Vol uZzn2 Nu mb €220
NONLINEAR DYNAMICS AND SYSTEMS THEORY
An I nternational Journal of gesearN Ig,ﬂﬁé I)/D
Vol umma 4 22 NumEer O l éa ynallllcs
CONTENTS
Functional Di fferenti al Il nclusions with Unbou2ded Right-hand Side in
SPAC S . . . L Lo e e e e e T e e e e e e e e an ...............................
H. Choui al and M. F. Yarou 2
SOFR/ yStmeviht SrtawgaB t 8 yem @koo Se a Ad f@nt. . . . . . 367 . . . . B
HaniidaF & ol thad ma 5 S y St e m%/ | e o
Appl i cnafAc o ree t @qvir Ghe byt mear ®deR. M. . . . . . . . 379 . . . lw)
Ma ima E|s sdva ,ai EMe hi Indaavhame dkue &S 0 0
De sni fg Nigga tni @ nGda o e ntCib ysSimefo M | ebot Ridit wn I
PosiniEmatthiblingsembleniémlFIté(rF)r(dEﬁmreotRo An I nt er nat I OnathaanSMrUEy
Esmbl e nidaiF| tS&EKFE) . e o]0 Q0
T. Heand, aA..us & oD zkALdymryWOOUO EDIOIR-1 N- CAl EFMAR Y UK
S 0 S.Amoshenko Institute of Mechanics
Onhe ymami c® ao <l dkm ffdmei gstrwsS. . . . . . . . . . . . 400. . .. < Nat i Anademy of Sciencakrafi ndkr ai ne, Ki ev
A . amin A .ndj Bzl @
ChusSynchr i z atdiwee n Fr ascdriedbes bk et e DMEa DI C — MANAGI NG CERDI.TAVROUL AKI S
Systre ral tgeOredrhadt i ys n&i Ac vei &a.o . .. ... ....400... . m Department of Mathematiees,e University of
M. blLda N.mrHia
Nev gn fo St §yb8dy of inkeard Bhbne ar db&k e KOOt & O < REGI ONAIDORS
Chbiystns. ... Y I/ I n
W diar @ N mria . P BORNE, Lille, France
Cat t 6 chunBAc vei oWe r t ley hebyr® hwous Reerfitei a lhod Me t M.ABRI ZI O, Bol ogna, | taly
Cone c twe d BhotRml tca IS@re nEIN . . . . . . . o o o o o o . oo o424 .. I E worp e
A. rMd i, ®#.ndaTH Mioric a m
A NJeaIwoNIe;\p)prn'mat 'ntnt_ gdeMoMimagnetm.s ........ 432 . . . @) M. BOHNER Rol | a USA
M. Wha nda M. uaili o & HAQVANG, Edmonton, Canada
A NweFr amatOredr hr &D imens inab haCb i owswilht e@ilc a © USAand Canada
Eiegrale s . . . . . . . o o L L L L i L o e oD e e d e M mm o m - - 47 _ - . -
S Brond O. raeh < T A. BOR, Rogeéles, USA
E smati n daC Isoe ddoe inds Raus & e al& r t a paacs of om = C. CRUZ- HERNABEDEZnada, Me xi co
Vis ubDdaswd d9)CoSqpaldygi Bigpkpagtni lual woNket . . . . . 457 . . . ® US Aand Alneetrii c a
F. wa S M.nstf.D,AhiR&d | a K. fraD& t ek i y a
Zo taams T. o mEny @ N M. ALQURAN, Irbid, Jordan
Stabilizath @i fdfer@maet iSystems with FractionaI_NOrder .............. Jaran and Middle East6s
Hasna Yousf, Ahlem Gasr.i and Adel Ouannas
K. L. TEOAu®Erali a
Australia and New Zeal and
© 2@ MantflorPubl i shing Group IS%N 1562-8353 I nf Orm/llah)lhlPrSrber prgukrGirne
To r ecenteamtds altbys te -ama isWe b svii thd t pto:l Ewww s. tu.aki ev htt . .
p:.J/é-wwdstia Ki ev
N




Nonl i
An |

near Dynamicsyand
nternati onal Jour nal of

Syst ems
Research

EDORI N- CHI A4 MAR NY UK
Im&s henko
SO0B6 KO eMSB 7,

The.

Nester o8, UKRAI NE [/ e- mai | :
MANAGI NG CGBRDI TAY¥YRBUL AKI S
Depart ment of Mathemati cs,

10 |l oanni na, éHBMaL AS

University of

451 (i PREBROGEIC C. uoi . gr

ADVI SOEDOR A. G. MAZKO

Il nstitute of Mat hematics of NAS of Ukrai ne,
e- mai | mazko@®@ mat h. ki ev
REGI ONALEORS
M. ALQURAN (JormmanWwaned4d@pust.edu.jo
P BORNE (FraRPce)yre. 8omail@ec -I|IIe.fr
M. BOHNH&ERA , e- mai l bohner @mst . edu
T. A. BOR (USA)tabumabh@olypen.com
CCRUZ- HERNAMEDEN¢c 0O ecmaizl@ci cese. mx
M.ABRI Zz1 O (ltaly), e-mai/l mauro. fabrizi o@uni
HAQWANG (Canada), e-mail: hao8@ual berta.ca
K. L.A s(l)r(aMeaKnEha@urtln.edu.au
EDIORI ABOARD
Al eksaMmdt oy RussiaYyafari ,AfHr i d SmuRéapubl i c)
Artstein, Z. (Il sr&&dlusagi maw (Ukraine)
Awr ej cewi cz, J. ( Polloaendde)n ,GeR many)

Benr ej eun,i sM.a)( T
BraiekuniNsB.a) (T
Chera- Hwa ( USA)

Kokolog|annak|, C.
Kouzkd.u,( Al ge
Kr|shnan(,OrEarr\/)
0
I

(Greece)

D' AnMm.a,(l taly) Li marchenko, O.S (Ukraine)
DAngel i s, M. (I'taOknDi Askil Pol and)

Dent on, Z. (USA) PeteAsophUSA)

Vasundhara Devi, JRad(zlinsdzieaws ki , B. (Pol and)
Dj emai , M. (Fran&éYan (Japan)

Dshal aldJow. (USA) Sivasundaram, S. (USA)
Eke,O.F (USA) Sree H¥ri( IRmdi a)
Gajic Z. (USA) St aV.c Y Portugal)

Gegr,evS. G. (FranceStavrakakis, N. M.
Gegfi ou, G. (Cyprudagt sl a( USA)
Her | amba(migndonesi a2uy,AvL. ( Ger many)

Honglei Xu (Australia)

(Greece)

ADVI SORCOMPUTER SCIORNCE EDI T
A. N. CHERNIaEAMKB OROSHUN,Kilekvr ai ne

ADVI SYOIRI NGUI STEORT
S. N. RX\®3I HDA/, , KiUkw ai ne

© 2@ Mentf o r P u b | i,sShbillin5g6 2G r8o3u5pd t | SSN Pr8ilmt-e7/d3 8i5n oUWK ri anien e
Nopaoft hleurmaap er e pr oduced s mmtntyeodomb yangpneaws t hout
per mi ssi oMatfh ofu b Inif ohhi ng Gr oup.

Theor |

and

Instltut/lecmderh’l)ecmfan&“bcclsend\leis|mfnaUJkra| ne,
journal ndst @§ @88 ang, ichysn cnd lflesac c & nubnds sn fo manus ¢ t 3 par & setpn oA t d

NSTRUCTI ONS FOROBRGNTRI BUT

Surveys

( XGe n d rNaml ne aDynami casd Syst resThe oy ( D& )i anint eartna pour a |
de gt etdqubl iignipe ered r e kigh qua lyjof ing paer br,i mf easd r e w
ar t ifoc &rigennonl ne adynami casd sys methe oy a dt dnipr a ¢ taiplciadnait 1

s bmi ssinba ®e eanpr e dy allof thea udr and by thei s tuti ihwhe rtehwor kvas
carout edl se® $ 6@t éama us cpt ha ot be epr é wsy publ hesdha sot

I 0 annpenedBnpyr ght e idBot be igeubmi t foepdbl i cned whe r andt &t dauthor ba &

agecedtdcpyrghti thear t $ &lbéen sgeeick g Isueyt o for MaPRulbl hi gp
Grup by sgning at a sfe of ¢ pyr ght form. Be dr 6 lobmis snjtaha thor s dul ®i stid

tie: .
KT RS (ukr ai T Mo 6 ¢ < chele w ta
for informa tni oo the pr eap antofi aoc @ eepanus ¢ t &Pp e adewsl @ dt éa r icar
Sapl NDS.Tzi pot aiigne ampl eof ar t ifiel(ywu c a e d tonly the fi |
Sapl fe hame . } e X
(PManusceandCto r esgpeonMaus c t shpul dei rE gl siha d must me e
c mmon s tda msdf us gea dgr mama rT.os lbmit a pape rs,aediby ema ialfi |i ePD F
fooma ti r gtca |
Prfoess 8. AtykMai ittefu Meani hc s ,
Nes vestoB0B73 MR Kb7,e viUde n

ema i jour aldntg@ai Im. c o

ort oneoft dReg mal Ed t ert amember of t ddE & roi Bod r. Eiarve i ®of t é
ma bs ¢ tnmup types eus igha € »pr gr awhi kti pr eap & d ¢ rwlaoa evi htt disyl «
fi lobt daJour mIMaus cptties bul & ot at éttilobt dhar t incrbe)lf t d
atudr (sdc opl edfiéltimmEa ahlh tn widreera bt rnat e & e iegtl50 wor &
F onul sandc i tnashoul odotbei qde d thea bt r AMS subje cctl discsaigaidc
key wor simust be i a1ldaud @ lalc d eepher Bahcar t i elfjre@ rsmning he a
(a br e \a tfae dof thet i)toine mor ¢ @an30c &r a c Thes isAdce s algapa e r
sweyar t ibcimtbelse etresdt a dbookr @ vesw r (€il0-14pa g $orr gl a
paer(siuptpb24pagdorsmueyar t iacdl( & 23 page $or br i metf else t tb tedn
edt odadok rieey .
(BT&I| &8s phandlus ttinaE a dfipur enus be of aqua | is il yd kdor di r «
r @ guc tniaod mus { ade ac apn.®r a @gs should i mldeaua Irle bnede t aai dl
sbtul dedrvanpr fe s mally inbl a imkon pl a whi etdr aivimpa e rl.ra di tnit @
ha rcdpy of t dna mwdrk,i it se ce®t at ttade h erg thrlafehea wdrk ( p e  la)
i neXorfat ) .
(BPRef er &€maedngrmus bec i tinghedt ¢ by aut dr( sand numbe 1or by numbe 1
alno. Il Aaredanhosl dd | i ishk edhabt pelr o IUsaes gf idg ¥l te

Jour & I[ IH .Poi mva Miet, F e hoa r T ii tdll e¢ .bd @ vol uen

(1 & )paid ra)es [panguage ]

Book: [ PA. MLy pnov, Ti tfl et ikdNaenf be ubP hesr own, y& a r
Prodieqp|[ BRBel dnmi t F eehaar t:iTc ktfe et dkd BEd) .

Nane f b ub® hesr sown, & & ra,g Jlpa gua ¢ |
(PpProbandSapl @p yProflss € h @ udr should ber erteut @ ehnEd t o
Ofi fewe htc b r enswiihiot hedaysa f tr e ict efheg o r endi mpaut dr wi lIr e cee
a nyplae pycfohe uesfse oud & lor whi chh/sédnra epr ubl si esgh
(BEdirtid®do i.Eye r yybmi ssinwi llunde go a srt igent pe err é v pr © € SA:n
edtw |bdas gne d bandl edrr @ wpr © e sfshepa e rH.e /esvihIs laurc @ te a
two riege r sroe p $ie exdi 8 iwoa ctcaEm,e crheirpo att T @ pjs et ritesw
willemad als erel ed viwver sroe p &l metdwo r g b ehapr .

bo. it




NONLINEAR DYNAMICS AND SYSTEMS THEORY

An International Journal of Research and Surveys
Published by InforMath Publishing Group since 2001

Volume 22 Number 4 2022
CONTENTS
Functional Di erential Inclusions with Unbounded Right-hand Side in Banach
SRS ..ttt e 355
H. Chouial and M. F. Yarou
SOFC-PV System with Storage Battery Based on Cuckoo Search Algorithm ...... 367

Hamidia Fethia and Abbadi Amel

Application of Accretive Operators Theory to Linear SIR Model .................. 379
Mariam El Hassnaoui, Said Melliani and Mohamed Oukessou

Design of Navigation and Guidance Control System of Mobile Robot with
Position Estimation Using Ensemble Kalman Filter (EnKF) and Square Root
Ensemble Kalman Filter (SR-EnNKF) ... ... i i 390
T. Herlambang, F. A. Susanto, D. Adzkiya, A. Suryowinoto
and K. Okta anto

On the Dynamics of a Class of Planar Di erential Systems ........................ 400
A. Kina and A. Bendjeddou

Chaos Synchronization between Fractional-Order Lesser Date Moth Chaotic
System and Integer-Order Chaotic System via Active Control ..................... 407
M. Labid and N. Hamri

New Design of Stability Study for Linear and Nonlinear Feedback Control of
ChaotiC SYSTEMIS ..ttt e e e e e e e 414
W. Laouira and N. Hamri

Control of a Shunt Active Power Filter by the Synchronous Referential Method
Connected with a Photovoltaic Solar Energy ............ccooiiiiiiiiiiiieanan. 424
A. Morsli, A. Tlemcani and H. Nouri

A Neural Network Approximation for a Model of Micromagnetism ................ 432
M. Moumni and M. Tilioua

A New Fractional-Order Three-Dimensional Chaotic Flows with Identical
BIgeNVAlUES ..o 447
S. Rouar and O. Zehrour

Estimation of Closed Hotels and Restaurants in Jakarta as Impact of Corona

Virus Disease (Covid-19) Spread Using Backpropagation Neural Network ......... 457
F.A. Susanto, M. Y. Anshori, D. Rahmalia, K. Okta anto, D. Adzkiya,
P. Katias and T. Herlambang

Stabilization of Chaotic h-Di erence Systems with Fractional Order ............... 468
Hasna Yous , Ahlem Gasri and Adel Ouannas

Founded by A.A. Martynyuk in 2001.
Registered in Ukraine Number: KB No 5267 / 04.07.2001.



NONLINEAR DYNAMICS AND SYSTEMS THEORY
An International Journal of Research and Surveys

Impact Factor from SCOPUS for 2020: SJR { 0.360, SNIP { 1.040 and CiteScore { 1.4

Nonlinear Dynamics and Systems Theory (ISSN 1562{8353 (Print), ISSN 1813{
7385 (Online)) is an international journal published under the auspices of the S.P. Timo-
shenko Institute of Mechanics of National Academy of Sciences of Ukraine and Curtin
University of Technology (Perth, Australia). It aims to publish high quality original
scienti ¢ papers and surveys in areas of nonlinear dynamics and systems theory and
their real world applications.

AIMS AND SCOPE

Nonlinear Dynamics and Systems Theory is a multidisciplinary journal. It pub-
lishes papers focusing on proofs of important theorems as well as papers presenting new
ideas and new theory, conjectures, numerical algorithms and physical experiments in
areas related to nonlinear dynamics and systems theory. Papers that deal with theo-
retical aspects of nonlinear dynamics and/or systems theory should contain signi cant
mathematical results with an indication of their possible applications. Papers that em-
phasize applications should contain new mathematical models of real world phenomena
and/or description of engineering problems. They should include rigorous analysis of
data used and results obtained. Papers that integrate and interrelate ideas and methods
of nonlinear dynamics and systems theory will be particularly welcomed. This journal
and the individual contributions published therein are protected under the copyright by
International InforMath Publishing Group.

PUBLICATION AND SUBSCRIPTION INFORMATION

Nonlinear Dynamics and Systems Theory will have 5 issues in 2022, printed
in hard copy (ISSN 1562{8353) and available online (ISSN 1813{7385), by InforMath
Publishing Group, Nesterov str., 3, Institute of Mechanics, Kiev, MSP 680, Ukraine,
03057. Subscription prices are available upon request from the Publisher, EBSCO In-
formation Services (mailto:journals@ebsco.com), or website of the Journal: http:
//e-ndst._kiev.ua. Subscriptions are accepted on a calendar year basis. Issues are sent
by airmail to all countries of the world. Claims for missing issues should be made within
six months of the date of dispatch.

ABSTRACTING AND INDEXING SERVICES

Papers published in this journal are indexed or abstracted in: Mathematical Reviews /
MathSciNet, Zentralblatt MATH / Mathematics Abstracts, PASCAL database (INIST{
CNRS) and SCOPUS.


mailto:journals@ebsco.com
http://e-ndst.kiev.ua
http://e-ndst.kiev.ua

Nonlinear Dynamics and Systems Theory, 22 (4) (2022) [355(366| &NFOR%
MATH
Publishing
Group

Functional Di erential Inclusions with Unbounded
Right-hand Side in Banach Spaces
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Abstract: In this work, we provide a reduction method that solve functional di er-
ential inclusion in Banach spaces, that is, when the right-hand side contains a nite
delay. We consider the case when the set-valued mapping takes nonempty closed non-
convex and unnecessarily bounded values, we use the notion of H Lipschitzness
assumption instead of the standard Lipschitz condition, known as a truncation. An
application to a dynamical system governed by a delayed perturbed sweeping process
is given, such problems are well-posed for di erential complementarity systems and
vector hysteresis problems.

Keywords: nonconvex di erential inclusion; reduction; delay; unboundedness; -
Hausdor distance.

Mathematics Subject Classi cation (2010): 93C10, 34A60.

1 Introduction

Let ; T be two non-negative real numbers, E be a separable Banach space equipped
with the norm k k, Co :=Cg([ ;0]) (resp. Ct :=Cg([ ;T])) be the Banach space of all
continuous mappings from[ ;0] (resp. [ ;T]) to E equipped with the norm of uniform
convergence. Let :[0;T] GCo E be a set-valued mapping with nonempty closed
values. In this work, we study the existence of solutions for the following di erential
inclusion with delay:

uit) 2 (t;Z(u) ae t2[0;T];

O uw = o t2[ 0]

where 2 Cpand Z(t) : C+ ¥ Cpis de ned by (Z(t)u)(s) =u(t+s);82 [ ; 0].
In [9], Fryszkowski proved an existence result for (DP) when is an integrably bounded
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and lower semicontinuous set-valued mapping with nonconvex values, the proof is based
on the construction of a continuous selection for a class of honconvex decomposable sets.
Many other results have been obtained using a xed point or discretization approach,
see for instance [2,/4{6,[8] and the references therein. In [5], a discretization technique
was initiated, it consists to subdivide the interval [0; T] in a sequence of subintervals and
to reformulate the problem with delay to a sequence of problems without delay and then
apply the results known in this case. Our goal in this work is to prove the existence of
a global solution to (DP) for a general class of unbounded sets thanks to a recent result
for the undelayed problem due to Tolstonogov [11]. We weaken the standard Lipschitz
condition by a truncated one. Then, we use this result to present an application for func-
tional di erential inclusions governed by time and state dependent nonconvex sweeping
process. This kind of problems corresponds to several important mechanical problems
and nonsmooth dynamical systems. When external forces (perturbations) are applied to
the system described by the sweeping process, the problem found many applications in
resource allocation in economics, nonregular electrical circuits, crowd motion modeling
and hysteresis. We propose here a new variant of the existence result which generalizes
the previous results. The paper is organized as follows. In Section 2, we prepare some
material which will be needed later in our proof. Section 3 is devoted to the main result.
An application is given in Section 4 for a dynamical system governed by a sweeping
process subject to external forces containing a nite delay.

2 Preliminaries

Throughout the paper, we will use the following notation and de nitions. Let E be a
separable Banach space, k k its norm and  its zero element. We denote by Ce([0; T])
the Banach space of all continuous mappings from [0; T] to E, LL ([0; T]) is the Banach
space of all measurable mappings from [0; T] to E. Let B(Cp) be the -algebra of Borel
sets of Cp and L be the -algebra of Lebesgue measurable subsets of [0; T], d(u; A) means
the usual distance from a point u to a set A, i.e., d(u;A) ;= infyoaku Vvk; u2 E: We
denote by B the closed ball with radius in E centered at , and B, the closed unit
ball of Co with center 0. A set-valued mapping :[0;T] E + E is integrally bounded
if there exists an integrable function :[0;T] ¥ R™ such that

k (t;u)k :=supfkvk; v2 (t;u)g ();t2][0;T]; u2 E:

A set-valued mapping with closed values, is measurable whenever  *(U) = ft 2 [0;T]:
() \ U & ;g belongs to L for every closed set U E.

Following [3], for any set A E and >0, we put A =A\ B:For A;B E, the

excess, the Hausdor distance and the -Hausdor distance between A and B are de ned

respectively by e(A; B) := sup - d(a; B); haus(A; B) = maxfe(A; B); e(B; A)g and

haus (A;B) = maxfe(A ;B); e(B ;A)g:

If A is a nonempty closed subset of E, then  (u; A) = suphu; vi is the support function
V2A

of A at u 2 E, and to(A) stands for the closed convex hull of A, characterized by
to(A) =fu 2 E :8v 2 E;hv;ui (v; A)g:

The projection of u on A is the element of A denoted by Proja(u) and satisfying
Proja(uy=*fv2 A : d(u;A) =ku vkg:
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Letg: E ¥ R[ f+21g be a proper convex continuous function on E and u 2 E with
g(u) < +1, the subdi erential of g is the set de ned by

@guy=Ffz2E : <z;v u> g(v) g(u); 8v2Eg;

if g(u) is not nite, we set @g(u) = ;; @g(u) is a closed convex set if g is convex.
Let A E and u 2 A; the normal cone to A at u is de ned by
Na(W=fv2E : <v;c u> O0; forallc2Ag:

A vector ! 2 E is said to be in the Frechet subdi erential of g at u, denoted by @7 g(u),
if for every " > 0 there exists > 0 such that for all u’ 2 B(u; ); we have
he;u ui g(u®  g(u) + "k’ uk:

The Frechet normal cone NX (u) of A at u 2 A is given by N§ (u) = @F a(u); where
is the indicator function of A, so we have the inclusion NS (u) Na(u) for all u 2 A:
On the other hand, the Frechet normal cone is also related to the Frechet subdi erential
of the distance function since for all u 2 A;

NK (u) = R+@7d(u; A); and @ da(u) = NF(A;u) \ B:
We now recall the de nition of subsmooth sets.

De nition 2.1 Let A be a closed subset of E, we say that A is subsmooth at up 2 A
if for every > 0; there exists > 0 such that

ho 15Uz ugd kuz  uik (1)

whenever ug;uz; 2 B(up; )\ A and ; 2 Na(uj) \ B. The set A is subsmooth if it is
subsmooth at each point of A.

Let A be a closed subset in E and ug 2 A. Then, if A is subsmooth at ug, then it is
normally Frechet regular at uo, that is, NX (Uo) = Na(Uo) and @d(uo; A) = @ d(uo; A):

De nition 2.2 A family (S(q))q2q of closed sets in E with parameter q 2 Q; is
called equi-uniformly subsmooth if for every > 0, there exists > 0 such that for each
q 2 Q, the inequality holds for all u;;u, 2 S(q) satisfying ku;  usk < and all

i 2 N(S(@);ui) \B.

Proposition 2.1 [10] Let fC(t;u) : (t;u) 2 [0;T] Eg be a family of nonempty
closed sets of E which is equi-uniformly subsmooth and let 0, assume that there exist
positive real constants L1; L, such that for any t;s 2 [0;T] and u;v;z 2 E;

jd(z;C(t;u)) d(z;C(s;v))j Lajt sj+Lyku vk
Then the following assertions hold:
(a) For all (t;u;v) 2 gph(C), we have @d(v;C(t;u)) B;

(b) For any sequences (tn)n in [0; T] converging to t, (un)n converging to u, (Vn)n
converging to v 2 C(t; u) with v, 2 C(tn;un), and any 2 H, we have
limsup ; @d(vn; C(tn;un)) ; @d(v; C(t;u))
nY+71
Lemma 2.1 [1] Let m >0, (¥;) and ( i) be nonnegagive sequences satisfying !;
Pi 1

P.
m+ ¢ jljforanyi2N;then I; mexp g j :8i2N:
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3 Main Result

We begin this section by listing the hypotheses used throughout the paper.
Hypotheses H¢ y: Forevery >0andCy =Co\ Bc,, let :[0;T] Co —+ E be
a set-valued mapping with nonempty closed values satisfying:

(i) forevery 2C,, (; ) is measurable;

(i) for some functions (); () 2 L%z,,([O;T]) such that for all t 2 [0; T] and for all
2Cy;
i 4 6 N< O+ Ok ke
andd( ; (t; ))=0for (t)=0;
(iii) 8 ; 2Cy; with & , we have

haus (t; ); (t ) (Hk Keo:

For the proof of our theorem we need the following result for the undelayed problem.

Theorem 3.1 [11] Forevery >0,let :[0;T] B + E be a set-valued mapping
with nonempty closed values satisfying:

(1) for every u2 Ce([0;T]) and t 2 [0; T], the mappingt ¥ (t;u(t)) is measurable;
(2) for some functions (); ()2 L§+ (J0; TD;
d( : (tu®)) < (©)+ (Oku(bk a.e., ku(k
d¢ ; (t ))=0for (t)=0;
(3) for ku(t)k , kv(t)k , u(t) & v(t), we have
haus ( (t;u(t); (t;v(t)) (Oku(t) v(k a.e.

with 0 m(t) for t 2 [0;T], where m() : [0;T] ¥ R is the absolutely
continuous solution to the di erential equation

m(t)
m(0)

® m()+ (t) a.e. in [0;T];
mg O:

Then, 8 ug 2 Ce([0; T]) with kugk < , the problem

ui®) 2 (tu()); ae. onl0;T]; )
u(0) = uo; )

admits a solution u such that ku(t)k  m(t); ku(t)k m(t) a.e. for t 2 [0; T] with
m(t)

Now, we are able to give the existence result for the delayed problem.

Theorem 3.2 Let : [0;T] C, + E be a set-valued mapping satisfying H .
Then, 8 2 Cg, the problem (DP) admits at least one continuous solutionu:[ ;T] ¥
E, absolutely continuous on [0; T]. Furthermore, ku(t)k m(t) a.e. t2[0;T]:
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Proof. We will reduce our problem to a problem without delay and apply Theorem
For every n 2 N, consider a partition of [0; T]de ned by t? = i$,, $p=Tn }; i=
0;1; 5 n:

Step 1 (Construction of approximate solutions): for every (t;u) 2[ ;tf] E,wede ne
po:[ :tf]1 E ¥ Eby

o ® if t2[ ;0]
po(t;u) = O +g-(u (0) if t2]0;];

clearly, pg(tf;u) =u; 8u2E:
We de ne the set-valued mapping § on [0;t]] E with closed values in E by

otu) = (Z@ANpg(;u)); 8(tu)2[0;t7] E:

Let’s show that { satis es the conditions of Theorem([3.1] Remark rst, that the function
u7 8 Z@Mpg(;u) is Lipschitz. Indeed, for every u;v 2 E; we have

kZ(@pg(;u)  ZAT)pG(;V)ke, = sup kpg(ty +s;u)  pg(tf +s;v)k
s2[ ;0]
= sup  kpQ(t] +s;u)  pg! +s;v)k
s2[ $n;0] N
= sup ki=(uo vk
s2[ $n0]
= ku vk

So the mappingt ¥ {(t; u) is measurable. On the other hand,

KZ(t)pg (s Uke, = sup  kpg(s; u)k
s2[  +tt]]
maxfk ke,; sup k (0) + g-(u (0)kg
s2[0;t7] n
maxfk ke, sup (1 o)k (Ok+ g-kuk g
s2[0;t7] n n

maxftk ke,;k (0)k + kukg:

Furthermore, by the condition (ii) of H¢ y, we have, for every t 2 [0;tT] and u 2 E such
that kuk ;

d( 5 o(tu) =d( ; (EZ()pg(;w)) O+ (Okz(t)pg (5 U)K
O+ Ok ke, + kuk);
OA+k ke) + (Dkuk;

where (t) := maxf (t); (t)g.
For (t)=0,wehaved( ; §(t ))=d( ; &ZED)pG(; ))) = 0: Finally, according
to (iii); one obtain

haus ( g(t;u); g(tv)) = haus (EZ()PG(;u)); (6 Z(t)pg(;V))
O KZ)pg (;u)  Z()po (VK
=  (Hku vk;

kuk and kvk , U6 v. Hence § veri es the conditions of Theorem this
provides an absolutely continuous solution # : [0;t]] ¥ E to the problem

8

< #t) 2 §( #a:\(t)) a.e. on [0;t7];

. #3(b) 0) + o #3(s)ds 8t2]0;t7];

- #(0) (0);
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with k#J()k  m(t) and k&3 (t)k  m(t). That is, #( is a solution to
#() 2 GZ@ED)po(;#3))  ae on [0;t7];
#30) = (0):
Put )
Un(t) = #(’gt()t) :: : g []O; t;'l‘o]]:;
As before, for every (t;u) 2[ ;tf] E,wede nepl:[ ;8] E ¥ E by

un(t) if t2[ ;t7];

n . —_— n
PRED= @+ 2 @) i 12 161

with pf'(t9;u) = u; 8u 2 E: Hence, we can de ne similarly the set-valued mapping
on [t1;t9] E with closed values of E by

1(tu) = (GZ@E)p7(Gw); 8(tu) 2t 7] E:
The function u 7 ¥ Z(t3)p7(;u) is Lipschitz since for all u;v 2 E; we have

kZ(@)pr(;u)  Z(@E)PT(;vk = sup kpi(t? +s;u)  pr(t? +s;v)k
2[ ;0]

s2[

= sup kpi(t7 +s;u) pi(td +s;v)k
s2[ $n;0]

= sup  kup(t)) + Zg—(u  un(tD))
s2[ $n;0] "
(Un(t)) + =g 2 (v un(t)))k

= sup kZSB(U vk
s2[ $n;0]
k22 (u vk
ku vk

and
kZ(t2)p7 (5 u)ke,

= sup kpf(s; u)k
s2[  +t§;tf]

maxfk ke,; sup kvg(s)kg+ sup (1 G)kun()k+ Gkuk

s2[0;t7] s2[t];t0]
maxfk kc,; sup kv (s)kg + kuk:
s2[0;t}]

For every t 2 [t];t5] and u 2 E, with kuk
d( ; T@Ew) =d( ; GZ@EprGw)) O+ OKZE)PL(;u)k

(@ + maxfk kc,; sup kvi(s)kg) + (t)kuk;
s2[0;t7]
for (t)=0
d( ; 7t ) =d( ; ©Z)pr(; )) =0

=3
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Furthermore, by condition (iii) of H¢ y, we have for every t 2 [0;t7] and u;v 2 E such
that kuk ; and kvk UGV,

haus ( T(t;u); 7(tv)) = haus (5 Z(tD)pT(;u)); (6 Z(tD)pT(;v))
O KZ()pT(0;u)  Z(t2)pT(0;v)K

)+ Okp(tF;u)  prtF;v)k

®+ ()ku vk:

Hence T veri es the conditions of Theorem [3.1} this provides an absolutely continuous
solution #' : [t];t]] ¥ E to the problem

8

= #'(@t) 2 ?(t;#?(ta) a:e:on [t t9];
#1(M) = un(t)) + o #(S)ds 8120 t0);

T HND) = un(tD);

k#()k  m(t) and k#}(H)k  m(t). So vi is a solution of

8

2 #() 2 GZE@PIGHD))  ae on [l
_ O =un() + o #0(s)ds 8t 21t t];
- #0(0) = (0

By induction, suppose that u, isde ned on[ ;t], absolutely continuous on [0; t¢]; and
satis es C

Un(® 2 (GZ(R Jpp Gu)  ae on [ el

Un(®) =un(tf D+ o Un(S)ds  8t2]tR ;tl;

and build a solution on [t);t7,;]. For every (t;u) 2 [ ;t] E, we de ned py :
[ it E T Ehby

Un(®) it t2[ t);

n . —_ n
pr(tu) = Un(t) + ‘g (u  un()) if t2 16, T;

with pR(tg,;u) = uand pg 2 Ce([ ;t.,]). The function u 78 Z(t, )pr(;u) is
Lipschitz. Indeed, for all u;v 2 E; we have

KZ(t )P (5 u)  Z(t, Pk (VK =

sup  kpR(the; +S;u)  pR(tRs, +s;v)k

s2[ ;0]
= sup kpp(t;u)  pR(t;v)k:
2] +tD,
We distinguish two cases:
@ it +t,., t, wehave
sup kpg(tu)  pR(tbv)k = sup  kpg(tiu) pR(tv)k

t2[  +tp

k+1;tn ]

K+1 2t ]
oty
sup - kg=<(u v)k
2, ]

= ku vk:
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2) if t7 +t),, t,.;, wehave
sup kpg(t;u)  pR(t;v)k sup  kpp(tu)  pR(tv)k
©2[ g, gt ] 2[5, 1]
= sup kigE(u vk
2]
= ku vk
KZ(tg )Pk (s Wke, = sup Kpg (s; u)k
s2[ ﬁ't2+1;t2+1] o
max k Kg,; max sup  kv@(s)k + kuk:
0O ki1l s2[t0;th, ]

Similarly, we can de ne 7 on [t7;t0,,] E with closed values of E by
ktu) = (GZEL )P u); 8(tu) 2[5 tl,]  E;

satisfying conditions of Theorem [3.I] Hence, there exists an absolutely continuous solu-
tion # : [t;tk+1] ¥ E to

8

= #(t) 2 P #rk‘(ia) a.e. on [t2;td, ,1;

_ O Sun)+ o #(s)ds 821Nt 4;

T (L) = un(tR);

k#(tk  m(t) and k#(tk  m(t). So # is a solution of

8
2 #(D) 2 (GZ(e)P(G#))  ae on [ te,];
_ 0 = ua(t) + tEQ #1(s)ds gt21tth,,1;

T AG) = un(t):

Putting un(t) = #(t) on [t7; t7, ], we obtain

S HO= O+ (s if €2 [0t
%#?(t)wn(t?w oUn(S)ds i 2]t

un(t) =

R
THD = Ua(t) + g uUa(S)ds if 20t

and kup(t)k  m(t): For every t 2 [0;T], we set n(t) =t}', n(t) =t} 8t 2]t]; ],
and n(0) =0and de ne pg_ a 2Ce([ ; n@®) by

n Loy — Un(t) it t2[ ; ()]
Pon v @)= 4 @) + L2 QU un( a®) I £2] a®: (D)

Clearly, un, is continuous on [ ;T], absolutely continuous on [0; T] and satis es

g un(t) 2 (t;Z(F{,(t))pgn oGun(®)) areron [0;T];
- Un(t) = )+ gun(s)ds 8t2[0;T], 3)
T un(® = () 8t2[ ;0L
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Step 2 (Uniform convergence): by condition (2) of Theorem for almost every t 2
[0; T], one has

un( 2 (6Z( n(O)Pg,, ,v(:Un()) “4)

With Z( a()P3, , (0 Un(®)) = un(®) and

d 5 GZ(anM®Ps, o un(®)) () + (Dkun(Dk:

Further, since kun(t)k  m(t), we have
d 5 GZ(n®Is, .oGun®) O+ OMO:
Hence for almost every t 2 [0; T],
kun(Dk  m(t): ®)

This shows that un() is uniformly bounded by m(), By extracting a subsequence, we
may assume that (un)n converges (LY;L1) to some v 2 LL([0;T]). So (un()) is a
bounded sequence of Cg ([0; 1]) since for every t 2 [0; T];
z t YA t
kuh(Mk =k (0O)k+  kunp(s)kds k (0O)k+ m(s)ds= (t)
0 0

and it is clear that (un()) is equicontinuous. By Ascoli’s theorem, we get that (up)n, is
relatively compact. By extracting a subsequence (that we do not relabel), we conclude
that (un)n converges uniformly to some mapping u and

z
ut) = (0)+ tv(s)ds; 8t2[0;T];
0

hence u(t) = v(t) almost everywhere.
Now, let’s show that
KZ( n(D)Ps, ,(;Un(®)) Z(tuk ¥ 0; whenn ¥ 1:

sup kZ( n()Pg, @(Siun(®)  Z(Du(s)ke, =

s2[ ;0]
sup kpg, .o( n(® +s;un()) u(s+1tk

s2[ ;0]
= Sup kpg;n 2o n® +siun(t))  u( n(t) +s)+u( n(t) +s) u(s+tk
s2[ ;0]

Zsup'O] kp%n n(t)( n(t) +s;un(t))  X( n(t) +s)k+

s2[

sup ku( p(t) +s) u(s+1tk:
s2[ ;0]
First,
SEUD ]kp%n S n® +siun()  X(n(t) +9s)k
s2 ;0

sup  kpg,, ,o( n(D +siun(®)) u( n(t) +s)k
s2[ ; $n]
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+  sup kp?sn n(t)( n(t) +s;un(t))  u( n(t) +s)k
s2[ $n;0]
= sup  kup( n(t) +s) u( n(t) +s)k+
s2[ ; S$nl
sup  kun( n() + 105 n(®
s2[ $n;0] n

Un(® un( () uln(®)+s)k

= sup  kun( n(t) +s) u( n(t) +s)k
s2[ ; $nl

+ sup K (Un(®  Un( n(®) FUn(® U(n(®) +9)k
s2[ $n;0] $n

=kun( n(®) u(n(®)k+kun(t) un( n(®)k:
On the other hand,

sup ku( n(t)+s) u(s+1tk sup  ku( h(t) +s) u(s+1t)k
s2[ ;0] s2[ ; $n]
+ sup  ku( h(t)+s) u(s+1tk
s2[ $n;0]
= sup  ku( h(t) +s) u(s+t)k
52[ ) $n]

+ku( n(t)) u(bk:
Then

SZS[UIO_O] KZ( n(D)Pss,, o (Siun(t))  Z(B)u(s)ke,

kun( n(t)) u( n(®))k+kua(t) un( n(t)k+

sup ku( n(t)+s) u(s+t)k+ku( n(t) u(dk:
s2[ ; $n]

Asjnp(t) t S$randjnp) tj Pn; 8 2[0;T]; then (t) ¥ tand ,(t) ¥ t
for n large enough. Furthermore, (un)n converges uniformly to u, ku( H(t)) u()k ¥
0; kun( n(t)) un(k ¥ 0and kun( n(t)) u( n(t))k ¥ 0: As u is uniformly con-
tinuous, there is > 0 such that js tj implies ku(s) u(t)k : But we have
jn)+s (s+t)j SBnpforalls2[ ;%$n]. Hence

sup  ku( h() +s) u(s+1tk for Bn:
s2[ |

We can conclude that
Z( n(®O)PS, w(un(®)) T Z(tuin Co: (6)
Finally, u(t) 2 (t; Z(t)u). Indeed, by (@), (6) and condition (iii); we infer that
dun(®; GZOUW  OKZ(®IPF, (i un®) ZOukae:
Passing to the limit in this inequality asn ¥ 1; we have
d u(t); (tZ@{®u) =0 ae:

So, u satis es

A0

ut) 2 (t;Z(tRu) a.e. on [0;T];
_u®) = O+ ,u(ds  8t2[0;T];
Tu@® = @) 8t2[ ;0

The proof is then complete.
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4  Application: a Delay Perturbed Sweeping Process

In this section, we present an application for functional di erential inclusions governed
by time and state-dependent nonconvex sweeping process. The sweeping process is a
constrained di erential inclusion involving normal cones, which appears naturally in sev-
eral applications such as elastoplasticity, electrical circuits, hysteresis, crowd motion, etc.
This kind of problems corresponds to several important mechanical problems, planning
procedures in mathematical economy and nonsmooth dynamical systems. We propose
here a new variant of the existence result which generalizes the previous results.

Theorem 4.1 Let H be a separable Hilbert space and let C : [0;T] H H be a
set-valued mapping with nonempty closed values satisfying the following assumptions:

(H$) for all (t;u) 2[0;T] H;C(t;u) is uniformly subsmooth;

(HS) there are real constants L; > 0 and 0 < L, < 1 such that for all t;s 2 [0; T]; and
u;v;z 2 H;

jd(z;C(t;u)) d(z;C(s;v))j Lajt sj+Lyku vk;

(HS) for any bounded subset A 2 H, the set C(t; A) is ball-compact.

Assume that (H), (HS), (HS) and hypotheses H( y are satis ed. Then, for any 2 Co
with  (0) = ug 2 C(0; ug), there exists a continuous solution u:[ ;T] ¥ H, Lipschitz
on [0; T] to the problem

8

< u(t) 2 Ncumyu®)+ (tZ(@u); ae. in[0;T];
R _ u(t)2C(tu(t)); 8t2[0;T];
(s) =Z@)u(s); 8s2[ ;0]

Proof. By using the discretization approach based on Moreau’s catching-up algo-
rithm, the proof is a careful adaptation of Theorem 3:5 in [7].

5 Conclusion

In this paper, we established an existence result to rst order functional di erential
inclusions for a general class of unbounded nonconvex sets. The approach used is an
adaptation of a reduction method which consists of replacing the problem with delay with
a problem without delay and applying the known results in this case. As an application,
we stated also a new version of the existence result for a rst order perturbed nonconvex
sweeping process that nds several applications in nonsmooth dynamical systems such
as di erential complementarity systems and vector hysteresis problems. This will be the
subject of forthcoming works.
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1 Introduction

Optimization is a branch of mathematics, seeking to analyze and solve analytically or
numerically the problems which consist in determining the best element of a set. Opti-
mization methods are currently occupying a very important place in the scienti ¢ eld
given the complexity of industrial problems. The researchers thought about nding the
solutions of these problems by exible methods to integrate various speci ¢ constraints.

The algorithms of the rst class are those of the conventional methods. These include
the Newton-Raphson method, Nonlinear Programming (NLP), Quadratic Programming
(QP), the Newton Method, Mixed Integer Programming and Dynamic Programming. All
these mathematical methods are fundamentally based on the convexity of the objective
function to nd the minimum. According to the limits of conventional methods, the
need to introduce new optimization techniques capable of overcoming the problem posed
by classical methods is imperative. The methods which o er this possibility are the
intelligent methods called \metaheuristic".

Metaheuristics are recently developed stochastic optimization methods. For this con-
cern, numerous mathematical programming approaches for metaheuristic optimization
have been proposed for example ’Particle Swarm Optimization’ (PSO) is proposed by
Kennedy and Eberhart [1]. They inspire the social behavior of swarming animals, such as

ocks of birds and schools of sh. An individual in the swarm has only local knowledge
of his situation in the swarm. It uses this local information, as well as its own memory,
to decide where to move. Ant Colony Optimisation (ACO) is proposed by Dorigo [2],
it results from the observation of social insects, especially ants, which naturally solve
complex problems. This ability is found to be possible due to the ability of ants to com-
municate with each other indirectly, by depositing chemicals on the ground which are
called pheromones. This type of indirect communication is called stigmergy. We have
also the arti cial bee colony (ABC) proposed by Dervis Karaboga [3], genetic algorithms
(GA) proposed by Holland [4] and the Bat algorithm proposed by Xin-She Yang [5], etc.
In a di cult energy context, marked by the foreseeable exhaustion of fossil fuels and
their impacts on the environment, expectations in terms of renewable energies in general
and solar energy in particular, are increasingly important. These energies and, more
particularly, solar energy are considered to be the future energy solution. Indeed, solar
energy is one of the most environmentally friendly energy, an economical and sustainable
source. Lately, the MPPT technique has become the focus for a signi cant number of
researches in order to improve the dynamic performance of the PV system, mainly in
terms of the ability to rapidly pursue the global power point (GMPP) in the presence of
other local maximums power point (LMPP). Researchers have been interested in another
type of the MPPT technique which is based on the meta-heuristic approach, for example
the MPPT-ABC [6], MPPT-GA [7] and MPPT-ACO [8].

The CS algorithm was rst proposed by Yang and Deb [9], the Cuckoo Search (CS) is
a recent metaheuristic which is inspired by the mode of reproduction of certain species of
cuckoos. In fact, their reproduction strategy is unique in that the females lay their eggs
in the nests of other species (whose eggs look similar). These eggs can then be incubated
by surrogate parents. On the other hand, when cuckoo eggs manage to hatch in the host
nest (they hatch faster), cuckoo chicks have the re ex to eject the host species eggs out
of the nest and even mimic the call of the host chicks, for the purpose of being fed by the
host species. However, it can happen that cuckoo eggs are discovered; in this case, the
surrogate parents remove them from the nest, or abandon the nest and start their brood
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elsewhere. This meta-heuristic is therefore based on this parasitic behavior of cuckoo
species associated with a \Levy ight" type of movement logic speci c¢ to certain birds
and certain species of ies.

This work proposes the use of the cuckoo search algorithm to track the MPP and
get the desired DC Voltage needed later by using the boost coverter, so the rst part
proposes the PV as a source and resistance as a load. In the second part, we propose
the CS algorithm to tune the gains of PI controllers of speed and the DC-DC Voltage
controller connected to the battery of hybrid system (SOFC-PV with storage battery),
so we have hybrid system as source and the induction motor driving a centrifugal pump
as a load.

L ZRNC

-§ =

Battery

Figure 1: Scheme of SOFC-PV with a storage battery for the pumping system.

2 PV Module

Solar panels are intended to recover energy from solar radiation to transform it into
heat or electricity. PV modules (usually presented in the form of panels) consist of a
number of elementary cells placed in series in order to make the voltage at the output
usable. These modules are then associated in a network (series-parallel) so as to obtain
the desired voltages / currents. An equivalent circuit model for a solar cell is shown in
Figure 2 The model consists of a current source, a diode, a shunt resistor Rp and a
series resistance Rg.

Iok R I
\\.\ S | O +

1! Ry ¥

Figure 2: PV cell model.

The topology of the boost converter is shown in Figure [3| For this converter, the
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output voltage is always higher than the input PV voltage. Power ow is controlled by
the on/o duty cycle of the switching transistor. This converter topology can be used
in conjunction with lower PV voltages. No extra blocking diode is necessary when the
boost topology is used. For sizing a photovoltaic system, we need to know in the rst
the motor consumption energy (as in our case we need to get Udc=514V). Then, we
must take in account the obtained results and also the meteorological data as the input
parameters of the photovoltaic installation of the input program.

The data sheet information on the PV panel is presented in Table[Il The commer-
cialized solar modules are formed generally by a number of cells assembled in parallel Ny
or /and in series Ns . The relationship between the cell terminal current and voltage is
given by

V + |:Rg V + 1:Rg
I =lph+1p exp(————— 1 _
ph 0 p( :Vth ) Rp

where Vi is the thermal voltage of the cell, 1, is the photocurrent, it depends mainly
on the radiation and cell’s temperature.

M

3 MPPT Based on Cuckoo Search Algorithm

Both P&O and INC algorithms may have di culty in nding the optimum when used
in large arrays where multiple local maxima occur [9]. In this section, we propose a
cuckoo search algorithm to track the maximum power point. A boost converter, or
parallel chopper, is used when it is desired to increase the available voltage of a DC
source by controlling the duty cycle of the switching transistor. In photovoltaic systems,
this converter can be used as a source-load adapter, when the operating point in direct
coupling is on the right-hand of the MPP.

T

b
il ]
GPV §| TI S “Te

Tracking MPPT

Figure 3: Boost Converter DC/DC.

3.1 Cuckoo Search principle
The Cuckoo Search (CS) algorithm is based on the following rules:

« Each cuckoo lays only one egg at a time and places it in a randomly chosen nest.
= The best nests with high quality eggs (solutions) are kept for the next generations.

e The number of host nests is xed and the egg laid by a cuckoo can be discovered
by the host species with a probability P5 2 [0; 1]. In this case, the host bird either
takes the egg out of the nest or leaves the nest and builds a new one.
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To simplify, this last hypothesis can be approached by replacing a fraction Pa of nests
with new ones. In CS, each egg in a nest represents a solution and each cuckoo can
lay a single egg, the goal is to use the new and potentially better solution to replace a
poorer solution in a nest. Although the algorithm can be extended to a more complex
case where each nest contains several eggs representing a set of solutions, here we use a
simpler version where each nest contains only one egg. In this case, there is no longer
any distinction between the egg, nest or cuckoo, and each nest corresponds to an egg
which also represents a cuckoo.

3.2 Levy Flight

In the context of CS, the cuckoo movement pitch is determined by the Levy Flight (Figure
E[). The Levy ight is a random walk in which the steps have a length having a certain
probability distribution (Levy distribution), the direction of the steps being isotropic
and random. Levy Flight is a class of random walk in which the jumps are distributed
according to the Levy distribution which consists of a power law with an in nite variance
and a mean of the type: Levy( ) (y)=x ;1< <3

In the case of CS, the use of the Levy Flight improves and optimizes the search: new
solutions are generated by a random Levy walk around the best solution obtained so far,
which speeds up the overall search. From an implementation point of view, generating

Figure 4: Levy Flight.

a random number with the Levy Flight follows two steps: choosing a random direction
and generating the step that should obey the Levy distribution. The generation of a
direction can be achieved from a uniform distribution, while the generation of steps is
more delicate. There are several methods to achieve this, but one of the simplest and
most e cient is to use Mantegna’s formulas to determine the step s:

S = 7[] .
it

@

3.3 MPPT-CSA
In general, the Levy ight is characterized by using the following relation

Xi+l

=X Levy ®3)
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and the operator  represents the entry-wise multiplication [10] for the multidimensional
problem. For MPPT, it can be simpli ed to

Dj"' =Dj + :Levy =Dj +s; 4)

where

u
S k:j\/?(DbESt D), ®)

where u and v are the centered Gaussian distributions such that

u=N(@; 2); v=N(; 2 (6)

with

I+ ) sin (3);2

1+ 712 ] : (7)
(T) 272

Figure [5] represents the schematic diagram of the DC-DC converter of a Photovoltaic

panel using the MPPT based on the Cuckoo Search Algorithm and connected to the

resistance load.

u=I

Pin DC PO —=
- 7 7
Vin T = T\ o g
PV DC -~
S
e
MPPT | o _
-cs =

Figure 5: MPPT based on the Cuckoo Search Algorithm.

4 Solid Oxide Fuel Cell

The electrolyte must be an electronic insulator and an ionic conductor. It can be either
liquid or solid. The bipolar plates allow the access of gases to the reaction sites by the
presence of channels.

There are six types of fuel cells which, depending on the electrolyte, operate at dif-
ferent temperatures. They are the Alkaline Fuel Cell (AFC), Proton Exchange Mem-
brane Fuel Cell, Direct Methanol Fuel Cell (DMFC), Phosphoric Acid Fuel Cell (PAFC),
Molten carbonate battery (MCFC Molten Carbonate Fuel Cell), Solid Oxid Fuel Cell
(SOFC (this type is used in our work)) as shown in Figure [6]

Fuel cells therefore allow the direct transformation of the chemical energy of the
reaction of a hydrogen fuel with an oxidant oxygen into electrical energy. The electrical
energy comes from the electronic exchange of the chemical reaction and not from the
heat given 0 by the latter. To do this, two compartments containing the oxidant and
the fuel, respectively, are produced on either side of the electrolyte, thus avoiding the
mixing of the gases and therefore, the direct chemical reaction.
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7

<4

depleted fuel and depleted oxidant and

-

product gases out product gases out =
- oy - .
- I AFC 65-220 °C
—- " - PEMFC 60-80 °C
H = H.O PAFC 205 °C
r— - - -
-— oo MCFC 650 °C
-
) —--—
—- = -
e SOFC  600-1000 °C
fuelin  ——» / | ~&— oxidant in
anode electrolyte cathode

Figure 6: Fuel cells types; their reaction and operation temperatures [11].

On both sides of the electrolyte in each gas compartment electrodes are arranged
which at the same time ensure the transport of electrons and ionic species (Figure |§[)
The fuel cell stack is composed of numerous single fuel cells in a series. Thus, the total
voltage of the stack is approximately equal to the sum of every single cell voltage [12].

Reactions occurring in the SOFC are as follows [13].

Reforming reactions

CH;+2H,0 ¥ CO, + 4Hy; ®)
CHs+H,O ¥ CO + 3Hjy: (9)
Water-gas shift reaction
CO +H,0 T COy +Hj: (10)

Electrochemical reactions Anode

Hy+0 2 1 H,0+2e ; (11)
CO+0 2 ¥ CO,+2e : (12)

Cathode 1
502 +2 1 0? : (13)

5 Direct Torque Control DTC

The direct torque control has many advantages that are already well known over con-
ventional techniques: the fast torque response; it is considered as a sensor-less control,
robust against the variation of machines parameters; relatively simple without the Park
transformation and without pulse width modulation (PWM). It also allows decoupling
between the control of the ux and the torque. Thus, several research works have been
developed for the application of this technique to synchronous and asynchronous ma-
chines.



374 HAMIDIA FETHIA AND ABBADI AMEL

The rst application of the DTC to the asynchronous machine appeared in the 1985s,
and was proposed by Takahachi and Bepenbrock [14]. The stator ux vector can be
estimated using the measured current and voltage vectors [15{17]

d’s

dt
or z
’s= (Vs Rsls)dt: (15)

=Vs Rl (14)

The DTC is based on the use of the hysteresis controllers, to control the estimated stator
ux and electromagnetic torque. These two variables are controlled by a hysteresis
controller with two-level.

The output of the comparators and the stator ux angle are used to index a switch
table of optimum voltage vectors, in order to determine the suitable voltage vectors. The
sector of the stator ux is divided into six sectors. It indicates that the appropriate
voltage vector should be chosen in a particular sector, either to increase the stator ux
or to decrease the stator ux and either to increase torque or to decrease torque.

6 Pumping System

The proposed hybrid system is shown in Figure[l] The battery is also connected to dc
link through a DC-DC converter. Figure[7]represents the controller of a DC-DC converter
used to maintain the dc voltage constant that is needed to feed our pumping system.

CONTROLLER-

LIMTER

Figure 7: DC-DC Converter Controller.

7 Battery Storage

The battery control is an essential element for the success of autonomous systems. The
batteries used in autonomous systems are generally of the lead-acid (Pb) type. Cadmium-
nickel (NiCd) batteries are rarely used anymore because their price is much higher
and they contain cadmium (toxic). Their replacements, nickel-metal hydride batteries
(NiMH) are interesting and used in this paper.

Treating the controller output as the reference current for the battery, a hysteresis
band approach is adapted to switch either Q1 or Q2 of the DC-DC converter as shown
in Figure [8
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b

IT Battery

Figure 8: Controller battery.

In this work, the battery acts as a source or sink, the depth of discharge is equal to
60%.

8 Tuning Pl Gains by Cuckoo Search Algorithm

The input of our PI controller is used the error calculated by the di erence between the
reference and instantaneous values (el=w*-w) of the PI speed controller and (e2=Vdc*-
Vdc) of the PI-DC Voltage source. The Pl controller for the above system can be

presented as the following expression
z

u=kpe(t) +k;i e(t)dt: (16)

Cost-function is presented by calculation of the error between the reference and estimated
values; and the numbers of iterations and population used in this work are the same;
it=50, Npo=15.

9 Digital Simulation

The pumping system is built using MATLAB/SIMULINK. In this simulation, the induc-
tion machine parameters are listed in Table[2] The centrifugal pump performances used
in this work for speed of 2900 tr/min are: Q=30 m3=h , H=80m, P=1.5 KW. SOFC
with 200 cells in a series. We observe the performance of the proposed supply system
with 11 PV solar panels to get 514V.

10 Discussion of Results

In the rst part, as shown in Figure [9) the DC Voltage and Duty Cycle responses (of
the output of the DC-DC converter connected to the resistance load) are presented using
the system presented in Figure | In the second part, we propose to add a SOFC with
a storage battery to supply an alternative load (IM-Pump). The pumping system is
simulated with constant load torque (10N.m) applied between 0.6sec and 0.8 sec and
the variation of irradiation and temperature as shown in Figure [I0, and a simulation
was run in a closed loop as shown in Figures [I0] and [IT where it can be observed that
the DC Voltage, ux and rotor speed track their references (Vdc*=514V, Flux*=1.1Whb,
w*=126 rad/ sec). To get the disired value of voltage, we have used 11 panels.
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The nominal open-circuit voltage 42.1V

The nominal short-circuit current 3.87A

The voltage at the MPP 33.7V

The maximum experimental peak output power 120W

The current at the MPP 3.56A

The open-circuit voltage/T coe cient (80 10)mV %C
The short circuit current/T coe cient (0065  0:015)mV %C
Parallel resistance Rs 0.473

Serie resistance Rp 1367

Table 1: Data sheet information of PV panel \BP MSX120".

Power 3.5Kw
Stator resistance 4.85 Ohm
Rotor resistance 3.805 Ohm
Inertia 0.031Kg.m?
Friction 0.001136
Frequency 50 Hz
Stator inductance 0.274H
Rotor inductance 0.274 H
Mutual Inductance 0.258 H
Poles 2

Table 2: Data sheet information on the Induction Motor.
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Figure 9: DC Voltage response using PV connected to the resistance load and based on the
MPPT-CS method (G=1000W/m 2, T=298K).



NONLINEAR DYNAMICS AND SYSTEMS THEORY, 22 (4) (2022) 367[[378| 377

ZOOM B

DC Voltage(V)

Irradiation Variation (W/m2)
TemperatureVariation (K

0 0.1 02 03 04 05 06 07 08 09 0 02 04 06 0 0 02 04 06 08

Time(sec) Time(sec) Time(sec)

Figure 10: DC Voltage response using Hybrid System (PV-SOFC-Battery-IM-Pump) based
on the CS method with irradiation, temperature and torque variation.
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Figure 11: Current, Flow of water, Flux, Torque and Rotor Speed responses of a hybrid (PV-

SOFC-battery-IM-Pump) System based on the CS method with irradiation, temperautre and
torque variation.

11 Conclusion

The aim of this study is to resolve the drawback of power loss caused by oscillations
around the maximum power point (MPP) and the relatively low response time to rapid
changes in weather conditions. This paper proposes another type of the control named a
meta-heuristic algorithm (Cuckoo Search Algorithm), which is used on one hand to track
the maximum power point, and in second hand, the same metaheuristic algorithm is used
to tune the PI gains to get the desired value that we need to supply our system (514V).
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The obtained simulation results show the e ectiveness of the proposed algorithms using
in the rst section the load resistance supplied by PV and in the second part the indution
motor driving pump fed by a hybrid system.
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1 Introduction

In epidemiology, mathematical models have become important tools in analyzing the
spread and control of infectious diseases caused by bacteria, viruses and fungi through
a direct transmission from individual-to-individual: through a sneeze, cough, skin-skin
contact and exchange of body uids. Some examples of the diseases are Coronavirus de-
sease (Covid-19), Acquired Immune De ciency Syndrome (AIDS), Ebola, Dengue fever,
etc. The rst mathematician who proposed a mathematical model describing an infec-
tious disease is Daniel Bernoulli. In 1760, he modelled the spread of smallpox [8]. In
our case, we are interested in the SIR model which can model Coronavirus desease. This
model was rst used by Kermack and McKendrick in 1927, and has subsequently been
applied to a variety of diseases [13]. They have considered a constant total population
and assumed that the interaction between the groups was determined by the disease
transmission and removal rates. They have classi ed the population into three groups:
susceptible (S), infected (1) and recovered (R). There have been many variations such as
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classical epidemiological models. These models are based on the standard Susceptible-
Infectious-Recovered (SIR) compartments segmented in the model. Susceptible is a group
of people who are vulnerable to infection when contacting with infectious people, see [11]
and the references therein.

The SIR model was discussed by many authors. Diekmann et al. [10] studied epidemic
models with one strain. However, Ackleh and Allen [1] studied SIR-type models of disease
with n strains and vertical transmission. In 2009, Hina Khan et al. [14] solved the
SIR model by means of an analytic technique for nonlinear problems and the homotopy
analysis method. After two years, Bain et al. studied the existence of at least two positive
periodic solutions of the SIR model in [5]. They based on the continuation theorem of
coincidence degree theory. Moreover, in 2016, I. Al-Darabsah and Y. Yuan proposed
the mathematical model for the transmission by SIR for Ebola [2]. In the same year,
I. Ameen and P. Novati studied the fractional SIR model with constant population [3],
they obtained a numerical solution using discrete methods.

The aim of this paper is to study the problem on LP spaces, for1 p < 1.
We note that our SIR model is linear because we have ignored the transmission of the
epidemic disease from one person to another person. We note that this model was
investigated theoretically in a number of papers. For example, in [16], the authors
studied a stochastic epidemic-type model with enhanced connectivity, and they obtained
an exact solution of the model. Our objective in this work is to discuss the existence
and uniqueness result for the problem . In fact, although this model is standard, in
our situation, we have encountered some di culties lying in the fact that the problem is
composed of three equations that are strongly coupled. To overcome these di culties,
we rst rewrite our system as a Cauchy problem involving two matrix operators, and we
show that the latter one has a unique solution using the accretive theory. We note that
the solution of this system gives more information on the propagation of the epidemic.
In general, it is di cult to compute the analytical solution of the problem. On the
other hand, it is usually impossible to obtain the exact solution for the general case.
Therefore, our approach guarantees the existence and uniqueness of the solution, we can
approximate the solution using numerical methods.

The rest of this paper is organized as follows. In the next section we present the
mathematical formulation of the SIR model. In Section [3] we introduce the functional
setting and gather some preliminary facts in connection with the problem. The existence
and uniqueness for the problem (Theorem [4.1) is stated in Section 4| by the accretive
theory.

2 Model Formulation

In this section, we give the mathematical formulation describing the mechanism of the
SIR model. The following diagram represents the SIR model. In this diagram:

- b : Immigration rate of susceptible.

- ¢ : Speci c rate of contact with pathogen.

- Probability of infection when there is direct contact.
- : Probability of illness in case of infection.

- ! 1/shedding period.
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Figure 1. The mechanism of SIR model.

- . Speci c death rate in population.

- . Speci ¢ immunity loss rate.

We denote the total population size by N, i.e.,, N(t;a) = I(t;a) + S(t;a) + R(t; a).
Now, in order to formulate the dynamics of the above diagram mathematically, the

following assumptions have been adopted:

1. There is a constant number of the host populations entering into the system with
the immigration rate b > 0.

2. Person-to-person transmission can be ignored.
3. isthesameforallS | R classes.
4. The parameters and are constants.

5. Individuals can become infected and ill and then recover to become immune, or,
on exposure, they may pass directly into the immune class.

Remark 2.1 a) Assumption (3) dictates a linear system, whereas much of the SIR
model literature is concerned with nonlinear models, including an Sl interaction
term [15].

b) Assumption (4) is permissible because many zoonotic pathogens, and campylobac-
ter in particular, cause much more mild illness rather than death.

c) Under these assumptions, our system represents an extension of the basic linear
model presented in [4].
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According to these assumptions, the SIR model can be represented mathematically by
the following coupled system of partial di erential equations:

%—f(t;a)zt:g—i(t;a)+b(t;a) ( +c)S(ta)+ R(ta);

@J(t;a)zc S(t,a) ( + )I(a);
0t €))

%—f(t;a)= Ita)+c (I )Sta) ( + IR(ta);

“S(0;a) = So(a); 1(0;a) =1o(a) and R(0;a) = Ro(a);

where t 2 [0;T],a2[0; L], L>0and b(t;a) = N(t;a) = (S(t;a)+ I(t;a) + R(t; a)).
The functions S, |1 and R are dependent on time t and age "a", and all others parameters
are independent of time and age.

3 Notations and Preliminaries

In this section, we shall x on the notations and introduce the functional framework,
which will be used throughout this paper. Let X be a real Banach space with norm k k
and dual X .

We are going to introduce now the class of operators for which we could obtain
existence and uniqueness results for solutions. Accretive operators were introduced by
Browder [9] and Kato [12] independently.

De nition 3.1 = An operator A : D(A) X ¥ 2% s said to be accretive if
the inequality ku v+ (b ©)k ku vk holds for all 0,u;v2D(A) and
b2 Au, b2 Av. If, in addition, R(l1 + A) (i.e., the range of the operator I + A),
is for some, hence for all, > 0, precisely X, then A is called m-accretive.

e An operator A is said to be quasi-accretive (quasi-m-accretive) if there exists ! 2 R
such that A + Il is accretive (respectively, m-accretive), in this case, we say also
that A is T-accretive (!-m-accretive, respectively).

Remark 3.1 Anoperator A is accretive if and only if A is quasi-accretive with I = 0.
In order to verify accretivity of a given operator, it is useful to take into account
alternative characterizations of this property. To do that, we need to introduce the

bracket and the duality map.
Let u 2 X. We denote by [v; u]s the function de ned from X X into R by

[viuls =supfu (v) - u 2 1(u)g;
where 1() denotes the duality map from X into 2% given by
q(uy=Ffu 2X :hu ;ui=kukandju k=1g:
We also de ne the duality map from X into 2X by

(U =Ffu 2X :hu ;ui=kuk?and ju k = kukg:
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We recall that the function sgng() is de ned by

8

=21 if x>0
sgno(X) = >O if x=0;

-1 ifx<O:

Now, we recall some important facts regarding accretive operators which will be used in
our paper, we have the following proposition [6].

Proposition 3.1 Let A : D(A) X ¥ 2X be an operator on X. The following
conditions are equivalent:

1. Ais an T-accretive operator.

2. the inequality [b b; u V] Tku vk holds for every u; v 2 D(A) and b 2 Au,
b2 Av.

3. foreach =>0with 1 <1, theresolvent (1+ A) ':R(I+ A) ¥ D(A)isa

single-valued = -Lipschitzian mapping.

The quasi-m-accretive operators play an important role in the study of the Cauchy prob-
lem.
Consider the following Cauchy problem:

(u°(t) + A(u(t)) 3 f(t); t2(0;T);

u(0) =up 2 D(A); )

where A is quasi-m-accretive on X and f 2 L1(0; T; X).
Let > 0. An -discretization on [0; T] of the equation u’(t)+A(u(t)) 3 f(t) consists of

apartiton0=1t, t; tn Of the interval [0;ty] and a  nite sequence(F)N.; X
such that s
>t tii< fori=1;, ;N; T <ty T;
XZ t
= kf(s) fikds< :
i=1 U1
ADa. =(th t1 tn; F1; ; Fn) solution of is a piecewise constant function
X : [0; ty] ¥ X whose values X;j on (tj 1; tj] satisfy the nite di erence equation
N Le A 3T =1 N
Lt

Such a function x = (x)IL, is called an -approximate solution to the Cauchy problem
if it further satis es
kx(0) ugk

The following theorem is known (see [4, Theorem 4.5] or [7, p.108]) and deals with
the existence of strong solutions.

Theorem 3.1 If X is a Banach space with the Radon-Nikodym property, A
D(A) X ¥ 2X js a quasi-m-accretive operator, and f 2 BV (0;T;X), i.e., f is
a function of bounded variation on [0; T], then problem has a unique strong solution
whenever ug 2 D(A).
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Let f;g 2 L1(0;T;X) and A be a !-accretive operator; if u and v are integral
solutions of u’(t) + Au(t) 3 f(t) and u’(t) + Au(t) 3 g(t), respectively, then
z t
kut) v(Hk e'tku(0) v()k+ e'® kf(s) g(s)kds: )
0
The following theorem plays an important role in our results.

Theorem 3.2 Let X be a re exive Banach space and let A be a quasi-m-accretive
operator in X. Let F : X ¥ X be locally Lipschitz. Then, for each ug 2 D(A), there
is a local strong solution to the problem

(UO(t) + A(u(t) 3 F(u(t);
u(0) =up 2 D(A):
Assume further that
h Fu; wi kikuk?® + ko (u;w) 2
then the solution is global.
We have the following de nition.

De nition 3.2 We say that u 2 C(0; T; X) is a weak solution of problem if there
are sequences (uy) WL (0;T;X) and (f,)  L%(0;T;X) satisfying the following
conditions:

1. ul(t) + A(un(t)) 3 Fu(t) for almost all t 2 [0; T], n = 1;2; ;

2. n“!ml kun ukq =0;

3. u(0) = ug;

4. nIi!m1 kf, fky =0.

The following result, which is an easy consequence of Theorem [3.1] is important.

Theorem 3.3 Let X be a Banach space with the Radon-Nikodym property. Then
problem admits a unique weak solution which is the unique integral solution of this
problem.

Remark 3.2 The results stated above for quasi-m-accretive operators with 1 & 0
are also valid for m-accretive operators.

Let p 2 [1;+1), we denote by X, the following space:
Xp := LP([0;T] [0;L];dtda):
We also consider the following product space:
Ho =X, Xp Xp
equipped with the norm

kaHp = k(VQ;V]_;Vz)T ka = kVok)(p + lekxp + szkxp:
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4 Existence Result

In this section, we are concerned with the existence and uniqueness result for problem
. For our subsequent analysis, we need the following hypothesis:

A : The parametersc; ; ; ; and are positive:
For i = 1;2; 5, let F; denote the bounded multiplication operators from X, into
itself. We de ne the matrix operator
O 1
0 F1 R,
F=@F; 0 O0A;
Fs Fs O

where
Fi(u1) = u1; Fa(u2)=( + )Juz; Fa(uz)=c 3;

Fa(ug) =c (1 )us and Fs(us) = us:

The operators Fj, i =1; 5, are bounded on the space X, therefore F is also bounded
on the product space Hp.

Remark 4.1 The boundedness of the operator F implies that it is a Lipschitz oper-
ator with a Lipschitz constant kFKky_ ().

De ne the following linear operator T by

T:D(T) LP(D) ¥ LP(D)

N RN
T (ta) = t@(t,a).

Remark 4.2 The operator T is usually called the free streaming operator. It is a
closed densely de ned linear operator. Its resolvent set (T) contains the half plane

f 2C: Re =>0g:

We also de ne the matrix operator

o) 1
T+c¢ 0 0
A=0@ o + 0o A

0 0 +

with the domain D(A) given by D(A) =D(T) X, X,.
Now, we establish some auxiliary results required in the proof of our existence and
uniqueness result. In the following lemma, we prove that A is an m-accretive operator.

Lemma 4.1 If the hypothesis A is true, then the operator A is m-accretive on Hy,.

Proof. Inthe rststep, we prove that A is accretive on Hy. Indeed, let g1; g2 2 D(A)
and let u = (Uo;U1;Uz) 2 1(01  92). Ifwenotegs g = (0 0901 03:07 03,
then, for i =0;1;2, we have

ui=kgi g5k" Pjgi  gbjsgno(gl  9%):
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So, we have
[A(g1) A(g2):u]
7.7, g
kg? gok' P jo? o) 1t:@(g? 99)(t;@))sgno(g7  g9)dadt
° T z L
+c  kg? gok' P 9 03P (@ 99(t;a)sgno(ef 99)dadt
2%z,
+( + dkgy gzk' P jor  93i® N((@r  92)(t@)sgno(9;  gg)dadt
2.2,
+( + )kgf gik' P jof o3P M@ 9d)(t;a)sgno(9?  g3)dadt
. 7.2, 0 . 0
= kg? ook’ pB ti@(j(g(f 99)(t; a)jP)dadt
zZ, 0 0 Z:2,

+C i@ gd)(t;a)jPdadt+( + ) o i@}  g2)(t;a)jPdadt

°z.2,
+( + ) - (67 g9)(t;a)jPdadt

= ¢ kg? gk, +( + ko gzkx, +( + )kgf g3k, O

This proves that the operateur A is accretive on Hp.

To complete the proof, it su ces to establish that R(l + A) = H,, where R(l + A)
denotes the range of the operator | + A. Indeed, let (vo;Vv1;V2) be an element of Hp, we

seek for an element (up; ug;uz) 2 D(A) such that

O 10 1. O 1
T+c 0 Uog Vo
@ 0 1+( +) 0 ABuA=0vA

0 0 1+( + ) up Vo

or equivalently, we look for a solution of the following system:

8
2Tug+cCc Ug=Vp;

Sui+(+ Jur=vy;
Tux+(+ up = Ve

It is clear that
Vi

8
§U1:71+ T ;

= Va2 oo

-Upx =
271+ o+

Hence, it remains to solve the equation

Tup+C Up=Vop:

4)

According to Remark equation has a unique solution because 1 2 (T). This

yields that R(lI + A) = Hp, and completes the proof.

We introduce the following lemma which shows that the operator F is Lipschitzian.
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Lemma 4.2 If F maps H, into itself, then there exists a constant > 0 such that,
for all u; v 2 Hp, we have

kKF(u) F\WkKn, ku vkpy,:
Proof. Let u; v 2 Hy, we have

kKF(u) FMWkKn,
= k(Fius Fivi+Fux  Fovp;Fsug  Favo;Falo  Favo +Fsur  Fsviky,
= kFiup Fivi +Fauz  Fovokyx, +KF3up  Favokx,

+kFaup  Favo +Fsur  Fsvikx,

kup vikx, +( + )kuz Va2kx, +C Kup Vokx,

+c (1 )Kuo  Vokx, + kup vikx,
= ¢ kup Vokx, +( + )kur wvikx, +( + )kux Vvakx,

ku  vkpy;

where =max(c ; + ; + ). This completes the proof.
Now, using the operators A and F, problem may be written in the form

8
<U't) + AU(t) = FU(1); t2][0; T];

- (5)
“U(0) = Uo;
where (e 1 O 1
S(t) So
U =@ImA and Uy =@l A:
R(t) Ro

In the following result, we try to show that if assumption A holds, then equation has
a unique solution. Hence the main result of this section reads as follows.

Theorem 4.1 Let1 p<+21. We assume that the condition A holds true and F
maps Hy into itself, then the problem has a unique mild solution for all initial data
(So; lo; Ro) belonging to Hy.

If 1 <p<+1, itis a weak solution. Moreover, if (So; lo; Ro) 2 Hp, then it is a
strong solution.

Proof. It follows from Lemma4.T] that the operator A is m-accretive on Hy,. Further,
Remark [4.1] together with Lemma[4.2show that F is -Lipschitz on H, and therefore the
operator A F is -m-accretive on Hp. Applying Corollary 4.1 from [6], we conclude that
problem has a unique mild solution. Moreover, since the spaces X,, for1 <p<+1,
are Banach spaces with the Radon-Nikodym property, applying Theorem [3.3] we infer
that it is a weak solution on Hp. Next, if Up 2 Hyp, then applying Theorem [3.1} we infer
that this solution is a strong solution.

The next result shows that the solution depends continuously on the initial data. To
this end, let us introduce the Banach space C, := C([0; T]®; Hp) endowed with the norm

kukq := fmaxkujkx, : i =0; 1; 2g:
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Proposition 4.1 Let1 p < 1 and Uy; Uy 2 C, be two mild solutions of problem
. Given >0, there exists > 0 such that if jU;(0) U>(0)j , then kU;  Uzkq

Proof. Since A is an m-accretive operator on Hy, (see Lemmaf4.1l) and F : H, 1«
Hp is -Lipschitzian, where =max(c ; + ; + ) (see Lemma(4.2), we have A F is
a -m-accretive operator on Hy,. So, for i 2 1;2, U; is the unique solution of the problem

8
<U'() +AU(t) FU(t) =0;

- (6)
= U(0) = Ui(0) 2 Hy:

Hence, using (3), we have

Ui U@ e fjUi(0)  U2(0)j:
The above inequality implies that, for every t 2 [0; T],

Ui U@ e fjUi(0)  U2(0)j;

therefore,
kUi Uska e Tjui(0) Uz(0)j:

Itsu cesto take = —, this completes the proof.

Remark 4.3 We note that we can extend the result obtained above to prove the
existence and uniqueness of the solution of the SEIR (Susceptible, Exposed, Infectious
and Recovered) model presented in [17].

5 Conclusion

In the present work, we have considered a linear SIR model, describing the propagation
of an epidemic in given population. The existence and uniqueness results for this problem
were obtained in LP spaces, for 1 p < A, by using the accretive theory. The solution of
this model is important because biologists could use it to observe the spread of infectious
diseases by introducing natural initial conditions. Therefore they can learn the ways of
how to control the propagation of epidemics. In the future works, we will consider the
nonlinear SIR model to explain how epidemic diseases can be eradicated by vaccination.
Our approach may be extended to the following model:
8

0S .y —+.0S .. . .Q)-
g =tEa+( IN(ta)  F(1:S);

%(t;ao: F(15S) ( + )it a)

Sma)= SR +c (1 )Sa)

where F and G are nolinear operators. A new parameter is introduced in the model
and represents the speci ¢ vaccination rate of the new infected.
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tioning System (GPS). A mobile robot aims to automate some tasks that were usually
done manually by human. To gain an accurate detection of the mobile robot position,
the mobile robot must follow the existing trajectory with the right position. There-
fore, we need a method to estimate the mobile robot trajectory in order to easily
detect its position. In this paper, we propose two trajectory estimation methods, i.e.,
the Ensemble Kalman Filter (EnKF) and the Square Root Ensemble Kalman Filter
(SR-EnKF). Furthermore, we also compare the performance of the two methods on
the mobile robot equation. The simulation results showed that the EnKF method
has a higher accuracy compared with the SR-EnKF method. The mobile position
error of the two methods was less than 2% in the case of 100 and 200 ensembles. The
smallest error was obtained when generating 100 ensembles, where the position error
w.r.t. the X-axis was 0.02 m, the position error w.r.t. the Y-axis was 0.02 m, and the
angle position error was 0.003 rad.
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1 Introduction

Estimation is made to solve a problem which requires prior information such that the
next step of the problem solving can be determined. Estimation is conducted since
some problems can be addressed using preceding information or data associated with
the problem [1]. In the literature, there are numerous methods that can be used for
estimation. The Kalman Iter is one of the methods for estimating state variables in a
discrete linear dynamic system such that the estimation error covariance is minimized [2].
The Kalman Iter was originally proposed by Rudolph E. Kalman in 1960 for the solution
of the linear data-discrete Itering problem. However, in many real-world problems, the
models are continuous nonlinear dynamic systems. Such systems cannot be estimated
accurately by using the Kalman Iter. In this case, we can employ some alternative
approaches for nonlinear systems, for example the Ensemble Kalman Filter (EnKF) and
the Square Root Ensemble Kalman Filter (SR-EnKF). In the literature, there are many
approaches for modeling, analysis, estimation and control design of linear and nonlinear
systems, see [3{12].

The EnKF method uses a certain number of ensembles to represent the underlying
probability distribution of state variables. The mean and covariance of the probability
distribution are approximated by the mean and covariance of the generated ensembles [1].
The Square Root Ensemble Kalman Filter method (SR-EnKF) is the development of the
EnKF method where there are some decomposition matrix operations in the correction
stage. This method was developed to reduce the computational time and to improve
the accuracy of the estimation results so that the need for fast and accurate navigation
and guidance can be satis ed [13]. The development of the application of trajectory
estimation techniques in the the eld of robotics will be very bene cial to Indonesia
because unmanned vehicles have been widely used for civil and military purposes such
as missions of spying, surveillance and exploration of places considered dangerous to
humans.

A mobile robot is one of the unmanned vehicles that can be driven and whose position
can be tracked or detected when it has a Global Positioning System (GPS). Mobile robots
are used to replace human functions in doing dangerous work because they have the
advantage of being able to move freely. For that purpose, the mobile robot must follow
the existing path with the right position. To do so, a method is required to estimate the
mobile robot trajectory.

This paper is a study on the implementation of the EnKF and SR-EnKF methods
in mobile robot motion equations applied to estimate the mabile robot path, then both
methods are simulated by using Matlab software so that the error between estimated and
actual trajectories could be obtained. The focus of this paper is the comparison of two
position estimation methods: the EnKF and SR-EnKF for mobile robot motion. The
paper provides an analysis of numerical study on the performance of both methods.

2 Mathematical Model of Mobile Robot

A mobile robot or car robot is a robot construction that has a wheel actuator to move
the whole body of the robot so that the robot can change the position from one point to
another. The mobile robot used in the study was a mobile robot operating on land and
using the rear wheels to move and transfer position. In other words, the mobile robot
system was driven by the rear wheels. Figure[I]shows the position and dimensions of the
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mobile robot.

® 53

..\‘G

Figure 1: Dynamic model of the mobile robot.

The GPS is mounted right at the midpoint of the car. The steering and front corner
systems are shown in Figure [Il In this case, the data are discrete, and the system is
nonlinear. The dynamic system equation of a car robot is de ned as follows:

23 2 . 3
X vecos( ) ie(asin( ) + bcos( ))tan( )
4yS = 4ycsin( ) + ¥e(acos( )  bsin( ))tan( )S; €))
- Etan( )

where
X;y : position of the mobile robot in GPS coordinates;
. position angle of the mobile robot;
Ve : speed of the mobile robot;
. steering angle of the mobile robot;
L : distance between the front wheel and the rear wheels;
. distance between the midpoint of the rear car and the GPS position;
. distance between the center of the car and the GPS position.

oo

3 Square Root Ensemble Kalman Filter (SR-EnKF)

The Square Root Ensemble Kalman Filter algorithm (SR-EnKF) is the development of
the EnKF algorithm. The correction stage of the SR-EnKF consists of a Singular Value
Decomposition (SVD) and a square root matrix. The SVD is a matrix decomposition
method which produces a diagonal matrix containing its singular values and another
matrix that contains corresponding singular vectors [14]. The singular value decomposi-
tion has been widely used in many theoretical and practical applications. The Ensemble
Kalman Filter and the Square Root Ensemble Kalman Filter (SR-EnKF) algorithms are
summarized in Table [1
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EnKF

[ EnKF-SR

System Model and Measurement Model

Xi+1 = F(Uk; X)) + Wi Wi N(0; Qk)
Zk = Hxg +vii; vk  N(O; Ry)

Xk+1 = F(Uk; Xk) + wii; wie N (0; Q)
Zx = Hxx +vii;vik  N(O;Ry)

Initialization

Generate N ensemble in accordance with
initial estimate Xg
Xo:i = [Xo;1 Xo;2 Xo;3 i Xo;Nel

Determine initial value : o = -

Generate N ensemble in accordance with
initial estimate Xg

Xo;i = [Xo;1 Xo0;2 Xo;3 i Xo:Ne]

Initial Mean Ensemble : Xo.i = Xo:iln

Ensemble initial error :

Boii = Xo;i  Xo;i = Xo;i(l  1In)
Prediction Stage

hk;i = f(hk 1;iy Uk 1;i)+Wk;i with Wi hk;i = f(hk 1;iy Uk 1;i) + Wi of which
N (0; Qk) wi;i  N(0; Qk)

P
Estimate : &, = 5= B Ensemble Mean : X, .; = &, ;In

i=1 ' ’
Covariance error : Ensemble Error :

| 24

Py = ﬁ (B BB k)" B =B X =BG(H 0 In)

Correction Stage

Zk:i = Zk + Vi:i With Vi
Kalman gain :

Kk =P, HT(HP, HT +Ry) !
Estimate :

N (0; Rk)

bk;i = hk;i + Kk(zk;i Hhk;i)
1 F
Ry = Neo iz’k;i

Zk:i = Zk + Vi of which Vk:i N (0; Rk)
Sk = HEy ;i Ex = (vi;v2; i vn); and
Ck = SKSI + EkEI

Ensemble Mean :

o T~ 1/, .
XiGi = Xi.j ¥ B S G “(2ii HXy.)

Square root schema:

- decompose eigenvalue of Cy = Uk kU,I
- compute matrices My, = |, "2UT'S,

- determine SVD from My = Y LyV,]
Ensemble Error :

By;i = Ek;ivk(l I—-|I<— I—k)1=2

Ensemble Estimate : Ry.i = Bi.i + Xi:i

Table 1: EnKF and EnKF-SR algorithms [13].

4 Simulation and Analysis Results

In this study, the navigation system and mobile robot guidance used the EnKF and
SR-EnKF methods by generating 100 and 200 ensembles on two paths. The comparison
of the two methods is either by generating 100 or 200 ensembles. The starting point is

given on each path x(0) =0, y(0) =0, and z(0) = 0. In the

rst trajectory, we obtained

the result of path estimation in the XY eld by using the EnKF and SR-EnKF and
generating 200 ensembles as in Figure [4] In addition, Table [2] shows the average RMSE
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value by generating 100 and 200 ensembles.

I [—— ! ! ! A
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Figure 2: Estimation of position in the rst trajectory on the X plane.

In Figure [2] it appears that the EnKF method is more accurate than the EnKF-SR
method, where the EnKF method (red line) is smoother following the speci ed trajectory.
Judging from the rstiteration to the 60th iteration, it can be seen that the EnKF method
is more accurate than the EnKF-SR method with a di erence of 2-5% in accuracy.

Estimation pos ition on Y Plane
140 T T T
Resl H H
120-- EnKF PR EEEE EEEEEEEL
EnkF-5R
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]
o
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gl----
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Figure 3: Estimation of position in the rst trajectory on the Y plane.
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In Figure [3] it appears that the EnKF method is more accurate than the EnKF-SR
method, where the EnKF method (red line) is smoother following the speci ed trajectory.
Judging from the rst iteration to the 40th iteration, it can be seen that the EnKF
method is more accurate than the EnKF-SR method with a di erence of 2-3% in accuracy.
However, after the 40th iteration, the EnKF and EnKF-SR methods have almost the same
level of accuracy.

Estimation of Mobile Robot Position

Y (meter))

“0 0 10 20 30 40 50 60
X (meter)

Figure 4: Estimation of the trajectory on the rst trajectory in the XY plane.

Figure[d]shows that the system is able to follow the desired path in the XY plane, with
the trajectory estimation results obtained by using the EnKF and SR-EnKF methods
resulted in an accurate estimation with a position error of less than 2%. The error is
obtained when the X position is 1.8 m and the Y position is 2 m. The errors obtained
in the simulation when generating 100 and 200 ensembles are shown in Table [2|

In Table [2} notice that the EnKF method was more accurate than the SR-EnKF
method in the case of 100 and 200 ensembles. The error of the X and Y positions indicated
the deviation of the position as it moved along the path, while the angular position error
was the error occurring during the turning movement, and this also a ected the error of
the X and Y position.

N = 100 N = 200
EnKF SR-EnKF EnKF SR-EnKF
X position 0.085328 m | 0.45222 m | 0.15692 m 0.70455 m
Y position 0.084488 m | 0.51156 m | 0.096092 m 0.72752 m
Angular position | 0.029393 m | 0.031061 m | 0.072941 m | 0.072514 m
Simulation time 1.7031 s 1.8281 s 3.6250 s 3.7813 s

Table 2: The comparison of RMSE values with the EnKF and SR-EnKF methods on the
trajectory in the case of 100 and 200 ensembles.

rst
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This simulation used t = 0:1 by generating 100 and 200 ensembles. The third
trajectory was the result of the path estimation in the XY plane which was obtained
by using the EnKF and SR-EnKF with the starting point given on each path x(0) = 0,
y(0) = 0 and z(0) = 0 and generating 200 ensembles as shown in Figure [7| In addition,
Table [3 shows the average value of RMSE by generating 100 and 200 ensembles.

I T
—— Real :
EnkF :
20t- ENKF-ER |- -------

¥ (meter))

A e

an

K 120

Figure 5: Estimation of position in the second trajectory on the X plane.

In Figure [f it appears that the EnKF method is more accurate than the EnKF-
SR method, where the EnKF method (red line) is smoother following what has been
determined. Judging from the rst iteration to the 40th iteration and the 40th to the
70th iteration, it can be seen that the EnKF method is more accurate than the EnKF-SR
method with a di erence of about 3-5% in accuracy.

In Figure [6] it appears that the EnKF method is more accurate than the EnKF-SR
method, where the EnKF method (red line) is smoother following the speci ed trajectory.
Judging from the rst iteration to the 50th iteration, both methods have the same good
accuracy, but from the 51st to the 100th iteration, it can be seen that the EnKF method
is more accurate than the EnKF-SR method with a di erence of about 2-4% accuracy
rate.

Based on Figure([7, the mobile robot followed the desired path in the XY plane, where
the trajectory estimations using the EnKF and SR-EnKF methods are very accurate with
a position error of less than 2%. The error of 2% is obtained when the X position is 0.7
m and the Y position is 0.8 m.

From the analysis of results of the rst, second and third trajectory simulation, it
was found that the EnKF method has a higher accuracy compared with the SR-EnKF
method either by generating 100 or 200 ensembles. However, the EnKF and SR-EnKF
methods both had position errors of less than 2%, so the SR-EnKF method could be
used as a method of navigation system and mobile robot guidance.
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B Estimation posifion on Y Plane
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Figure 6: Estimation of position in the second trajectory on the Y plane.

E stimation of Mobile Robot Position
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Figure 7: Estimation of trajectory on the third trajectory on the XY eld.

5 Conclusions

397

According to the results of the study on mobile robot mathematical models as well as
navigation systems, both the Ensemble Kalman Filter (EnKF) and the Square Root
Ensemble Kalman Filter (SR-EnKF) methods could be e ectively used as navigation
systems and guidance with trajectory estimates with a position error of less than 2%.
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N = 100 N = 200
EnKF SR-EnKF EnKF SR-EnKF
X position 0.071713 m 0.2168 m 0.10462 m | 0.31981 m
Y position 0.088223 m | 0.22584 m | 0.18555 m | 0.32489 m
Angular position | 0.0082395 m | 0.010071 m | 0.012895 m | 0.014751 m
Simulation time 1.6875 s 1.8281 s 3.0156 s 3.3281 s

Table 3: The comparison between the RMSE value of the EnKF method and that of the SR-
EnKF method on the third trajectory in the case of 100 and 200 ensembles

Viewed from the generation of ensembles, the generation of 100 ensembles resulted in a
more accurate result than that of 200 ensembles.
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Abstract: In this work, we discuss the existence of the rst integral and no-existence
of limit cycles for a class of Kolmogorov di erential systems. As an application, we
give an example to illustrate our results.
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1 Introduction

By de nition, a two-dimensional real planar Kolmogorov system will be a di erential
system of the form
x = xf1(x;y);
- 1
y = yFa(ay); W

where f1; T, are real functions in the two variables x and y and the dot denotes derivative
with respect to the time (t) variable. There are many natural phenomena which can be
modelled by the Kolmogorov systems in mathematical ecology and population dynamics,
see for example [5.(10].

Kolmogorov models are widely used in ecology to describe the interaction between
two populations, and a limit cycle corresponds to an equilibrium state of the system. In
the qualitative theory of dynamical systems, see [2,4}/5,/11], one of the most important
problems is the study of the limit cycles of planar dynamical systems . The de nition
of limit cycles appeared in the works of Poincare [9], the statement of the 16-th Hilbert’s
problem, and the discovery by Lienard [8]. A limit cycle of a planar vector eld given
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by is an isolated periodic trajectory (isolated compact leaf of the corresponding
foliation), in other words, a periodic trajectory of a vector eld is a limit cycles, see for
instance [1,/6,(7].

Let D be a non{empty open and dense subset of R2. We say that a non{locally
constant C! function > : D ¥ Risa rstintegral of the polynomial di erential inD
if 7 is constant on the trajectories of the polynomial di erential system contained in
D, ie., if

@%gﬁnmw+@%§ﬁnmw=9{§ﬁ
For a planar vector eld, the existence of a rst integral totally determines its phase
portrait. The simplest planar vector elds having a rst integral are the Hamiltonian
ones. The integrable planar vector elds which are not Hamiltonian are, in general, very
di cult to detect, see [3].

In this paper, we study the existence of rst integrals and the non existence of limit
cycle of Kolmogorov g erential systems of the form

0; at the points of D:

1

~_expPi(xy)
x =X @F (x;y)P + k(% y) m———A;
1P Qj (x;y)

(0] 1 @)
% rpa exp Pi(x;y)
y =y @G(x;y)P + k(x;y)izt— A,
- o exp Qj (x;y)

where my; m; are positive integersand p 2 Q , F(X;Y); G (x;y) ; k(X; ¥); Pi(x; ¥); Qj (X;y)
are homogeneous polynomials of degree n;n; ; m; m, respectively.
We de ne the trigonometric functions

f = cos® F(cos ;sin )P +sin> G(cos ;sin )P:
() ( 8 ) ( 1)

exp Pj(cos ;sin )

g() = Kk(cos ;sin )5;1
exp Qj(cos ;sin )
i=1
h() = sin cos (G(cos ;sin )P F(cos ;sin )P):

2 Main Result

Our main result on the integrability and the periodic orbits of the Kolmogorov system
is the following.

Theorem 2.1 Consider a planar Kolmogorov system (@), then the following state-
ments hold:
(i) Ifh( ) &0; F(cos ;sin )P >0; G(cos ;sin )P >0;for 2 0;5 and np6&O0;

then system has the rst integral
|

z arctan ¥ -
np+ x f S
106y) = (Y e+ ) s
YA arctan ¥ zZ,
x f(s) . 9v) . .
(np+ ) exp  (np+ ) . @ds de’
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where 2 0;5 : Additionally, the system has no limit cycle at the interior of the
rst quadrant on the plane.
(ii) Ifh( ) & 0; F(cos ;sin )P >0; G(cos ;sin )P >0;for 2 0,5 and np=0;
then system has the rst integral
z arctan ¥ !
1 < fu) , g9(u)
L(x: — 2+ 2y\5 +
where 2 0;5 : Additionally, the system has no limit cycle at the interior of the
rst quadrant on the plane.
(iii) If h( ) =0forall 2][0;2 ]; then system has the rst integral T(x;y) = %
Also , the system has no limit cycle.

Proof. In order to demonstrate our results, we write the polynomial di erential
system in polar coordinates (r; ), de ned by x =rcos andy =rsin , then system
becomes _

F=fOre+t+g()r *

= n( )rm; ®

where t = dr: " = d_.
(i) Ifh( ) & 0; F(cos ;sin )P >0; G(cos ;sin )P >0;for 2 0,5 and np & 0:

Take as an independent variable the coordinate , then di erential system writes

dr _F0), 00) oo,

- : 4
¢~ h() " hO) @
which is a Bernoulli equation. We take a new variable = r"™* and we obtain the
linear equation
d ()  90)
— = (np + —+ . 5
The general solution of linear equation (5) is
1
z z, -
f(s) . 9v)
= k+(p+ ex np + ——=ds =———dv
@ (np+ ) p fp )voh(s) h(v)
Z =
fis) .. .
exp (np+ ) @ds ;

where k 2 R, which has the rst integral
1

Z arctan ¥ -
np+ x f(s
Ixy) = C+y)"F exp  (np+ ) ﬁg%

YA arctan £ Z,
(np+ ) exp (np+ ) % S %dv:

The curves | = | with | 2 R; are created by the trajectories of the di erential system
. These trajectories equations can be written in Cartesian coordinates as follows:
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o Rarctan ¥ Ry f(s) ) 1 pz
x S \% np+
2@ I+ (p+ ) “exp  (Np+ ), peyds %dv A _
X+y" = Rarctan% f(s)
exp (np+ ) @ds
So, the periodic orbit z is contained in the curve equation
o R arctan ¥ Ry f(s) ) 1(p2 )
x S \% np+
2z @ 2Ot “exp P+ ) RGds Rmdv 4
():ixt+y" = Rarctan% f(s)
exp (np+ ) @ds

But the curve ( ) cannot contain the periodic orbit z and hence no limit cycle is con-
tained in the rst quadrant on the plane because the curve ( ) in the realistic quadrant
contains only a single point or no point on every straight line (  ):y = xforall =>0:

To be persuaded by this verity, let (Xo;Yo) be a point of intersection of this curve
with straight line (  ):y = xforall > 0;then xo and yo must satisfy

s 0 R <0 R 1 s
arctanx— f e
X2+y2—8 I-+(p+ ) °exp (np+ ) \Zj%ds %dv ¢ |
0 0 — R y ,
§ exp (np+ ) arctan ¥ %ds
T Yo = Xo;
hence
S © Rarctan Ry £(s) W 1%
S \Y np+
w= 14 2 7@ TP exp  (p+ ) o Bds K T
0 - 1
= exp (np+ ) arctan %ds
" Yo= Xo!

There is at most a unique value of Xo on every half straight OX™: Consequently,
there is at most a unique point in the rst quadrant on the plane. So this curve cannot
contain the periodic orbit and hence there is no limit cycle.

(ii) Ifh( ) & 0; F(cos ;sin )P >0; G(cos ;sin )P >0;for 2 0;5 and np=0.

Take as an independent variable the coordinate , then the di erential system

becomes g ) 0
r_ g .
a = hO O " ©
The general solution of equation (6) is
7 '
f
r( ) =kexp —hgzi + —agg u ;

where k 2 R; which has the rst integral

z arctan ¥ !
1 x  f(u u

LOay) = 0 +yD7 exp hEu; N Egu; u

The curves L =1 with | 2 R are created by the trajectories of the di erential system :

These trajectories can be written in Cartesian coordinates as follows:
1

yA arctan £
HONEIO,

0C+yD? = ke A * @)
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Therefore the periodic orbit ( ) is contained in the curve

z arctan ¥ f
x (U) g(u)
w2 2 2
(C):x“+y“ =k“exp ()+ © du

But the curve (C) cannot contain the periodic orbit ( ) and hence no limit cycle con-
tained in the rst quadrant on the plane; because the curve (C) in the realistic quadrant
has at most a unigue point on every straight liney = x forall > 0:

To be persuaded by this verity, let (Xo;Yyo) be a point of intersection of this curve
with the straight line () :y = xforall > 0; then Xo and yp must satisfy

8
< 1 R arctan Yo

Yo = Xo;

hence

1 Rarctan f
Yo = Xo;

There is at most a unique value of Xo on every half straight OX™: Consequently,
there is at most a unique point in the rst quadrant on the plane. So this curve cannot
contain the periodic orbit and consequently, there is no limit cycle,

(iii) Ifh( )=0forall 2[0;2 ]; then from , it follows that = 0. So the straight
lines through the origin of coordinates of the di erential system are invariant by the

ow of this system. Hence, T(x;y) = £ isa rstintegral of the system. Then all straight
lines through the origin are created by the trajectories, which can be written in Cartesian
coordinates asy = X, where 2 R. Hence, there is no limit cycle. This completes the
proof of the theorem.

Example 2.1 If we take F(x;y) = 3x%y? x2+y? ; G(x;y) = y* + x?y?;
P P
expPi(xy) =€ e X expQj(x;y) =e +e X k(xy) = x*+xy? +x%y +y?;
1

j=1
then system (2) becomes

i=
andp= 1,
8 1
= x=x Xy? x2+y? 7 + (3 +xy? +x%y +y3)tanh(x) ;

X

@)

Y=y Y +x%y2 7+ (3 +xy? + X%y +y®)tanh (x)

where x(t) and y(t) represent the population density of two species at time t, and

2
}x2y2 X2 +y? + (X3 + xy? +x?%y + y®) tanh (x) ;

iy = g
B0ay) = Y xRy T O3+ xy? Y+ Y tanh ()

are the capita growth rate of each species.
The Kolmogorov system in polar coordinates (r; ) is written as
C.
r = (cos (}sin® )7 +sin )r T+ ((cos +sin )tanh( )r*:
" =(cos 3)r %



NONLINEAR DYNAMICS AND SYSTEMS THEORY, 22 (4) (2022) [400406| 405

accordingly, f( ) = cos (% sin? )Tl +sin ;g( ) =(cos +sin )tanh( ); h( ) =cos

3: This corresponds to the case (i) of Theorem 2.1. Then the system has the rst
integral

1

z arctan ¥ 1ain2 - :
1 % coss(ssin“s)z +sins
I(x;y) = (X®+y?)Zex 9 ds
(xy) (X" +y9)2 exp 3 coss
|
Z y Z . 1 . - .
arctan 3 exp v coss(3 sin®s)z +sin S 4s (cosv + sinv) tanh (v) i
vo 3 coss cosv 3 '
The curves I = | with | 2 R, which are created by the trajectories of the di erential
system , in Cartesian coordinates are written as
@) X L} T o1,
R arctan ¥ Ry cos s( sin?s) 2 +sins i
x 3 (cos v+sinv) tanh(v)
I+ * eXp Vo coss 3 ds cosv 3 dv
x2+y? = - ) |
arctan ¥ cos s(% sin®s) 2 +sins
eXp * coss 3 dS

where | 2 R. Then the system has no periodic orbits, and consequently, no limit
cycle.

3 Conclusion

In this paper, we proposed a special form of Kolmogorov di erential system, where
just select the parameters satisfying the conditions of Theorem 2.1, we obtain explicit
expression for a rst integral and characterize its trajectories, this is one of the classical
tools in the classi cation of all trajectories of dynamical systems.

References

[1] A. Bendjeddou, J. Llibre and T. Salhi. Dynamics of the di erential systems with homoge-
nous nonlinearities and a star node. Journal of Di erential Equations 254 (8) (2013) 3530{
3537.

[2] R. Boukoucha. First Integral of a class of two-dimensional Kolmogorov systems. Nonlinear
Dynamics and Systems Theory 22 (1) (2022) 13{20.

[3] F. Dumortier, J. Llibre and J.C. Artes. Qualitative Theory of Planar Di erential Systems.
Springer, New York, 2006.

[4] X.C. Huang and L. Zhu. Limit cycles in a general Kolmogorov model. Nonlinear Analysis:
Theory, Methods & Applications 60 (8) (2005) 1393{1414.

[5] X.C. Huang. Limit cycles in a Kolmogorov-type model and its application in immunology.
Mathematical and Computer Modelling 14 (1990) 614{617.

[6] X.C. Huang and L. Zhu. Limit cycles in a general Kolmogorov model. Nonlinear Analysis:
Theory, Methods and Applications 60 (8) (2005) 1393{1414.

[7] Yu. llyashenko. Centennial history of Hilbert’s 16th problem. Bulletin of the American
Mathematical Society 39 (3) (2002) 301{354.

[8] A. Lienard. Etude des oscillations entrenues. Revue Generale de L’Electricitee 23 (1928)
946{954.



406 A. KINA AND A. BENDJEDDOU

[9] H. Poincare. Memoire sur les courbes de nies par une equation di erentielle (I). Journal
de mathematiques pures et appliquees 7 (1881) 375{422.

[10] K. Sigmund. Kolmogorov and Population Dynamics. Kolmogorov’s Heritage in Mathemat-
ics. Springer, Berlin, Heidelberg (2007) 177{186.

[11] Y.Yuan, H. Chen, C. Du and Y. Yuan. The limit cycles of a general Kolmogorov system.
Journal of Mathematical Analysis and Applications 392 (2) (2012) 225{237.



Nonlinear Dynamics and Systems Theory, 22 (4) (2022) [407(413] &NFOR%
MATH
Publishing
Group

Chaos Synchronization between Fractional-Order
Lesser Date Moth Chaotic System and Integer-Order
Chaotic System via Active Control

M. Labid® and N. Hamri?

1 Department of Mathematics, University Center of Mila, Mila 43000, Algeria.
2 Laboratory of Mathematics and their interactions, Department of Science and Technology,
University Center of Mila, Mila 43000, Algeria.

Received: January 26, 2022; Revised: September 19, 2022

Abstract: This paper investigates the phenomenon of chaos synchronization be-
tween the fractional-order lesser date moth and the integer-order chaotic systems.
Based on the Lyapunov stability theory and numerical di erentiation, an active con-
trol is obtained to achieve the synchronization between the fractional-order and the
integer-order chaotic systems. Numerical examples are implemented to illustrate and
validate the results.
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integer-order chaotic system.
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1 Introduction

Chaos is a very interesting nonlinear phenomenon that has been intensively studied over
the past two decades. The chaos theory is found to be useful in many areas such as data
encryption [19], nancial systems [17,/18], biology [22] and biomedical engineering [2], etc.
Fractional-order chaotic dynamical systems have begun to attract a lot of attention in
recent years and can be seen as a generalization of chaotic dynamic integer-order systems.
The synchronization between the fractional-order chaotic system and the integer-order
chaotic system is thoroughly a new domain and it began to attract much attention in
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recent years [9,20] because of its potential applications in secure communication and
cryptography [11,12]. Obviously, the synchronization between a fractional-order chaotic
system and an integer-order chaotic system is more di cult than the synchronization be-
tween fractional-order chaotic systems or integer-order chaotic systems for the di erent
order of their error dynamical system. The synchronization between a fractional-order
system and an integer-order system was rst studied by Zhou et al. [20] In the past
twenty years, di erent synchronization types have been proposed, e.g., complete syn-
chronization [24], lag synchronization [4], phase synchronization [10], project synchro-
nization [21], generalized synchronization [6], etc. In this research work ,we apply the
active control theory to synchronize two chaotic systems when a fractional-order system
is chosen as the drive system and an integer-order system serves as the response system,
we demonstrate the technique capability by the synchronization between a fractional-
order lesser date moth chaotic system and an integer-order chaotic system [15]. The
paper is arranged in the following manner. In Section 2, we describe the problem for-
mulation for the fractional-order and the integer-order chaotic systems. In Section 3, we
discuss the synchronisation between a fractional-order lesser date moth chaotic system
and an integer-order chaotic system by using the active control. Section 4 gives the brief
conclusion.

2 Problem Formulation for Fractional-Order and Integer-Order Chaotic
System

Consider the following fractional-order chaotic system as a drive (master) system
D x; = AXy +g(Xy); (€))]

where x; 2 R" is the state vector, A 2 R™ " is the linear part, g(x;) is a continuous
nonlinear function, and D is the Caputo fractional derivative.
Also, the response system (slave) can be described as

X2 = AXz +g(X2) + u(t); 2

where X, 2 R" is the state vector, A 2 R" " is the linear part, and g(x;) is a continuous
nonlinear function and u(t) 2 R" is the control.

De ne the synchronous errors as e = X, X;. Our aim is to determine the con-
troller u(t) 2 R™ such that the drive system and response system are synchronized (i.e.,
tli”i ke(t)k = 0).

The synchronisation error system between the driving system and the response
system can be expressed as

E=X2 X,

where X, is obtained from the response system (2)), while no exact expressions of x;
can be obtained from the driving system . Therefore, the numerical di erentiation
method is used to obtain x;. According to the de nition of derivative, the derivative is
approximately expressed using the di erence quotient as

ga+h) g,
—

g(@ g(@ h),
—

¢’(a) ©)

9’(a) 4)
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where (h > 0) is a small increment. Formulae and (4) are called the pre-di erence
formula and the post-di erence formula, respectively. The post-di erence formula is used
in this paper.

3 Synchronisation of Fractional-Order Lesser Date Moth Chaotic System
and Integer-Order Chaotic System by Active Control

In this section, to validate the active control method proposed in [5], we take the
fractional-order lesser date moth chaotic system [15] as a drive system and the integer-
order chaotic system as a response system.

Thus, the drive and response systems are as follows:

8
<= D xi=x1(1 x;) =2

+Xq !
Dyi= yi+ 22 vizg (5)
D zi1=  z1+ yizy;
and s
< X2 =Xl X2) % + Uy (t);
Y2 = Yo+ ZEZ 0 yazp + Up(t); (6)
T = o+ Yoz + us(t);

where u; (t); ux(t); us(t) are the active controls.

It is reported that the fractional-order lesser date moth system with the frac-
tional order of = 0:95 can behave chaotically [15]. The three-dimensional (3D) phase
portraits of the lesser date moth chaotic system with fractional order and integer order,
respectively, are shown in Figure[Iand Figure[Z] .

Subtracting @ from gives the error system as below:

8

— 2 2 X X 2
% o T Beet ( +X5{2+X2)e1 2 h X X
XL xg + ug(b);
P W2 le (z; X)e, yge @)
€2 = 2 G () ooyd€ 2 )82 Yies W1
E 20 yiz v+ Ut
T es=  eg+ (yiez+zep) i+ Yizi Zp +Uug(t);

where €1 =X2 X1, €2=Y2 Vi, €3=122 1.
We introduce a quadratic Lyapunov function
1 X 2.
Vi) = 3 € ®)
i=1
and calculate the derivative of V (e) to obtain

Y2 X1Y2 X1

Ve = el Getxje (—5a+ Crx)( +x) b X ©)
2 X1Y1 Y2 X1Y2
+ X1 X * X1 xi]+e2[ ez +( o €1 ( +x0)( +x2) Jea  (10)
X X
(z2e2 + ;1 Je2  yies  yi+ +71))/(11 yizi Y1)

X
+ es][ e+ zxex+ yie3 1+ yizz ]+ ui(tei(t): (1)
i=1
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0.8

Figure 1: The 3D phase portrait of the fractional-order lesser date moth system.

0.8

Figure 2: The 3D phase portrait of the integer-order lesser date moth system.

From the above equation, we deduce that if the active control functions u;(t) are chosen
such that

y2 X1Y2 X1

u(t) = [2e1 (X1 +Xx2)e1  ( % Jer + ( +x0)( +x2) €1 + X3 €2
X
+ X1 Xi 7_?/)1(1 X1]
Y2 X1Y2 X1
t = - =
uz(t) [( 2 ((+x)( +x2) Jer (22 X, Je2  yies Y1
X1Y1 .
+ T X yiz1  yil;

uz(t) [ zze2+ yiez z1+ yiz1  zi];
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equation becomes
V)= e+ es+ ef) <O (12)

According to the inequality , the system is asymptotically stable.

For the numerical simulations, we use some documented data for some parameters
suchas =3 = =1 =3 = 115 h = 0:85; = 0:95, then we have
(X1;¥1;21) = (0:7;0:3;0:8) and (X2;Y2;22) = (1:2;0:12;2:0). The simulation results are
illustrated in Figure 3]

1 |

o 7\\ ‘/\ [‘ N N N MNA (‘\\ N \ /«“\ J,v'\\ | ~ \ [
\/ \\}/ ) / \/ \\/ \// \\/ \\// \/ \/w g\/,’ / \""/ TV /

o.e | \ \ \J
V% \/
o.4a —
o.=2
o 50 100 150 200 250 200
t

b A A A N / yyj
e AN

AN /2/\ /

o =5 Too TS0 =50 ==o =oo
=
1s| . 20|
N 1l ]
oot b e A A AN
o LA - Jf\/ \u/ L,,,/\J \ / \»/ / \ / (WARAY, \\J |
o.s b _ . - - - __

t

Figure 3: Synchronization between response system @ and drive system

4 Conclusion

In this paper, we have studied the phenomenon of chaos synchronization between a
fractional-order lesser date moth chaotic system and an integer-order chaotic system. Our
results demonstrate that if one uses the technique of active control, chaos synchronization
can be achieved between a fractional-order chaotic system and an integer-order chaotic
system. The numerical results are in good accordance with the theoretical analyses.
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Abstract: This paper presents the control of chaotic dynamical systems by design-
ing linear and nonlinear feedback controllers, the stability of chaotic systems has
been studied by three methods, the Lyapunov function, Routh-Hurwitz criteria and

nally, a new method which is based on the Jacobian matrix conditions, we proved
that we can nd stability by the third method and not by the Lyapunov function
and Routh-Hurwitz methods, we have also found a good interval or exact value for
the parametric control which stabilises the chaotic system at its equilibruim point.
Numerical simulations show the e ectiveness or non-e ectiveness of the results for
the three di erent methods, we apply the feedback control to the Sprott J system,a
novel chaotic system and the Genesio system.

Keywords: Lyapunov function; Routh-Hurwitz theorem; Jacobian matrix condi-
tions; feedback control; chaotic systems.

Mathematics Subject Classi cation (2010): 93B52, 37N35, 93C10, 93D05,
93D15, 65P20, 65P40, 93D20, 93C95.

1 Introduction

The term \control of chaos" is used mostly to denote the area of studies lying at the
interface between the control theory and the theory of dynamic systems studying the
methods of control of deterministic systems with non-regular, chaotic behavior [16]. Sev-
eral techniques have been devised for chaos control, but most are the developments of
two basic approaches: the OGY (Ott, Grebogi and Yorke) method [17], and Pyragas con-
tinuous control [18]. Both methods require a previous determination of unstable periodic
orbits of the chaotic system before the controlling algorithm can be designed. Di erent
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control strategies for stabilizing chaos [11] have been proposed, such as an adaptive con-
trol [10}/14], time delay control [3], and fuzzy control [7]. Generally speaking, there are
two main approaches for controlling chaos: a feedback control [9,[12] and nonfeedback
control. The feedback control approach o ers many advantages such as robustness and
computational complexity over the non-feedback control method.

We generally study stability for feedback control by two methods: the function of
Lyapunov [1] and the criterion of Routh-Huritz, but we fail in the cases when we cannot
assure the existence of stability for all the control laws. In this work, we show that we
can use the third method which is based on the Jacobian matrix conditions, and we can
also choose the function of feedback control.

2 Stability Condition

Suppose that B is an n  n matrix of real constants, its characteristic polynomial is
f()= "+a"t+p " 2+c "3+ n=1234

The Routh-Hurwitz theorem [4{6] is as follows.

Theorem 2.1 All the roots of the caracteristic polynomial have negative real parts
precisely when the given conditions are satis ed:
2+a +b:a>0;,b>0:
+a?+h +c:a>0;c>0;a c>0:
‘+a3+b?+c +d:a>0;ab c¢c>0; (@ c)c a’d>0; d>0:

Jacobian matrix conditions. We consider A is the Jacobian matrix at a xed
point [19], 0O 1

ai; aip ais
A=@ ay ay ax A; @

a3 dz2 ass
and t = ajpazzaz; + ajzaziasz, Where

o dp2 a3z . _ a1 aiz . _ a1 a2
11 =

y A22 - ’ A33 -
dz2 das3 dz1 ass dz1  az;

Theorem 2.2 If t 0, all the roots of the characteristic polynomial of A have neg-
ative real parts when the given conditions are satis ed:
det(A) <0; ajj <0 and A;; >0, fori=1;2;3:

3 Control of Sprott J System

Theorem 3.1 The controlled Sprott J system [15] is

8
2 X=2Z uy;

S Y= y+z Uy @)
T z= x+y+y? ug

where u; = kx;u, = 0;uz = y? + kz and k is the feedback coe cient, the system
will gradually converge to the equilibrium point (0;0; 0) when k > 1;5 for the Lyapunov
method and when k > 0;5 for the Jacobian matrix conditions.
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Proof. For non linear feedback system consider a quadratic Lyapunov function
as v = 2(x? +y? +z?), then

v = kx? kz?

<  kx? kz?

2y? + Xz + 2yz

2y2+%(y2+22)+y2+22
..o 2 3,2

< ( k+2)x ye+( k+2)z.

So, if k > 1;5, we can obtain v < 0:
For the Jacobian matrix conditions, the Jacobian matrix is as follows:

o) 1
k 0 2
A=@ 0 2 1 A, det(A)= 2k?®+k 4
1 1 Kk
_ 2 1 _ .
Ay = Lk =% L
_ k 2 _ 2.,
Ay = 1 Kk =k +2;
_ k 0 _,.
Az = 0 o =2k

According to the previous Theorem 2, we have t = 0, then det(A) < 0; a;; < 0 and
Aji>0fori=1;2;3if k>0:5:

10 T T
X
< oI\ —
_10 | | | | | | | | |
(o] 5 10 15 20 25 30 35 40 45 50
t
5 T
-
5l | | | | | | | |
0 5 10 15 20 25 30 35 45 50
t
10 T T
N 2
N O
_10 | | | | | | | | |
(o] 5 10 15 20 25 30 35 40 45 50

Figure 1. Control of the Sprott J system at the equilibrium point (0; 0; 0) when k = 0; 8.

Remark 3.1 For the Routh-Hurwitz method we have not solutions for the same
feedback control of the Sprott J system.
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4 Control of Novel Chaotic System

Theorem 4.1 The controlled novel chaotic system [13] is
8

2 x=02x yz uy;
Y= 0:ly + Xz  uyp; 3)
T zZ= Z+Xy Us;
where u; = k(X X );u, =%x(z z )+k(y vy );uzs=k(z z ) andKk is the feedback coef-
cient, the system will gradually converge to the equilibrium point E,(0:31; 0:44; 0:14)
when k > 0:2 for the Jacobian matrix conditions.

Proof. For non linear feedback system consider a quadratic Lyapunov function
asv=121[(x Xx)?+(y y)+(z z)>?), then

v=0:2x> 0:2xx +yzx k(x x)?> 0ly(y y)+xz(y y) k(@y y)?
2z z) @ z)?

<(0:7 KX+ (0:4 k+X%)y?+( 05 k+%)z2 kx ky kz

+3( 0:2x +2kx zy )+ 3( 0ly +2ky )*+3(z +2kz )%

So, if E»(0:31;0:44;0:14), we can obtain v <0 if

8 8
5 0:7 k<O 5 k> 07
0;555 k<0 k > 0;555
= 0;345 k<0 7= k> 0;345
- 1:2372k?® 061602k +3:6813 10 2<0 - k2 6:9445 10 2;0:42847 :
So, we have no solution.
For the Jacobian matrix conditions, the Jacobian matrix is as follows:
0:2 k 0:14 0
A=@ 014 01 k 0 A, det(A)=K((02 k)(0:1 k) 0;0434);
0:44 0:31 k
01 k O
A1l 0:31 K = k(O]. + k),
02 k 0 _ .
Az 0:44 K = kk 0:2);
_ 0:2 k 014 _ 5 . . .
Azz = 014 o1 Kk - ke 0:1k 0:0004:
According to Theorem 2, we have t = 0, then det(A) < 0; ajj < 0 and Ajj > 0 for
i=1;2;3ifk>0:2:
For the Routh-Hurwitz theorem the characteristic polynomial is:
p()= 3+ @Bk 0:1) 2+ 3k? 02k 0:0004 +k® 0:1k? 0:0004Kk;
then

b=3k? 0:2k 0:0004;
c=k® 0:1k?> 0:0004k;
ab c¢=8:0k® 0:8k?+ 0:019 2k + 0:00004;
thena>0;c>0andab c¢=>0if k 2]0:10385;+1].

8
3 a=3k 0:1;
=
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0.32 T
[
< 0a1l —
0.3 1 1 1 1 1 1 1 1
(o] 20 40 60 80 100 120 140 160 180
t
0.45 T
> 0.44 4
0.43 ( 1 1 1 1 1 1 1 1
(o] 20 40 60 80 100 120 140 160 180
t
0.15 T
z
N 0.14 [ =
1 1 1 1 1 1 1 1

0.13
o] 20 40 60 80 100 120 140 160 180

Figure 2: Control of a novel chaotic system at the equilibrium point E(0:31; 0:44;0:14) and
k =4.

5 Control of Modi ed Genesio System

Theorem 5.1 The controlled modi ed Genesio system [8] is

8

2 X=Yy U

- Y= 05y+z uy “)
- z=3x%2 6x 2:85y 0:5z us;

where u; = k(X X );up =ky+2z;uz=kz+3(x x ) and Kk is the feedback coe cient,
the system will gradually converge to the equilibrium point (x ;0;0)when k 2]
0:25; O[[10:5; + [ for the Routh-Hurwitz method and when k 2]0:5; + [ for the Jacobian
matrix conditions.

Proof. For non linear feedback system consider a quadratic Lyapunov function
asv =3[(x x)Z+y?+2z2), then

v= kx?+(0:5 K)y?+( 0:5 k)z?+xy+6(x 1)xz 2:85yz yx 3x z+2kxx kx
for x =2,
v < (k + 3:5)x? +(¥ K)y? + (% k)z2 2k 4
So, we can obtain v <0, if

8 8

5 k+35<0 k< 35
28 K< k> 2:85

3%%5 k<0 ’gk>@-

- 2k 4<0 - k> 2



NONLINEAR DYNAMICS AND SYSTEMS THEORY, 22 (4) (2022) [414}{|423 419

so we have no solution.

For x =0,
vk + (2 oy (O
thenv <0 s s
< k+3 0 < k< 3
_ 4:85 k<0 . k<43785 :
- % k<0 ) k>85—g‘5

so we have no solution.
For the Routh-Hurwitz method, the Jacobian matrix is as follows:

o 1
K 1 0
Joooy =@ 0 05 K 0 A so detJpop = 025K K3
6 2:85 05 K

05 K 0

w2  on.
An 285 05 K K025
_ k 0 —_ 12 e
Ay = 6 05 k =k? 0:5k;
_ K 1 DS
Azz = 0 05 K = K?*+0:5K;

we have t =0, then det(j) <0; ajj <0 and A;j >0fori =1;2;3ifk 0:5:
For the second equilibrium point,

(@) 1
K 1 0
Jooy=@ 0 05 K 0o A
6 2:85 05 K;

s0, det J(2.0.0), A11; Ao and Aszz have the same value of the rst point, then, if k > 0:5
the system will gradually converge to the equilibrium point (2;0;0). For the Routh-
Hurwitz method the characteristic polynomial for E;1(0; 0;0) and E>(2; 0; 0) equilibrium
points is:

p( )= 3+3K 2+ ((K 05) (2K +05)+ K (K +0:5) +K (K 0:5)(K+0:5);

a = 3K;
b = 3:0K? 0:25
ab ¢ = K 80K? 05 ;
then, if k 2] 0:25;0[[]0:5;+1[, we have a>0;b>0and ab c¢>0.
Remark 5.1 For k with a negative value of the Routh-Hurwitz method, we have

not a good result for the same feedback control of the Genesio system as we see in the
gures.
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Figure 3: Control of the Genesio system at the equilibrium point E4(0; 0; 0).
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t
> 0 7 Y
_l 1 1 1 1 1 1 1 1 1
0 10 20 30 40 50 60 70 80 920
t
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Figure 4: Control of the Genesio system at the equilibrium point Ez(2; 0;0).
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#10%
10 20 30 40 50 60 70 80 90
t
10 20 30 40 50 60 70 80 90
t
#10°
10 20 30 40 50 60

Figure 5. Control of the Genesio system at the equilibrium point E;(0;0;0) when k = 0:1.
#10°
1 1 1 1 1 1 1 1 1
10 20 30 40 50 60 70 80 90 100
t
v A
1 1 1 1 1 1 1 1 1
10 20 30 40 50 60 70 80 90 100
t
#10°
1
1 1 1 1 1 1 1 1 1
10 20 30 40 50 60 70 80 90 100
t
Figure 6: Control of the Genesio system at the equilibrium point E»(2;0;0) when k = 0:1.
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6 Conclusion

This work presents linear and nonlinear feedback control for the Sprott J system, a novel
chaotic system and the Genesio system, we use for stabilizing the systems at equilibrium
points three di erent methods:the Lyapunov function, the Routh-Hurwitz criterion and
a new method based on the Jacobian matrix, which is a modi cation of Routh-Hurwitz
conditions. We proved that the stability by new method is satis ed where we do not
have it for the others, and we can get a a good interval or exact value for gain matrix
where the stability satis ed.
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Abstract: This paper presents a depollution technique for low voltage electrical
networks. This technique is based on the control of the shunt active power Iter
(SAPF) at two levels by the instantaneous power method (Sychronous Reference
Frame - SRF) which has allowed us to obtain reference currents by eliminating the
harmonic currents generated by the non-linear load (three-phase recti er). We have
thus proposed a DC voltage source from the SAPF by a photovoltaic solar generator
while ensuring energy maximization by the MPPT controller. The simulation results
under the MATLAB/Simulink environment obtained from the shunt active Itering
system clearly indicate the e ciency of the chosen control (SRF) and follow the
international standard recommendations IEEE519-92 which require that the Total
Harmonic Distortion of the source current less than 5 %.
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1 Introduction

The increase in pollution of power supply networks is caused by the appearance of devices
based on power electronics components as a non-linear load. For this, the best solution
to improve the quality of electrical energy is the Active Power Filter [1{3]. In this
paper, the shunt active power Iter is the main responsible for eliminating the harmonics
in the power supply lines caused by the non-linear load (Three-phase recti er). For the
shunt Active Filter to work within the standards and give good results of Total Harmonic
Distortion of the supply currents, it su ces to choose its best control in terms of precision
and speed [4]. The authors of [5,6] propose a resonant control scheme in the SRF method
to reduce the calculation rate. This proposal is essential for non-linear loads such as
DC-DC converters where there are electric currents composed by the fundamentals and
harmonics of order 6h 1, h =1;2;:: [7].

2 Principle of the Shunt Active Power Filtering System

The global diagram of the proposed shunt active power Itering system is shown in
Figure 1. It consists of a non-linear load (three-phase recti er) which is the source of the
harmonics injected into the supply network which becomes polluted [8].
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Figure 1: Structure of the SAPF controlled by the SRF method and powered by the PV system.

3 Synchronous Reference Frame (SRF) Method

Figure 2 shows the block diagram of the SRF method [1,9]. This method is based on
the transformation of three-phase load currents (ia; ijp; Ijc) into a two-phase stationary
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Figure 2: Block diagram of the SRF method.

frame ( ) as shown in equation (1):
2. 3
Lo LTT1pm g2l o
i|_ h 3 0 §:2 ||_ ’
C
The two-phase currents iy and i of stationary ( ) axes are transformed in iqy

and iq into two-phase synchronous frame (d-g axes) employing equation (2), where cos
and sin represent the synchronous unit vectors which can be generated using the Phase
Locked Loop system (PLL):

ig _ cos sin i
ig,  sin  cos i @

So, we see the alternative components iqq ¢ can be obtained by subtracting the igq_dc
part from the total d-axis current (ig and iy), which leaves behind the harmonic compo-
nent present in the load current. The inverse Park transformation allowed us to obtain
the reference currents of the two-phase stationary frame ig. ~ from the currents of the
two-phase stationary frame igq_gc as shown in equation (3):

i cos sin id_dc

[ ~ sin cos ig_dc @)
Finally, the currents of the two-phase stationary frame i;.  are transformed back
into a three-phase stationary frame and the reference Iter currents i, i, and ig. are

obtained according to equation (4):

2 3
2, 3 r— 1 0
I-fa 2 1 P3
4 ifp 5= 3 3 ? E : 4)
i 1
'fo 2 2

4 The Photovoltaic Solar Source Description and Modeling

In PV systems, they achieve great performance, fast responses and less uctuations in
steady state for rapid irradiance and/or temperature variation improving the amount of
energy e ectively extracted from the PV generator [10]. The datasheet of the monocrys-
talline photovoltaic module of BP SOLAR MSX120 type is given in Table 1.
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Technical characteristics Values

Maximum power : Pmax 120 W

Open-circuit voltage : Voc 42,1V

Short-circuit current : lsc 3.87 A

Maximum power voltage : Vmax 33.7V

Maximum power current : Imax 3.56 A

Number of cells 72

Temperature coe cient of Isc : k;j (0:065 0:015) %/ C
Temperature coe cient of Voc @ ky | -(80 10) mV=C

Table 1: Technical characteristics of the PV module of BP SOLAR MSX120 type.

The model used to simulate the performance of the PV module (group of cells in
series) is deduced from the model of the characteristic of a solar cell by the following
equation, with z photovoltaic cells connected in series [11,(12]:

h i
q(Vpv+z:Rs:lpy) V +ZR I
IpV = Iph IO e pzv:a:k:T(S:k B u (5)
Z:Rsh

Figure 3 shows the block diagram of the PV system containing the boost chopper
with its MPPT controller by the Perturb and Observe algorithm (PandO).

lpv h \ I,
~ DC-DC Boost ”
Non Converter Tvz DC Load
Return
Voy Diode
Bypass TDuty Cycle
Photovoltaic pjgdes D
Panel I
> MPPT
Controller
Vil (p&O)

Figure 3: Block diagram of the PV system used.

5 Simulation Results and Discussion

Table 2 shows the parameters of the two-level shunt active Itering system controlled by
the Synchronous Reference Frame (SRF) method.

Figure 4 illustrates the two forms of line currents. The rst, the load current i,
(before Itering up to 0.05 s), and the second, the source current is, (after Itering up
to 0.1 s). We observe in the rst part that the non-linear load in uences the supply line
and distorts the i;5 wave, which indicates that this line is full of harmonics. We also note
in the second part that the electric current began to take its sinusoidal curve is, after
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Parameters Values

Supply voltage vs(rms) and frequency f 220V;50 Hz
Line’s inductance Ls and resistance rg 19:4 H, 0:25m
DC link’s inductance Lqc, and resistance rqc. | 15 mH, 4

Load inductance L, and resistance r) 0:3 mH, 0:3
DC link voltage Vgc 620V

Coupling inductance Lg, and resistance reg | 1:22 mH, 0:2

Table 2: Parameters of the shunt active Itering system controlled by the Synchronous Refer-
ence Frame (SRF) method.

it had passed the transient phase in the time of 0.07 seconds. This indicates that the
SAPF has almost completely eliminated impurities.

The THD of the load current i, shown in Figure 5 is high (23.56 %) and that
would be rejected by the energy supplier. It is also a ects the non-linear load (devices
malfunction). We also see that the harmonics of order (6h 1) appeared because of the
use of the non-linear load (the recti er).

150 1A i)

P O B \
B O LAY A
1% v

Load and source currents
=]

’ 14
150 Without SAPF v With SAPF
200 i i ~ i i
0 001 002 003 004 005 006 007 008 009 01
Time {s)

Figure 4: Load and source currents of the SAPF system supplied by a PV source.

In Figure 6, we can clearly see the harmonics decrease by the THD ratio of the source
current is, equal to 1.16 %, which is very acceptable.

Figure 7 shows the three currents of the shunt active Itering system. Before the
insertion of the SAPF, the line current is deformed, it is the load current i, only. After
closing the breaker at the time of 0.05 s, the Iter current intervenes and compensates
for the line current and becomes almost sinusoidal source current iga.

The two stages of the Iter current ifa, and its reference ig, are shown in Figure 8.
At the breaker closing time (at 0.05 s), the Iter current follows the trajectory of its
reference produced by the SRF block, especially in the permanent state. This means
that the error is almost zero.

The DC link voltage Vq4c which supplies the inverter is shown in Figure 9. Its value
increases from 351.2 V without the SAPF to 620 V with the SAPF. Note that the value
stabilizes just after the transient regime in each part.
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Fundamental (50Hz) = 121.4 THDua: 23.56%)
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Figure 5: Total Harmonic Distortion of the load current before applying the SAPF.
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Figure 6: Total Harmonic Distortion of the source current after applying the SAPF.
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Figure 7: Di erent currents before and after the insertion of the SAPF.

6 Conclusion

In this paper, we studied the identi cation by the Synchronous Referential Frame method
(SRF) on the one hand and the optimization of the energy which feeds the inverter by
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Figure 8: Filter current and its reference before and after the insertion of the SAPF.
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Figure 9: DC link voltage before and after the insertion of the SAPF.

the MPPT controller on the other hand, we can say that the quality of the compensation
of current harmonics depends on the performance of the chosen identi cation method.
The simulation results have shown the e ciency of the SAPF powered by a photovoltaic
generator and controlled by the SRF technique and o ering good results from the THD
of the current on the source side, so the power factor is close to unity. This implies that
the conditions of the international recommendation IEEE519-92 are well veri ed.
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Abstract: Micromagnetics is a continuum theory describing magnetization patterns
inside ferromagnetic media. The dynamics of a ferromagnetic material are governed
by the Landau-Lifshitz equation (LL). This equation is highly nonlinear and has
a non-convex constraint. In this work, we propose two new algorithms for solving
this equation in high dimension, by using deep neural networks. Numerical and
comparative tests using TensorFlow illustrate the performance of our algorithms.
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1 Introduction

Di erential equations, including ordinary di erential equations (ODEs) and partial dif-
ferential equations (PDEs), formalize the description of the dynamical nature of the world
around us. However, solving these equations is a challenge due to extreme computational
cost and because most PDEs do not have an analytical solution, their solution can be
approximated using classical numerical methods (which are based on a discretization of
the domain) [17], [18], [11]. These methods are particularly e cient for low-dimensional
problems on regular geometries; however, nding an appropriate discretization for a com-
plex geometry can be as di cult as solving the partial di erential equation itself. This
problem is particularly severe if the space dimension is large as there is no straightfor-
ward way to discretize irregular domains in space dimensions larger than three. Solving
equations is a high-level human intelligence work and a crucial step towards general
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arti cial intelligence (Al). Therefore, the obstacle of extreme computational cost in nu-
merical solution may be bypassed by using general Al techniques such as deep learning
and reinforcement learning, which were rapidly developed during the last decades. Data
used to train the network is randomly sampled within the entire solution domain in each
training batch, including initial conditions and boundary conditions.

Recently, deep learning has revolutionized many scienti ¢ elds [4], [7], [5]. Includ-
ing the solution of the di erential equation PDEs, Raissi [14] propose a deep learning
approach for discovering nonlinear partial di erential equations from scattered and po-
tentially noisy observations in space and time. Beck and et al. [6] propose a new method
for solving high-dimensional fully nonlinear second-order PDEs. The Deep Galerkin
Method uses a deep neural network instead of a linear combination of basis functions.
The deep neural network is trained to satisfy the di erential operator, initial condition,
and boundary conditions using stochastic gradient descent at randomly sampled spatial
points. In the stochastic framework, Weinan et al. [23] propose a new algorithm for solv-
ing PDEs and backward stochastic di erential equations in high dimension. There are
many other works on solving di erential equations using the neural network [22], [9], [16].
The ODEs and PDEs are equations which impose relationships between the di erent par-
tial derivatives of a multivariable function. We ask the following question: if there exists
a neural network capable of simultaneously and uniformly approaching a function and its
partial derivatives. The answer to this question and the mathematical theory of physics-
informed neural networks is already treated by Allan pinkus in [20]. In this work, we
will solve the LL equation in high dimension, using the arti cial neural network by two
di erent methods as will be described below. One of the major di culties that exists for
solving this equation by the classical methods is the non-covex contraint, see [2,3,/17].
We will see that this constraint is not a problem for the neural network approach because
we add this constraint in the loss function.

The rest of the paper is structured as follows. In the next section, we present the LL
equation arising in micromagnetism and which will be the subject of our investigation. In
Section [3 we explore the use of deep learning for solving the PDEs under consideration
in micromagnetism in high dimension. To this end, it is necessary to formulate the PDEs
as a learning problem. We put forth two distinct classes algorithms of deep learning, and
highlight their performance through the lens of di erent benchmark problems. In fact, we
use a deep neural network to approximate the PDE solution with this parameterization,
a loss function is set up, and then we train so that the Loss function becomes very small.
For the training data, the network uses points randomly sampled from the region where
the function is de ned, and the optimization is performed using gradient descent. We
conclude the paper in Section[4] by giving some comments and a direction for future work.

2 The Model Statement

In this paper, we consider the simpli ed LL equation in which we neglect magnetostatic,
anistotropy, and a Zeeman eld. To describe the model equations, we consider RY,
d 2 N, a bounded and regular open set. We assume that a ferromagnetic material
occupies the domain . The magnetization eld of the ferromagnetic material is denoted
by M (x;t), where x and t mean the position and time, respectively. Then, the LL model
inQ = (0; T) is described by

@M (xt)= M(xt) 4 M(xt) M (xt) M(t) 4 M(xt)inQ (D)
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subject to the initial conditions
M (x;0) =Mo(x); [Mo(x)j =1in 2

and a periodic boundary condition. Here, denotes the exterior product, M (x;t) =
(Mm1(x;t);ma(x;t);ma(x;t)) 2 R®, and > 0 is the damping parameter. Next, we
consider the energy-structure

E(M (1)) = kr M (t)kpz(y :

By integration on the equation , we obtain the following energy equation:

z.z
EM(®)=EM(@Q) 2 t kM (x;s) 4 M (x;s) k? dxds: 3)
0

For any t > 0, equation implies that the problem has the energy dissipation property
for the case > 0 and the energy conservation property for the case =0.

If we multiply the LL equation by M (x;t), we obtain the important hypothesis of
micromagnetism is that the local magnetization vector must be constant in magnitude

M )j=jMe(X)j=1 forany t> 0: 4)

Ferromagnetic materials are very important in industry and modern technology and have
been used for fundamental studies and in many everyday applications such as sensors,
electric motors, generators, hard disk media, and most recently spintronic memories.

3 Deep Learning Algorithm

The goal is to approximate the solution M = (m1;m,; m3) for the equation by a

deep neural network with parameter set f weights,biasesg. For this, we will work on two

di erent cases. In the rst case, suppose we know the solution at some random points in

Q. In the second case, assume we only know the solution at some random points in @Q
and some random points in ~ f Og.

3.1 First case

We consider a neuron network composed by several layers such that the rst layer
represents the inputs (the random points (t';x') of Q), while the last layer represents
the output solution M = (my,; Map; M3y) at the random points (t':x") linked by the
parameters weights and biases, the other layers are hidden layers.
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Input Hidden Hidden Hidden Output
layer layer 1 layer ... layer n layer

The rst step in approximating the solution M at all points of Q is to calculate the
objective function Loss. o
Let N be the number of the random points (x';t') 2 Q at which we know the exact
solution. We de ne
X;t
Fmyifmyifm,) = 7@'\4& )+Mp(x;t) 4 Mp(t)+ M p(xt) Mp(xt) 4 Mp(x;t);

MSE; = MSEfml +MSEfm2 +MSEfm3;

MSEym = MSEn, + MSE, + MSE 1,

and
1X\| H i.3iy)\2 i.+iy)\2 i.$i})\2 2
MSEContraint :ﬁ J(ml(x ;t)) +(m2(x ;t)) +(m3(x ;t)) 1J
i=1
with
. o
MSEr,, =&  ifm )P
i=1
1 X\I H [ i.3iy;2
MSEm, = jme (x5 ) my (X))

N
i=1

for r = 1;2;3. The objective function Loss is given by

LOSS: MSEf +MSEM +MSEC0ntraint

In the next step, we will deduce an iterative gradient algorithms designed to minimize
Loss. This minimization is achieved by an adequate weight con guration. For this, we
will use the limited-memory quasi-Newton code for unconstrained optimization L-BFGS,
developed at the Optimization Center, a joint venture of Argonne National Laboratory
and Northwestern University by Liu and Nocedal [13]. Numerical and comparative tests
using TensorFlow [1] illustrate the performance of our algorithm. More speci cally, we
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1. Initialize the parameter set f weights,biasesg.
Generate random samples (t'; x') from Q.
Calculate the Loss functional for the current mini-batch s' = f (t'; x")g.

We choose fweights,biasesg randomly such that Loss becomes minimal.

o B~ WD

Repeat steps (3)-(4) until Loss is very small.

apply the following algorithm.

When the Loss function becomes small enough, we say that the neuron network has
become trained and in this case, we can determine the solution of the equation at
any point of Q.

Numerical simulation. For our purpose we consider non-trivial exact solutions [10]
for LL equation on . Here,let 2 R,12 Zandk =1 . The exact solution in
one-dimensional space is given by

M (t; x) = (Ma(t; x); ma(t; x); ma(t; x));

where
) _sin cos(kx xt k).
mi(Ex) = a6 ik ) ’
) _sin sin(kx otk ).
. exp(k® t)cos
M0 Tawik )
with q
dt; ;k; )= sin> +exp(2k?t )cos?
and

dt; ;k; ) +exp(k?®t)cos

1
06tk ) °g 1+ cos

The exact solution in two-dimensional space is given by

M (t;x) = (M1(t; Xy ); ma(t; Xy ); ma(t; X, y));

where
mitxy) = o0 COS(k(;((:yi' )(X;t;;k; ).
mo(txy) = o Sin(k(z(:y)k_ )(x;t;;k; ).

exp(2k?®t )cos

ma(t; X;y) ac k)
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Figure 1: A comparison between the exact solution m; and the calculated solution map, for
di erent number of iterations and d = 1.

with

q
d(t; ;k; )= sin? +exp(4k?t )cos?

and

dt; ;k; ) +exp(2k?t )cos

1
(thv 1k! ) - Iog 1+ coS

We trained the neural network on 2000 random points; which took approximately 5000
and 25000 iterations for the one-dimensional space and two-dimensional space, respec-
tively. After the training we gave to neural network 100 100 ford =1, and 100 100 100
for d = 2 and after that we compared the outputs mip, my, and mga, with the exact
solutions m1, my and m3. We observed that they were almost equal, indicating that
the neural network has become well trained to nd the value of my, m, and ms at each
point of the domain Q. The following gures illustrate everything we have said. Figures
[2l and [3] propose a comparison between the exact solutions m;, m, and mz and the
calculated solutions my,, My, and mgp, respectively, for di erent number of iterations
and d = 1. Figure [ proposes a comparison between the exact solution m; and the
calculated solution myp, for di erent number of iterations, t = 0:5 and d = 1. Figures 9]
and [o] propose a comparison between the exact solutions m; and m; and the calculated
solutions m1p and myp, respectively, for di erent number of iterations, t = 0:5 and d = 2.
We use the parameters = 0:01; = =3 and k = 4. This data-set is then used to train
a 5-layer deep neural network with 200 neurons per a hidden layer by minimizing the
mean square error loss of using the L-BFGS optimizer.
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Figure 2: A comparison between the exact solution m, and the calculated solution my, for
di erent number of iterations and d = 1.
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Figure 3: A comparison between the exact solution mz and the calculated solution msp, for
di erent number of iterations and d = 1.
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Figure 4: A comparison between the exact solution represented by the red color and the
approximate solution represented by the blue color fort = 0:50, d = 1 and for di erent iterations.
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20000 iterations 25000 iterations
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Figure 5: A comparison between the exact solution m; and the approximate solution my, for
t = 0:50, d = 2 and for di erent iterations.
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Figure 6: A comparison between the exact solution m, and the approximate solution mz, for
t = 0:50, d = 2 and for di erent iterations.

3.2 Second case

This situation di ers from the rst case in the input layer, but it is very similar in
terms of the method and steps used in determining the solution of the equation at all
points. Here we will consider a neuron network composed by several layers such that
the rst layer represents the inputs (the random points s, = f (Xn;th); ( n;Vn); Whg ON
Q, @Qand ), it is composed of ve neurons, the rst for x,, the second for t,, the
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third for ,, the fourth for v, and the last for wy, the last layer represents the output
solution M, = (M1p; Mop; M3p) at the random points f (th;Xn), n;Va; (Wn;0)g linked by
the weights and biases parameters, while the other layers are hidden layers.

Input Hidden Hidden Hidden Output
layer layer 1 layer ... layer n layer

The objective function Loss in this case is given by

Loss = MSEf + MSE it + MSEpound + MSE contraint

with
MSEinit :MSEmlmlt +MSEm2|nn +MSEm3|nn ;
and
MSEbound = MSEmlbound +MSEm2bound +MSEm3bound ;
with
Nt - o
MSEm = jme (v me (VD%
Ninit . _,
1 NXund . .
MSEmrbound = N jmr (WI!O) mfp ((W|10)J2!
bound

i=1

forr = 1;2; 3, the numbers Nt and Npoung are, respectively, the numbers of the random
points ( ';v') 2 @Qand (W';0)2  f 0g for which we know the solution of the equation
(1). In the next step, we will deduce an iterative gradient algorithm designed to minimize
Loss. We apply the following algorithm.
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1. Initialize the parameter set f weights,biasesg.
2. Generate random samples from the domain’s and time spatial boundaries, i.e.,

Generate (t,;Xpn) from Q.
Generate ( n;Vvn) from @Q
Generate w, from

3. Calculate the Loss functional for the current mini-batch
Sn = f(Xn;th); ( niVn)iWnG:

4. We choose fweights,biasesg randomly such that Loss becomes minimal.

5. Repeat steps (3)-(4) until Loss is very small

Numerical simulation. At this stage, we solve the equation in the two -dimensional
space only, for the numerical test, we apply an initial condition
8
% sin( ) cos(k(x +VY));

Mo(X;y) = _ sin( ) sin(k(x +)); ®)
©cos( ):

We trained the neural network on N = 2000 random points in Q, Njpt =100in  f Og
and Npoung = 200 in @Q We use the parameters = 3; = =3 and k = 4. This
data-set is then used to train a 5-layer deep neural network with 50 neurons per a
hidden layer. Figure [7] represent Magnetization component averages <mi >, <m, >,
<mgj >, < norm > and the Energy versus time. Through this gure, we nd that
the solution obtained realizes all the properties of the equation, the decreasing energy,
the conservation of the norm. Thus, we conclude that this method is e ective in solving
di erential equation ().
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Figure 7: Magnetization component averages < mi; >;< m » > < m 3 >;< norm > and
Energy versus time for =3, = =3andk =4.

4 Concluding Remarks

In this work, we proposed two essentially di erent approaches, but they are similar
in steps for solving di erential equation . The rst method is based on knowledge
of equation solutions at some random points of the eld Q. The second depends on
the knowledge of the solution at some random points of the elds f 0g and @Q
We obtain good results because we can nd a solution for the equation using the two
methods at each point of Q. Through these results, we conclude the following. The rst
method is ine ective because we often do not know the solution at some random points
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of Q, but they are good at identifying some variables in the di erential equation, for
example, looking for the correct PDEs, see [15], as we think, it will give good results
in an inverse source problem. For the PDEs to be well posed, it is necessary to give
the initial conditions and the conditions at the edge, which implies that it is possible
to nd the solutions of PDEs at random points of f 0g and @Q this makes the
second method more e ective and more realistic in solving di erential equations. In the
next works, we will apply a deep learning approach to solve the model of magnetization
dynamics with inertial e ects [8] and compare the results we will get with the results
obtained in [17]. Also, we will try to propose a new algorithm for solving PDE in high
dimension, by making an analogy between the backward stochastic di erential equations
and reinforcement learning with the gradient of the solution playing the role of the policy
function.
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Abstract: This paper deals with certain new fractional-order three-dimensional
chaotic systems. These autonomous systems are the fractional version of dynami-
cal systems introduced recently by Faghani et al. [6]. The feature property of these
systems is the presence of fractional order derivatives as well as equality of their
eigenvalues. Nu- merical investigations on the dynamics of these systems have been
carried out using a systematic computer search. Some simple fractional chaotic sys-
tems with identi- cal eigenvalues were obtained, and their dynamical properties have
been analyzed by means of the Lyapunov exponents.
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1 Introduction

Chaos systems have been receiving much attention from scientic community in the
study of dynamical systems due to their applications in ecology, engineering and secure
communications [3,20]. Since the publication of Lorenz’s seminal paper in 1963, there
is no theory that allows us to predict chaotic solutions.The relationship between chaotic
systems and their strange attractors is still unknown. Thanks to numerical simulations,
we have been studying chaos, it was the essential tool by which many works have been
done to study chaos in dynamical systems. Chaotic systems can be categorized as systems
with self-excited attractors and systems with hidden attractors. The basin of attraction

for the chaotic system with self-excited attractor intersects with an unstable equilibrium,
while the chaotic system with hidden attractors has a basin of attraction which does not
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intersect with the neighborhoods of the equilibrium. It is well known that if real parts
of all eigenvalues at the equilibrium point are negative, then there exist stable manifolds
in a small neighborhood of an equilibrium point, whereas the existence of a positive real
part in at least one eigenvalue of them shows the unstable manifolds.

Recently, fractional calculus, which is a mathematical topic whose history goes back
more than 300 years, has received a considerable attention. It has been found that
many systems can be described by fractional di erential equations. For instance, frac-
tional derivatives have been widely used in viscoelasticity, anomalous di usion phenom-
ena, electromagnetism, digital cryptography and many other phenomena [13, 15]. Some
fractional-order dynamical systems have been investigated since the seminal paper of
Grigorenko and Grigorenko [7], which demonstrated the existence of chaotic solutions in
the fractional-order Lorenz dynamical system, see [2,4/5!8/9,11,18,(19].

In 2011, Sprott presented criteria for proposing new systems with strange attractors.
To date, many new chaotic systems which satisfy Sprott’s criteria are proposed, among
which we cite chaotic systems without any equilibria, with a line, curve, and surface
equilibria [1,(10,12, 14].

Recently, Faghani et al. [6] de ned a new category of chaotic systems with identical
eigenvalues, proposed three general structures with special conditions and described their
chaotic attractors.

In this paper, we propose the fractional version of systems studied by Faghani et
al. [6]. These systems have the features of the presence of fractional derivatives and the
equality of eigenvalues. The paper is organized as follows. In Section 2, the fractional
systems are de ned with their conditions. From de ned systems, 14 simple chaotic ows
are proposed according to the initial conditions, parameters, and fractional orders. The
paper is concluded in Section 3.

2 Proposed Fractional Systems

First of all, we de ne the Caputo fractional derivative. The reader can refer to [13], for
more details.

Denition 2.1  The th-order Caputo fractional derivative of function f (t) with
respect tot and the terminal O is given by

Zt

df (t) 1 fm ()
D, f = = d;
ot dt ( m ) (t ) +1 m >
0
where m is an integer such thatm 1 <m; and is the well-kknown Gamma

function.

We consider now the fractional version of systems proposed in |[6] with the Caputo
fractional derivatives as follows:

D ix = v; 1)
D22y = gz

D %z = ayX+ apy+ azz+ ayx®+ agy? + agz? + ayxy + agXz + agyz + aso;

D tx = z; (2)
Dy = bx+ bz

D 3z = ayx+ ayy+ azz+ asx?+ asy? + agz® + ayxy + agxz + agyz + aio;
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D 'x = z; 3)

Dz = 2z vy

D %z = ayX+ apy+ azz+ ayx?+ asy? + agz? + ayxy + agXz + agyz + asp;
where D ' denotes the derivatives of order ; (0 < ; < 1;i = 1;3) in the sense of
Caputo, a;; i = 1;10, are the real parameters of the systems, andb(;b,) = ( 1;1) or
(b)) =(1; 1)

Our next step is to make the three eigenvalues equal, we do this by putting some
suitable conditions on systems parameters. The equilibrium points of the above systems
are calculated as follows:

D 1x =0,
D 2y =0,
D 2z=0.
For the system (1) and system (3), the equilibrium point is
p
o N (O ai  4as a0,
(X,y,Z)—(m,0,0),m— 2a4 )
ifay60and a2 4asa;p O
For the system (2), the equilibrium point is
a P a2 dasa |
. . — . 2 2 5410 , .
(x;y;z) 0; 28 ;0

foras 60 and a3 4asa;p O
The eigenvalues of the equilibrium points for the systems are determined by setting
the determinant of the matrix |  J to zero, whereJ is the Jacobien matrix de ned as

0 1
xfl(q) yfl(q) zfl(Q)

J=@ xf2(Q) ny(Q) 2f2(0) A;
fo(q) yf3(q) zf3(Q)

whereD ix; = fi (x;y;2); 1 0 3 (Xy;X2;X3)=(x;y;z)and q=(x ;y ;z ) is the
equilibrium point.
We obtain the characteristic equation for each equililﬂium point. For example, the

+ 2 A an
i ai das 410.0:0 s
234

characteristic equation for the equilibrium point

8 (ag+agm) 2 (az+aym) (ap+2am)=0;

where

p
a+ aZ dagap.
2a, '
Eigenvalues are solutions of the characteristic equation, if they are equal, we have iden-
tical eigenvalues. Under the following conditions, the eigenvalues are equal
p__ ! P
a+ aZ dagap ar+ ai 4dazap.

1
a= — a3zt a
2 3 3+ ag 22 7 22

m =

4
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and

1 P —
q 3 a+ af dajano.

22, (5)

In a similar manner, we found conditions for the second equilibrium point of Eq. (1)
and for the equilibrium points in the other structures in Egs. (2) and (3).

Under these conditions, we search for systems according to the fractional-order, pa-
rameters, and initial conditions which show chaotic dynamics.

So, using a systematic computer search, fourteen systems with chaotic dynamics were
found by combining the parametersa; through a;g, which satisfy the constraints in Eq.
(4)-(5) (and similar constraints for systems (2) and (3) ) on the fractional- orders and
initial conditions. The found simple chaotic systems are listed in Table 1 as=E; FE4.
The equilibriums of all these systems are at the origin. The system&E; FEg have
three zero eigenvalues, then the stability of the equilibrium point is not determined, while
the systemsFE o FE14 have positive identical eigenvalues, thus the equilibrium point is
unstable. The Lyapunov exponents of the systems are calculated by Wolf's method [17].
The chaotic solutions are determined by the positivity of at least one Lyapunov exponent,
which is the case in all systemd&~E; FEi4. Also, the Lyapunov exponents with respect
to time of some proposed systems are presented in Fig.1. Attractors projected onto the
xy plane for all proposed systems are shown in Fig. 2.

" —_ £ e S >
c 3 = < N
(= - 2 5 ¢ S

0] © O < = <] A

g 2 T 2 g 0 2

O L ol L - <

FE; D x=y 099 a=0:78 0 O 00103 4873
D wy=1z 0 O 00007 30:86
D 1z=x? y?+axz 0 0 166512 6352

FE, D x=y 098 a=0:78 0 O 00085 4873
Dwy=x z 0O O 0:0011 30:86
D 1z= x%+ay’+byz 0 O 169313 6352

FEs; D x= z 0:95 a=6 0 O 0:0207 2:64
D wy=x z b=9 0 O 0:0006 091
D 1z=x? y’+axz 0 O 0:8690 4:14

FE;, D x= z 0:9 a=6 0 O 0:0212 2:64
D wyy=x z b=9 0 O 0:0003 091
D 1z=x? y?+axz 0 O 1:0683 4:14

FEs D x=1z 0:9 a=0:3 0 O Q1450 3956
D1wy=z vy b= 15 0 O Q0002 2:85
D1z= y+z+ax? c=0:6 0O O 37:5602 41:22
+bxy + cxz

FEe D x=12z 0:8 a=0:3 0 O Q1914 3956
Dwy=zvy b= 15 0 O 0:0008 2:85
D1z= y+z+ax? c=0:6 0O O 44:2027 41:22
+bxy + cxz
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FE; D ix=1z 09 a= 04364 0 O 01812 3:87
Dwy=zy b=2 0O O 0:0010 0:7
D 1z= y+z+ ax? c= 07229 0 O 36:7658 231
+bxy + cxz
FEg D 1x=1z 085 a= 04364 0 O 01743 3.87
Dwy=z vy b=2 0 O 0:0009 0:7
D 1z= y+z+ax? c= 07229 0 O 41:3095 231
+bxy + cxz
FE9 D x= z 0:99 a=0:128 0 02 0:.0323 21:36
D y= x+z b=0:008 0 02 0:0001 1843
D tz=zax+by+cz c=0:6 0 G2 1:7123 11:03
+d x>+ ey’ + fzy d= 016
e=0:01
f=0:1
FEio D x= z 0:88 a=0:128 0 02 00538 21:36
D y= x+z b=0:008 0 02 00002 1843
D z=ax+by+cz c=0:6 0 02 2:5653 11.03
+d x?2+ ey’ + fzy d= 016
e=0:01
f=0:1
FEin D ix= z 0:99 a=0:544 0 04 01754 21:36
D ty= x+z b=0:64 0 Q4 0:1676 1843
D 1z=zax+by+cz c=1:2 0 04 1:0270 11:.03
+dx?+ey’+fzy d= 016
e=0:01
f=0:1
FEi2 D x= z 0:89 a=0:544 0 04 02714 21:36
D1y= x+z b=0:64 0 Q4 0:2575 1843
D tz=ax+by+cz c=1:2 0 04 1:5700 11:03
+dx?+ey’+fzy d= 016
e=0:01
f=0:1
FEi3 D ix= z 097 a=0:875 0O 05 01786 21:36
D y= x+z b=0:125 0 05 0:4383 1843
D 1z=zax+by+cz c=15 0 G5 1:0196 11:.03
+dx?+ey’+fzy d= 016
e=0:01
f=0:1
FEi s D x= z 0:99 a=0:875 0 05 01636 21:36
Dty= x+2z b=0:125 0 05 0:4013 1843
D z=ax+by+cz c=15 0 G5 0:9368 11:03
+dx?+ey’+fzy d= 016
e=0:01
f=0:1

Table 1 : Fourteen fractional-order three-dimensional chaotic systems with identical
eigenvalues.
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Figure 1 : Lyapunov Exponents of some systems in Table 1 with respect to time.
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Figure 2 : Attractors for 14 fractional-order systems in the xy-plane with initial conditions

given in Table 1.
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FE13 FE14

Figure 3 : Attractors for 14 fractional-order systems in the xy-plane with initial conditions
given in Table 1 (continued).

3 Conclusion

This paper introduces new fractional-order three-dimensional chaotic systems which have
identical eigenvalues as a particular property. Using an exhaustive computer search, we
proposed 14 fractional-order systems which show chaotic dynamics, where the origin was
the equilibrium of these systems. Eight of the proposed systems have zero identical
eigenvalues, while six of the other systems have three positive and equal eigenvalues.
For all fractional-order chaotic systems proposed, the attractors were projected onto the
xy-plane, and the Lyapunov exponents were calculated.
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Abstract:  Corona Virus Disease (Covid-19) has become the focus of world attention
because it attacked many people in the world and many people died. The e ect of
Covid-19 is not only on the health of people, it is negatively a ecting all aspects of
life including the social area, economy, sport, and tourism. Hotels and restaurants
that are an important part of the tourism industry have got a big negative impact
from Covid-19. Since this disease has spreaded in many countries including Indonesia,
the Indonesian goverment adopted regulations to close the hotels and restaurants to
prevent the spread of Covid-19. This research comes from the need to nd out the
estimated number of hotels and restaurants to be closed due to Covid-19. The estima-
tion method will involve the Backpropagation Neural Network. The backpropagation
Neural Network can make estimation of the number of closed hotels and restaurants
approaching the target. Simulations are applied by splitting the dataset into training
data (80%) and testing data (20%). From Backpropagation Neural Network simula-
tions, the Backpropagation Neural Network can make estimation of the number of
closed hotels and restaurants in training data with optimal RMSE being 9.2422 and
testing data with optimal RMSE being 8.9419.

Keywords:  backpropagation; neural network; estimation; Covid-19.
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1 Introduction

In early 2020, Corona Virus Disease (Covid-19) has become the focus of world attention
because it attacked many people in the world and many people died. This disease was
rstly found in China and then it spreaded worldwide, including Indonesia. Covid-19 is
the disease caused by the Corona virus resembling SARS so that it is named SARS-CoV?2.
The symptoms of this disease are fever, tiredness, dry cough, sore throat, di culty in
breathing or shortness of breath.

Because this disease has spreaded in many countries including Indonesia, the Indone-
sia goverments adopted regulations to close the hotels and restaurants to prevent the
spread of Covid-19. The tourism industry is the industry that has multiplier e ect in
a country or region. This industry is strongly a ected by Covid-19 and it will need
a long time to recover. Hotels are one of the biggest players in the tourism industry.
Many new hotels are built in tourism cities and metropolitan cities such as Jakarta and
Surabaya [1}2]. Jakarta is the city in Indonesia where the rst victim came and the city
with the most Covid-19 positive victims. Because of that, the estimation of the number
of closed hotels and restaurants in Jakarta is important to be done. In this research, the
estimation method will involve the Backpropagation Neural Network [3].

A neural network (NN) was introduced by McCulloch and Pitts in 1943. The NN work
resembles that of the human neuron system. The type of a Neural Network used in the
estimation process is Backpropagation. Backpropagation consists of forward propagation,
backward propagation, and updating weight matrices. In forward propagation, some
computations using an activation function start from the input, hidden layer, and output,
respectively. In backward propagation, error factor computations are applied from the
output, hidden layer, and input, respectively. After that, we update weight matrices [4}5].

In the previous research, forecasting methods for estimation have been applied by
exponential smooting [1], Kalman Filter on mobile robot trajectory [6|, Kalman Filter
Estimation [7], Autonomous Underwater Vehicle Optimization [8{L0] steam temperature
and water level estimation [11], stock price estimation|[12, 13], crude oil and pro tability
estimation [14{16], Blood Stock Estimation [17,18], arm robot motion estimation [19],
and fuzzy logic by Adaptive Neuro Fuzzy Inference System|[20]. Backpropagation has
been applied in weather prediction [[2, 211] with various types of data [22]. This algorithm
is applied in training data and testing data in a certain proportion. In this research, the
Backpropagation Neural Network will be used for estimating the number of closed hotels
and restaurants in Jakarta. In making estimation of the number of closed hotels and
restaurants using the Backpropagation Neural Network, some inputs are required such
as the number of positive victims in Jakarta, the number of recovered victims in Jakarta,
the number of dead victims in Jakarta, the number of positive victims in Indonesia, the
number of recovered victims in Indonesia, the number of dead victims in Indonesia, the
number of positive victims in the world, the number of recovered victims in the world,
and the number of dead victims in the world.

From Backpropagation Neural Network simulations, the Backpropagation Neural Net-
work can make estimation of the number of closed hotels and restaurants in training data
with optimal RMSE being 9.2422 and testing data with optimal RMSE being 8.9419. We
also repeat these simulations ve times.
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2 Literature Review

A Neural Network was introduced by Mc Culloch and Pitts in 1943. The behavior of a
Neural Network is as follows |[23]: (a) the signal is traveling between neurons through a
connector; (b) connectors have weight which will either increase or decrease the signal;
(c) To determine the output, a neuron uses an activation function applied in the sum of
inputs received.

In a Neural Network, an activation function is used for determining the output of a
neuron. The argument of an activation function is a linear combination of the input and
weight as in equation []]):

X X
net = xijwi; f(net) = f XiWi (2)
i i
The activation function used is continuous, di erentiable, and not descending function
[4]. In this research, the activation function applied is binary sigmoid with the range (0-1)
as in equation (3):

1 .
f(net)(1 f (net)): (2)

f (net)
f YAnet)

Backpropagation is a type of the Neural Network used in the estimation process.

1. Weight v;; connects inputx; to hidden layer z;. Weight wjx connects hidden layerz
to output yx. In Backpropagation, there are three phases of calculation such as forward
propagation, backward propagation, and update weight matrices|[4]. A backpropagation
model can be seen in Figuré]l.

Figure 1 : Backpropagation Neural Network Model.
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The algorithm of a Backpropagation Neural Network is as follows:

Initialization weight matrices V and W with random number between 0:5 to 0:5.
e=1
while(e max_epocl& & MSE  min _MSE)
for (d=1: datasize)

1. Each input receives a signal which continues to each hidden layer through forward
propagation in equation @) until equation (E} and backward propagation in equa-

tion (/) until equation ({1).

Forward Propagation

2. All outputs z;j =1;2;:::;p are calculated in the hidden layer in equation G).

X
znet = Vo +  XiVi; ®3)
i=1
3. Calculate all outputs y;k =1;2;:::;m, in equation (6).
X
ynety = Wg+ Zj Wik ; (5)
j=1
— — 1 .
Yo = f(y-net)= Tre vrerc (6)

Backward Propagation

4. Calculate the factor output based on the error in each outputyy;k =1;2;:::;m,
k= (te yf Ay-nety): (7

5. Calculate the weight update
Wik = kz; k=1;2:00m; ) =012, p: (8)

6. Calculate the factor hidden layer in equation ) based on the error in each
hidden layer z;;j =1;2;:::;p,

X
_net; = k Wik (9)
k=1
; = _netjf Yznet;): (10)
7. Calculate the weight update
Vi = X5 j=E120p0=0;1,2000: (11)

Update Weight Matrices
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8. Update the new weight matrices

Wik = Wik + Wik ; (12)
Vii =V + Vij (13)
end
Compute the root of mean square error (RMSE)
U
RMSE _t ;daxsize 1 (Tae  Yau)?: (14)
~ datasize e M de T/

where Ty is the target value and Yy is outputs.
e=ze+l
end

3 Result and Discussion

Datasets are taken from the report of closed hotels and restaurants from March 1, 2020
until April 30, 2020 (61 days), issued by the Indonesian Hotels and Restaurants As-
sociation, with the observed area of Jakarta as the rst city where Covid-19 was rst
discovered. These data will be estimated by the Backpropagation Neural Network.

In addition, there are the data of the number of Covid-19 victims (positive, recov-
ered, dead) in Jakarta from March 1, 2020 until April 30, 2020, obtained from the
o cial Covid-19 Jakarta website, the data of the number of Covid-19 victims (positive,
recovered, dead) in Indonesia from March 1, 2020 until April 30, 2020, obtained from
the Ministry of Health, Republic of Indonesia, and the data of the number of Covid-19
victims (positive, recovered, dead) in world from March 1, 2020 until April 30, 2020,
obtained from the Worldometer website. They will be used as inputs in the Backpropa-
gation Neural Network, where the output is the number of closed hotels and restaurants
in Jakarta from March 1, 2020 until April 30, 2020, as estimations.

3.1 Data Used

The graph of the number of closed hotels and restaurant from March 1, 2020 until April
30, 2020, in Jakarta can be seen in Figurg]2.

For estimating the number of closed hotels and restaurants by the Backpropagation
Neural Network, we need some inputs such as the number of positive victims in Jakarta,
the number of recovered victims in Jakarta, the number of dead victims in Jakarta, the
number of positive victims in Indonesia, the number of recovered victims in Indonesia,
the number of dead victims in Indonesia, the number of positive victims in the world, the
number of recovered victims in the world, and the number of dead victims in the world.

The graph of the number of Covid-19 victims in Jakarta from March 1, 2020 until
April 30, 2020, can be seen in Figurg]3. There are three parts of the graph with di erent
colors that are the number of positive victims, the number of recovered victims, and the
number of dead victims.

The graph of the number of Covid-19 victims in Indonesia from March 1, 2020 until
April 30, 2020, can be seen in Figurgl4. There are three parts of the graph with di erent
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Figure 2 : The number of closed hotels and restaurants.
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Figure 3 : The number of Covid-19 victims in Jakarta.

colors that are the number of positive victims, the number of recovered victims, and the
number of dead victims.

The graph of the number of Covid-19 victims in the world from March 1, 2020 until
April 30, 2020, can be seen in Figurg]5. There are three parts of the graph with di erent
colors that are the number of positive victims, the number of recovered victims, and the
number of dead victims.
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Figure 4 : The number of Covid-19 victims in Indonesia.
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Figure 5 : The number of Covid-19 victims in the world.

3.2 Estimation Results

Before applying the estimation process, we need to split the data into training data and
testing data. The data partition used is as follows: for training data, the data used

have the proportion of 80% of all data, while for testing data, the data used have the
remaining proportion (20% of all data). Figure E‘)] shows the data partition, where the

red plus marks represent the distribution of testing data, and the blue ones represent
training data.

The parameters used in the Backpropagation Neural Network simulation are:
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the number of closed hotel

Figure 6 : Data partition into training data (blue) and testing data (red).

Learning rate : 0.2.

The number of hidden layer : 2.

Maximum epoch : 1000.

The model of backpropagation : 9 (input) { 10 (hidden layer 1) { 10 (hidden layer 2) {
1 (output).

The simulation of the Backpropagation Neural Network can be seen in Figure§],]8
and[9 below. First, initialize the weight matrices and apply to training data using the
Backpropagation Neural Network until the maximum epoch, the convergence process
can be seen in Figuré¢ 7. It can be seen in the early epoch, the RMSE resulted is quite
large. In the optimization, the RMSE is decreased and converged. Figurg]8 shows the
comparison and error between the target and output. From the training process until
1000 epochs, optimal weight matrices are obtained. Then, the optimal weight matrices
are applied to testing data. Figure[d shows simulation for testing data.

40

30 )

20+ 1

RMSE

10+ -

0 1 Il 1 1 1 1 1 1 L
0 100 200 300 400 500 600 VOO 8OO 900 1000
epoch

Figure 7 : Convergence Process of the Backpropagation Neural Network.

From the simulation, we obtain the estimation with the root of mean square error
(RMSE) in equation ([L4) as follows:
Training data : 9.2422.
Testing data : 8.9419.
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Figure 8 : Estimation result for training data.
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Figure 9 : Estimation result for testing data.

We repeat the simulations ve times using di erent initial weights and the results are
given in Table [1.

Number | Max epoch | RMSE for training data | RMSE for testing data
1 1000 9.5604 9.3628
2 1000 9.0513 8.7649
3 1000 9.0156 8.8002
4 1000 9.1428 8.9463
5 1000 8.9626 8.6265

Table 1 : The root of mean square error (RMSE) in the Backpropagation Neural Network with
ve times trials.

4 Conclusion

The corona Virus (Covid-19) has been negatively a ecting the hotels and restaurants
businesses. Hotels and restaurants have become a primary need of the business people,
especially in a big city like Jakarta. The closed hotels and restaurants due to Covid-
19 are also aecting the tax income of the government as well as the income of the
suppliers. In making estimation of the number of closed hotels and restaurants using
the Backpropagation Neural Network, some inputs are required, such as the number of
positive victims in Jakarta, the number of recovered victims in Jakarta, the number of
dead victims in Jakarta, the number of positive victims in Indonesia, the number of
recovered victims in Indonesia, the number of dead victims in Indonesia, the number



466 F.A. SUSANTO, M.Y. ANSHORI, D. RAHMALIA, et al.

of positive victims in the world, the number of recovered victims in the world, and the
number of dead victims in the world.

The Backpropagation Neural Network can make estimation of the number of closed
hotels and restaurants approaching the target. Simulations are applied by splitting the
dataset into training data (80%) and testing data (20%). From Backpropagation Neural
Network simulations, the Backpropagation Neural Network can make estimation of the
number of closed hotels and restaurants in training data with optimal RMSE being 9.2422
and testing data with optimal RMSE being 8.9419.

The developments of this research are making estimation and classi cation of the
results by data mining and machine learning techniques.
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Abstract: Based on the Lyapunov approach as well as on the properties of the
Caputo h-di erence operator, a one-dimensional linear control law is intoduced to

stabilize the chaotic fractional discrete-time Ushio system. Numerical results are

presented throughout the paper to illustrate the ndings.
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1 Introduction

Fractional discrete calculus is a very interesting topic in mathematics with several po-
tential applications in many elds [1]. Namely, since fractional discrete operators are
non local, they are suitable for constructing models characterized by memory e ect [2].
This is the reason why fractional-order di erence systems, when describing engineer-
ing phenomena over large periods of time, perform better with respect to integer-order
discrete-time systems|[3]. Recently, attention has been focused on the presence of chaotic
phenomena in fractional-order systems, described by di erence equations||4, 5].

One of the important aspects in the study of chaotic systems is the development of
control strategies to achieve stabilization. The aim of stabilizing chaotic systems is to
derive one-dimensional control law such that both of the map trajectories are controlled
to zero asymptotically. Recently, the topic of stabilization of fractional discrete chaotic
systems started to attract increasing attention [6{10].

This study presents a novel contribution to the topic of stabilization of chaos in Ca-
puto h-di erence chaotic systems. After investigating the existence of chaotic behaviors
in the fractional Ushio system, a linear scheme is introduced to control the fractional
Ushio system.
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2 The Fractional Chaotic Ushio System

Referring to the discrete-time Ushio system, it was introduced in{[11]. Herein, by exploit-
ing the Caputo h-di erence operator, the following fractional Ushio system is proposed:

RoaXx(M=(d x(t+h) x3(t+h)+y(t+h); (1)
Foay(©=05x(t+h) y(+h);

where ¢ denotes the Caputo h-di erence operator, 0 1, t 2 (hN) ,

h a at(l )h

(hN)a+(1 )h = fa+(1 Yh;a+ (2 ) h;:::g; ais the starting point and d is a system
parameter.
The Caputo h-di erence operator & ,X (t) of a function X (t) [12] is de ned as
FoaX®= XM t2(WN)ayn s )
where X ()= 20D XM n = g e+1, and the -th order h{sum [13] is given by

t

h
na XM=y (sh)® Dx(sh); (shy=(s+1)h;a2 R;t2 (hN),, | ;
s= &

3)

where the h{falling factorial function is de ned as

Lty
t{)=h —" ;2R (4)
F+l

Now, according to [14], the equivalent implicit discrete formula can be written in the

form
8 P i+ _ . _
<x(n+1)= xO)+ {5 o b (d DxG+1) xE(+1)+ y( +1);
; _ h Pon (it ) gy i :
yin+1)= yO) + 75 j=0 v O5x(+1) y( +1); o
5
where x(0), y(0) are the initial states. Here, the implicit system given in () is em-
ployed to explore the chaotic behavior of the Ushio system in its fractional order. When
(x(0);y(0)) =(0:1; 0:3)) and d = 1:9, then the fractional-order Ushio system will show
chaotic behaviour. Figure[d, however, shows the chaotic attractor obtained by simulat-
ing the system (8) with the predictor-corrector method, along with the Largest Lyapunov
Exponents (LLEs) and the bifurcation diagram that are obtained.

3 Chaos Stabilization Scheme

This section intends to prove a novel result established for stabilizing the dynamics of
the fractional Ushiou system at zero through establishing a linear control law. When we
refer to stablization, what we are talking about is adding a new time varying parameter
C (t) to one of the system’s states and nding a closed form adaptive formula for these
parameters to force the system states to zero in su cient time. Before stating the
proposed control law and establishing its stability, it is important to state the following
theorem, which is essential for our proof. Interested readers are referred to [15] for the
proof of this result.
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(a) (b)

Moz

Figure 1 : (a) Phase portrait of the Ushio system for =0:95 and d = 19, b) The bifurcation
diagram versus d, (c) the largest Lyapunov exponents corresponding to (b).

Theorem 3.1 Let x =0 be an equilibrium point of the nonlinear discrete fractional
system

FoaX(®=f@t+ hX (t+ h); t(N)yg jn (6)

If there exists a positive de nite and decrescent scalar functionV (t; X (t)), such that

AV (X (1) 0, then the equilibrium point is asymptotically stable.

In the following, a useful inequality for Lyapunov functions is introduced.

Lemma 3.1 [15] For any discrete time t 2 (hN)

at@  )h o the following inequality
holds:

S X2(t) 2X(t+ h)p X (t); 0< 1: (7)

Theorem 3.2 The two-dimesional fractional Ushio system can be stabilized under
the one{dimensional control law

CM= dx(t) LSY®: t2(N)py ®)

Proof. The controlled fractional Ushio system involves the time{varying control
parameter C (t) and is given by
FoaXx(®=(d Lx(t+h) x3(t+h)+y(t+h)+C(t+h); ©)
Foay(®=0:5x(t+h) y(t+h);
wheret 2 (hN)a+(1 ) Substituting the proposed control law @ into (@ yields the
simpli ed dynamics
€ x(t)y= x(t+h) x3t+h) O05y(t+h);

: (10)
C y(t)=0:5Bx(t+h) y(t+h):
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Now, we should prove that the trivial solution of (@ is globally asymptotically stable.
If so, we will deduce immediately that all the states of the controlled system given in
(@ will de nitely converge towards zero. Actually, this task can be performed using
the Lyapunov method that was summarized earlier by Theorem 3.1. To see this, the
following Lyapunov function has to be considered:

V(x(t);y (1) = % X2+ y2 (1) 5 t2(WN)yq (11)

Consequently, applying the fractional Caputo h-di erence operator to ( leads us to
the following assertion:

FoaVx@iym)= 5§ XPM+F 2y () (12)

Using Lemma 1 yields
§ AV (x(®:y () X(t+ h)g X+ yt+ h)F Ly()
x2(t+h ) x*@t+h) O5x(t+ h)y(t+h)
+0:5y(t+h )x(t+h ) y2(t+h)
X2(t+h )+ x*(t+h )+ y?(t+h)

NI =

< 0

This means that an e cient stabilization for all states of system (L] occurs at the origin
when using the linear control law @).

For the purpose of con rming the validity of the established controller, the phase-
space and the evolution of all states of the controlled systenﬂQ) are plotted as shown in
Figure [J. Such plots clearly show a stabilization at zero occurs for all chaotic dynamics
of the fractional Ushio system given in []) when using the linear control law given in [(8).

(a) (b)

x(n) _ vin)

Figure 2 : Stabilization of all states of the fractional chaotic Ushio system ( by using the
control law (8] with  =0:95 andd =1:9:

4 Conclusion

This work has made a contribution to this research eld by proposing simple linear control
laws for stabilizing the dynamics of some types of those fractional maps which have been
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established in view of the Caputoh-di erence operator. The objective has been achieved
by proving a new theorem based on assuming suitable Lyapunov functions. Since the
designed control law is one-dimensional and linear, it is inexpensive and easy to imple-
ment. Finally, simulation ndings have been implemented with the aim of highlighting
the validity of all proposed control schemes.
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