Finally,
we consider some examples in which our results can be applied.

2 Preliminaries

Before studying system (I), we give a brief introduction to the calculus on time scales,
especially to clarify notations and definitions, which will help for a better understanding
of the reader. For more details about time scales theory, we recommend the excellent
monograph [7].

Time scales theory was introduced by Stefan Hilger (see [14]). We define a time scale
as any arbitrary nonempty closed subset of R, this set is denoted by T. For every t 2 T,
the forward and backward jump operators ; : T ¥ T are defined, respectively, as

) =inffs2T:s>tg and (t)=supfs2T:s<tg:



NONLINEAR DYNAMICS AND SYSTEMS THEORY, 22 (5) (2022) 491

A pointt 2 T is said to be right-dense if (t) =tandt <supT, right-scattered if (t) >t,
left-dense if (t) = tand t > infT, left-scattered if (t) <t, isolated if (t) <t< (t).
The function : T ¥ [0; 1) defined by (t) := (t) tis known as the graininess
function. It is assumed that T has the topology inherited from standard topology on the
real numbers. The time scale interval [a;b]r is defined by [a;b]lr =ft2 T:a t bg,
with a;b 2 T, and similarly we define open intervals and open neighborhoods.

Definition 2.1 (See [7]) A function f : T ¥ R" is said to be right-dense continuous,
or just rd-continuous, if  is continuous at every right-dense point t 2 T and Ilm f(s)
st

exists (finite) for every left-dense point t 2 T. The class of all rd-continuous functions
f: T ¥ R"isdenoted by Crq(T;R"). We definef : T X R"byf =Ff . We define
theset T by T =Tn( (supT);supT]if T has a left-scattered maximum, and T =T
otherwise.

Definition 2.2 (See [7]) A function £ : T ¥ R" is called delta dilerentiable (or
simply -dilerkntiable) at t 2 T provided there exists ¥ (t) with the property that
given " > 0, there is a neighborhood U = (t ;t+ )t for some > 0 such that

f@ fis) £ OC® 9) "j () s)j foralls2U:
In this case, f (t) is called the -derivative of f at t.

If fis -dilerentiable att2 T , then it is easy to show that (see [7, Theorem 1.16])

8

f@® f@ : .
f (t)=

2 fOTO

sit t s

Definition 2.3 (See [7]) A function F : T ¥ R" is called an antiderivative of T :
TEXRMIfF () =f() forallt2 T . The Cauchy integral is defined by
z t
f() =F@® F(s) ts2T,

S
where F is an antiderivative of f.
A functionp: T ¥ R is said to be regressive if 1L+ (t)p(t) &0, t 2 T, and positively
regressive if 1+ (t)p(t) > 0, t 2 T. We will denote by R the set of all regressive and

rd-continuous functions, and by R™ the set of all positively regressive and rd-continuous
functions.

Definition 2.4 [See [7]] If p 2 R, then the generalized exponential function is defined

by Z,
ep(t;s) = exp OH®C)) ;
S
where
(Log(l+ z) if = 0,
(2):= it =o:

wherez2C :=fz2C:z6 1= gand Logz =logjzj+iargz, <argz
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Definition 2.5 (See [7]) Let A be an n  n matrix-valued function on T. We say
that A is rd-continuous on T if each entry of A is rd-continuous on T, and the class of all
such rd-continuous N n matrix-valued functions on T is denoted by C,q(T;R" "). A'is
called regressive (with respect to T) provided | + (t)A(t) is invertible forall t2 T , and
the class of all such regressive and rd-continuous functions is denoted by R(T; R™ ).

Letto 2 T and A be an n  n regressive matrix-valued function defined on T. Then,
the unique solution of the initial value problem

X =AM)X; X(tp) =1;
is called the matrix exponential function, denoted by ea(t; tp), and satisfies the properties
a) eo(t;s) landea(t;t) |,
b) ea(t;s)ea(s;r) =ea(t;r),
) ea( (1);s) =+ (HDAM)ea(t;s),
d) ea(t;s) =e ' (i) =€ A (si1),
e) ea(t;s)eg(t;s) =ea g(t;s) if A(t) and B(t) commute,
where for A;B 2 R(T;R™ M),

A B=A+B+ AB and A= (1+ A A

3 Existence and Uniqueness

In this section, we show existence and uniqueness of solutions for system . The next
theorem is a consequence of straightforward computation.

Theorem 3.1 Consider a control u 2 L2 (T;R™). Then z is a solution of system
if and only if z satisfies the integral equation

S o t2[ ()l
t
% e a(ttto) (t)+ e a(t;s)B(s)u(s) s
Fe ot @

Z(t)=§ +a e a(t:s) . M(s; )a(;z () S

7%

- +b e a(ts)f(s;z(s)u(s)) s; t to
to

For fixed = tg, we denote

M. = supfke a(t;s)k:t;s2[to; 179; M =supfkM(t;s)k: t;s 2 [to; ]+0;
Le =supfLe(t) it 2 [to; ]v9; Lg =supflg(t) it 2 [to; 7o

Theorem 3.2 Suppose there exists >ty such that
Me jajMLg +jbjLe <1 3

Then, for any 2 C.q([ (to);to]r;R") and u 2 L? (T;R™), system has a unique
solution through (to; ) defined on [ (to); It-
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Proof. Let > ty be such that holds and consider 2 C.q([ (to);to]r; R™) and
u2 L2 ([to; ]t;R™). Now, finding a solution of system through (to; ) is equivalent
to solving the integral equation . In order to do this, we consider the function space

Cra ([ (to); ImRM) =Ffz22Cuq([ (to); I;RM) :z(t)= () for t 2] (to); to]rg;

which is a Banach space endowed with the norm kzk = supfkz(t)k:t2[ (to); ]9, and
we show that the operator

T:Cu ([ (); InR™) ¥ Cug ([ (to); I+R™)
defined by
;2] (ool
e a(tito)) (to)+ e a(t;s)B(s)u(s) s
Z¢ o Zg
+a e a(ts) M(s; )a(;z () s
Zt% to
+b e At s)f(s;z(s);u(s)) s; t2][to; Iv
to

has a unique fixed point. Indeed, if t 2 [ (to); to]T, then (Tz)(t) = (t) = z(t). If
t 2 [to; I, thenfor z;22 Ciq ([ (to); It;R"™) with z & z, we have

k(Tz)(t) (Tz)(dk
Zy

ja ke a(t;s)k kKM(s; )kkg(;z () g9(:z ( )k S

(T2)(®) = (4)

VY ARRRRRAY 00

t(z . to
+jbj ke a(t;s)kkf(s;z(s);u(s)) F(s;z(s);u(s))k s
Z tto Z S
jajl ke a(t;s)k MLg()kz( ()) z( ()k s
t(z . to
+jbj ke a(t;s)kLe(s)kz(s) z(s)k s
z tt0 yA S z t
jai Mg MLgkz zk s+jbj MeLegkz 2zk s
Ztot to to

ja  MeMLg kz zk s+jhjMels kz 2k

to

Me jajMLg +jbjLs kz 2k :
Therefore, using (3), we have
kTz Tzk Me jajMLg +jbjLs kz 2zk <kz zk ;

so that T satisfies all assumptions of the Banach contraction theorem, and therefore,
T has only one fixed point in the space C,q ([ (to); ]T;R"™), which is the solution of

problem (T).

Definition 3.1 We shall say that [ (to); )t is the maximal interval of existence of
the solution z of system if there is no solution of on|[ (to); )T with >
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Theorem 3.3 If z is a solution of system on [ (tp); )t and is maximal, then
either = 1 or z(t) is not bounded on any neighborhood of

Proof. Suppose that < 1 and there is a neighborhood U of such that kz(t)k R
for t 2 U. In this case, we can suppose that kz(t)k R forall t 2 [ (to); )7. If is

left-dense, then there is an increasing sequence f gk 1 such that kIi!rn1 k = and
I(Ii!rr:1L z( k) =z forsome z 2 R". We shall see that tI!im zt)=z .

Let " > 0 be small enough. Since I(Ii!ml k= ,wecantake 2 ( " )rsuch that
kz( ) z k<" Fort2( " )rwitht> _, we have

kz(t) z k kz(t) z( Dk+kz(,.) zk:
Now,
kz(t) Zz( K ke a(tte) e a( o ito)kk (to)k

+ ke a(t;s) e a( ni9)kkB(s)kku(s)k s

to

z Z
+jaj ke a(ts) e a( w9k kM(s; Dkkg( ;z ( )k s
Zto t0
+jbj ke a(tS) e a( niS)kKF(s;z(s)us)k s
to
Z t
+ ke a(t;s)kkB(s)kku(s)k s
"z Z,
+jaj ke a(t;s)k kM(s; )kkg( ;z ( )k s
to
Zy

+ jbj ke a(t;s)kkf(s;z(s);u(s))k s

keZA(t; to) e a( oito)kk (to)k

+ ke a(t;s) e a( ni9)kkB(s)kku(s)k s
“z Z .
+Jaj ke a(t;s) e a( i)k MLgkz( ())k s
Zto t0
+jbj ke a(tS) e al yiSkLe(kz(S)k+kuk) s
z.”
+ ke a(t;s)kkB(s)kku(s)k s
'z Zs
+ jaj ke a(t;s)k MLgkz( ( )k s
z ©
+ jbj ke a(t;s)kLe(kz(s)k +ku(s)k) s

N

keZA(t; to) e a( oito)kk (to)k

+ ke a(t;s) e a( y:;9)kkB(s)kku(s)k s

to
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z
+jaj ke a(t;s) e a( y;S9)KMLgRs s
z'
+jbj ke a(tis) e a( y:S)KLe(R+ku(s)k) s
z © z
+ M kB(s)kku(s)k s+ jaj MeMLgRs s
Iz N
+ jbj MeL¢(R + ku(s)k) s:
Hence, we get that, if ¥ ,thenkz(t) z( n)k ¥ 0,50 lim z(t) =z , and therefore,
ty
z(t) can be continued beyond of , contradicting our assumption.
If s left-scattered, then () 2 (to; )T so that the solution z exists also at , namely,
by putting

z()=[+ CCNDACNT Y zC N+ CNBCCNHUC ()
Z ()
+a (()) M( ():8)9(s;2 (8)) s+b ((CNFCCzC C)uC ()

to

which is a contradiction.
Theorem 3.4 If there exists -di[erentiable ” : [to; 1)t ¥ R™ such that
kg(t;2)k 7 (b); (5)
then the solution of system is defined on [ (to); 1)T-

Proof. Suppose that z(t) is defined on [ (tp); )t with < A. Then, fort 2 (to; )T,
we have

z t
kz(t)k ke a(tito)kk (to)k+ ke a(t;s)kkB(s)kku(s)k s
Z, z
+jaj ke a(t;s)k kM(s; )kkg( ;z ( )k s
Ztc; to
+jbj ke a(t;s)kkF(s;z(s);u(s))k s
A z t z t z S
Mek (to)k+  MckB(s)kku(s)k s+jaj M. M~ () S
7 . to to to
+jbj  MLg(s)(kz(s)k + ku(s)k) s
oz z
Mek (to)k + MekB(s)k + jbjML¢ ku(s)k s+ jaj MM ?(s) s
7 . to to

+jbj  MLgkz(s)k s:

to
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By using Gronwall’s inequality (see [7, Corollary 6.8]), we obtain
Z
kz(hk Mek (to)k+  MekB(S)k +jbjLeM ku(s)k s
z
+jaj MeM 7(S) s ejpjr m(t: to)
to 7z
Mek (to)k+  MekB(S)k +jbjLeM ku(s)k s
z
+ja  MeM7(s) s ejpjem( ;to):
to

This implies that kz(t)k stays bounded in any neighborhood of . So, from Theorem(3.3]
we get = 1. This completes the proof.

4 Controllability of the Linear Equation

In order to study controllability of system (I)), in this section, we shall present some
characterization of controllability of a linear system associated to (1)), namely,

z ()= A@Mz ()+BMu); t2[; ]
z()=2%

6)

The results presented in this section can be seen in [11], of course, with obvious modifi-
cations.

Note that, for all z° 2 R" and u 2 L2 ([ ; ]+;R™), the initial value problem (6]
admits only one solution, which is given by

Z
z(ty=e a(t; )z°+ te a(t;s)B(s)u(s) s: (7

Definition 4.1 We say that (6) is controllable on [ ; ] if for every z%z' 2 R",
there existsu 2 L? ([ ; ]+;R™) such that the solution z of @ corresponding to u satisfies
z( ) =1z

Definition 4.2 For the linear system @ we define the following concepts:

1) The controllability operator B : L2 ([ ; ]t;R™) ¥ R" is defined by
z
Bu= e a( ;s)B(s)u(s) s: 8)

2) The Gramian map is defined by Lg =B B

Proposition 4.1 The adjointB  :R™ ¥ L2 ([ ; ]r;R™) of the operator B is given
by
B 2)()=B (e A(;1z
and Z
Le z= e a(;s)B(s)B (s)e A( ;5)z st
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Theorem 4.1 System @ is controllable on [ ; ]t if and only if one of the following
statements holds:
1) Range(B ) =R",
2) hLg z;zi = 0 for every z 2 R" n f0qg,
3) there exists > 0 such that kB zk, » kzk for every z 2 R",

4) Lg is invertible. Moreover, G =B LB1 is a right inverse of B , and the control
u2L?(; Ir;R™) steering the system from the initial state z to a final state z? is
given by

u=B Lgt z' e a(;)Z°: )

5 Approximate Controllability of the Nonlinear System

Definition 5.1 (Approximate Controllability) System is said to be approxi-
mately controllable on [to; ]t if for every 2 C.q([ (to);to]r;R™), z! 2 R" and " > 0,
there exists a control u 2 L2 ([tp; ]t;R™) such that the solution z of corresponding
to u satisfies

z(tp) = (o) and z(t) z! <™

Theorem 5.1 Suppose the system is defined on [ty; ]t, where is such that
is satisfied. Assume that

i) is left-dense,

ii) there exists -dilerkentiable ” : [to; ]+ ¥ R™ such that kg(t;z)k  * (t) for all
t2[to; I,

iii) there exists rd-continuous : [to; ]+ ¥ R™ such that kf(t;z;u)k (t) for all
t2[to; Ir.
If the linear system (6) is controllable on [ ; Jr, with to < , then system is

approximately controllable on [to; ]r.

Proof. Given 2 C.q([ (to);to]r;R"™), a final state z! and " > 0, we want to find
a control u” 2 L? ([to; ]r;R™) steering the solution of system (I} to an "-neighborhood
of z! at time . Indeed, let " > 0 and consider a control u 2 L? ([to; ]+;R™), arbitrary
but fixed, and the corresponding solution z(t) = z(t;to; ;u) of system . Since s
left-dense, there exists - 2 (tp; )T such that

< s
Me(jajM* +jbj )
where > =supf”(t) :t2[to; Jygand =supf (t):t2[ty; ]vg. We define the control
u" 2 L2 ([ (to); IrsR™) by

( 'f . .
Cg= YO T2

) ift2 (- I (10)

where
H(t) =B (e A( iHLg' z' e a(; »)z(+)
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is the control steering the solution of system (6) from the initial state z( -) to the final
state z! on [ »; ]r. The corresponding solution z “() =z “(;to; ;u’) of problem (1)) at
time can be expressed by

Z
z7°()=e a(;to) (t)+ e a(;s)B(S)U(s) s
Z S
+a e a(;9) M(s; )a(;z "()) S
Zto to
+b e a(;9)f(s;z "(S)u"(s) s
to
C z .
=e a(; ") e a(~t) (to)+ . e a( - s)B(s)u(s) s
z . Z . °
+a e a(~s) M(s; )a(;z (1)) S
to to
zZ . )
+b e a(s)f(siz(s);u(s)) s
z ° z Z.
+ e a(;s)B(s)H(s) s+a e a(;s) M(s; )a(;z () S
Z, - tO
+b e a(;9)f(s;27(s);u(s)) s
. 5
=e a(; mz(=)+ e a(;s)B(s)u(s) s
z 7
+a e a(;9) M(s; )a(;z27()) S
z" fo

+b e a( ;9)f(s;z "(s);u(s)) s:

On the other hand, the corresponding solution y() = y(; -;y( -);&) of initial value
problem (6) at time t = is given by
Z
y()=e a(; )y(-)+ e a(;9)B(s)u(s) s:

Since the linear system (6) is controllable on [ -; ], we have that y( ) = z'. Taking
y( ») =z( ), we get
Z Z

z°() zt jaj ke a(;s)k SkM(s; k g(:z7()) s
7 fo
+jbj ke a(;s)k F(s;z "(s);u(s)) s
z Z. z
ja  Me M () s+jbj  Me (8) s
7 to 7 e

jag - MeM?Z(s) s+jbj  Me (s) s
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Me jajM” +jbj (=) <™

So we get that system is approximately controllable.

6 Approximate Controllability on Free Time

In this section, we prove the approximate controllability on free time of the system

(z )= A()z (t)+B)u(t) +bf(t;z();u®); t to O;
2(to) = 2%

(11)

which is the system without memory (i.e., taking a 0).

Definition 6.1 (Approximate Controllability on Free Time) System is said to
be approximately controllable on free time if for every z%;z* 2 R™, and " > 0, there exist
2Tand u 2 L2 ([to; ]r;R™) such that the corresponding solution of satisfies

z() 2t <™
Theorem 6.1 Suppose that

i) There exists Mg > 0 such that ke a(t;s)k M forall t;s2 T,

ii) there exists rd-continuous :[tp; 1)t ¥ R™ such that
YA 1
kf(t;z; u)k (t) with (s) s<1:

to

If the linear system @ is controllable on each interval [ ; ], then the system is
approximately controllable on free time.

Proof. For " > 0, zo 2 R" and a final state z%, we want to find > ty and a control
u” 2 L2 ([to; ly; Iim) steering the solution of system to an "-neighborhood of z* at

time . Since (s) s< 14, we can choose -; 2 T big enough with tg < ~ <
to
such that 7 .
s) s< ——!
® jbj Me

Now, defining u” 2 L? ([to; Jr;R™) as in and proceeding similarly as in the proof
of Theorem we have

Z
z°() 28 b ke a(;s)k F(s;z "(s);u(s) s<™

So we get that system is approximately controllable on free time.
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7 Examples

Example 7.1 Let us consider the time scale T = Py, = k1=0[2k; 2k + 1] and the
control system
8 Z,
% z )= z (t)+2u(t)+ﬁ e 1(t;s)sin(s)sin(z(s=5)) s
] 1
2 +25 cos(t) sin(z(t) + u(v));  t2[1; 5 (12)

Tzt = (1) t2[E 1
where tp = 1, (t) = % M(t;s) = e 1(t;s), g(t;z) = sin(t)sin(z), f(t;z;u) =
cos(t) sin(z(t) +u(t)), A(t) =1, B(t) =2 and e a(t;s) =e 1(t;s). Since
kg(t;z) g(t;2)k jsin(t)jkz zk; g(t;0)=0;
kf(t;z;u) f(t;z )k jeos(t)j(kz zk+ku wk); f(t;0;0)=0;
and M. jajMLg +jbjLs < % Theorem ensures existence and uniqueness of
solutions for problem on [£;5]r. On the other hand,

ka(t;z)k ~ (t) forall t2[1;5]r with *(t)=t;
kf(t;z; u)k (t) forall t2[1;5]y with (t)=1:
z 5
Furthermore, Lgs =4 e ¢ 1)(5;8) s> 0, so this operator is invertible, and hence
the linear system :
z ()= z ()+2u(t); t2[ 5]
() =2"%
is controllable and, since = 5 is left-dense, by Theorem[5.1} system is approximately
controllable on [1; 5]y.

Example 7.2 Let us consider the time scale T = 3" : n 2 Npg and the control
system

u(t)

220= 2 O+uD+ anheM)+ 1372 m

3z t>1;

- (13)
© z(1) = zo;

where f(t;z;u) = ;5 tanh(z) + &> ,A(t) =2, B(t) =1lande a(t;s) =e »(t;s). It
is easy to see that the solution of (13) is defined on [1; 1L)t. On the other hand, we have
Z
u 2 Tt
hz) + —— ith = — — < d:
tanh(z) () wit (®) 32 and k?

kf(t;z;u)k T+ 02

3t2
For > ., the linear system
(Z M= 2z O+u), t2[- I
() =2"%
Z
is controllable since the operator Lg = e ¢ 2(;s) s is invertible. Hence, by

Theorem 6.1} we have that system is approximately controllable on free time.
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8 Conclusion and Final Remark

In this paper, we study a control system governed by a dynamic equation with memory on
time scales. Specifically, first of all, we prove existence and uniqueness of solutions, then
under an additional condition, and by applying Gronwall’s inequality on time scales, we
prove the prolongation of solutions. After that, we prove approximate controllability of
the system assuming that the associated linear control problem on time scales is exactly
controllable on [ ; Jr, for any 2 (tp; )t with being a left-dense point. In the case
where the time scale does not have left-dense points, we consider the system without
memory and we prove, under additional conditions, controllability on free time, i.e., we
prove the existence of a time such that the system is approximately controllable.
For dilerence equations, approximate controllability on free time was introduced by
Uzcategui and Leiva in [16]. Finally, two examples show that our results are feasible. Of
course, this work can be extended to evolution equations with memory on time scales in
infinite-dimensional Banach spaces using strongly continuous semigroups on time scales
approach.
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Abstract: We consider a dynamic contact problem between a piezo-thermo-elastic-
viscoplastic material with damage and a rigid obstacle. The contact is frictional and
bilateral, the friction is modeled by Coulomb’s law with heat exchange. We employ
the electro-elastic-viscoplastic with damage constitutive law for the material. The
evolution of the damage is described by an inclusion of parabolic type. We establish
a variational formulation for the model and we prove the existence of a unique weak
solution to the problem. The proof is based on a classical existence and uniqueness
result on parabolic inequalities, di erential equations and a xed point argument.

Keywords: viscoplastic; piezoelectric; temperature; damage; variational inequality;
xed point.
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1 Introduction

Because of its considerable impact in everyday life and its multiple open problems, con-
tact mechanics still remains a rich and fascinating domain of challenge. The literature
devoted to various aspects of the subject is considerable, it concerns the modelling, the
mathematical analysis as well as the numerical approximation of the related problems.
For example, many food materials used in process engineering are elastic-viscoplastic [14]
and consequently, mathematical models can be very helpful in understanding various
problems related to the product development, packing, transport, shelf life testing, ther-
mal e ects, and heat transfer. It is thus important to study mathematical models that
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can be used to describe the dynamical behavior of a given elastic-viscoplastic material
subjected to various highly nonlinear and even non-smooth phenomena like contact, fric-
tion, lubrication, adhesion, wear, damage, electrical and thermal e ects. The uncoupled
thermo-viscoplastic models were obtained in [13]. Di erent models have been devel-
oped to describe the interaction between the thermal and mechanical eld [6]. The new
papers use several types of contact for coupled materials such as thermo-mechanical,
electro-mechanical and thermo-electromechanical materials. For the thermo-mechanical
materials, a transmission problem in thermo-viscoplasticity is studied in [11], a thermo-
viscoelastic body is considered in [5], several problems for thermo-elastic-viscoplastic
materials are studied in [6{8]. For the electro-mechanical bodies, many laws of behavior
are considered by many authors, see for example [1,2,(9,/12] and references therein.

Realistically, it may be impossible to predict the electro-mechanical behaviour without
thermal considerations. To achieve this, the authors have started to study a new model
for thermo-electro-mechanical behaviour, see for example [4]. The aim of this paper is to
study a frictionless contact problem for elastic-viscoplastic materials with piezoelectric
e ect, also called electro-elasto-viscoplastic materials. To this end, we consider that the
material is electro-elasto-viscoplastic with an internal state variable which may describe
the damage of the system caused by elastic deformations and thermal e ects. The main
di culty is that Korn’s inequality cannot be applied any more. For this proposal, fol-
lowing the technique already developed by Duvaut and Lions [10] for Coulomb’s friction
models, we use the inertial term of the dynamic process to compensate the loss of coer-
civeness in the a priori estimates. By the change of variable, we bring the coupled second
order evolution inequality into a classical rst order evolution inequality. After this, we
use classical results on rst order evolution nonlinear inequalities, a parabolic variational
inequality and equations and the xed point arguments. Existence and uniqueness results
for the boundary value problem for thermo-electro-viscoelastic materials were obtained
by many authors using di erent functional methods. The novelty in this paper is to
make the coupling of an electro-elasto-viscoplastic problem with damage and thermal
e ect. We employ the thermo-elastic-viscoplastic with damage constitutive law for the
material. The damage of the material is caused by elastic deformations. The evolution
of the damage is described by an inclusion of parabolic type. The problem is formulated
as a coupled system of an elliptic variational inequality for the displacement, a parabolic
variational inequality for the damage and the heat equation for the temperature. We
establish a variational formulation for the model and we prove the existence of a unique
weak solution to the problem. A new law of behaviour for the so-called thermo-electro-
elastic-viscoplastic material is given by

Z ¢
O=ACum)+B("u(®); (t))FOG () AC'(u®));"(u(s)) ds+E rr () M (9;
M
D@M®=E"(u®) Br((@® P @®); @

where A and B are nonlinear operators describing the purely viscous and the elastic
properties of the material, respectively, G, E(*) = r~, E = (ejjk), M, B, and P are the
relaxation operator, electric eld, piezoelectric, thermal expansion, electric permittivity
and pyroelectric tensors. E is the transpose of E.

Many types of evolution of the temperature eld are given by several authors, see for
example [4}/5,/8]. In this paper, we use the evolution of the temperature eld obtained
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from the conservation of energy and de ne it with the following di erential equation:
- div(Kr ()= Mru(t) +q;

where is the temperature, K denotes the thermal conductivity tensor, M is the thermal
expansion tensor, g is the density of volume heat sources and is a nonlinear function
assumed here to depend on the thermal expansion tensor and the velocity.

The di erential inclusion used for the evolution of the damage eld is

ki4 +@-()3 ("(u); )in  (OT); ©)

where ”¢( ) denotes the sub-di erential of the indicator function of the set F of an
admissible damage function given as follows:

F=f 2H( ):0 1; ae. in g

and are given constitutive functions which describe the sources of the damage in the
system. When = 0, the material is completely damaged, when =1, the material is
undamaged, and for 0 < <1, there is partial damage. The Coulomb friction is one of
the useful friction laws known from the literature. This law has two basic ingredients,
namely, the concept of friction threshold and its dependence on the normal stress. Various
versions of the normal compliance law were recently presented in the literature [1,2,12].
The paper is organized as follows. In Section 2, we present the model. In Section 3,
we introduce the notations, some preliminary results, a list of the assumptions on the
data and we give the variational formulation of the problem. In Section 4, we state our
main existence and uniqueness result, Theorem The proof of the theorem is based
on evolutionary elliptic variational inequalities, ordinary di erential equations and xed
point arguments.

2 The Model

The physical setting is the following. A thermo-electro- elastic-viscoplastic body occupies
a bounded domain RY (d = 2;3) with the outer Lipschitz surface . This boundary
is divided into three open disjoints 1, 2 and 3, onone hand, and a partitionof ;[ »2
into two open parts 5 and |, on the other hand. We assume that meas( ;) > 0 and
meas( ) > 0. Let T > 0 and let [0; T] be the time interval of interest. The body is
subjected to the action of body forces of density Ty, a volume electric charges of density
go and a heat source of constant strength g.

The body is clamped on 3 (0;T), so the displacement eld vanishes there. A
surface traction of density f, acts on , (0;T). We also assume that the electrical
potential vanishes on 5 (0;T) and a surface electric charge of density g, is prescribed
on  (0;T). Moreover, we suppose that the temperature vanisheson ( 1 [ 2) (0;T).
In the reference con guration, the body is in contact with an obstacle, or foundation,
over the contact surface 3. The contact is frictional and thermo-mechanical. The model
of the contact is speci ed by the normal compliance and it is associated with Coulomb’s
law of dry friction for the mechanical contact and by an associated temperature boundary
condition for the thermal contact.

The classical formulation of the mechanical problem is as follows.

Problem P. Find the displacement eld u : [0;T] ¥ RY, the stress eld
[0;T] ¥ SY, the electric potential ~ : [0;T] ¥ R, the electric displacement eld
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D : [0;T] ¥ RY, the temperature eld : [0;T] ¥ R and the damage eld
[0;T] ¥ R such that
z t
(1) = AC'(u(®))+B('u(s); (t)}FOG (s) AC"(u());"(u(s)) dstE r” () M (1);
4
D({)=E (u@®)) Br((@®) P (®); 5)
div(Kr )= Mru+q in ©;T); (6)
div +fo= u in (0;T); (M
K4 +0°«()3 ("(u) )in  (O;T) ®
divD o =0 in ©O;T); )
u=0 on ; (O;T); (10)
=f, on 2 (0;T); (11)
=pr(u h)on 3 (0;T); (12)
gk k pkR  k;
_k k< pkR k= u =0; (13)
"k k= pkR k=9 =>0: = uon 3 (OT)
Kug, i=Ke( @) hGuD) on s T 1)
g— =0on ©;T); (15)
D =0on 3 (0;T); (16)
=0on (1L 2) OT); @7
>=0 on . (0;T); (18)
D =q@q on  (0;T) (19)
D = (u h ( 79 on 3 (OT) (20)
u(0) =uo; u(®)=vo; ()= oand (0)= oin : (21)

We now describe problem - and provide the explanation of the equations and
the boundary conditions. Equations and represent the thermo-electro-elastic-
viscoplastic constitutive law, the evolution of the temperature eld is governed by a
di erential equation given by the relation (6)), assumed to be a rather general function
of the strains. Next equations and (9) are the steady equations for the stress and
electric-displacement eld, conditions and are the displacement and traction
boundary conditions. Equation means that the temperature vanisheson ( 1 [ 2)
(0; T) which implies that there is only an electro-mechanical e ecton ( 1 [ »2).

Next, and represent the electric boundary conditions for the electrical po-
tential on 5, and the electric charges on |, respectively. We use as the elec-
trical contact condition on 3 which represents a regularized condition. Equation (20)
represents the initial displacement eld and the initial damage eld, where ug is the
initial displacement, and o is the initial temperature.
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We turn to the contact conditions (12)-(14) and describe the frictional thermo-
mechanical contact on the potential contact surface 3. The relation describes
a normal compliance conditions with Coulomb’s law. The equation represents an
associated temperature boundary condition on the contact surface. The equation (16)
shows that there are no electric charges on the contact surface. R is the truncation
operator de ned by s

<L if s< L;
R((s)=_ s if L s O
-0 if s=>0:

Here L > 0 is the characteristic length of the bond, beyond which it does not o er any
additional traction. The introduction of the operator R , together with the operator
R de ned below, is motivated by mathematical arguments but it is not restrictive from
a physical point of view since no restriction on the size of the parameter L is made in
what follows, where u'  u? stands for the jump of the displacements in the tangential
direction. R is the truncation operator given by

_ v it gy L
RO= Ly it vi>L

3 Variational Formulation

In order to obtain the variational formulation of the Problem P, we use the following
notations and preliminaries

3.1 Notations and preliminaries.

In this short section, we recall some preliminary material and notations. For more details,
we refer the reader to [7,/10]. The indices i, j, k and | run from 1 to d and summation
over repeated indices is implied. An index that follows the comma represents the partial
derivative with respect to the corresponding component of the spatial variable. We also
use the following notations:

H=L*( )=fu=():ui2L%()g; H=F =(3): = 2L )y
HY( ¥ =Ffu=(vi)2H: "(u)2H g H;=f 2H: Div 2Hg:
The operators of deformation " and Div are de ned by
") =" ()5 i () =(uij +uji) =2 Divo=( ij;5)
The associated norms on spaces H, HY( )9, H, and H; are denoted by k k. K kHl( yds

k k., and kky, respectively. Let H = H™2( )@ and :H( ) ¥ H be the trace

map. For every element v 2 HY( )9, we also use the notation v to denote the trace

v of von and we denote by v and v the normal and tangential components of v
on . Moreover, we use the dot above to indicate the derivative with respect to the
time variable and, for a real number r, we use r. to represent its positive part, that
is, rr = max(0;r). To obtain the variational formulation of the problem —, we
introduce, for the bonding eld, the sets

W= 2H}): =0on 5, ; W= D=(Dj): Dj2L2( );divD 2L2( ) :
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On the spaces V, W, W , we de ne the following inner products:

u v)y = ") 8uv 2V, (22)

Cydw=(@r-;r),:8% 2w, (23)

W;2)g = (rw;rz)y:8w;z 2 E; (24)
where E= 2HY( ): =0ae on 1[ 2

Therefore, the spaces (V;(; )), (W ,(; )w) and (E; (; )g) are real Hilbert spaces.

3.2 Assumptions on the data

We now list the assumptions on the problem’s data.
The viscosity operator A : sd ¥ s9 satis es

8 (@) There exists La >0 such that
% KA(X;"1) AX"2)k6 Lak™ "k 8";;"»;2S8%ae x2
(b) There exists ma >0 such that (25)
(AGG™) AGG™) ("1 ") > mak's "k, 8" 289 ae x2
(c) The mapping x ¥ A(x;") is Lebesgue measurableon ,8 "2 S¢;
" (d) The mapping x ¥ A(x;") belongs to H:

The elasticity operator B : sd ¥ s9satis es

; (a) There exists Lg > 0 such that

kB(x;"1) B(X;"»)k6 Lgk"s "ok 8";;"» 289 ae. x2 , (26)
= (b) The mapping x ¥ B(x;") is Lebesgue measurableon ,8 " 2S¢
~ (c) The mapping x ¥ B(x;0) belongs to H:

The visco-plasticity operator G : sd sd ¥ sd satis es

(a) There exists a constant Lg >0 such that
KG(X; 1;"1) G(X 2;"2)k6Lg(k 1 2k+Kk'1 "2K);
forall 1; 2;"1;",2S%,ae. x2 ; o7
(b) The mapping x ¥ G(x; ;") is Lebesgue measurableon ,8 "2 S¢; @7
forany "; 2 S9:

= (c) The mappingx ¥ G(x;0;0) 2 H:

The piezoelectric operator E: sd ¥ RY satis es
(@ E( )=(eijk; jk); 8 =(jk)2S% ae xin ; 28)
() eijx =eikj 2L ( ); 1 6i;j;k 64d:

The thermal expansion operator M: R ¥ Rsatis es

g (a) There exists a constant Ly > 0 such that

kM (X 1) M(X 2)k6 Lmk 1 ok 8 1; 22R; ae. x2 (29)
= (b) The mapping x ¥ M(x; ) is Lebesgue measurableon ,8 2R;
= (c) The mappingx ¥ M(x;0) 2 H:



NONLINEAR DYNAMICS AND SYSTEMS THEORY, 22 (5) (2022) [503[{[521]

The tangential function satis es:

;h . 3 R+ ¥ Ry veri es:

(@:9 L =0s.t. jh(;ri h(Xr)j L jri raj;
= 8ri;r2R; ae. x2 3
= (b) : The mapping x A h (x;r) belongs to L?( 3):

The electric permittivity operator B = (Bij) : RY ¥ RYsatis es

g (@ B(X;E)=(Bij (X)Ej) 8E=(Ei)2RY ; ae. x2
(b) Bij=Bji2 L1(), 16ij 6d

= (c) There exists a constant Mg >0 such that BE:E > MBjEjZ;

" 8E=(Ei)2R? ; ae. in

The thermal conductivity operator K : R ¥ R satis es

g (a) There exists a constant Lk > 0 such that

kK(x;r1) K(X;r2)k6 Lgkry rpok forallry;r, 2R; ae. x2
= (b) Mmij = Mji 2 Ll( ), 1 6I,j 6 d;
= (c) The mapping x ¥ S(x;0;0) belongs to L2 ( ):

The damage source function : sd s¢ R ¥ Rsatis es

8 (a) There exists a constant L > 0 such that

%j % 1% 1) X 252, 2 L (G1 2i+j'r Yj+ja
forall 1; 2 1;;1,28% 1 ,2R; x2 ;
(b) The mappingx ¥ (x; ;!; ) is Lebesgue measurable on ;
forany ; 1 2S%andforall 2R;

= (c) The mapping x ¥ (x;0;0;0) belongs to L?( ):

The function :" S, S, Sn» R R ¥ Rsatis es

(a) There exists a constant L > 0 such that
6 5" o) G 25" 2028 L (G 2+)"1 "2

+j1  2j+ja1 ) forall 1; 2 M5 "22Sn; 1 20 10 22R; x2

(b) The mappingx ¥ (x; ;"; ; ) is Lebesgue measurable on ;
forall ; "2S,andforall ; 2R;
= (c) The mapping x ¥ (x;0;0;0) belongs to L2("):

We also suppose that the body forces and surface tractions have the regularity

fo 2 L2(0;T;L2( )2 22O T;L2( ) 2L7( ):;
©2C O;T;L2( ) 622C O;T;L%( ) ;
ge(t)=00n 3;8t2][0;T]:

The functions g and  have the following properties:
g2L%( 3); g(x)>0; ae:on 3;

2L (3); (>0, aeon 3

509

(30)

(81

(32)

(33)

(34

(35)

(36)
(87

(38)
(39)
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here is the coe cient of friction. The initial displacement eld satis es
up 2V, (40)
and the initial temperature eld satis es
02E; F2L2 OT;L%( 3) ike 2L1(iR4)iGn2L% OTIE & (41)

Using the above notation and Green’s formulas, we obtain the variational formulation of
the mechanical problem (@)-(21I) for all functions v 2 V; w 2 Wy,; 2 We and ae. t 2
(0; T); given as follows.
Problem PV. Find the displacement u : [0;T] ¥ V, the stress :[0;T] ¥ H; , and
an electric potential ” : [0;T] ¥ W, the electric displacement D : [0;T] ¥ H and the
temperature :[0;T] ¥ V, and the damage :[0;T] ¥ E; such that
z t
(® =AC"(u(®)) +B(u(t); (1) + . G () AC(u®));"(u(s)) ds
+Er’@ ™M (1);

u@®;v u®)ve v +( ©O;" (v() u®)n+iv®) Ju®)=>E@;v u®)v; (43)
(_(0); (D)2 ) +al (1) ®) C"w®); @); Oz )y (44
forall ()2F, 2Fandt2][0;T].

(42)

DM =E"(u®) Br(C(@®) P ®); (45)

OCO;r)y= @@®; ) +hW®;”); ;8 2W;, t2[0;T]; (46)
() + K () =Rut) +Q(t) on E’; (47)

u(0) =ug; u(@) =vp; ()= gand (0)= gon : (48)

Here, the function Q : [0;T] ¥ E° and the operators K : E ® E'; R:V ¥ E% M :
E¥Vl%arede nedby82V;8 2E;8 2E:

Z Z
hQ); igo = ker ds+ g dx;
z ° z
. X @ 0 _
hK ; lgo g = ijiidX"' ke ds;
g @xj @x; s
7 Z
hRv; I g = h (jv j) ds (Me rv) dx;

3

hM ;viyo v =( Me;"(V))n;

where J- : V.V T R F:[0;T] ® V ,0 :[0;T] ¥ W and V. W ¢ W are
respectively de ned by
z P
J" (N;v) = pjR N j jvij2+"da; 8v2V; 8'>0; (49)

3

Z z
f);v)y = fo(t) vdx + f,(t) vda: (50)

2
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We de ne the bilinear forma:H( ) HY}( ) ¥R

Z
a( ;)= 5 5 dx; (51)
Z Z
@e(); Iw = qo(t) dx q2(t) da; (52)
Z b
(w2 Iw= (u h)y L 7o) da (53)

3
forallu,v2V, ,w2W, 2W andt2][0;T]: We note that the de nitions of f and qe
are based on the Riesz representation theorem. Moreover, the conditions and
imply that
f2C(@O;T;V); ge2C(0;T;We): (54)

We denote by kik, , kik,, and :kik,, the norms on the spaces V, H and V?°, respec-
tively, and we use (:;:)yo v for the duality pairing between V° and V. Note that if f 2
H, then

FV)yo v =(Fv)y 8V 2 H: (55)

The existence of the unique solution of problem Py is stated and proved in the next
section.

4 Existence and Uniqueness of the Solution

Our main existence and uniqueness result is the following.

Theorem 4.1 Assume that - hold. Then, if N < Z-; there exists a unique
0

solution fu; ; ;”;Dg to problem Py satisfying
u2 WE2(0; T;V)\NCHO; T;V)\ W22(0; T;V'); 2 C(0;T; H); (56)
>2C0O;T;W);D2C(0; T; W); (57)
2W2(0; T;E") \ L2(0; T;E) \ C(0; T; L2( )): (58)
2W*Y2 0;T;L2( ) \L2 O;T;HY( ) - (59)
Functions u; ; ; ”; D, and ; which satisfy (42)-(48), are called the weak solution to

the contact problem P. We conclude that, under the assumptions (25)-(40) and if N <
th p u u umpti i

5z Is satis ed, the mechanical problem @ has a unique weak solution satisfying
E)-58).

The proof of Theorem is carried out in several steps. It is based on the results
of evolutionary variational inequalities, ordinary di erential equations and xed point
arguments.

In the rststep, welet 2 L2(0;T;V) be given and consider the following variational
inequality.

Problem PVu . Find a displacement eldu :[0;T] ¥ V such that 8t2[0;T];

(u®;v u®)ve v +(A" u @ "(v u @ONn iU ®5V) G ©O);u (D) (60

+ @O;v u@® v (FOv u@®);
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u (0) =ug;u (0) =vp forall u , v2V. In the study of the problem PVu , we have
the following result.

Lemma 4.1 PVu has a unique solution satisfying the regularity expressed in (56):
z t
u (t)=up+ Vvg(s)ds 8t2[0;T]:
0
We de ne the operator A:V ¥ V0py
(Av;w)yo v = (A"(V);"(W)n; 8Bviw 2V: (61)

We consider the following variational inequality.
Problem PVv . Find a displacement eldv :[0;T] ¥V suchthat 8t2[0;T].

(in D)W v D)y v F(Avn (D)W v (D)ve v +5(N;w)
J(N;vy (1) (F (D);w vy (D))vo v; 8w 2V,

vn (0) = vo! (63)
In the study of Problem PVv , we have the following result.

(62)

Lemma 4.2 For all N 2 L2(0;T;H;) and 2 L2(0;T;V", the Problem PVv has
a unique solution with the regularity vy 2 C(0; T;H)\ L2(0; T;V)\WZ12(0; T; V).

Proof. We begin by the step of regularization we de ned, for all " > 0,
z

1" (Nsv) = pjR N meda; 8v2V; 8"'>0:

3

After some algebra, for all " > 0; J- is C* convex on V, and its Frechet derivative satis es
8>0; 8w2V JYN;w) CiNjiz(¢ 4): (64)
\VAY

From and the monotonicity of 17, it follows from the classical rst order evolution
equation that

8">0; vy 2L%0;T;V)\C(0;T;H)and vy, 2L20;T;V?

such that
vy O +Avy +jA(N;vy )=F ®)inV' ae t2][0;T]; (65)
vy (0) = vo:
Therefore, vy, 2 L2(0; T;V)\W2(0; T; V"), we obtain
v OiwW vy, A (W vy, FIR(NTW) (66)

P(Nsvyg () F@w vy (O vo v BW2V; ae t2[0;T]:

Using (25) and the monotony of j%, we deduce that
Z Z+
" " 2 " 2
9C=>0; 8t2[0;T]: vyy () C . VN (t)vdt C . vy (D) Vodt C;
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using a subsequence to nd that

Vy VN Weakly in L2(0; T;V) and weakly in L1(0; T; H);

Vn ™ Vn o star weakly in L2(0; T;V9): (67)
It follows that
vy 2C(0;T;H) and v,';, () * vn () weakly in H; 8t2[0;T]: (68)

Integrating (66)), we have 8w 2 L2(0; T;V),
Z+ Z+ Z Z
(Vn O;wW)vo vdt+  (Avy (O;w)ye vdt+  j=(N;w)dt (F (©);w(t)vo vdt;
0 0 0 0

then we have

Rt . Ry " Rt

ofn (Diw)ve vdt+ 5 (Avyy (D:w)vo vdt+ o j-(N;w)dt
o (vn (O;vyy )y vdt+ o (Avy (v (D)vo vdt+

o J(N; vy, 2(t))dt+ o (F 2(t);\ﬁ((t) vy (®)vo vt
VN 3 O+ o AV OV O)ve vdtr

o Jn(viy (@)dt+ J(F @iw(®) vy (®)vo vdt:

From and we obtain that for all w 2 L2(0; T; V),

Rt . . R . "
ro, (U Oiw VS (©)ve vt g (Avyy (Oiw v (@)ve vt
o GINsw)  J(Nsvy ))dt J (F (D);w(t) vy (D)vo vdt:
The previous inequality implies (see [10]) that
VN @OiwW vy ey AV W vy e FER(INTW)
JF(Nsvy () F@w vy (B vo y BW2V; t2[0;T]:
We conclude that Problem PVv has at least a solution vy 2 C(0; T; H)\L2?(0; T;V)\
WE2(0;T; V" and vy 2 L2(0; T;V"). For the uniqueness, let v}, , v4 be two solutions
of Problem PVv , we use to obtain for a.e. t2[0;T],
VR ® v§ OVR® vy @) AR O Ay v © vy ) O
Integrating the previous inequality, using and (61), we nd
1 L

SV O i ©c+ma Vi () V& ()2 ds 0; 8t2[0;T]
0

which implies v}, =2 . Let us consider now uy :[0;T] ¥ V is the function de ned
by z
un () = vn (S)ds +ug; 8t2][0;T]: (69)
0
In the study of Problem PVu , we have the following result.

Lemma 4.3 Problem PVu has a unique solution satisfying the regularity expressed
in (56).
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Proof. The proof of Lemma|[4.3]is a consequence of Lemma [4.2] together with (69).
In the second step, let 2 C(0;T;V), we use the displacement eld u obtained in
Lemma 4.3 and consider the following variational problem.
Problem PV~ . Find an electrical potential > :[0;T] ¥ W such that 8t 2 [0; T],

Br> @®:r) E"U@O:r)y+( U ®;7 ©) d =©0Q(®; )w:8 ?V\)/
70

We have the following result.

Lemma 4.4 PV~ has a unique solution which satis es the regularity expressed
in (67). Moreover, if * , and ” , are solutions of corresponding to 1; » 2
L2(0;T;V), then there exists C > 0 such that

7.0 7.0y Ciu,(®) u,(®);8t2[0T]: (71)

Proof. The same result for this Lemma [4.4] is given in [12]. In the third step, we
let 2 L2 0;T;L%( ) be given and consider the following variational problem for the
temperature eld.

Problem PV . Find a temperature eld :[0;T] ¥ E such that

_(M+K (®=Ru (t)+Q()inE'ae. t2[0;T];
©) = o;

forall ;w2E;ae. t2(0;T). For the Problem PV  we have the following result.

(72)

Lemma 4.5 PV has a unique solution such that

2 L3(0; T;E)NC(O; T; L2( ) \WH2(0; T; E"): (73)
Moreover, 9C > 0 such that 8 ;; » 2 L?(0;T;V?"),
Zr
K1) 20k, C k() 2s)ki.ds; 8t2[0;T]: (74)
0

Proof. The result follows from the classical rst order evolution equation given in [3].
Here the Gelfand triple is given by

E L()=(L?() E"
The operator K is linear continuous and coercive. By Korn’s inequality, we have
IKWjy  Cjujp,; forallu2v;
with C being a strictly positive constant de ned only on and ;. Therefore
(K:)de e Cjlg: (75)

In the fourth step, we let 2 L2(0;T;L?( )) be given and consider the following
variational problem for the damage eld.
Problem PV . Find the damage eld :[0;T] ¥ H( )suchthat 2F and

(@) )2y +al (O ®)  ©SCu W) O D)2y (76)
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0= o (77)
forall ()2F, 2F andt2][0;T]. Note that if f 2 H, then

(F;v)yo v =(F;v)y; 8v2H:

Theorem 4.2 Let V. H  V° be a Gelfand triple. Let K be a nonempty, closed
and convex set of V. Assume thata(; ):V V ¥ R is a continuous and symmetric
form such that for some constants > 0 and co,

a(v,v) = cokvk,z_| kvk\z,; 8v 2 H:

Then, for every ug 2 K and f 2 L2(0;T;H), there exists a unique function u 2
H(; T;H) \ L?(0;T;V) such that u(0) = ug, u(t) 2 K for all t 2 [0;T] and for al-
most all t 2 [0; T],

(u);v u@®)yve v +au();v u)) (F@);v u@®))n;, 8v2K:
We apply this theorem to Problem PV

Lemma 4.6 There exists a unique solution to the auxiliary problem PV  such
that

2WH0; T;L2( D \LAO; T HY()): (78)

The above lemma follows from the standard result for parabolic variational inequalities.

Proof. The inclusion mapping of H( );k kygx( y into (L?( );k kiz( y) is con-

tinuous and its range is dense. We denote by H( ) " the dual space of HY( ) and,
identifying the dual of L? with itself, we can write the Gelfand triple

HY() L% ) HY()"

We use the notation (; )1 yy» H1( ) to represent the duality pairing between H( ) !
and H1( ), we have

Ci dmre oy miy=05 Dz y 8 2L%(C ) 2HY( )

and we note that F is a closed convex set in HX( ). Then we use the de nition of the
bilinear form a given by (51)), and the fact that 2 F.

Problem PV . . . Find a stress eld ([0;T] ¥ H,
z t
®O=BC"WU ®); OMMKH+ . G((s)"(u (Nds M (1); 8t2[0;T]: (79)

In the study of problem PV , We have the following result.

Lemma 4.7 There exists a unique solution of problem PV, which satis es (56).
Moreover, ifu ;, ,, ,and ..., represent the solution of problems PVu ;, PV
PV . and PV .. ..., respectively, for i =1;2, then there exists ¢ > 0 such that

i i i

k 12 1; 1(t) 2; 2; 2(t)kH2 C(ku 1(t) u 2(t)k\Z/

t (80)
-*qu9%@%+k49 LK +k () L(s)KE)ds):
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Proof. Let .. :L2?(0;T;H) ¥ L?(0;T;H) be the mapping given by
YA t
) =8BC""(u @®); @®)+ . G( (s);"(u (s))ds M (1) (81)

Let ; 2 L?(0;T;H) : i = 1;2 and t; 2 [0;T]. Using hypothesis and Holder’s
inequality, we nd
z t
k o5 a® o 2(DkE LET  k 1(s)  2(9)kids:
0

It follows from this inequality that for m large enough, a power ™ . of the mapping

.. is a contraction of the Banach space L2(0;T; H) and therefore there exists a
unique element . . 2 L%(0;T;H)suchthat .. .. = ... Moreover, .. is
the unique solution of the problem PV Mfuy; . yand ;. represent the
solution of the problems PVu ,, PV ,, PV ,and PV , , ., respectively, fori=1;2,
then we use (@), (25). and Young’s inequality to obtain

k 12 1; 1(t) 25 2; 2(1:)kH2 C(ku 1(t) u 2(t)k\2/
t
+ o (k 1; 15 1(t) 2, 2; 2(t)kH2 +ku 1(s) u 2(S)k\2/ +K 1(3) 2(S)k\2/
+ko.(s) . (9)kG ) ds):

This permits us to obtain, using Gronwall’s lemma, the inequality (80). Finally, we
consider the operator  such that

G )®O=CC 5 )m: 20 5 )M 3Cs 5 Hm); (82)
where 1, 2and 2 are de ned by
(M@ @ (t);V(t%)vU v =B (U ®):;"(vONH+E r” (©);" ()
t

+3-(u (D;v(D) + G( ;; (" @EMds M ();"(v() ; 8v2V,
0 H

(83)

20M; @ @ivd= ( ; @:"u®); ©O) (84)
and
M ) @vm)= ( ;. @) ) (85)

Here, for 2 L2(0;T;V), 2 L2(;T;L?( ))and 2 L%0;T;L%( ),u, ., ,
and . . represent the displacement eld, the potential electric eld, the temperature,
the damage eld and the stress eld obtained in Lemmas [4.1} 4.4} 4.5, 4.6 and 4.7, We
have the following result.

Lemma 4.8 The operator has a unique xed point ( ; ; ) 2 L?(©0;T;V
L2 ) L2 ).

Proof. We show for a positive integer m, the mapping ™ is a contraction on
L2(0;T;V  L2( )) L2( )). To thisend, we suppose that ( 1; 1; 1) and ( 2; 2; 2)
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are two functions in L2(0; T;V  L2?( )) L?( ))anddenoteu , =uj,u,=vi, ~ , ="7j,
‘= i, ,= jand ,.,.,= jfori=1;2. We have

i is i

k 1( 1; 1, 1)(t) l( 2, 2, 2)(t)k\2/o CkR (U (t) Us (t))kLz( 3)
+CkR (u () uz (D)kPz( .y +kB"(us(t)) B"(U2(t)k

KT 7 ek, +Ck (M) a0k
t

*KGC ()" () 6 2(8); "(u2(s)))KZ ds
+Ck 1(t)  2(K?:

(86)

Therefore, from (26), (27). and the de nition of R , R , we obtain

k(1 )® (2 20 2)OkGo Clku(t) ua(bk
7, z

t
+  kui(s) ux(S)kZ ds+  k 1(s)  2(s)kZ ds

2% z% (87)
+ ki(s) 2KEds+  k i(5)  a(S)KEds
0 0

+k71(D) 7 a(tkdy):
We use estimate to obtain

k (1 1 1Z)(t) Yo o2 2)('f)k\2/0Z C(ku(t) u(tk§
+ tkul(s) uo(s)kZ ds + tk 1(8)  2(s)kZ ds
Z0t 0
+ . k 1(s)  2(5)kZ ds+k>1(t) ~2(Dk3):

(88)

Recall that above u and u denote the normal and the tangential component of the
function u , respectively. By similar arguments, from the function and the de nition
of 2, it follows that

k 2(1; 1 1Z)(t) 2(20 25 2)(MKE  C(kui(t) ux(bkG
t

* k 1(s) 20Ky ds+k 1(s)  2(5)kg)

) ) (89)
C(kug(t) ux(Dky +k 1(s)  2(5)kg
z t z t
+  kui(s) ux(s)kZ ds+  k 1(s)  2(s)kZ ds):
0 0
On the other hand, by (33), and the de nition of 3, we get
k *C o 0® (2 2 2)§t)k|2: C(kuy(t)  uz(tk
t
+k?1(t) Ta(tkd +  kui(s) ua(s)kd ds (90)

z°
+k 1(s)  2s)kE + . k 1(s)  2(s)kZ ds):
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Also, since 7
t
ui(t) = vi(s)ds+ug; t2[0;T];
0

we have Z,
ui(t) = kug(t)  ux(t)kZ kvi(s)kZ ds + up;
0

which implies
Z t Z t
kup(t) ux(tkd +  kui(s) ux(S)kdds C  kvy(s) Va(S)kZ ds:
0 0

Therefore
kK (15 15 1Z)(t) (2 25 2)®OKGs g ¢ Ckus(t) ua(tkg
t

+  kui(s) ux(s)kZ ds+k 1(s)  2(s)kZ
ZO

+ t k 1(s) 2()kEds+k 1(s)  2(s)kE
Z°,

+ . k 1(s) 2(8)sz ds +k”1(t) ’z(t)k\ZN):

Moreover, from (60), we obtain

(Vi Vv2;vi V2)ve v = (A"(v1)) A"(v2);"(v2 Vvi)ve v
+(1  25vi Voo v O

(o1

(92)

(93)

(94

(95)

We integrate this equality with respect to time, use the initial conditions, v1(0) = v,(0) =

Vo, and to nd
z t z t
ma  kvi(s) Vva(s)kids C  k 1(s)  2(S)kvkvi(s) va(s)ky ds
0 0

for all t 2 [0; T]. Then, using the inequality 2ab n";‘—zA + mab?, we obtain
z t z t
kvi(s) Va(s)kids C  k 1(s)  2(S)ky ds;8t 2 [0;T]:
0 0

Since u1(0) = u2(0) = up, we have
Zt
kui(s) ux(s)ki C kvi(s) vz2(s)ky ds;
0

and from (74)), we have
Zr
k() 20kfz(y C  ka(s) 2(S)kEds; 8t2[0;T];
0
and from (71)), we have
k?1(t)  “2(DkG,  Ckuy(t) ux(tki; 8t2[0;Tl:

(96)

C)

(98)

(99)

(100)
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We substitute and (100) in to obtain
z t

k (11 DO (2 20 2Ok g ¢ C( . kvi(s) Va(s)k§ ds
z
+k1(s)  2S)kE + tk 18)  2(s)kE ds (101)

t
+k 1(s)  2(9)kE + ; k 1(s)  2(9)kE ds);

on the other hand, from (7€), we deduce that

(i1 221 2k rp+al1 201 2) (1 201 2)F ae t2[0;T]
(102)

Integrating the previous inequality with respect to time, using the initial conditions
1(0) = 2(0) = o and inequality a( ; 2 1 2) 0,we nd

z
1 t
Sk 29k (1(9) 2 als) () s: (103)
0
This inequality, combined with Gronwall’s inequality, leads to
z t
k1(s) 2(9)kE C  ki(s) 2(s)kids; 8t2[0;T]: (104)

0
We substitute (97)), and (104) in (101) to obtain

YA t
kK (1; 1; 1)(t D2l 2) (DK C  k((1; 1, 1)(s
(11 DO (25 20 2Ok g F . (GHEHE ) (105)
(2; 25 2)(8)KZ0 g g ds:
Reintegrating this inequality n times, we obtain
CnTn
kK "1 15 1) (2 2 2)kEZ(O;T;Vo E F) Tk(( 17 15 1) (106)

(2 2 2))kEZ(V0 E F)s

thus, for nsu ciently large, " is a contraction on the Banach space L?(0;T;V' E F)
and so  has a unique xed point. Now, we have all ingredients to prove Theorem [4.1]

Proof. (of Theorem[d.1). Let ( ; ; )2L20;T;V' L2( ) L2( )) be the
xed point of de ned by (82), (83), and and
u=u,; 7 =7, = and = : (107)

Let :[0;T] ¥ H be the function de ned by
=A"u)+"r> + . .. (108)

We prove that fu ; ;” ; ; g satis es (42), and the regularities (56)-(58). In-
deed, we write and use ({107) to nd

U @;v)ve v +(A"(U (©);"(V)k + I-(uU ();V)

(109)
+( (O;VIve v (FO);V)vo v; 82V ae,t20;T;
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we use equalities *( ; ; )= , 2(C ; ; )= —and 3( ; ; )= it
follows that
( ®;Vvo v = (Bé"(u @) "Wn + (" r” (1);" ()
t
+ . G( ; ; ()" (s); (9)Nds M (1);"(v) (110)
H
+J-(u (t);v(V));
W= ;; O"u®: O (111)
o= C ;; @®O:"Wu@®); ®O: (112)

We now substitute in to obtain
(u (tz);:/)w v AU ;" ))R + B );"(V); O+ rT W)k
o G( ; ; (" @Mds M (1);"(v) ) (113)
+J(u ();v)  (F();Vvo v; 8v2V:

It follows from Lemma [4.7] and that 2 L2(0;T;H) and implies that

div. +f(t)= u (t); ae,t2][0;T]:

We write for = to nd that is satis ed, also write for = to nd
that (76) is satis ed we consider now for = to nd that (60) is satis ed. Next,

the regularltles . follow from Lemmas [4.1] [4.2] [4.4] [4.5] - 4.6/ and the regularity

(56) follows from Lemma [4.7, the uniqueness part of Theorem |s a consequence of
the uniqueness of the xed point of the operator de ned by (82)-(85) and thus follows
the unique solvability of the problems PVu , PV~* , PV | PV and PV .., which
completes the proof.

5 Conclusion

As a conclusion, we can say that our model, which describes the contact problem with
damage and thermal e ect for an electro-elasto-viscoplastic problem, based on thermo-
dynamics is developed to describe the self-heating and stress-strain behavior of thermo-
plastic polymers under tensile loading. The constitutive model considers temperature-
dependent elasticity, nonlinear viscoplastic ow and damage evolution. The literature
devoted to various aspects of the subject is considerable, it concerns the modelling and
the mathematical analysis of the related problems. For example, many food materials
used in process engineering are elastic-viscoplastic, mathematical models can be very
helpful in understanding various problems related to the product development, packing,
transport, shelf life testing, thermal e ects, and heat transfer. It is thus important to
study mathematical models that can be used to describe the dynamical behavior of a
given elastic-viscoplastic material subjected to various highly nonlinear and even non-
smooth phenomena like contact, friction, lubrication, adhesion, wear, damage, electrical
and thermal e ects. Thermal e ects in contact processes a ect the composition and
sti ness of the contacting surfaces, and cause thermal stresses in the contacting bodies.
Moreover, the contacting surfaces exchange heat and energy is lost to the surroundings.
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Abstract: We consider a dynamic contact problem between two thermo-electro-
viscoelastic bodies with damage and an internal state variable. The contact is bilateral
and is modeled by Tresca’s friction law. The damage of the materials is caused by
elastic deformations. We derive a variational formulation for the model which is in the
form of a system involving the displacement eld, the electric potential, the internal
state variable eld, the temperature and the damage. Then we proved the existence
of a unique weak solution to the model.

Keywords: viscoelastic piezoelectric materials; internal state variable; damage; tem-
perature; friction contact.

Mathematics Subject Classi cation (2010): 74M10, 70K30, 70K75, 93-02.

1 Introduction

Our research paper tackles a frictional bilateral contact problem including the topic of
piezoelectric, which can be explained as follows: when we apply mechanical pressure to
some types of crystalline materials such as ceramics BaT iO3; BiF eO3, a voltage propor-
tional to the pressure is produced. Meanwhile, changes in shape and dimension occur if an
electric eld is applied to some types of crystalline materials. At present, there is a great
interest in the study of piezoelectric materials for their importance in radio-electronics,
electroacoustics and instrumentation. Thus, a big interest in the contact problems occurs
because of the fact that parts of the equipment are in contact. So, many models have
been developed to explain the interaction between the electrical and mechanical elds,
see for example [2,/8] and the references therein. Frictional contact problem is a static
problem of electro-elastic materials mentioned in [3] and [10], considering that the basis is
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isolated. Contact problems involving elasto-piezoelectric materials [3], viscoelastic piezo-
electric materials [1] and the contact problem for electro-elastio-viscoplastic materials
were studied in [7].

A mathematical investigation has been conducted for some models taking into consid-
eration the in uence of the internal damage of the material in the contact process. From
the virtual power principle, general models for damage were derived in [6]. In [4], we can

nd the modes of mechanical damage which are derived from thermo-dynamical consid-
eration. The ratio between the elastic moduli of the damage and damage-free materials
is expressed by the function called the damage function = (X;t) mentioned in [5,6].
In an isotropic and homogeneous elastic material, let E, be the Young modulus of the
original material and E_¢¢ be the current modulus, then the damage function is de ned

by = E. = Ey. This de nition shows that the damage function is restricted to
have values between zero and one; when = 1, there is no damage in the material,
when = 0, the material is completely damaged, when 0 < < 1, there is partial

damage and the system has a reduced load carrying capacity. The contact problem with
damage has been mentioned in [9]. The di erential inclusion used for the evolution of
the damage eld is

- +k@ k( )3S ((u); )in [0;T]; (1.2)
where k is a positive coe cient and K is the set of admissible damages de ned by
K =f 2H( )0 l:ae2 g (1.2)

The paper is structured as follows. In Section [2, we present the physical setting and
describe the mechanical problem. We derive a variational formulation, list the assump-
tions on the data, and give the variational formulation of the problem. In Section [3| we
state our main existence and uniqueness result which is based on the classical result of
non-linear rst order evolution inequalities and equations with monotone operators and
the xed point arguments.

2 Problem Statement and Variational Formulation

The physical setting is the following. Let us consider two electro-thermovisco-elastic
bodies, occupying two bounded domains 1, 2 of the space RY (d = 2; 3 in applications).
We put a superscript  to indicate that the quantity is related to the domain . In the
following, the superscript ranges between 1 and 2. For each domain ; the boundary

is assumed to be Lipschitz continuous, and is partitioned into three disjoint measurable
parts ,; , and j;onone hand, and in two measurable parts , and ; on the other
hand, such that meas ; > 0; meas , > 0: Let T >0 and let [0; T] be the time interval
of interest. The body is subject to f, forces and volume electric charges of density
Oo- The bodies are assumed to be clamped on ; [0;T]. The surface tractions f,
acton , [0;T]: We also assume that the electrical potential vanishes on , [0;T]
and a surface electric charge of density g, [0; T] is prescribed on |, [0; T]: The two
bodies can enter in contact along the common part 3 = % = 3: The classical form of
the bilateral contact with Tresca’s friction and damage between two electro-thermovisco-
elastic bodies with damage and an internal state variable is the following.

Problem P. For =1;2; nd a displacement eld u : [0;T] ¥ RY, a stress
eld : [0;T] ¥ SY an electric potential : [0;T] ¥ R, an electric
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displacement eld D : [0;T] ¥ RY a temperature : [0;T] ¥ R;a
damage : [0;T] ¥ R and an internal state variable eld [0;T] ¥ R™
such that for all t 2 (0;T); we have

M=A"WU®+B (U ®) ®) E)EC ®) 2.1
+F(C ®; ©) in
DM®M=E"u®M+RE( O)+G ( ®O; ®) in ; (2.2)
-®O= "uw®; O © © in (2.3)
S K ®O= "(u@®; @® @® @®+ (@® in (24
_® K @®+elz ( 1)3S ("u@®); ®) in (2.5)
Div (®)+f,()= u () in ; (2.6)
divD (t) =qp(t) in ; 2.7)
u()=0 on ; (2.8)
) =f,() on ,; 2.9)
<ut@O+u@®=0 M= 2@ ®: 7 O o
_J @Wi<gdut@® uv(®=0 on 3; (2.10)
" ®i=gD>9 Osuchthat (= u() u’(t);
&9 =0 on ; (2.11)
Ko % + , (=0 on ; (2.12)
®=0 on (2.13)
D(@® =0 on (2.14)

u@=u;u@=vy; O= o O)= o ©O=, in : (215

First, equations (2.1){(2.3) represent the electro-thermovisco-elastic constitutive law with
damage and an internal state variable. The evolution of the damage eld is governed by
the inclusion given by the relation (2.5). Equation represents the conservation of
energy, where is a nonlinear constitutive function which represents the heat generated
by the work of internal forces and is a given volume heat source. Next, equations
(2.6) and are the equations of motion written for the stress eld and of balance
written for the electric displacement eld, respectively, in which Div and div denote the
divergence operators for tensor and vector valued functions. Conditions and
are the displacement and traction boundary conditions, respectively. Boundary condi-
tions (2.11)), represent, respectively, on ; a homogeneous Neumann boundary
condition for the damage eld and a Fourier boundary condition for the temperature,
and represent the electric boundary conditions, and are the initial
conditions. Conditions represent the bilateral contact condition with Tresca’s fric-
tion, where [u J=ul +u® and [u ]=ut U2

Now, to proceed with the variational formulation, we need the following function spaces:

H =L )= u=@dia w2l ) ;
Hy =W )= u=(@U i o Ui 2WH( )

H =L @X%%= =(Ciyijae = ji2L% ) ;
H,=f 2H ; Div 2H g;
Y =L )= =(i1im i2L% ) ;

V. = u2W?%2( )d; u=0o0n ,; : These are real Hilbert spaces endowed with the
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inner prodﬁcts hu; viy R=R uvdx; 8u;v2H ;h; iy =R dx; 8; 2H ;
hu;vigy, = R u:vdx + R ru:rvdx; 8u;v2H,;

h ; iHl:R Ddx + Div :Div dx; 8 ; 2H ;

h ;kiy = 'kdx; 8 ;k2 Y hu;viy = ("(u);"(v))n 8u;v 2V and the associated
norms kiky ; kiky , Kiky 5 kiky, 5 kiky - and kiky , respectively. Here and below we use
the notation

1

ru=(uig) ") =) M) =i +upa) 8u2 Hy;

Div. =(i5;); 8 2H;:
Completeness of the space (V ;k:ky ) follows from the assumption meas( ; > 0); which
allows the use of Korn’s inequality. We denote u as the trace of an elementu 2 H; on
: For every element u 2V ; we denote by u and u the normal and the tangential
components of u on the boundary givenbyu =u: ;u =u u : Also, for
an element 2 H,, we denote by ; and  the trace, the normal trace and the

tangential trace of  to ; respectively. In addition to the Sobolev trace theorem, there
exists a constant ¢ > 0; depending only on  ; ; and 3 such that

ku kpz¢ ;e Ceku kv ;3 8u 2V (2.16)

Denote Eq = L2( ); E; = HY( );hitig, =h;tipee o hitig, =hstipa ) kikg, =
kikiz¢ yand kikg, = kiky1¢ y: For the electric unknowns  and D , we use the spaces

W =f 2E;; =0on ,0;
W = D =(D;)1 i ¢ D; 2L%( ); divD 2L2%( ) :

These are real Hilbert spaces with the inner products

z z z
h ;7 iw = r r’dx; hD ;E iw = D :E dx+ divD :divE dx;
(2.17)
where divD = (D;;); and the associated norms are denoted by kikw and kikw ;

respectively. Completeness of the space (W ;k:kyw ) is a consequence of the assumption
meas( ,) => 0 which allows the use of the Friedrichs-Poincare inequality. When 2 Hy;

2H( )andD 2W aresu ciently regular functions, the following three Green’s
formulas hold

YA
h ;"(v )iy +hDiv ;v iy = v da; 8v 2Hj; (2.18)
‘g
h 5 in +hr 5 r i )= e da; 8 2HY( ); (2.19)
z
(D;r )qu +(divD; )2 y= D da; 8 2H}( ): (2.20)

In order to simplify the notations, we de ne the spaces
V=fu=@whu®)2Vvl VvZ ul+u?=00n ;g
H=H! H% Hy=H] HZ H=H! H% Hy =HI HI Y=Y! Y%
Eo=E} EZ E;=E] E? w=w! w? w=w! w2
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The spaces V; H; H; Y; Eg; E;; W and W are real Hilbert spaces endowed with the
canonical inner products denoted by h:; :iy; h:; ig; h; i hstiy; hiigg; b g, s by tiwg
and h:; :iw: The associate norms will be denoted by k:ky; kikn; kiky; Kiky; kike,; kike, ;
K:kw; and k:kyy; respectively.

Finally, for any real Hilbert space X; we use the classical notation for the spaces
LP(0; T; X); WKP(0; T; X); where p 2 [1;+1]; k 2 [1;+1[: We denote by C(0;T;X)
and C1(0; T; X) the space of continuous and continuously di erentiable functions from
[0; T] to X; respectively, with the norms

K Keco;T:x) :tgggl;)T(]k (Dkx; Kk Kero:r:x) :thg)T(]k (Dkx + rg[g;ﬁ]k_(t)kx;
respectively. Moreover, we use the dot above to indicate the derivative with respect to
the time variable. Moreover, if X; and X, are real Hilbert spaces, then X; X, denotes
the product Hilbert space endowed with the canonical inner product h:; lix, x,:

We now list assumptions on the data. Assume the operators A ;B ; F ;G ; R ;

; ;S ;and E satisfy the following conditions La ; ma ;Lg ; Lr ; Lg ; MR ;
L ;L andLg being positive constants for =1;2:

HQ): (@) A gd ¥ g
(M)A (") A (™2 La ™ "2 8", 28% aex2
© (A ") ACG"2))("1 "2) maj"i "% 8"1;"225% aex2
(d) A ;™) is measurable on  ; for all " 2 S¢;
(&) A (;;0) belongs to H :

H(2): (@B : sd R ¥ S
() jB (x;"15r1) B (X"25r2)j Le j'1 Ma+jri raj;
8"1;"2S%r;;r 2R; ae:x2
(c) B (;;";r) is measurable on ; forall " 289 r 2R;
(d) B (:;0;0) belongs to H :

HB): (@ F : R™ R ¥ s¢

d)jF (xki;r1) F (kosr2)j L jki kej+jri raj;
8ki;ko 2R™ri;ri 2R; ae:x2

() F (;k;r) ismeasurableon ; forallk2 R™; r 2 R;

(d) F (:;0;0) belongs to H : H(4): (a) G : R™ R I RY:

) G (X;ki;r) G (X kairr)j Lo jki kej+jry raj;
8ki;ko 2RM™ri;ri 2R; ae:x2

(©) G (:;;k;r) is measurable on ; forallk 2 R™; r 2 R;

(d) G (:;0;0) belongs to H :

HG): (@ R RY ¥ RY:
(b) R = (ry);ry; =15 2 LY ) 1 i;j
©R : mMrjj% 8 2RY ae x2

H(6): (a) s¢ R R™ RUIRM™

(b)j 06"ira ke di) (CHPH PH oHP) I

L "1 "j+jri rj+jky koj+jdi  daj;

81" 259 kisko 2RM:ryirp:dg;dy 2R, ae: x2
(©) (™ rk;d)is measurableon ; forall"2S%k2R™r;d2R;
(d)  (:0;0;0;0) belongs to L2( ):
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H@): (@) s R R™ RIR,;
(b)j (X "15roiks;dg) (X "2, 12 k25 d2)j
L j" "aj+jri rpj+jky koj+jdi  daj ;
8"1:",2S% ki ky 2RM:rirp;dy;do 2 R; ae: X2
()  (;™rk;d)is measurableon ; forall"2S%k2R™r;d2R;
(d) (:;0;0;0;0) belongs to L2( ):

H@®): (a) S : s¢ RUIR;
() jS (x;"15r1) S (X"2ir2)] Ls "1 "at+irn raj;
8"1;" 258%:8r;;r,2Rae: x2
() S (:;";r) is measurable on . forall"25S% r2R;
(d) S (;;0;0) belongs to L2( ):

H@O): @ E : sd ¥ R4,
(M E =(Cji)s eijk =€ 2LTC )1 ik d;
©E™ ="() ; 8289 2R

We suppose that the mass density, the forces, the traction densities and the foundation’s
temperatures satisfy

H(10):(a) 2LY( );90>0; (X) o ae. x2 ;
(b) fo 2L2(0; T;L2( )9); F, 2L2(0;T; L2( 2)%);
(©) 6o 2C(O;T;L2( )); 62 2C(0;T;L2( ));
(d) 2L%0;T;L2(C )):
The energy coe cient, microcrack di usion coe cient and the friction yield limit g satisfy
H(11): Ky Ky >0; g2LY(3); g 0; ae:on 3
Finally, we assume that the initial values satisfy the regularity
H(12): 42Y; uy2V; vo2H,; ,22Z2; 4 2E;:

We will use a modi ed inner product on H; given by

X
thu; vily = h u;vig; 8u,v2H (2.21)
=1

and let j:jn be the associated norm. It follows from assumption H(8)(a) that j:j~ and
k:ky are equivalent norms on H; and the inclusion mapping of (V;k:ky) into (H; §:jn)

is continuous and dense. We denote by V° the dual of V: Identify H with its own dual.
Then

hu;viye v =hu;vily; 8u2 H;v2V: (2.22)

We de ne ve mappings F : [0;T] ¥ V% Q:[0;T] ¥ W;a : E; E; " R;a :



528 M. L. GOSSA, T. HADJ AMMAR AND K. SAOUDI

E1 E; ¥ RandJ:V T R; respectively, by

X Z X Z
hF (t); viyo v = fo(t) v dx+ f,(t) vda 8v2V; (2.23)
=1 =1 2
x Z X Z
hQ(D); iw = Go(t) dx g (t) da 8 2W; (2.24)
=1 =1 b
x Z x £
al; )= Ko r r dx+ 0 da; (2.25)
=1 =1
x Z
ai(; )= K, r r dx; (2.26)
7 =1
Jw= gul u?da (2.27)

We note that conditions H(10)(b) and H(10)(c) imply
F2L20:T;V"); Q2C(0;T;W): (2.28)

We now turn to deriving a variational formulation of the mechanical problem P. To that
end we assume that fu ; ; ;D ;5 gwith = 1;2 are su ciently smooth
functions satlsfylng -{ and Iet w = (W1 w?) 2V and t 2 [0;T]: First, we use

Green’s formula (2.18) and by and (2.21){(2.23), we nd

X
hu(t);w u®ive v+ h ;"(w u (1)in =hF@);w u()ive v
=1

% (2.29)
+ ® (w u ()da
=1 3
Using now and de nition of V; we achieve
X 1 2 1 2
® w u@®= @O:(w w) @u@® u(®)
=1
and use the frictional contact conditions and the de nition to obtain
XZ
() (W u (t)da J(w) + J(u(t)): (2.30)
=1 3
Finally, we combine (2.1), and (2.30) to deduce that
P
hu(;w u®ivo v+ hA "(u)+B ("(u); )"w u )iy
=1
P P
+UMEY P oW u @ik + b (5w u @in FY

W) JW®) F@W u®ive vo
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Similarly, let = (1 2)2Wandt2][0;T]; from (2.2), 2.7), (2.14), (2.19) and (2.24),
we deduce that

X
Rr () E"u® G6( O @®)pr , =hQ); iw: (2.32)

=1

On the other hand, let = (%, 2)2Z and t 2 [0;T]: Then, using (2.5), we have

P . P .
:1h_ (t); (t)||_2( ) :lhK14 (t); (t)ILZ( )

P .
IS @y OF iy

Combining this inequality with (2.11), (2.19) and (2.26)), we obtain

P .
:1h‘ ®; ©ie¢ y+a( (O); )

o (2.33)
=1h5 "(u ®);, (@) Oz y:

For the temperature, let = (1; 2) 2 E; and t 2 [0; T]: Using (2.4), (2.12) and (2.19),

we have

*xD E
3 u@m; @O @O © + (@ L2y
X *x £
=" ho @) iz Ko (1) dx
=1 =1
X *x £ *x Z
= ho () izt Kor (Hr dx+ o (0 da:
=1 =1 =1

We use now (2.25)) in the previous equality to obtain

XD E X
ao( (1); )= B (V1) M () h_ (0 ), ig,: (234)

=1

We now gather the constitutive law (2.3), the initial condition (2.15), inequalities (2.31),
(2.33), and equalities (2.32), (2.34) to obtain the following weak formulation of the piezo-
electric contact problem P.

Problem PV. Find u = (uhu?) : [0;T] ¥ V, = (% 2 :[T] ¥ W;
] ¥ Y

=(L )T 8 E; =(4% 9:[0T] ¥ Erand =(% 2):[07T]
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such that for a.e.t 2 (0;T);

= (@) @ @ @® in ; =12 o239
hu);w  ut)ivo V+'ihA " ©)+B (U ®); Ok'W U ®)in S
P e N e _(2.36)
+ hE) r W Uik B (O O3'W U O)ing
+JW)  J(U®) IE@;w  u®)iv v 8w 2V; -
_RF O EU® 6( O Okr =0 i ;g
8 2W;
> o
®22z;,  h_ (@) ®iz¢ y+a( 1), (1) 2
P =1 (2.38)
" ) ) . . =
hS MU @) (@ Oz 8 2Z; =
- P, ) D
aog(t); )= o u@®: © © O ¢ (2.39)
2. () ig, 8 2Ey; '
U(O) = (UB U U = (R O =C(8 8 O=(§ 8 549

©=(g: §:
The existence of a unique solution to Problem PV will be presented in the next section.
3 Main Existence and Uniqueness Result

Now, we propose our existence and unigueness result.

Theorem 3.1 Under the assumptions H(1){H(12), there exists a unique solution

fu; ; ; ; g to problem PV : Moreover, the solution satis es
u2 W20, T; V) \CY(0; T; H) \W%2(0; T; V?); (3.1)
2 C(0; T; W); (3.2
2WY2(0; T; Eo) \ L?(0; T; Eq); (3.3)
2WH(0; T;Y); (3.4)
2 WH2(0; T; Eo) \ L2(0; T; Ey): (3.5)
The functions f ;D;u; ; ; ; g, which satisfy (2.1), (2.2) and (2.35){(@.40) , are

called the weak solution of the thermo-piezoelectric contact Problem P. We conclude

by Theorem 3.1 that, under the assumptions H(1){H(12), the mechanical problem (@.1){

has a unique weak solution f ;D;u; ; ; ; @: To precuse the regularity of the

weak solution, we note that the constitutive relation .I){(2.2), the assumptions H(1){

H(5), H(9) and the regularities (3.I){(3.3) show that 2 C(0;T;H) and D 2 C(0; T; H):

We test (2.36) with v 2 Ct( ;RY) and v® = 0: Then we take 2 Cg-( ) and
8 =0in to obtain that

Div (t)+f, ()= u (t); divD (t) =qy(D);
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almost everywhere in ~ fora.e. t2 (0;T) and =1;2: Next, we use assumptions H(10)
to deduce that Div. = 2 L2(0;T;H ); divD 2C(0;T;Ey); = 1;2; which shows that

2 L2(0;T;Hi); D2C(0;T;W): (3.6)

We conclude that the weak solution f ;D;u; ; ; ; g of the thermo-piezoelectric
contact Problem P has the regularity (3.1){(3.6).

The proof of Theorem is carried out in several steps that we prove in what follows,

everywhere in this section we suppose that assumptions of Theorem hold, and let a

=( 1 ?)2L2(0;T;V" begiven. Inthe rststep, we consider the following variational
problem.

Problem P, . Findu = (u;u?):[0;T] ¥ V such that for a.e. t2 (0;T);

W Ui v AW U @), B
+Iw) I ®) hFEE)  @w U Qv v 8w 2V; = C))

u (0) = (ug;up); U (0) = (vg; v§):
We de ne the mappings A:V ¥ Vand F :[0;T] ¥ VY respectively, by

P
hAu;Vviyo v =  hA "(u );"(v )in ; 8u;v2V,

=1 (3.8)
hF (t);viyve v =hF(t) (O);viyo v; 8t2][0;T]; v2V:

Use velocitiesv =u with =1;2: So, Problem P, has been rewritten.
Problem P, . Find v = (v};v?):[0;T] ¥ V such that for a.e. t2 (0;T);

W v ive v +HIAY (W v v v +IW) I (©) 2
hF (O);w v (Diye v; 8w2V: 3.9

=
v (0) = (vo: v): 7

Lemma 3.1 Assume that H(1) and H(11) hold, then the mappings A and J de ned,
respectively, by and satisfy
8 (@) A:V ¥ V!is semi-continuous and strongly monotonous;
% () 9CL 0; 9CZ 0 such that kAukyo Cikuky +C%; 8u2V;
(c) for all sequence (ux) and u in L2(0; T;V) such that ux > u weakly in L2(0;T;V);
Aui > Au weakly ip L2(0;T; VY R
8 and limgs+4q inf OThAuk(s); Uk(s)ive vds oThAu(s); u(s)iyvo vds
@) J :V ¥ Ris a convex and lower semi-continuous functional:
% There exists a sequence of C! convex functions (Jx):V ¥ R
(") 9 Cq 0, _such that kJ{%(u)kVo Cyq; 8k2N; 8uz2V;
() limcr+a o Jc(UE))ds = 4 J(u(s)ds; 8u2L2(0;T;V);
(d® There exists a sequence (ux) and u in L2(O;T;VR) such that
B Uk > u weakly in L?(0; T;V); then limcy+4q inf OTJk(uk(s))ds OTJ(u(s))ds;

where J2(u) is the Frechet derivative of Ji at u.
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Proof. From the de nition and assumption H(1), we can verify that A satis es
the conditions (a)-(b), and applying the Lebesgue theorem, we deduce the condition (c).
On the other hand, by using the continuous embedding V ,¥ L?( 3)9, we nd that J is
convex and continuous. To approximate the function J, we use the following functional
Jc:V ¥ Rde nedé)y

q

W= g ul uw’+k lda; 8u=(@uhu?)2V; 8k2N :
3
We verify that the Frechet derivative of Ji at u = (ul; u?) is given by
Z 1 2.1l 2
hJ2(u); hivo v = g(%., umht e da; 8h=(h';h?) 2V: (3.10)
3 ul w24kt

Then Ji is of class C!: Direct algebraic computations show that for alla 0;b 0 such
that a+b =1; and for all reals x and y; k 1,

P P P
(ax+by)2+k ' a x2+k '+b y2+k L
Then Ji is convex for all k 2 N . From (3.10), it follows that
9c  0; 8u2V; kIi(u)kye ckgkix ,);

therefore (b’) is satis ed. From the de nition of Ji, we have limy x +1 Jk(u) = J(u) and
as Ji is continuous on V, applying the Lebesgue theorem, we deduce the property (c’).
Finally, (d") is a consequence of the fact that

8u2V; 8Kk2N ; Jg(uw) J(u);
which nishes the proof.
Lemma 3.2 Problem P, has a unique solution v which satis es
v 2C(0;T;H)\L?0;T;V)\W¥2(0; T:VY:

The proof of Lemma [3.2]is found in [9, p.48].
Letnowu = (u*;u?):[0;T] ¥ V be the function de ned by
z t
u()= v (s)ds+uy; 8t2[0;T];, =12 (3.11)
0

In the study of Problem Py , we have the following result.
Lemma 3.3 P, has a unique solution satisfying the regularity expressed in (3.1).

Proof. The proof of Lemma [3.3] is a consequence of Lemma [3.2 and the relation
(3.11). In the second step, let = ( 1; 2?) 2 L?(0;T;Ep) and consider the auxiliary
problem.

Problem P . Find =(1 2):[0;T] ¥ Eop such that for a.e. t2 (0;T);

Pzzlh_ (t) (t) (t); ig, +ao( (t); )=0; 8 2Ey; (3.12)
©=(g 6): (3.13)
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Lemma 3.4 There exists a unique solution  to the auxiliary problem P satisfying

(3:3).

Proof. The proof of Lemma[3.4]is a consequence of the Poincare-Friedrichs inequality
and the de nitions of the operator ag(:;:).

In the third step, let = ( %, 2)2L2(0;T;Y) begiven,andde ne =(1; ?)2
WH2(0; T;Y) by

z t
M= o+ (s)ds; =12 (3.14)
0
We use u = (u®;u?) obtained in Lemma[3.3land = ( *; ?) obtained in Lemma 3.4
to construct the following variational problem.
Problem P . Find =(1 ; 2 ):[0;T] ¥ W such that for a.e. t2 (0;T);

TLRY @, LET@OC( O O6r g
= QM w 8 2W: |

We have the following result.

Lemma 3.5 Problem P has a unique solution =( 1 ; 2 ) which satis-
es the regularity (3.2).

Proof. We de ne a bilinear form b(:;:): W W I R by
b(; )= hRr ;;r iy; 8; 2W: (3.16)

We use H(5) and (3.16)) to show that the bilinear form b(:;:) is continuous, symmetric
and coercive on W; moreover, using (2.24) and the Riesz representation theorem, we may
de neanelement Q  :[0;T] ¥ W such that

Q) fw =) w+ Pg E U )46 (@ ®Or |,
8 2W,; t2(0;T):

We apply the Lax-Milgram theorem to deduce that there exists a unique element
®=(C* @®; ? (t)2W such that

b( ®; )=hQ (1); iw 8 2W: 3.17)

We conclude that is a solution of Problem P :Let ty;t, 2 [0; T]; it follows from
(3.15) that

k (t1) (t)kw C ku (t1) u (kv +k (t1) (t2)ky (3.18)

+ko (t2) (t2)ke, +kQ(t1)  Q(tz)kw :

Due to (2.28), 3.2), (3-:3) and 2 W12(0; T;Y); inequality (3.18) implies that 2
C(0; T;W): In the fourth step, let = (1; ) 2 L?(0:T;Ep) be given and consider the
following initial-value problem.
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Problem P . Find =( % ?):[0;T] ¥ E; such that for a.e. t2 (0;T);
X
22z h_ (®) (®); Oz y+a( (b); 1) 0 8 2z
B (3.19)
In the study of Problem P, we have the following result.
Lemma 3.6 The problem P has a unique solution = ( %; ?) which satis es

the regularity (3.5).

Proof. We use a standard result for parabolic variational inequalities [9, p.47]. Fi-
nally, we now pass to the nal step of the proof of Theorem 3.1 in which we use a xed
point argument. To this end, we consider the mapping

(L20;T;V! Y Eo Eg) ¥ L200;T;V' Y Eo Eo)
de ned by
Covan )= a5 ) 20 530 80y 550 aCs s 3) (3.20)

with
*xD E
hoa(s 5 5 )®vive v = B(Cu@®: m+E r @© V)
=1
X
+ FC @ @®;"(v),: 82V (3.21)
=1
TGN B (T (9) H (3 He o H I (O M G G O
3.22)
TGS (3 I (VA (3) FR (5 B (3 P (9 TR (VEX (3) HI () B O R G I
(3.23)
AC5 5 )= sCUt®); T ; SPCUE®); A) ¢ (3.24)
We have the following result.
Lemma 3.7 The operator has a unique xed point ( ; ; ; )2L2%0;T;V?
Y Eoqo Eo):
Proof. Let ( 1; 1; 1; 1), ( 2; 2; 2; 2)in L2(0 T; VO Y Eo Eo) and Iett2
[0; T]. For simplicity, we use the notation u; = u ,; vi =u,; =
i= ,and ;= |, fori=1;2: From the de nltlon -{ comblned Wlth the

assumptions H(2), H(3) and H(6){H(9), we conclude that there is C > 0 such that

2 2
RIS T N (V) 2v 20 2020 oy g, gy © WD) u2AD)

SaTC JPY(S BV TP BRPY (S WAV ST 3 B (o Wt ST (o S (o Wt
(3.25)
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Moreover, from (3.11), we have

z t
kup(t) ux(tky kvi(s) va(s)kyds; 8t2][0;TI: (3.26)
0
Substituting = i;;w=vpand = ,; w=vyin (3.7), we nd

hvi  vo;vi Voive v+ hA "(vi) A "(V);"(vp Vo)in +h 1 25vi Volve v O
=1

We integrate this inequality with respect to time, use the initial conditions
v1(0) = v»(0) = (v§;Vv3); the assumption H(1)(c) and the inequality
hvi  Vo;vi  Voiyo v 0 to nd that

z t z t

min(Mmai;Maz)  kvi(s) Va(s)kZds ha(s)  2(s)ivai(s) Va(S)ivo vds:
0 0

Then, using the inequality 2ab & + b2, we obtain
z t z t
kvi(s) V2(S)kZds € k 1(s)  2(S)kZ.ds; (3.27)
0 0

where C is a positive constant that may change from line to line.

From (3.26) and (3.27), we deduce

YA t
kup(t) ux(ki C  k 1(s)  2(s)kdds: (3.28)
0
The de nition (3.14) yields
z t
k 1(t) 200K k 1(s)  2(s)kids: (3.29)
0

On the other hand, from (3.12)), we can write

a® 200 1) 2 g tao( ()  2(0); 1) 2(D)
= 1 200 1) oY) g aet2(0;T):

We integrate this equality with respect to time, and use the initial conditions
1(0) = 2(0) =( §; §) and inequality ap( 1 2; 1 2) Oto nd

1 Z

Ek 1) 2(DKE, . kK 1(8)  2(5)kg,:k 1(8)  2(S)kg,ds:

Then, using the inequality 2ab  a? + b?; we obtain
z t z t
k() 2(DKE, k 1(s)  2(9)kE,ds+  k1(s)  2(s)kg,ds
0 0

and, by using Gronwall’s inequality, we obtain
YA t
k 1(t) z(t)kZEO C k 1(9) z(s)szOds ae t2(0;T): (3.30)
0
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Also, (3.15) and the arguments similar to those used in the proof of (3.18) yield

k 1(t)  20kw C kui(t) ux(ky+k 1(t) 20Dky+k 1(t) 2(kg, ae:t2(0;T):

(3.31)
Furthermore, by substituting = 3; = jand = ,; = ;in(3.19) and subtract-
ing the two inequalities obtained, we nd

(1) 20); 2(t)  2()e, +ar( 1(t)  2(0); 2(t)  2(1)
( 1(t) z(t); 1(t) Z(t))Eo; ae t2 (O;T)Z

We integrate the previous inequality and applying the inequality of Holder and Young
with Gronwall’s lemma, we deduce that

Z
k 1() 20kE, C tk 1(s)  2(s)kg,ds ae. t2(0;T): (3.32)
0

We substitute (3.28){(3.32) in (3.25)), we obtain

2
R o111 (® 220220 wy g B
t 2
C o (15 15 15 1(8) 2; 20 20 2(8) o y g, g, U5 @€ t2(0;T):

Reiterating this inequality n times leads to

n . . . n . . . 2
1, 1, 1, 1 2y 2y 2y 2 2|_2(0;T;v0 Y Eo Eo)
chtn . . . . . . .
o (1010 11 2020 20 2 200TV0 Y Eo Eo)

Thus, for n su ciently large, " is a contraction on the Banach space L?(0;T;V! Y
Eo Ep),and so has a unique xed point.
Now, we have all the ingredients to prove Theorem

Proof. Let ( ; ; ; 2 L2(0;T;V" Y Eo Eg) be the xed point
de ned by (3.20){(3.24) and denote
u=uo= 5 W = )
We prove fu ; ; ; ; g satis es (2.35){(2.40) and the regularities (3.1){(3.5). In-

deed, we write (3.7) for = and use (3.33) to nd

W U v v BA U @)in +IW) I(U @)
=1

- (3.34)
+h ();w u (Oive v hFE@);w U (Diye v; 8w2V; ae:t2 (0;T):
Equation ; ; ; ; = combined with shows that for ae:it2 (0;T);
>*x D E
h () viye = B (U®: M+F (C O @+E r @)
B (3.35)

We substitute (3.35) in (3.34) and use (3.33) to see that (2.36) is satis ed. From
2, = and(3.14), we see that (2.35) is satis ed. We write now (3.15) for




NONLINEAR DYNAMICS AND SYSTEMS THEORY, 22 (5) (2022) [522[{[537| 537

(;5)=(C; ; )Yanduse@33)to nd (2.37). Theequalities 3 5 . =
and 4 ; ; ; = ;combinedwith (3.12), (3.19) show that (2.38){(2.39) are sat-
|s ed. Next, and the regularity (3.1){(3.5) follow from Lemmas [3.1} [3.4 and
6| and the relatlon (3.14), which concludes the existence part of Theorem [3.1l The
uniqueness of the solution follows from the uniqueness of the xed point of the operator

de ned by (3.20){(3.24) combined with the unique solvability of Problems P, ; P ;
P- and P :
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Abstract: The goal of this paper is to study the global exact controllability of a
reaction-di usion equation in a bounded domain with Dirichlet boundary conditions.
We will rst consider the case of bilinear equation, then we identify a set of target
states that can be exactly reached at any a priori given time. This result is then
applied to prove the exact controllability of semilinear reaction-di usion equation un-
der distributed controls. The approach is constructive and based on linear semigroup
theory and null controllability properties of linear problems.

Keywords: exact controllability; reaction-di usion equation; bilinear control.
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1 Introduction

This paper deals with the controllability of the following semilinear reaction-di usion
equation: s
< yit= y+ax;ty+7F(y); inQr (T >0);

- y(0;t) =0; on T; €))
Ty (X 0) = yo(X); in
where is a bounded domain in R™;n 1 with a boundary @ ; Qt = (0;T) and

+=@ (0;T): Here, q 2 L1(Qy) is a control function with the corresponding solution
y = y(x;t). The nonlinearity f : R ¥ R is assumed to be a Lipschitz function such
that £(0) = 0.
In terms of applications, the equation like provides the practical description of
various real problems such as chemical reactions, nuclear chain reactions, biomedical
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models etc. (see [2]/9,/10}/141[19]/20] and the references therein). Equation (1) can be also
used to describe a di usion process with y(X; t) being the concentration of a substance at
the point x at time t, or a heat-transfer process, with y(x;t) describing the temperature
at the point x and time t (see [5] and [14], p. 17). It is shown in [2] that the equation like
can be also used to study the insect dispersal with constant random motion and an
(x;t) dependent emigration parameter. It may be also used as a model for the growth
of avascular tumor [9].

The question of controllability of the bilinear reaction-di usion equation has attracted

many researchers (see e.g., [4,5,[8] and [14]- [18]). In [4], the approximate controllability
properties have been derived for the truncated bilinear version of (i.e., f = 0) for the
initial and target states yop; yq with nitely many changes of sign. The same question has
been discussed by Fernandez and Khapalov in [8] when the support of the bilinear control
is allowed to depend on time. The exact controllability of the bilinear part of equation
with inhomogeneous Dirichlet conditions has been considered in [15,{17]. However,
the assumptions of [15,/17]] are not compatible when dealing with homogeneous Dirichlet
conditions. Recently, the approximate and exact controllability have been studied for
the truncated bilinear version of equation under the sign condition yo(X)yq(X)
0; for almost every x 2 in [18]. Moreover, the partial controllability of bilinear
reaction-di usion equation has been studied in [12]. According to the maximum principle,
it is not possible to steer the bilinear part of from an initial state which has a
constant sign to a target state that change its sign. In [13], Khapalov studied the global
approximate controllability of the semilinear convection-di usion-reaction equation by
multiplicative controls while dealing with nonnegative initial and target states. In [5],
Cannarsa, Floridia and Khapalov have studied the global approximate controllability
properties of system in the one-dimensional case for suitable classes of initial and
target states that change their sign at a nite number of points. However, in the works
above, the time of steering depends on the given initial and target states. In this paper,
we are interested in the multiplicative controllability of the semilinear reaction di usion
system at a priori given time, when the initial and target states have the same sign
at almost every x 2  and satisfy In(ij—j) 2 L1( ). Wewill rstdeal with a bilinear case
(f = 0), then we proceed to the full equation . Moreover, we will see that the exact
steering of the semilinear system can be reduced to the controllability of its bilinear
part since the nonlinear term T can be absorbed by the control in an appropriate way.

The paper is organized as follows. In the next section, we rst consider the problem
of exact controllability of the bilinear part of the system , and we will show that the
steering time can be arbitrary small and uniform for all initial and reached states. Then,
we apply this result to solve the problem of exact controllability of the semilinear system
at a priori xed time. In the third section, we present a numerical example with
simulations.

2 The Main Results

Our goal in this section is to study the exact controllability properties of the system
at a given time T > 0.
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2.1 Exact controllability of the bilinear equation

Here we consider the following system:

8

< yt= y+v(xt)y; inQr;

_ y(@©;t) =0; on T; )
© y(X;0) = yo(X); in

From [18], one may deduce the following approximate controllability result regarding
the bilinear part (2) of the system (I).

Lemma 2.1 [18] For any initial state yo 2 L?( ), for any function g 2 W21( )
and for all " > 0, there exists a time T = T (yo; Yq; ) such that the respective solution to
controlled with v := % satis es

ky(T) e9ypk <™
We also recall the following null-controllability of the linear heat equation.

Lemma 2.2 [7,/11] Consider the system

3 ¢ = +h(x) +1iux(x;t); in (to; T);
=0 on@ (to;T); ©))
T (Gt = 2L%( ) in

where 0 to<T; b2 LY( )and ! is a nonempty open subset of . Then there is a
control u, 2 L1( (to; T)) such that the corresponding solution to vanishes at T:
Furthermore, we have

kUszl( (to;T)) Ck k|_2( ), (4)
where C = Ct ¢, is a positive constant depending on Tty and such that Ct ¢, is
bounded near to ¥ 0*:

We now state the exact controllability result of the bilinear system .

Theorem 2.1 Letyo 2LP( ); (p 2and p>3J) and let yg 2 H?( ) such that
i) fora.e. X2 ; yo(X)ya(xX) 0andyq(xX) =0 , yo(X) =0;
i) In(ij—g)lgy0 2 L1( ); where 1g,, denotes the characteristic function of the set E, =
x2 =yu(x) €& 0g;
iii) %]qud 2 L1( ) and jyqgj >0, a.e. on some open subset !
Then for any T > 0, there exists a control v 2 L1 (Q7) such that the respective solution
to (2) satis es y(T) =yq; a.e. in

Proof. Let T > 0.
1. Approximate steering.
Let g := In(i’,—g)lg: It follows from the assumption (i) that e%yy = yq4: Then, in the
case where g 2 W21( ); we deduce from Lemma that for any " > 0, there exists
0 < T; < T small enough such that the corresponding solution to controlled with
vi =& veri es
ky(T1) yoak <™ )

Moreover, in the general case g 2 L1( ); one can construct a sequence (gx) W21( )
which is uniformly bounded in  such that g ¥ g in L?( ); as k ¥ +1: We will
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consider the control vi(X) = g for a suitably selected k 2 N (large enough integer).

Let y(t) be the solution of (2 correspondmg to v1(X) and to the initial state y(0) =
Finally, let (yo) 2 L1( ) such that yo ¥ yoin L2( );as| ¥ +1:
We have the following triangular inequality:

ky(T1) e%ok Kky(T1i) e%yok +kedyy e%ygk+kedyo edygk +kedyq edyok
ky(T1) e%yok +keSkyg  e%ygk + sup kedkk a y+ e 9rO kyg  yok:
k2N
Let L 2 N be such that

sup kedkkp 1 )+ eI O kyg  yok < ;
k2N 3

and for such value of L; we consider K such that

ke9x  e9kkyoLkLa( y < é:

Finally, for this value of K, it comes from Lemma [2.7] that there exists T > 0 such that
ky(T1) e9%yok < 3

We conclude that
ky(T1) e%ok < :

Hence, since e%yy = yq; it comes that holds for some 0 < Ty <T:
2. Exact steering.
Let us consider the following system:

g Yyt = y+Vv(Xty; in (Ty;T);
_ y(@O;t) =0; on@  (Ty;T); (6)
Ty(T) =y(Ty ) in

Letz=y g, wherey satis es (6). Thus z satis es

2 zz= z+v(Xt)(@Zz+ys)+ yqg in (Ty;T);
_z(0;t) = 0; on@  (Ty;T); O]
T z(M)=y(T)  VYa; in

In order to prove Theorem [2.1} it is su cient to prove that is exact null control-
lable. Let T, 2 (T1;T) be close to T1, so we can assume in the sequel that0 < T, T, <1.
Then consider the following time-independent control in (T1; T>) :

— _Yd . ;
Vo(X) = y 1Eyd ae:; in

From the de nition of v,; we have voyg + yq = 0; a.e. in : Thus the system can
be reduced to the following one:

8
< zt= z+Vva(X)z; in (Ty; T2);

_z2=0; on @  (T1;T2); (8)
T z(T)=y(M) Ya; in
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whose solution is given by
z t
z(t) =S(t Tyz(T1) +  S(t  s)va(x)z(s)ds; 8t 2 [Ty; T2]: )
T1
Then, since S(t) is a contraction semigroup,
z t
kz(t)k  kz(T1)k + kvakia kz(s)kds

1

for all t 2 [Ty; T2]: Gronwall’s inequality gives

kz(t)k Ckz(Tp)k; 8t 2 [T1;T,]; C > 0: (10)
Moreover, we know that S(t)(LP( )) L%( ), and forall 2 LP( ); we have

kS(t) kL y Ct %k kip( 5;8t>0; (11)

where the constant C is independent of : We also have S(t)(L1( )) L( ), and for
all 2 L1( ); we have (see [6], p. 44)

Using the smooth e ect of the heat semigroup S(t), we can take the mild solution z(t)
in the space of continuous function equipped with the supremum norm. Then, by taking
the LT norm in (9) and using (11), we get
z t
kz(kia(y C(t Ti) #kz(Ti)ki )+ Ckvakiacy  (t 8) 2pkz(s)kps yds

1

for all t 2 [T1; T2]; and for some constant C > 0 which is independent of =T, Ti:
Then, when using (10), it comes
z t
kz(kia¢y C(t Ti) zokz(Ti)kisc y+ Ckvakia¢ ykz(Ti)k  (t s) zrds
T1

for all t 2 [Ty; T2]; and in particular,
kz(To)kia¢y C  #Zkz(To)k;
where C is a positive constant which is independent of 2 (0;1). Thus implies
kz(T2)k,a¢cy C 20 (12)

for some constant C > 0 which is independent of
Let us now consider the control v(x;t) = vo(X) + va(x;t) on [T2; T]; va 2 L1(
(T2; 7)) (with v3(t) =0; t 2 (T1;T2)). When using this control, the system becomes

g ze= z2+V(X)z2 +vs(X )z +ya); in (T2;T);

_z2=0; on @ (T2 T); (13)
T z(T)=y(M2) Yo in
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Let us consider the following linear system:

g = +vo(X) +1yui(x;t); in (T2;T);
0;t) =0; on@  (T;T); (14)
(T2) = z(T2); in

From Lemmaﬂ. there exists a control u; 2 L1( (T2; T)) such that the corresponding
solution to (14) satis es (:;T) = 0. Furthermore, the steering control u; satis es the
estimate

kUj_kL:L( (T2:TY) Ck (Tz)kLZ( ) (15)

for some positive constant C which is independent of T,. In other words, for some positive
constant C (depending though on T  Ty). Moreover, since T, is small enough, we can
(according to the Lemma choose C only dependent on T.

The solution of is given, for all t 2 [T,; T]; by

z t
O=St Tz) (T2)+ St s)(va(x) () +ui(;s))ds: (16)

T
Since (T2) 2 LL( ), we have (see [6], p. 44)
kS() (T2)kLa¢y k (Ta)kix( y:
Since (T2)2LP( )anduys 2L1( (T2 T)); wecanseethat ()2LP( ); T, t
" Moreover, from (11), we have
kS(t s) (Skacy C(t s) %k (S)kue( ;0 s<t;

and
kS(t s)Lius(;S)kpacy C(t s) zrkui(;S)kup( ); 0 s<t

Thus from (16), we have (t) 2 L1( ) for all t 2 (T,; T]; and
z t
k (t)kLl( ) k (Tz)kLl( )+CkU1k|_1( (T2;T)) +C k (S)kLl( )
T

2

for some C which is independent of
Gronwall’s inequality yields, via and (15),

k Dkeacy C & t2[TxT;

for small enough and for some constant C = 0 which is independent of
Since jyqj >0 a.e. in !, we can choose " and small enough such that

> (S—)®. Hence
j () +yaj>0ael (TyT)
This enables us to de ne a control vz in (T2; T) through the following relation:

v3(; )( (X 1) +yq) = ui(x;t):
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Sinceu; 2 LY( (T2 T)), it follows that v 2 LL( (T2 T)):
Using the control v(x;t) = vo(X) + v3(X;t); t 2 (T2; T) in the system , leads to the
following one:

8
3 Zi = z+v2(X)z+M(z+yd); in (T2 T);
(X; t) + Yd (17)
= z(0;t) =0; on@ (T T);
T z(T) =y(Ty) Y in
which admits as a solution. Hence, by uniqueness, we have z = a.e in (Ty;T):
Finally, returning to initial syétem , the control is then de ned by
= vi(X); in (0; Ty);
= V2(X); in (T1; T2);
v(x;t) = > Uy (x: 1)
= Vo(X) + —————; in (Ty;T);
200+ 5y 0 02T

so that v 2 L1(Q7) and y(T) = yq.

Remark 2.1 The result of Theorem [2.T] improves the results from the literature in
terms of the steering time which is here independent of the initial and target states (see
for instance [4,/18]).

2.2 Exact controllability of the semilinear system

Presently, the system is considered. The next theorem introduces signi cant di er-
ences with respect to the literature in terms of the proof techniques. Indeed, the method
used in [5] consists of shifting the points of sign change by making use of a nite sequence
of initial-value pure di usion problems. In [18], a static control was used to study the ap-
proximate controllability of the truncated part of (1), and the equation at hand becomes
linear so that one can apply the linear semigroup theory. In the context of equation (1),
the central idea of our method is to try to select the bilinear control in such a way that
the corresponding trajectory of can be approximated by the bilinear term v(x; t)y(t)
on a small interval of steering [0; T]. In other words, the e ect of the pure di usion (i.e.
v =0 and f = 0) as well as the one of the nonlinearity becomes negligible as T ¥ 0.
Our exact controllability result for semilinear case is as follows.

Theorem 2.2 Let T > 0. If yo and yq satisfy the assumptions of Theorem [2.1] then
there exists a control q(; ) 2 L1(Qr) for which the respective solution to (1)) is such
that y(T) = yq:

Proof. The idea consists in looking for a control that makes the system equivalent
to its bilinear part so that one may apply the results of the previous section.
Let us observe that (at least formally) the system can be written as follows:

8
< yve= y+@Ecct)+21e)y; inQr;

- y(0;t) =0; on T; (18)
" Y(X;0) = yo(x); in
where Ey = f(x;t) 2 Qr : y(x;t) & 0g: This leads us to consider the following bilinear
system: s
< > +v(x;t)”; inQr;

. ’EOTt)zo; on T; (19)
T 7(%0) = yo(x); in
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According to Theorem there exists v 2 L1 (Q7) for which the solution of the system
is such that *(T) = yg.
From the assumptions on f; we deduce that jf(y(x))j Ljy(x)j for a.e x 2

where L is a Lipschitz constant of f. Thus we have 1lg. 2 L1( ), where E- =

f(x;t): 7(x;t) & 0g:
Consider the following bilinear system:

2 ye= y+ vty 21 y+F(y) inQr;
- y(O;t) =0; on T; (20)
y(x;0) = yo(X); in

)

and let us set q(x;t) = v(x;1) 1. in (20), where ~ is the solution of (19) cor-

responding to the steering control v. It is apparent that ~ is a solution of (20). Hence,

by uniqueness, we have that y = ” is the unique solution of corresponding to the
f Ed

control q(x;t) = v(x;t) (, )

from Theorem 211

1g.. Then the controllability result of the theorem follows

Remark 2.2 1. In the case where f(0) & 0; we can use the control q(x;t) =
voay T IO,

2. The result of Theorem [2.2] extends the results of approximate multiplicative con-
trollability of semilinear systems established in [5] to the case of several dimensions.
Moreover, the result of Theorem also holds for a nonlinearity f = f(t;X;y; ry)
which is globally Lipschitz in y uniformly w.r.t the other parameters (see [13]).

The next result provides a set of states that can be reached with additive controls
through the following semilinear system:

8

<yt= y+fy)+uxt); inQr;

_ y@G;t)=0; on T; (21)
© y(X;0) = yo(X); in

Corollary 2.1 Let assumptions of Theorem [2.1] hold. Then for any T > 0, there
exists a control u 2 L2(0;T;L?( )) for which the respective solution to satis es

y(T) =vya:

Proof. It su ces to take u(x;t) = q(x;t)y(x;t); where q is the steering control of
from yo to yg at T and y is the corresponding solution of ().

3  Simulation

In this section, we investigate the exact controllability for the one dimensional version of
system . Note that the approximate controllability of such models has been considered
in the bilinear and semilinear context in [4,[5] (see also [14] for di erent interpretations
of these equations).

Let us consider the system with f(x) = sin(x); x 2 R: This function constitutes
a prototype of (non trivial) smooth Lipschitz nonlinearities that vanish at the origin,
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which is widely used for illustrative and numerical examples (see for instance [1}3}/16]).
As initial and nal data, let us take yo = 10 ?(x + 10 2)(1:01 x) and ygq = yoeX in

=(0;1):
Thus, we have a(x) =  In Vo =T and g(x) + *x+10 OL0L %)

According to Theorem [2.2] we deduce that for every T > 0, there are positive real
numbers T, and T, which are small enough and for which the control

= % ) 0T

] 4x sm( ) .
G061 = § T X+ 10 HE0L X le-s (T2 T2);
4x . u(x; t) sm( )1E’ (T2 T):

(x +10 2)(1:01 x) (X;t) +yq

(E- = f(x;t): 7(x;t) & 0g) achieves the exact steering of system from yo to yq4 at
T; where * solves with

8 X
2 T . (0;Ta);
v =_ 1+ gao o w0 o (T T2);
- 4 u(Xx;t . . )
I+ o @t o T xpiyg (2 T);

and u(x;t) is the control of null-controllability of the linear system

2 t= +u(x;t); in (T2;T);
0;t) =0; on@  (TzT);
(T2) =y(T2) VYa in

and is the corresponding solution.
Here we consider a globally distributed control u(x;t), which can be taken time-
independent (see [14], p.57)

)"(( 2k2 + 1)e (T T2)( *k*+D) z
u(x;t) = e (0 T 2+ 1 . (:T2) ya( )7()d “k(X); (22)
k=1

where 7 (X) = ID§sin(k X); k 1; are the eigenfunctions of A associated to the eigen-
values = k2 2

Now, note that system with control q(x;t) and system with control v(x;t)
have the same state and it su ces to simulate the latter. We will give simulations for
T =1; T, =0:01 and T, = 0:02, and we will follow the three steps given below.

Step 1. Approximate steering: Solve system (I)), controlled on the time interval
(0; T1); by v(x; t) = vi(X) = T% In(iﬁ—g) = 100x to get y(x; Ty1):

Step 2. Computation of the additive control u(x;t): Solve on the time interval
(0; T2); by taking the control

8
= 100x; (0; T1);

ves) = vt = ax

- M nao w0 (HT
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This gives y( ; T2); which enables us to compute the control u(x; t) using the formula .

Step 3. Exact steering: Consider the solution

z t
t)=e™ 'St To)y(xT)+ e ® 95t  s)u(x;s)ds
T2
of the equation
t= +ux;t); t2 (T2 T);

with (T,") = y(T, ) as the initial state. Then, we use the relation y(x;t) = (x;t) +
y9: t 2 (T2;T) to get y(x;T) = yq. Below are the gures corresponding to the exact
steering with the error function.

Figure 1: The evolution of the state at T.

Figure 1 re ects the exact steering and shows that the trajectory y(t) becomes very
close to the desirable state at time T.

Figure 2 describes the variation of the error function de ned by E(t) = ky(t)
yak;t 2 [0; T]; and shows that E(t) tends to zero when t becomes close to the time of
steering T.

4 Conclusion

In the present paper, the multiplicative controllability of a semilinear reaction-di usion
equation is considered in several space dimensions. The approach is constructive and
consists in using a set of three controls applied subsequently in time. First, a static
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3 Euslution of the error
25 T T T T T T T T T T

1.581F .

1
] 0.1 0.2 0.3 0.4 05 0B 0y 0.8 0a 1
Teme

Figure 2: The variation of the error.

control is used to achieve the approximate steering in L? at a small time T,. Then, a
second static control is used in a small time interval [T1;T,] so that the approximate
steering becomes in L1 sense. Finally, in the remaining time interval [T,; T]; we exploit
a (x;t) dependent control law that ensures the zero controllability of an appropriate
linear system (with an additive control) to guarantee the exact steering. Furthermore,
the considered methods allow us to achieve the approximate and exact steering (for a
given couple of the initial and desirable states) at arbitrary small control time which can
be xed in advance.

References

[1] D. Aimene, K. Laoubi and D. Seba. On approximate controllability of impulsive fractional
semilinear systems with deviated argument in Hilbert spaces. Nonlinear Dynamics and
Systems Theory 20 (2020) 465{478.

[2] H. T. Banks, P. M. Kareiva and L. Zia, Analyzing eld studies of insect dispersal using
two-dimensional transport equations. Environmental Entomology 17 (5) (1988) 815{820.

[3] Burton, T. A., and Purnaras, I. K. Fixed Point Regions, Uni ed Construction of Fixed
Point Mappings for Integral, Quadratic, and Fractional Equations. Nonlinear Dynamics
and Systems Theory 20 (4) (2020) 347.

[4] P. Cannarsa and A. Khapalov, Multiplicative controllability for reaction-di usion equa-
tion with target states admitting nitely many changes of sign. Discrete and continuous
dynamical systems, Series B 14 (2010) 1293{1311.



(5]

(6]

(7]

(8l

(9]

(10]

(11]

(12]

(13]

(14]

(15]

[16]

(17]

(18]

(19]

(20]

NONLINEAR DYNAMICS AND SYSTEMS THEORY, 22 (5) (2022) [538{[549 549

P. Cannarsa, G. Floridia and A. Y. Khapalov, Multiplicative controllability for semilinear
reaction-di usion equations with nitely many changes of sign. Journal de Mathematiques
Pures et Appliquees 2017 108 (4) 425{458.

T. Cazenave and A. Haraux, An introduction to semilinear evolution equations. Oxford
Lecture Series in Mathematics and its Applications 13, Oxford University Press, Oxford
1998.

E. Fernandez-Cara and E. Zuazua. Null and approximate controllability for weakly blowing-
up semilinear heat equations, Ann. Inst. H. Poincare Anal. Non Lineaire 17 (2000) 583{
616.

L. A. Fernandez and A. Y. Khapalov. Controllability properties for the one-dimensional
Heat equation under multiplicative or nonnegative additive controls with local mobile sup-
port. ESAIM: Control Optim. Calc. Var. 18(4) (2012) 1207{1224.

S. C. Ferreira, Jr., M. L. Martins and M. J. Vilela. Reaction-di usion model for the growth
of avascular tumor. Phys. Rev. E 65, 021907, Published 23 (2002).

A. Friedman. PDE problems arising in mathematical biology. Networks and Heterogeneous
Media 7 (4) (2012).

A. V. Fursikov, and O. Yu. Imanuvilov. Controllability of Evolution Equations. Lecture
Notes 34 Seoul National University, Korea. 1996.

M. Jidou Khayar and M. Ouzahra. Partial controllability of the bilinear reaction-di usion
equation. International Journal of Dynamics and Control (2018) 1{8.

A. Y. Khapalov. Controllability of the semilinear parabolic equation governed by a multi-
plicative control in the reaction term: A qualitative approach. SIAM J. Control. Optim.
41 (2003) 1886{1900.

A. Y. Khapalov. Controllability of partial di erential equations governed by multiplicative
controls. A Lecture Notes in Mathematics 1995 Springer-Verlag, Berlin 2010.

P. Lin, Zhong Cheng Zhou and Hang Gao. Exact controllability of the parabolic system
with bilinear control. Applied Mathematics Letters 19 (2006) 568{575.

H. Najib, R. El Ayadi, Y. Ouakrim and M. Ouzahra. Exact controllability of a semilinear
reaction-di usion equation governed by a bilinear control. Applicable Analysis (2021) 1{25.

M. Ouzahra, A. Tsouli and A. Boutoulout. Exact controllability of the heat equation with
bilinear control. Mathematical methods in the applied sciences 38 (18) (2015) 5074{5084.

M. Ouzahra. Approximate and exact controllability of a reaction-di usion equation gov-
erned by bilinear control. European Journal of Control 32 (2016) 32{38.

T. Roose, S.J. Chapman and P.K. Maini. Mathematical models of avascular tumor growth.
SIAM Rev. 49 (2) (2007) 179{208.

S. Salsa. Partial di erential equations in action: from modelling to theory. Springer-Verlag
Italia, Milano, 2008.



Nonlinear Dynamics and Systems Theory, 22 (5) (2022)

Publishing
Group

The Analysis of Demand and Supply of Blood in
Hospital in Surabaya City Using Panel Data
Regression

A. Muhith?, I.H. Susanto?, D. Rahmalia®, D. Adzkiya*
and T. Herlambang®

1 Nursing Science Department, Universitas Nahdlatul Ulama Surabaya, Indonesia.
2 Department of Accounting Magister, University of Wijaya Kusuma Surabaya, Indonesia.
3 Mathematics Department, University of Islam Darul Ulum Lamongan, Indonesia.
4 Department of Mathematics, Institute Teknology Sepuluh Nopember, Indonesia.
5 Information System Department, Universitas Nahdlatul Ulama Surabaya, Indonesia.

Received: October 11, 2021; Revised: November 25, 2022

Abstract: Blood is a vital component in body health because it distributes oxygen,
food, and hormones in the whole body. However, there are some cases such as the
lack of blood, accidents, or other diseases when humans need blood transfusions,
which depend on the demand and supply of blood in hospitals. In this research,
panel data regression is used to analyse the demand and supply of blood in hospitals
in Surabaya city. There are three models in panel data regression, namely, common
eledt (CE), fixed e[edt (FE), and random e [edt (RE). In this panel data regression,
the number of demands of blood type O, A, B, and AB is the independent variable.
In contrast, the blood supply is the dependent variable. First, we will determine the
best model, common e[edt (CE), fixed e[edt (FE), or random e[edt (RE), through
the Chow test, Hausman test, and Lagrange Multiplier test. From the result, the
best model of the quantity of blood supply is fixed e [edt (FE). Then, the fixed e [edt
(FE) model parameters are tested by using the F-test and T-test for testing the
impact of independent variables on the dependent variable and R-squared for finding
the proportion of e [edtiveness of independent variables. According to our simulation
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1 Introduction

Blood is a vital component in body health because it distributes oxygen, food, and
hormones in the whole body. However, there are some cases such as the lack of blood,
accidents, or other diseases when a human needs blood transfusion which depends on the
demand and supply of blood in hospital [1,2].

In this research, panel data regression is used to analyse the demand and supply of
blood in hospitals in Surabaya city. Panel data is the data combining time-series data
and cross-section data. Time-series data cover an object for an extended period. Cross-
section data consist of many things such as a company, factory, restaurant, a place with
some attributes. Thus, panel data regression is the regression using panel data. There
are three models in panel data regression, namely, common e [edt (CE), fixed e [edt (FE),
and random e [edt (RE).

From the previous research, the e [edts of independent variables and dependent vari-
ables have been applied by the correlation method in a Neural Network (NN) [3,4] and
Adaptive Neuro-Fuzzy Inference System (ANFIS) [5,6]. There is a work on stability
analysis of stochastic neural networks [7]. Let us also mention the results on control
design using Sliding PID [8] and Linear Quadratic Regulator [9].

In this panel data regression, the number of demands of blood type O, A, B, AB is
the independent variable, while blood supply is the dependent variable.

First, we determine the best model, common e [edt (CE), fixed e [edt (FE), or random
e [edt (RE), through the Chow test for determining a better model between the common
e [edt (CE) model and the fixed e [edt (FE) model in the panel data model, the Hausman
test for determining a better model between the random eledt (RE) model and the
fixed e[edt (FE) model in the panel data model, and the Lagrange Multiplier test for
determining a better model between the common eledt (CE) model and the random
e [edt (RE) model in the panel data model. Then, the simulation results are applied by
EViews software.

From the result, the best model of the quantity of blood supply is fixed e [edt (FE).
The F-test and T-test test the parameters of the fixed e [edt (FE) model for testing the
impact of independent variables on the dependent variable, and R-squared is used for
finding the proportion of e [edtiveness of independent variables.

2 Panel Data Modeling

Panel data is the data combining time-series data and cross-section data. Time-series
data cover an object for a long time. Cross-section data consist of many entities (for
example, a company, factory, restaurant, place) with some attributes (for example, cost,
benefit, the volume of production, the number of workers) in one period. Thus, panel
data regression is the regression using panel data.

The regression model of time-series data is as follows:

x
Ye= + I+ t=1,2;:5T;
i=1

where T is the number of time-series data and P is the number of independent variables.
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The regression model of cross-section data is as follows:

x
Yi= + I+ i=12:5N;
i=1

where N is the number of cross-section data and P is the number of independent variables.
So the regression model of panel data is as follows:

Yie= + jx{t+"it; t=1;2;:5T, i=1;2;5N;
i=1

where N is the number of cross-section data, T is the number of time-series data, and P
is the number of independent variables.

3 Estimation of Panel Data Regression

For estimating the parameters of the panel data model, there are three techniques.

3.1 Common E [edt (CE) model (Pooled model)

In this model, time-series data and cross-section data are merged. By joining both of
them, one can use the Ordinal Least Square (OLS) method or the least square technique
to estimate the data panel model. It is assumed that the properties of data of the objects
are similar in the interval of time [10].

However, this assumption deviates from the actual conditions because the charac-
teristics of the objects are very dilerent. Therefore, this model can be constructed as
follows:

x .
Yie= + d+ i t=1;2;::T; i=1;2;:0N;

j=1
where N is the number of cross-section data, T is the number of time-series data, P is
the number of independent variables, Yij; is the dependent variable of the i-th object in
the t-th time, x}, is the j-th independent variables of the i-th object in the t-th time,
is the coe [cieht (parameter) of the j-th independent variables, is the intercept, "j; is
the error component of the i-th object in the t-th time.

3.2 Fixed E[edt (FE) model

This model estimates panel data by adding dummy variables. There are di [erent e [edts
among objects through the di[erknce of their intercepts. In the fixed e [edt (FE) model,
an object is an unknown parameter, and it will be estimated by dummy variables. This
model can be constructed as follows [10]:

X X
Yie= + Id, + kDk +"it; t=1,2;:5T; i=1,2:5N;

j=1 k=2

where Dy is the dummy variable.
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3.3 Random E[edt (RE) model

In this method, the dilerknces in object and time characteristics are formed by the
error from the model. Because two components contribute to the error results, such as
object and time, this method needs to be expanded to become the error from the object
component, the error from the time component, and the combined error. The random
e [edt (RE) model is as follows [11]:

x
Yie= + I +"e  t=1205T i=1200N;
i=1

where "jt = Uj + V¢ + Wiy, U; is the error from the object component, v is the error from
the time component, wj; is the combined error.

4 The Selection of Best Model

For selecting the best model, the common e [edt (CE) model, fixed e [edt (FE) model or
random eledt (RE) model, there are some tests such as the Chow test, Hausman test,
and Lagrange Multiplier test.

4.1 Chow test

The Chow test is used for determining a better model between the common e [edt (CE)
model and the fixed e [edt (FE) model in the panel data model [12].

The hypothesis used in the Chow test is as follows. The null hypothesis (Hg) repre-
sents the common e [edt (CE) model, whereas the alternative hypothesis (H1) represents
the fixed e [edt (FE) model. The Chow statistics is given by

(ESS1 ESS2)=(N 1)
(ESS2)=(NT N P)’

where

ESS1 : Residual Sum Square of the fixed e [edt (FE) model,
ESS2 : Residual Sum Square of the common e [edt (CE) model,

N . the number of cross-section data,
T : the number of time-series data,
P : the number of independent variables.

The Chow statistics follows the F-statistics distribution with the degree of freedom
(N 1L;NT N P). If the Chow statistics is larger than the critical value of the
F-statistics distribution or the p-value is less than the significance level , then Hj is
accepted and Hyg is rejected so that the selected model is the fixed e [edt (FE) model.

4.2 Hausman test

The Hausman test is used for determining a better model between the random e [edt
(RE) model and the fixed e [edt (FE) model in the panel data model [12].
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The hypothesis used in the Hausman test is as follows. The null hypothesis (Ho) rep-
resents the random e [edt (RE) model, whereas the alternative hypothesis (H;) represents
the fixed e [edt (FE) model. The m statistics is given by

m=( b)(M0 M1 ( b);
where:

. Statistics vector of fixed e [edt (FE) variables,
b : Statistics vector of random e [edt (RE) variables,
MO : covariance matrix for the fixed e [edt (FE) model,
M1 : covariance matrix for the random e [edt (RE) model.

The m statistics follows the chi-square distribution with the degree of freedom equal
to P. If m statistics is larger than the critical value of the chi-square distribution or the
p-value is less than the significance level , then H; is accepted and Hy is rejected so
that the selected model is the fixed e [edt (FE) model.

4.3 Lagrange Multiplier test

The Lagrange Multiplier test is used to determine a better model between the common
el[edt (CE) model and the random eledt (RE) model in the panel data model [13].

The hypothesis used in the Lagrange Multiplier test is as follows. The null hypothesis
(Ho) represents the common e [edt (CE) model, whereas the alternative hypothesis (H;)
represents the random e [edt (RE) model. The LM statistics is given by

’p, P, 2 3

NT i=1 t=1 Eit
LM = 7943—P— 1%;
2(T 1) :\I=1 I:l &%

where

N : the number of cross-section data,
T : the number of time-series data,
ej¢ . residual of the common e [edt (CE) model.

The LM statistics follows the chi-square distribution with the degree of freedom equal
toP.

If the LM statistics is larger than the critical value of the chi-square distribution or
the p-value is less than the significance level , then Hj is accepted and Hg is rejected
so that the selected model is the random e [edt (RE) model.

The Lagrange Multiplier test is not applied when the Chow test and the Hausman
test show a better model is the fixed e [edt (FE) model [10].

5 Significance Test

After the best model is obtained, it is required to apply the significance test as follows.
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5.1 F-test

The F-test is applied for testing the estimation results on whether the independent vari-
ables have e[edts on the dependent variable globally [14].

The hypothesis used in the F-test is as follows. The null hypothesis (Hp) represents
“independent variables do not aledt the dependent variable”, whereas the alternative
hypothesis (H1) represents “independent variables al[edt the dependent variable”.

The F-statistics is given by
MS(y).

MS(e)’

test —
where

MS(e) : mean square of regression,
MS(y) : mean square of residual.

The Fest Statistics follows the F-statistics distribution with the degree of freedom
equalto (N+P 1;NT N P). If the Fest statistics is larger than the critical value
of the F-statistics distribution or the p-value is less than the significance level , then
H; is accepted and Hy is rejected so that the conclusion is that there is the e [edt of the
independent variables on the dependent variable.

5.2 T-test

The T-test is applied for testing the estimation results on whether the independent
variables have e [edts on the dependent variable partially [14].

The hypothesis used in the T-test is as follows. The null hypothesis (Hg) represents
“independent variables do not aledt the dependent variable”, whereas the alternative
hypothesis (H;) represents “independent variables a[edt the dependent variable”.

The T-statistics is given by
k
Teest = ——;
SE( «)
where

K . the k-th parameter,
SE( k): standard deviation of the k-th parameter.

The Tiest Statistics follows the T-statistics distribution with the degree of freedom
equal to (NT N P). If the Tt Statistics is larger than the critical value of the
T-statistics distribution or the p-value is less than the significance level =2, then Hj
is accepted and Hy is rejected so that the conclusion is that there is the e[edt of the
independent variables on the dependent variable.

5.3 R-squared

The determination coe [cieht (R?) is used for measuring the fitness rate of panel data
regression. It is a proportion of the contribution of independent variables and dummy
variables to that of the dependent variable [15].
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The coe [cieht (R?) is determined using

ESS
R2 = :
TSS'

where

ESS : sum of square of regression,
TSS : total of sum of square.

The value of R? is between 0 and 1. If R? approaches 1, then in this model, the e [edt
of independent variables is stronger.

6 Results

This research shows the e [edts of the demand for blood types O, A, B, AB on the quantity
of blood supply in five hospitals in Surabaya city from January 2015 until December 2017.
In creating panel data regression, the data used are as follows. Cross-section or object
data:

1. Angkatan Laut hospital,
Unair hospital,

Haji hospital,

> LN

Adi Husada hospital,
5. Darmo hospital.

The data used are monthly data from January 2015 until December 2017.

In this research, the analysis of demand and supply of blood in some hospitals in
Surabaya city is done by panel data regression using EViews software. There are three
models in panel data regression, such as common eledt (CE), fixed eledt (FE), and
random e [edt (RE). In this panel data regression, the number of demands of blood type
O, A, B, AB is an independent variable, while blood supply is the dependent variable.

6.1 The selection of best model

First, we use the Chow test to determine a better model between the common e [edt
(CE) model and the fixed e [edt (FE) model in the panel data model.

The Chow test results can be seen in Figure [Il Figure [1] shows the p-value of cross-
section F is 0:0039 < 0:05. Therefore, H; is accepted and Hg is rejected so that the
selected model is the fixed e [edt (FE) model.

Second, we use the Hausman test to determine a better model between the random
e[edt (RE) model and the fixed e [edt (FE) model in the panel data model.

The Hausman test results can be seen in Figure 2] Figure 2] shows the p-value of
cross-section random is 0:003 < 0:05. Therefore, H is accepted and Hy is rejected so
that the selected model is the fixed e [edt (FE) model.

Because both the Chow and the Hausman test show that the fixed e [edt (FE) model
is the best model, the Lagrange Multiplier test is not required.
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RedundantFixed Effects Tests
Equation: Untitled
Test cross-section fixed effects

Effects Test Statistic df. Prob.
Cross-section F 4.003197 (4,171) 0.0039
Cross-section Chi-square 16.112418 4 0.0029

Figure 1: Chow test result.

Correlated Random Effects -Hausman Test
Equation: Untitled
Test cross-section random effects

Chi-Sq.
Test Summary Statistic  Chi-Sq.df. Prob.
Cross-section random 16.012786 4 0.0030

Figure 2: Hausman test result.

The fixed el[edt (FE) panel data regression model for the quantity of blood supply
used is shown in Figure [3 The coe Lcieht of the quantity of blood type O is 0.982566,
the coe [cieht of the quantity of blood type A is 1.003406, the coe [cieht of the quantity
of blood type B is 0.976337, the coe [cieht of the quantity of blood type AB is 0.990383,
the intercept is 1.376641.

Dependent Variable: S_BLOOD

Method: Panel Least Squares

Date: 06/19/20 Time: 11:36

Sample: 2015M01 2017M12

Periods included: 36

Cross-sections included: 5

Total panel (balanced) observations: 180

Variable Coefficient Std. Error t-Statistic Prob.
BLOOD_O 0.982566 0.009145 107.4399 0.0000
BLOOD_A 1.003406 0.013104 76.57403 0.0000
BLOOD_B 0.976337 0.008611 113.3822 0.0000
BLOOD_AB 0.990383 0.027919 35.47346 0.0000

Cc 1.376641 0.951421 1.446931 0.1497

Figure 3: Fixed eledt (FE) model panel data regression.

6.2 Significance test

In fixed e [edt (FE) model panel data regression, we will test the impact of independent
variables on the dependent variables using the F-test and T-test. Furthermore, we also
measure the proportion of the independent and dummy variables’ contribution and that
of dependent variables using R-squared.

The F-test is applied for testing the estimation results on whether the independent
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variables have e [edts on the dependent variables globally. The F-test results can be seen
in Figure [ Figure [ shows the p-value of the F-test is 0:000 < 0:05. Therefore, H; is
accepted and Hg is rejected, i.e., there is an e [edt of the independent variables on the
dependent variables.

Effects Specification

Cross-section fixed (dummy variables)

Root MSE 3.490123 R-squared 0.998008
Mean dependent var 193.3889 Adjusted R-squared 0.997915
S.D. dependent var 78.41534 S.E. ofregression 3.580790
Akaike info criterion 5.437751 Sum squared resid 2192.572
Schwarz criterion 5.597399 Log likelihood -480.3976
Hannan-Quinn criter. 5.502481 F-statistic 10708.81
Durbin-Watson stat 1.469845 Prob(F-statistic) 0.000000

Figure 4: F-test results.

The T-test is applied for testing the estimation results on whether the independent
variables have el[edts on the dependent variables partially. The T-test results can be
seen in Figure[5} Figure 5 shows the p-value of the T-test on the number of demands of
blood type O is 0.000 < 0.05, the number of requests of blood type A is 0.000 < 0.05,
the number of requests of blood type B is 0.000 < 0.05, the number of demands of blood
type AB is 0.000 < 0.05. Therefore, H; is accepted and Hy is rejected, i.e., there is an
e [edt of the independent variables on the dependent variables.

Dependent Variable: S_BLOOD

Method: Panel Least Squares

Date: 06/19/20 Time: 11:36

Sample: 2015M01 2017M12

Periods included: 36

Cross-sections included: 5

Total panel (balanced) observations: 180

Variable Coefficient Std. Error t-Statistic Prob.
BLOOD_O 0.982566 0.009145 107.4399 0.0000
BLOOD_A 1.003406 0.013104 76.57403 0.0000
BLOOD_B 0.976337 0.008611 113.3822 0.0000
BLOOD_AB 0.990383 0.027919 35.47346 0.0000

C 1.376641 0.951421 1.446931 0.1497

Figure 5: T-test results.

R-squared is used to measure the proportion of the contribution of independent and
dummy variables and that of the dependent variables. The R-squared test can be seen in
Figure[6l Figure[]shows R-squared is 0.998. It means that the e [edts of the independent
variables on the dependent variables are 99.8%.

7 Conclusions

There are three models in panel data regression, namely, common e [edt (CE), fixed e [edt
(FE), and random e [edt (RE). In this panel data regression, the number of demands of
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Effects Specification

Cross-section fixed (dummy variables)

Root MSE 3.490123 R-squared 0.998008
Mean dependent var 193.3889 Adjusted R-squared 0.997915
S.D. dependent var 78.41534 S.E. ofregression 3.580790
Akaike info criterion 5.437751 Sum squared resid 2192.572
Schwarz criterion 5.597399 Log likelihood -480.3976
Hannan-Quinn criter. 5.502481 F-statistic 10708.81
Durbin-Watson stat 1.469845 Prob(F-statistic) 0.000000

Figure 6: T-test results.

blood type O, A, B, AB is an independent variable, while blood supply is the dependent
variable. First, we determine the best model, common eledt (CE), fixed e[edt (FE),
or random e [edt (RE), through the Chow test, Hausman test, and Lagrange Multiplier
test. From the result, the best model of the quantity of blood supply is fixed e [edt (FE).
Then, the parameters of the fixed e [edt (FE) model are tested by the F-test and T-test for
testing the impact of the independent variables on the dependent variable and R-squared
is used for finding the proportion of e [edtiveness of the independent variables. In our
simulation, the R-squared is 0.998, which is a very good result. As a future work, we are
planning to employ some machine learning techniques to analyze the demand and supply
of blood. Furthermore, by combining mathematical science and business management,
we strive to provide a feedback for stakeholders before making any decision.
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1 Introduction

Water shortages are a severe shortage in which the rates of water availability do not
meet certain basic requirements speci ed. Water is one of the most essential natural
renewable resources, and no one, neither humans nor animals, can live without it. Water
comes from numerous sources, including runo , groundwater, and surface water. The
main contributor to the world growth and development are water supplies [1].

The paper concludes that there is a xed amount of water on our planet. But so
little of it is at our disposal to use. 70 percent of the earth surface is lled with 1400
million cubic kilometers of water (m km3): 2.5% is freshwater and 97.5% is saltwater,
2.5 percent is groundwater, 0.3 percent are lakes and rivers, 68.9 percent is frozen in
ice caps. One-third of the population of the world currently resides in countries where
the quality of the water is not adequately compromised, but by 2025, it is projected to
increase by two-thirds [2].

The primary objective of this paper is to determine the scarcity of water in selected
Middle East countries. For Iran, Irag, and Saudi Arabia, the Anomaly Standardized
Precipitation (WASP) index was spatially computed from 1979 to 2017. The water
scarcity situation has been investigated in cities with a population of more than one
million. This was done by using the methodology of the composite index to make water-
related statistics more intelligible. A forecast was created for the years 2020 to 2030 to
show potential improvements in the supply and demand for water in selected Middle East
countries. With rising urbanization, there is a moderate to high water shortage risk for
all countries at present [3]. Water shortage is a common issue in many parts of the world.
Many previous water shortage evaluation strategies only considered the volume of water,
and overlooked the quality of water. Moreover, the Environmental Flow Criterion (EFR)
was not usually considered directly in the evaluation. In this paper, we have developed
an approach to assess water scarcity by considering both water quantity and quality [4].

The formulation of a corruption control model and its analysis using the theory of
di erential equations are presented in paper [5]. The equilibria of the model and the
stability of these equilibria are discussed in detail. Yadav, A. et al. [6] propose and
evaluate mathematical models to research the dynamics of smoking activity under the
in uence of educational programs and also the willingness of the person to quit smoking.
A nonlinear mathematical model is formulated and analyzed in paper [7] to research the
relationship between the criminal population and non-criminal population by taking into
account the rate of non-monotone incidence. See also [8,9].

[10] suggested and analyzed a mathematical model using oncolytic virotherapy for
cancer care. The growth of tumor cells is presumed to obey logistic growth and the
interaction between tumor cells and viruses is of saturation type. Several nonlinear
mathematical models are proposed and analyzed in paper [11] to study the spread of
asthma due to inhaled industrial pollutants [12,/13] are also referenced.

This paper aims to illustrate the requirements to and the availability of water. As a
result of growing population, rising urbanization, and rapid industrialization, combined
with the need to increase agricultural production, water demand has been found to
increase signi cantly. Water per capital supply is also slowly declining. More than 2.2
million people are expected to die every year from diseases related to polluted drinking
water and poor sanitation.



NONLINEAR DYNAMICS AND SYSTEMS THEORY, 22 (5) (2022) |561{{572| 563

As mentioned above, we have analyzed and proved that water scarcity is one of the
major problems that has been proved statistically and theoretically. We are here giving
a new try to prove the same by using the mathematical model.

Using the principle of an ordinary di erential equation, we analyze our model and
record comprehensive results of numerical simulations to support the analytical results.
First, our model is expanded to the model of stochastic di erential equations. The out-
comes of deterministic and stochastic models were also compared. The remainder of this
paper is structured as follows, Section 2 explains the model and the presence of equi-
libria and illustrates local stability, global equilibrium stability. Section 3 addresses the
remaining stochastic model. Section 4 displays the e ects of simulation for deterministic
and stochastic models. Our results are summarized in Section 5 as a conclusion.

2 The Model and Analysis

We proposed and analyzed a non linear model for water scarcity by dividing into four
di erent compartments [14], namely, the total usage of water (W), the human (H),
water scarcity (Ws), water recover (W, ). All variables are time t functions. The transfer
diagram of the model is described in Figure Il The mathematical model is suggested as
follows, in view of the above considerations:

@ = W 2WH + 2Wi;

H o= LWH H H H;

) M
s = W+ H Wy

d\é\ér = 1Ws 2We:

In Table[1} the parameters used in model (I) are de ned.

Table 1: Description of parameters.

Parameter Description

Recruitment rate

Water draining rate

The rate of consumption of water by a human

The recovery rate of water resource

The rate at which water becomes normal level water
Rate of human population a ected by water scarcity
Natural death rate

1 Death rate due to water scarcity

NREN R

2.1 Existence of equilibria

Our model’s equilibrium is calculated by setting the right-hand side of the model to
zero [15]. The system has the following equilibria, namely, the endemic equilibrium (EE)
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W ( + oH
[ ]
4 W H Wi W,

Figure 1. Transfer Diagram of the Model.

E (W ;H ;W,;W,), where

w o= & @
2
H = i ; ©))
2
W= @
2
e R ©

where ki = + + 4.

2.2 Stability analysis

The system’s variational matrix is given by

1

(1+ 2H) 2W 2
M = oH JW o kg 000 §
1 1 0 '

0 0 1 2

2.2.1 Stability analysis of EE point

The variation matrix M* corresponding to the point E of the endemic equilibrium, is

given by o 1
Nig N2 0 nNua

M :g N21 Npo 0 0 §;

N3z N3z h3z 0

0 0 naz Ny

where
Nnp= (1+ 2H), np2= W, ny=
Ny = 2H; nx= W ki
N31 = 1, N2 = , N3z = ;N3 = 1, Nap = 2.
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The bi-quadratic equation is

4+a, 3+a, 24+a; +a;=0,

where
ap = (N11 + N2 + N33 + Naa);
a2 = Ni1N22 +N22N33 + N33Ngq + N11N33 + N11N44 + N22Nag N12N21;5
az = N11N22N33  N11N22N44 N11N33N44  N22N33N44 + N12N21N33
+  Ni2N21N44  N14N43N31;
a4 = N11N22N33Na4 + N14N22N31N43  N14N21N32N43  N12N21N33N44:

E will be locally asymptotically stable by using the Routh-Hurwitz criteria if the
following conditions are satis ed: a; > 0, ag > 0, a;ayas a% afas >0, a3 > 0.

If two other inequalities referred to above are satis ed, E is locally asymptotically
stable [16].

2.2.2 Global stability of endemic equilibrium

In order to analyze the global stability of the endemic equilibrium E , we adopt the
approach developed by Korobeinikov [8] and successfully applied in [9]. E exists for all
X;y;z;u> , for some =>0.

Letkyy =[ + + 1]y =g(x;y;z;u) be positive and monotonic functions in R%. (for
more details, see [8}9]).

X gy iz iu) Zyh(x;y;z;U)OI

VOED = Gy C Y e )
“h(x;y ;z ;u) Yoxysziu)
2 h(x;y;;U)O|+u h(x;y;z;)d' ©)

If g(x;y;z; u) is monotonic with respect to its variables, then the state E is the only
extreme and the global minimum of this function. So, obviously,

OV _, 9xiysziu) @V _, hixiyiziu),

ox gy ;z;u) '@y~ h(x;y;iz;u)'
v _, hixjy;ziu) @v _ . g(x;y;z;u),
oz ! h(x;y;z;U)'(szu_l g(x 3y sz ;u)’ @

The functions g(x;y;z;u) and g(x;y;z;u) grow monotonically, then have only one
stationary point. Further, since

@2V _ g(x:y;ziu) g(xy;ziu).

0x2 " [g0cy sz su)PT ex
@%V _ g(x;y;z;u) g(x;y;z ;u),
0yz  [o(x ;y;z ;u )P oy ’

@2V _ g(x;y:ziu) g(x;y;z;u).

0z2  [o(x ;y ;z;u ) 0z '
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8%V _ g(x;y;z;u) g(x;y;z;u)
ou>  [g(x iy sz suP Gu

are non negative, g(x;y; z;u) and h(x;y; z; u) have minimum. That is,
Vxyiz;u) V(X;y;z;u)

and hence, V is a Lyapunov function, and its derivative is given by

o 9y sz iu)

g(x;y 5z ;u)
vay @ Yy 1 RELIZRM) g Xy BBV
1z (1 ;)1%+2U(1 ui) %
+o(x jy ;ziu) 1 % %

It is noted here that g(x ;y ;z ;u ) =h(x ;y ;z;u) is explicitly given as g and h in
terms of x;y;z and u.
Since E > 0, the function g(X;y; z; u) is concave with respect to y;z and u and

0%9(x;y; z; u) 0 0%9(x;y;z; )

@y? ' @z2 0

vV . .
then (jTt 0 for all x;y;z;u > 0. Also, the monotonicity of g(x;y;z;u) with respect to
X;Y;z and u ensures that

g(X 3y iz u) . y h(x iy iz ;u) .
T )1 Sy zay 00 P91 Rawyzay O
h(x iy iz ;u) . g(x 3y 5z u )
¢ P11 weyan o0 O SeyTw O

9)

u

holds for all x;y;z;u > 0. Thus, we establish the following result.

Theorem 2.1 The endemic equilibrium E of model (1) is globally asymptotically
stable whenever conditions outlined in Eq. @ are satis ed [17].
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3 Stochastic Model

We are expanding our deterministic model to stochastic systems here, as stochastic mod-
els are more able to capture random variations of the biological dynamics of the prob-
lem. The derivation of an SDE model is based on the method developed by Yuan et
al. [18]. Let X(t) = (X1(t); Xa(t); X3(t); X4(t))T be a continuous random variable for
(W (£); H(t); Ws(t); W, (t))T and T denote the transpose of a matrix.

Let X =X(t+ t) X(t)=( Xi; Xo; Xaz; X4)T denote the random vector for
the change in random variables during the time interval t. Here, we’ll write transition
maps that de ne all possible changes in the SDE model between states. Based on our
ODE model system (I), here we see that within a small time interval t, there are
9 possible changes between states. Changes in the state and their probabilities are
discussed in Table In the case, the state change X is denoted by X = ( 1;1;0;0).
The probability of this change is determined by

Prob ( Xi1; Xz, Xz, Xa) = ( 1,1;0;0)j(Xq; X2, X3; X3) =Pz = 2X1Xo +0( t)

by neglecting terms higher than o( t), the following expectation change E( X) and

its covariance matrix V ( X) associated with X, can be identi ed. The expectation of
X is

(0] 1
= 1X1 2 X1 X+ 2Xy
X1 X X X X
E( X)= Pi( X)i t:(% 2 12x1+ 2x2 iX3 ! 2§ t

1
I 1 X3 22Xy

= F(Xq1; X2; X3; X4) L

Table 2: Possible changes of states and their probabilities.

Possible stage change  Probability of state changes

( )1 =(1,0;0;0)7 Pr= t+o( t)

( X)2=( 1,0;1;0)7 P,= 1X; t+o( t)

( X)3=( 1,1;0;0)" Pz= ,X1X, t+o( t)

( X)2=(100; 1)T Ps= X4 t+o( t)

( X)s=(; 1,007 P5= X, t+o( t)

( X)6=(0; 1,0;0)T Pg= X, t+o( t)

( X)7 = (0, 1;0; O)T Pr= X5 t+ O( t)

( X)g = (0, 0; 1; 1)T Pg = 1X3Pt + 0( t)

( X)e=(0;0,0,0)T  Pg=(1 P Pi)+o( t)

It can be noted here that the expectation vector and also the function f are in the
same form as those of the ODE system (1).

Since the covariance matrix V( X) = E(( X)( X)) E( X)(E( X)) and
E( X)( X)) = FX)(F(X)T) t, it can be approximated with the di usion matrix
times t by neglecting the term of ( t)2sothat V( X) E(( X)( X)T). Thatis,
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(0] 1
Viz Vo Viz Vi

Voi Voo Voz 0
Va1 Vzz Vzz Vay
Var 0 Vaz Vau

X
EQ X)( X)) = Pi( X)i( X)] t=
i=1

where each component of the di usion matrix of 4 4 is symmetric, positive-de nite, and
can be obtained by

Via =P1+P2+P3+Ps= + 1 Xg+ 2XuXo+ 2Xy; Vas =Vaz = Pa=  1X5;
Va2 =P3+Ps+Peg+P7= 2XiXo+ Xo+ Xo+ 1Xp; Via =Va1 = Pa= 22Xy
Vag =Pz +Ps+Pg= 1X1+ Xz+ 1Xg; Vig=Va1 = P2= 12Xy
Vag =Ps +Pg = 2X4+ 1X3; Vg =Vzz = Ps= Xz
Vig =Vo1 = Pas= 2X1Xy;
A matrix D square root of the symmetric, positive-de nite di usion matrix is such
that K = 172, Use an equivalent matrix K such that = KKT, where K has the
dimeggign of a@ 7 matrix p
1 X1 P 2 X1 X2 2X4 pO p 0 0
K = g 0 p 0 2 X1 X2 0 p Xz ( + 1)X2 pO
0 1X1 0 pO X2 0 p 1 Xz AV
0 0 0 2Xa 0 0 1X3

Then, the Ito stochastic di erential model has the following form:
dX (1) = F(Xq; Xz; X3; Xg)dt + K:dW (t)
with the initial condition X (0) = (X1(0); X2(0); X3(0); X4(0))" and a Wiener process,

W (1) = (W1 (t); Wa(t); Wa(t); Wa(t): Ws(t); We(t); W7 ())T: We get the stochastic di er-
ential equation model as follows:

dw = [ 1W JWH + 2Wr]dt + pidW]_ P 1WdW2 P 2WHdW3 + P 2WrdW4;
dH = [ 2WH H H  H]dt+ P 2WHdW3 pTdW5 p( + 1)HdWs;
_ P— P P
dWs = [ W+ H  Wsldt+ Wdwp+  HdWs 1WsdW7;
dW,y = [ 1Ws 2Wi]dt P SWrdW, + P 1WsdW7:

(10)

4 Numerical Simulation

Here, we simulate both deterministic and stochastic models for the following set of pa-
rameters: =200, ; =002, ,=0:04, =0:0143, ;=0:08, =0:093, ;=0:02,
2 = 0:0001.

The system is simulated for various sets of parameters satisfying the condition
of local and globally asymptotic stability of equilibrium E . For both deterministic and
stochastic models, the simulation results are shown in Fig. 2l The stochastic model
(SDE model) is simulated by the method of Euler-Maruyama, and Fig. |2 plots the mean
of the 100 runs. Here, the results of the stochastic model seem better than those of
the deterministic model as the curve corresponding to scarcity lies below the one that
corresponds to the deterministic model =100, ; = 0:00002, , =0:004, = 0:0143,
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1 =008, =0:093 ;=0:02 =09 Thesystem is simulated for di erent
sets of parameters satisfying the condition of local and globally asymptotic stability of
equilibrium E  (see Fig. [3).

Figs. [ { [7] demonstrate the impact of various parameters on the equilibrium level of
water scarcity and recovery.

700 4

600 -

500 4

300 4

200 A

100 4

0.0 0.2 0.4 0.6 0.8 1.0

Figure 2: Variation of all compartments of the model showing the e ect of stochastic
and deterministic models.
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400 +
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§ 300
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=]
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& 200
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o L T T T T T T T T T
0] 25 50 75 100 125 150 175 200

year

Figure 3: Variation of all compartments of the model showing the stability.
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Figure 4. E ect of ; on the variation of all compartments of the model.
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Figure 5. E ect of 5 on the variation of all compartments of the model.
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Figure 6. E ect of

on the variation of all compartments of the model.
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Figure 7: E ect of ; on the variation of all compartments of the model.

5 Result of Discussion and Conclusion

In this paper, a deterministic mathematical model on water resource-related wa-
ter scarcity problems was proposed and analyzed. We calculate the equilibrium of the
proposed model and analyze in detail the local stability and global stability of endemic
equilibria.

Further, we extended the deterministic model to a stochastic model and compared
numerical simulation results of both models. The resuls of the stochastic model showed
that the water scarcity decreased comparatively to the deterministic model. The im-
pact of various parameters on the equilibrium point of water scarcity and recovery is
demonstrated. As a society, we have a social responsibility to reduce the scarcity of
water. Therefore, we have developed a model of possible strategies to predict better re-
sults. Simulations using this model showed the e ectiveness of progressing from human
to water scarcity.

When the value (the rate of human population a ected by water scarcity) increases
in time, the stable point is di ered in all compartment (see Fig. [6). Figs. [4] and
depict if the values 1 and 5 increase or decrease, there is no major di erence in all
compartments. Fig. depicts if the parameter ; (the rate of water recovery) is increasing
in time, the water scarcity is decreased and the recovery is increased.
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Abstract: In this paper, we study a contact problem between a deformable vis-
coelastic body and a rigid foundation. Thermal e ects, wear and friction between
surfaces are taken into account. We model the material’s behavior by a nonlinear
thermo-viscoelastic law with the internal state variable. The problem is formulated
as a coupled system of an elliptic variational inequality for the displacement and the
heat equation for the temperature. Our proof is based on nonlinear evolution equa-
tions with monotone operators, di erential equations and xed point arguments.
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1 Introduction

During the last decades, the analysis of mathematical models in Contact Mechanics
is rapidly growing. These models are suggested for di erent materials using di erent
boundary conditions modelling friction, lubrication, adhesion, wear, damage, etc.

The aim of this paper is to model and establish the variational analysis of a contact
problem for viscoelastic materials within the in nitesimal strain theory. The process
is supposed to be subject to thermal e ects, friction and wear of contacting surfaces.
Mathematical models in Contact Mechanics can be found in [3,41(9,/11}/13].

Wear of surfaces is the degradation phenomenon of the super cial layer caused by
many factors such as pressure, lubrication, friction and corrosion. Moreover, wear is a
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loss of use as a result of plastic deformations, material removal or fractures. Analysis of
contact problems with wear can be found in [6}7,(12,16].

The constitutive laws with k internal variables have been used in various publications
in order to model the e ect of internal variables in the behavior of real bodies like metals,
rocks, polymers and so on, for which the rate of deformation depends on the internal
variables. Some of the internal state variables considered by many authors are the spa-
tial display of dislocation, the work-hardening of materials. Here, we consider a general
model for the dynamic process of a bilateral frictional contact between a deformable
body and an obstacle which results in the wear of the contacting surface. Recent mod-
els of frictional contact problems can be found in [2,/11},/14,/15]. The material obeys a
viscoelastic constitutive law with thermal e ects. Models taking into account thermal
e ects can be found in [5,12]. We derive a variational formulation of the problem which
includes a variational second order evolution inequality. We establish the existence and
the uniqueness of a weak solution of the problem. The idea is to reduce the second order
evolution nonlinear inequality of the system to the rst order evolution inequality. After
this, we use classical results on rst order evolution nonlinear inequalities, a parabolic
variational inequality and equations and the xed point arguments. The novelty of this
paper consists in the coupling of k internal state variable, the thermal e ect and wear.

The paper is structured as follows. In Section 2, we present the thermo-viscoelastic
contact model with friction and provide comments on the contact boundary conditions.
In Section 3, we list the assumptions on the data and derive the variational formulation.
In Section 4, we present our main results on existence and uniqueness which state the
unique weak solvability.

2 Problem Statement

The physical setting is the following. A viscoelastic body occupies a bounded domain
Ry (d = 2;3) with a smooth : The body is acted upon by body forces of density
fo: It is also constrained mechanically on the boundary. We consider a partition of
into three disjoint measurable parts 1, 2 and 3, such that meas( 1) >0. LetT >0
and let [0; T] be the time interval of interest. We assume that the body is xed on
1, surface traction of density f, acts on , and a body force of density fy acts in
Moreover, the process is dynamic, and thus the inertial terms are included in the
equation of motion. Then, the classical formulation of the mechanical contact problem
of a thermo-visco-elastic material with an internal state variable is as follows.

Problem P. Find a displacement eld u : [0;T] ¥ RY, a stress eld
[0;T] ¥ Sy, an internal state variable eld k : [0;T] ¥ R™M, a temperature eld
[0;T] ¥ Ry and thewear 1: 3 [0;T] ¥ R4 such that

Zt
O =ACUO)+FCU®)+ Bt 9)"(us)ds  (OM;in  [0;T] (1)

0

kK= (® A" G " u®):K® ; @
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- div(Ker )= Mru+ag; (©))

Div +fy= u in ©;T); (@)

u=0 on 1 (O;T); ()

=f, on o (O;T); (6)

- llJJ \J/ J;_ 0;i= k k>0 ©°"3 [OTE 0

e j=k( R h U on s ©OT) ®)
0x;

=0 on [ 2 (O;T); )

u(0) = uo; U(0) =vo; k(0) =ko; (0)= o in ; (10)

10)="150n 3: (11)

First, represents the thermal viscoelastic constitutive law with long-term memory,
represents the temperature, M := (m;j) represents the thermal expansion tensor. We
denote by "(u) (respectively, by A, F, B) the linearized strain tensor (respectively, the
viscosity nonlinear tensor, the elasticity operator, the relaxation function), is also a
nonlinear constitutive function which depends on k: There is a variety of choices for the
internal state variables, for reference in the eld, see [8,/10]. Equation describes the
evolution of the temperature eld, where K. := (kjj) represents the thermal conductivity
tensor, g is the density of volume heat sources. represents the equation of motion,
where represents the mass density; we mention that Div is the divergence operator. (5]
- @ are the displacement and the traction boundary condition, respectively. describes
the frictional bilateral contact with wear described above on the potential contact surface:
represents the associated temperature boundary condition on 3; where g is the
temperature of the foundation, and k. is the exchange coe cient between the body and
the obstacle. The equation (9) means that the temperature vanisheson [ > (0;T).
In , Uo is the initial displacement, vq is the initial velocity, kg is the initial internal
state variable and ¢ is the initial temperature. In , 15 is the initial wear.

3  Variational Formulation and Preliminaries

For a weak formulation of the problem, rst, we introduce some notations. The indices i;
J; k; I range from 1 to d and summation over the repeated indices is implied. The index
that follows the comma represents the partial derivative with respect to the corresponding

component of the spatial variable, e.g., uj;j = g)‘jjf . We also use the following notations:

H=L* )5H=Ff =(y)= 4= ji2L%()g
H; = fu= (uj)="(u) 2 Hg;H; = f 2 H=Div 2 Hg:

The operators of deformation " and divergence Div are de ned by

"(u) = i w); i (u) = %(Ui;j +Uj:i); Div. = (ij;):

The spaces H; H; Hi, and H; are real Hilbert spaces endowed with the canonical inner
products given by
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(U;V)H = R UiVidX;SU;V 2 H,( ; )H = R ij ijdX;S © 2 H;
(U V)r, = UV + (W) "WDHiBUY 2 Hi (5 )y = (5 )m + (DiV 5 Div )iy
;. 2 Hgq:

We denote by jij, (respectively, by j;j , . j:jHl, and j:jHl) the associated norm on the
space H ( respectively, H, Hi, and Hj).

The following Green’s formula holds:

R
(") + (Div( )V = vda  8v2H( )4
and for the displacement eld, we need the closed subspace of H; de ned by
V=fv2H;( ):v=00n ;g
The set of admissible internal state variables is given by
Y=Ff =()=i2L%(C )1 i mg
Let us de ne
E=Ff 2Hi( ): =0on 1[ 20:

Since meas( 1) > 0, Korn’s inequality holds, i.e., there exists a positive constant C,
which depends only on , 1; such that

F'Min CkiVig,( yar 8v2V:
On the space V, we consider the inner product and the associated norm given by
Uvv =W "WHs iy ="y 8ujv 2V 12)

It follows that jij,,, and jij,, are equivalent norms on V . Therefore (V;j:j, ) is a real
Hilbert space. Moreover, by the Sobolev trace theorem and Korn’s inequality, there
exists a positive constant Cy which depends only on , 1 and 3 such that

jijz( - Cojviy 8v2V: 13)
In the study of the mechanical problem , we make the following assumptions
that the viscosity operator A : Sd B Sd satis es:

S AILA>0:JAMG™) A" Lajt "2;8"1;"22S8% pipix2
B)9me>0:(A(") A("2):" ") maj't "j’;8"1"2 2%

= ¢) The mapping x ¥ A(x;") is Lebesgue measurable on ; 8" 2 S¢;

" d) The mapping X ® A(x;0) 2 H:

(14)
The elasticity operator F : Sq ¥ Sq satis es
8
a) There exists a constant Lg > 0 such that
% JF (™) FOG™2) Le (™ ™)
8'1,"22Sy; ae. x2 : (15)

b) The mapping x ¥ F (x;") is Lebesgue measurable
§ on ; forany ™2 Sq.
= ¢) The mapping x @ F(x;0) is in H:
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The relaxation function B : [0; T] sd ¥ s9 satis es
a) Bijkn 2WHL(0; T; L1( )); (16)
b) B (t) = B() ;8; 2SY% pp:t2][0;T]; p:pion :

The function Sq¢ Sq RM™ ¥ R™ satis es

% a) There exists a constant L > 0 such that
b6 1 k) 6 25 k) ) L (1 2+ 2tk ko)
8 1; 2."1;"22Sq and kg3 ko 2R™M; ae. x2
E b) Forany ;"2Sgand k2 R™; x ¥ (x; ;"; k) is Lebesgue measurable on
= ¢) The mapping x @ (x;0;0;0) is in L2( )™:
17)

The functionh : 3 R4+ ¥ R, satis es

8

< a) There exists a constant L > 0 such that

_jh(r) h (XrR)j Lpjri rzj 8rirp2R4; ae. x2 3 (18)
~ b) XA p (;;0) is Lebesgue measurable on 3; 8r 2 R4

For the temperature, we use the following Green’s formula:
Z Z Z Z
- dx div(K¢er ) = (Meru) dx+ qdx 8 2E: (19)

The mass density satis es

2 LY( ); there exists > 0 such that ae x2 (20)

We also suppose that the forces, the tractions, the volume, the surface free charges
densities and the functions and have the regularity

8
< fo 2 L2(0;T;H); f, 2 L2(0;T;L2( 2)%);

. 2LM(3) >0; pppon g; (21)
- 2L1( 3); (X)=>0; pmpon 3;
q2W5H2(0; T;L2( ) r 2WHA(0; T;L2( 3)); ke 2L1( 5R4), (22)

Ke = (kij); (kij =kji 2L ( );

8k 0; i2R%Kij i Ckij (23)
M = (mi;);mi; =m;; 2L () (24)
The initial data satisfy
UW2V; Vo2H; 02E; ko2Y; 152LY( 3): (25)
We will use a modi ed inner product on the Hilbert space, given by
((UVIH=(uVI)n 8uv2H; (26)

and we let k:ky be the associated norm given by

kvky = ( v;v)% 8v 2 H: 27)
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It follows from assumption that k : ky and j j4 are equivalent norms on H, and also
the inclusion mapping of (V;j jv) into (H;k:ky) is continuous and dense. We denote by
V" the dual space of V. Identifying H with its own dual, we can write the Gelfand triple

v H V%

We use the notation (:;:)yvo v to represent the duality pairing between V® and V ; recall
that

W;v)ve v = ((U;v))w Bu2H;8v2V: (28)
Let f: [0;T] ¥ V? be the function de ned by
Z Z
(F@);VI)ve v = To(t):vdx + fo(t):vda 8v2V: (29)

2

Next, we denote by j: L?( 3) V V IR
z
juv) = jujCiv  vjda: (30)
3
Let > :V V ¥ R be the function de ned by
z
7(u;v) = ju jjv jda;8v 2 V: (31)
3

Let us introduce the operator A:V ¥ V?
(Au;v)vo v = (AC'(W); ")+
for all u;v 2V and t 2 [0; T]: Note that
f2L%0;T;V": (32)

Using standard arguments based on Green’s formulas we can derive the following varia-
tional formulation of problem P.

Problem PV. Find a displacement eld u:[0;T] ¥ V,astress eld :[0;T] ¥ H,
an internal state variable eld k : [0;T] ¥ Y, a temperature eld : [0;T] ¥ R+
and the wear ' : 3 [0;T] ¥ R such that

7t

O =ACUD) +FCU®)+ B 9)"UE)ds ®OM;in  [0;T];  (33)
0

k@@= (@© A" a® ;"u®);k@® ; (34)

UO;wW  u®)yo v + ( @:;"W GO +iOwW)  JOUm) + TGw) (0 a)
f(t);w u() ; 8u;w2V;

(35)
S(+K () =Ru@®+Q() t2(0;T); (36)
1= K ; @37

u(0) = ug; u(0) =vp; k(0) =ko; (0) = o; (38)
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where Q:[0;T] ¥ ESK:E ¥ E%R:V ¥ Eare given by
Z Z
QM oo ¢ = ke r() da+ q(t) dx; (39)

3

z z
> ii @—@—dx + ke da; (40)
ij @Xj @Xi . e ’
Z Z
RV; oo & = h (jv j) da (Mrv)dx (41)

3

forallv2V; ; 2E:
The proof of the existence and uniqueness of solution to problem PV will be given in
the next section.

4 Existence and Uniqueness Result

Now, we propose our existence and uniqueness result.

Theorem 4.1 Let the assumptions hold. Then the problem has a unique
solution fu; ;k;1I; g satisfying

u2CHO;T;H)\NWH2(0; T; V)N W2 (0;T; V) (42)
2 L2(0;T;H); Div 2L2(0;T;V%; (43)
k2WY2(0;T;Y); (44)

1 2CH0; T;L%( 3)); (45)

2WE20; T;E)\L20; T;E)\C(0; T; L2( ). (46)

We conclude that under the assumptions (25), the mechanical problem (I)-(11)
has a unique weak solution with the regularity (42)-(46).

The proof of this theorem will be carried out in several steps.
The rst step: let g 2 L?(0;T;V)and = 1; 2 2L2(@;T;V" Y) be given,
and prove that there exists a unique solution ug of the following intermediate problem.
Problem PVy . Find the displacement eld ug : [0;T] ¥ V such that for a.e.
t2(0;T);

(Ug (W Ug O)yo v + (A"(Ug )W  ug O+
Lw o ug () o Fi@wW) J(Gug (1) g (D;w ug () ; 8w2V;

g (0) =uo; Ug (0) = vo: (48)

We de ne fy (t) 2V for a:e:t 2 [0:T] by

(47

(fg @iw)yo v = FO  *Msw ., ., 8w2V: (49)

From (29); we deduce that
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f 2L20;T;VY: (50)
Let nowu :[0:T] ¥ V be the function de ned by
z t
u ()= v (s)ds+up;8t2[0;T]: (51)
0

Concerning Problem PVg , we have the following result.
Lemma 4.1 There exists a unique solution to problem PVy with the regularity.
v 2L%0;T;V)andv 2L2?0;T;VY: (52)

Proof. The proof by nonlinear rst order evolution inequalities is given in [9)].

The second step: we use the displacement ug to consider the following variational
problem.
Let us consider now the operator  (g) : L2(0;T;V) ¥ L?(0;T;V) de ned by

@ =vg : (53)
We have the following lemma.
Lemma 4.2 The operator has a unique xed pointg 2 L2(0;T;V):

Proof. Let g;;9> 2 L2(0;T;V)and let = ;2 2 L2(0;T;V" Y). Using
similar arguments as in (47), (51), we nd

(V1 (® V2®;vi(®) V2 (O)+ A"V (D) A"(V2(0);" (Vi (®) (V2 ())+
+j(g;va () J(Ova () J(@2;va (®) +j(g2;v2 (1) O

(54)
From the de nition of the functional j given by (30), we have
J@uiva () J@uva () J@2v2 (1) +j(Q2;va(®)) = _( joa ) 92 J) (55)

(jvi v jv2 vjda
From (13); we nd
JOuv2 (1) JOva () J@2v2 () +5(@2;vi (1)  Cjor  G2jy v Vvaly ¢ (56)

Integrating the inequality with respect to time, using the initial conditions v, (0) =
v1 (0) = vg; using , and the inequality

2ab ia2+%b2;
Ma C
we nd Z
V2 vi@®iZ C 16 g1 (s)ic ds: (57)

From and (57), we nd that
z

t
i w®  a®P C g2 (9) 91 (9)j ds:
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Reiterating this inequality m times, we obtain

cmtm .
mgz (t) mgl (t) L2(0;T:V) m! JgZ (t) gl]LZ(O;T;V) . (58)
Since lim_ STT™ =0, it follows that exists a positive integer m such that <1 < 1
m¥+1 : :

and, therefore, 1» shows that ™ is a contraction on the Banach space L?(0;T;V).
Thus, from Banach’s xed point theorem, the operator has a unique xed pointg 2
L2(0;T;V):

Lemma 4.3 Now, de nek 2WZY2(0;T;Y) by

Z t
k (t) =ko+ 2 (s)ds: (59)
0
Then there exists C > 0 such that
Z
: 2 ! 2 2 2 .
jki(s) ka(s)i, C , 1 (s) 5(s) s (60)

In the third step, we use the displacement eld u obtained in Lemma 4.1 and k de ned
in to consider the following variational problem for the temperature eld.

Problem PV . Find :[0;T] ¥ E’ satisfying for a.e. t 2 (0;T);
_(M+K () = Ru ()+Q(t) t2(0;T); in E"; (61)
0 = o (62)
Lemma 4.4 Problem PV has a unique solution
2 W20, T;E) \L2(0; T;E)\C(0; T;L2( )); 8 2L2(0;T;V);

satisfying
Z

t
i L®ify C . j 1) 2(s)Gds 8t2(0;T): (63)
Proof. The existence and uniqueness result verifying (61) follows from the classical

result on the rst order evolution equation, applied to the Gelfand evolution triple

0 0

E F F E:

We verify that the operator K is linear continuous and strongly monotone. Now
from the expression of the operator R, v. 2 W%2(0;T;V) D Rv 2 WY2(0;T;F), as
Q2W?Y2(0;T;E), then Rv +Q 2 W?2(0;T;E), we deduce (63), (See [1]).

Finally, as a consequence of these results, and using the properties of F, E, G, , and
Jj for t 2 [0; T], we consider the element

M= *@®: *@® 2V Vv (64)
Ow ey = FCU ©)w), +

+(Rt B(t )"(u (Nds;w)y  ( (OM, (W) + (0 w) 8w 2 V;
0

M= ( ®:;"Uu ®);k ®): (66)

(65)
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Here, for every 2 L2(0;T;V! Y);u; represent the displacement eld and the
temperature eld obtained in Lemmas 4.1, 4.4, respectively, and k is the internal state
variable given by (59): We have the following result.

Lemma 4.5 The operator has a unique xed point 2 L2(0;T;V? Y):

Proof. Let 1; » 2 L2(0;T;V® Y). Writefori =1:2,u; =Uj; Ui =V i = Vi

i= iki=ki; = i Using (12), (15), (16), (24), (31), we have

2 . -2 Rt- -2
L@ oMo CGui(®) u @iy + gjui(s) ux(s)iy ds+
j1® 2z Fivi®  v2 (i)

By similar arguments, from (66, and (17), it follows that

200 a2 Cli®) 2P +iu® uw®PR +iki® ke @®F).

(67)

(68)
Taking into account that
i =ACUR) + L (©); 8t2[0;T]; (69)
by (@4), and using (69), we nd
i1 2P, Cv® w0+ 1® 3®o, . (70)
So
2.0 %l Clvi® V20 + T 32, +ju(® u®P
+jke () ke (D) (71)

Consequently,

Ja® 2Ok v COu® wO) +ik® k@i + 1O %z(t)io
+j1(®) 2@z Fivi(®) V2 (D) + jui(s) U2 (s)iy ds:
(72)
Since u; and u, have the same initial value, we get
z t
ju® wEF C i) V2 () ds:
0

From this inequality, and (63), we obtain

R
i 1 25y C( ijlz(s) V2 (S)i5 ds+jvi () va (D5 +
ke k@2 + 1@ () .):8t2[0;T]:

Moreover, from (54), we obtain

Vi) Va@ivi() V2 () +(AT(Vi(D)) A" (V2 (D)7 (i (D) (V2 (D) +
+(1(®  20;va(® va(®)) JVa(D;va (D) Jva(D);va(D)
J(v2 (D) ;v2 (D) +5(v2 (D) ;v1 (D): 73
73
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From the de nition of the functional j given by (30), and using (13),(23), we get
Jvi@;v2(®) Jv®vi®) §v2 @©;v2®)) +jv2 @©;vi(t) Civi(t) vz (D
(74)

Integrating the inequality with respect to time, using the initial conditions v, (0) =
v1(0) = Vo, using (14),(74) and using the Cauchy-Schwartz inequality and the inequality

1
2ab  maa®+ —b?;
A m

A
we nd Z, Z,
. R 2
vi(s) va()igds € 1(s)  3(9) .08 (75)
0 0
It follows now from (59),(63) and that
Z t

i 1® 2.y C 11O 2(8)igo yods:
Reiterating the previous inequality n times, we nd that

R
. .2 nTn t. -2 .
J "y n ZJLZ(O;T; VO oY) % ol 1 (S) 2 (S)J\/o v ds:

This inequality shows that for n large enough, the operator " is a contraction on the
Banach space L?(0;T; V! Y);andso hasa unique xed point. Next, we consider
the operator L : C(0; T;L?( 3)) ¥ C(0;T;L?( 3)) de ned by

z t
LI(®)= k (s)ds;8t2[0;TI: (76)
0

Lemma 4.6 The operator L : C(0;T;L?( 3)) ¥ C(0;T;L?( 3)) has a unique point
element I 2 C(0;T;L2?( 3)) such that LY =1 :

Proof. Using 11; 1, 2 C(0; T;L2( 3)), we have
z t

L ® L @iz, k  j1()  209fds:
0

From and using (14)-(16), we nd

hi® 2000, CGu® u®y +ivi®) v2OF +

. . . . 77
Gurs) U @R ds+a® 2O ) “n
Using (63), we obtain
. . Re. . . .
110 200, gClIWE) WLEKds+iu® wOf+

Vi) V205 + S iva(s) V2 (9)i ds:

From (51)), we have

R . . 2 . :
oluL(s) @O Ggri® wOF +M® V205
C ova(s) Vva(9)iy ds:
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So R

OB (9) WO ds+ju® wOF T ® v OF
C(ojvi(s) Vv2(S)iy ds+jri(t) T2 (Do )

By Gronwall’s inequality, we nd

Z t

JM$umm%ﬂw®umﬁﬂw®vmm Citi(t) Ta(®ifsq -

(79)

So, we have 7
t
i1 25, Cojhﬁ)!AW@“ﬂ$ (80)
Using (80), we nd
z t
L@ L1®iec,, C 4G 126,08
0

Reiterating the previous inequality p times, we nd that

()
p!
This inequality shows that for p large enough, the operator LP is a contraction on the

Banach space C(0; T;L?( 3)); and so L has a unique xed point I 2 C(0;T;L2( 3)):
Now we have all the ingredients to prove Theorem 4.1:

LY ® L2, M® 2iz :

Existence. Let g = g be the xed point of de ned by Lemma 4.2, let
= 1.2 2 L2 (0;T;V® Y) be the xed point of de ned by and (66),
k (t) = ko + Ot 2(s)ds, and let I 2 C(0;T;L?( 3)) be the xed point L de ned

by and let (u ; ) be the solution to Problems PVy , PV for = , thatis,
u=u ;k=k ; = ;and
7t

O =ACU®O)+FCU®)+ Bt 9)"(us)ds (OM.

0

It results from and (66), for ( )= tand 2( )= 2 that(u; ;k; ;1) isa
solution of Problem PV. The regularities (42)-(46) follow from Lemmas 4.1, 4.3, 4.4 and
4.6.

Uniqueness. The uniqueness of the solution follows from the uniqueness of the xed
point of the operators ; and L.

5 Concluding Remark

Scienti c research and recent papers in mechanics are articulated around two main com-
ponents, one devoted to the laws of behavior and the other devoted to the boundary
conditions imposed on the body.

The constitutive laws with internal variables have been used in various publications
in order to model the e ect of internal variables on the behavior of real bodies like
metals, rocks, polymers and so on, for which the rate of deformation depends on the
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internal variables. Some of the internal state variables considered by many authors are
the spatial display of dislocation, the work-hardening of materials. Our model is obtained
by combining the thermoviscoelastic constitutive law with a long memory term, wear,
friction and the internal state variable k. The model is developed to describe the self-
heating and stress-strain behavior of thermoviscoelastic polymers under tensile loading
when the rate of deformation depends on the internal variable k.
Mathematically, the idea is to reduce the second order nonlinear evolution inequality
of the system to the rst order evolution inequality. After this, we use classical results on
rst order evolution nonlinear inequalities, parabolic inequalities, di erential equations
and xed point arguments.
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