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Abstract: In this paper, we study a model of dynamic von Karman equation coupled
to the thermoelastic equation, with rotational forces and not clamped boundary con-
ditions. Our fundamental goal is to establish the existence as well as the uniqueness
of a weak solution for the so-called global energy. In the end, we display a numerical
simulation.
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1 Introduction

In nonlinear oscillation of elastic plates, a dynamic von Karman equation with rotational
forces, (o > 0) [1], describes the buckling and flexible phenomenon of small nonlinear
vibration of vertical displacement to the elastic plates. In nonlinear thermoelastic plate
interaction, we study in this paper the case when the plate is coupled with thermal
dissipation. From physical point of view, the main peculiarities of the model are the
possibility of large deflections of the plate and small changes of the temperature near the
reference temperature of the plate. As is well-known, the model with clamped boundary
conditions, taking and not taking into account the rotational terms, for displacement u,
the Airy stress function ¢ and the thermal function 6, can be formulated by the following
system, see for instance [1].
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Find (u, ¢,6) € (L*([0,T], (H3(w))?) x H}(w) such that

g — aAugy + A%+ pAb — (¢ + Fo,u) = p(z)  in w x [0,T],
kb; —nAO — pAuy =0 mn wx[0,T],
(Po) § Uy = o, (Ut)),_y = ul, 0),_, = bo m w,
u=0,u=0 on T'x[0,T],
=0 on T,
and
A%+ [u,u] =0 in wx[0,T],
Q)
=0, 0,0=0 on T x[0,77,
where w is the surface plate, ug, u; and 6, are the initial data and [.,.] is the so-called
Monge-Ampere operator defined by [2]
(6, u] = 0110D22u + O11uD22¢ — 2012001 2u. (1)

The parameters p, n are positive and «, k are non negative. The case o > 0 corre-
sponds to the equation with rotational term. But the parameter k has the meaning of
heat /thermal capacity. Now, in the case k = 0 and o = 0, the model (Py) without rota-
tional inertia can be decoupled, if we substitute Af from the second equation, the first
equation becomes just a model of dynamic von Karman equations with internal viscous
damping [1].

The plate is subjected to the internal force Fj and external force pg. In [1], Chueshov
and Lasiecka studied the problem of structural interaction coupled with the von Karman
evolution and established the theoretical result for a strong, generalized and weak solution
by using the theory of nonlinear semi-group, if one chooses 0 < a<land 0 <k <1. To
justify the uniqueness, the authors used the limit definition of a generalized solution along
weak continuity of the nonlinear terms involving the Airy stress function and known Lip
continuity of the von Karman bracket with the Airy stress function.

The aim of this paper is to give a condition verified by the external, internal loads
and the initial datums to have a unique weak solution of the von Karman evolution with
rotational terms and not clamped boundary conditions subject to thermal dissipation
and for all @« > 0, £ > 0 and 0 < p < 7. Our approach is based on an iterative problem
(Py)n>0 whose sequence-solution (ty,, ¢n, 0 )n>0 converges to the unique solution of the
problem under consideration.

This paper is organized as follows. Section 2 is devoted to the description of the
mathematical structure of the model. In Section 3, we use the iterative method for
establishing the uniqueness of weak solution of the associated dynamical plates with
rotational terms, subject to thermal dissipation. In Section 3, we describe the numerical
test.

2 Preliminary Results and Needed Tools

Throughout the following consideration, w denotes a nonempty bounded domain in R?,
with the regular boundary I' = 0w and a > 0, k > 0, 0 < p < 7 are the reals.
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Let p > 1 be a real number and m > 1 be an integer. We denote by |.|,., the classical
norm of LP(w) and by ||.||m.. that of H™(w). For u € H*(w), we set |lu| = |Aula,, for
the sake of simplicity. We also set

W(0,T) = {u, ue L*([0,T],H§(w)),us € L*([0,T], L*(w))},

which is a Hilbert space with the associated norm

1/2
(|u|i2([o,T],Hg(w)) + |ut|2L2([o,T},L2(w))) / :
In this paper, for the sake of simplicity, we denote
el = llell® + @[Vl , + s, - (2)
We recall the following result [3}/4].
Theorem 2.1 Let f € L?(w). Then the following problem:

Av=1f in w,

v =0 on T,
has one and only one solution v € HZ(w) N H*(w) satisfying
[oll < colfly,
for some constant co > 0 depending only on mes(w).
The following remark is of interest.

Remark 2.1 If the function f is in L2([0,7],L*(w)), then the unique solution of
the last problem is in L?( [0,7], H3(w) N H*(w)).

We also need to recall the following result [4}[5].

Theorem 2.2 Let g € L2( [0,T] ,LQ(w)), up € L*(w) and k, n, p are non negative
reals. Then the following problem :

kuy —nAu=pg in wx|[0,T],
(D) Uj,_o = Up mow,
u=0 on T'x[0,T7],

has one and only one solution v € C([0,T]; H*(w) N H}(w)) NC*([0,T]; L?(w)).

Proposition 2.1 Under the assumptions of Theorem[2.9 and if we choose g = —Af,
then the unique solution of the problem (D) satisfies the following inequality:

t t
VO<t<T, kluf2, 47 / V2, < kluolZ, + / VIR, (3)
0 0

where f € H*(w), k>0 and 0 < pu <.
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Proof. Since u is a solution of the problem (D), we have

k d

2 2 1 2 1 2
sl nlvul, = [gu= [ —apu= [ Vrvu< 398, + 5 1vud,.

Now, if we integrate the latter inequality with respect to ¢ > 0, we then deduce, by using
the fact that (u)|,_, = uo in w,

[t=0

k2 ‘ 2 k 2 I ¢ 2 H ‘ 2
Slulotn [ Vol < St + b [ 198+ [ vad,
0 0 0

we have that 0 < p <7, then we conclude that

¢ ¢
2 2 2 2
k‘“|2,w+77/ ‘Vu‘z,w < k‘UO‘z,w“‘M/ |Vf|2,w'
0 0
The following theorem is of interest, see [1].

Theorem 2.3 Assume that for f € L*(w), a > 0 and (ug,u') € HZ(w) x HE(w), the
problem
(1 — al)uy + A%u = f in wx][0,T],

(S) u=0,u=0 on T x[0,T],

— _ 1 .
U~y = U0, (ut)h:o =u m w,

has a unique solution (u,us) € C([0,T ], H3(w) x H}(w)), and the energy equality

Eo(u,ut) = Eo(umul) _|_/O / fut

holds, here
Eo(ug,u') =

N | =

2 2
/(H’U’OH;W + |u1‘2,w +a ’vuwlw)'
Now, let us put
Fi(u,0) = [¢+ Fo,u]. @

Before giving our main result, we now state the following results.

Proposition 2.2 Let (u,v) € (HZ(w))? and Fy € H*(w) be with small norms. Let
¢, € HZ(w) be the solutions of the following two problems:

A% = —[u,u] and A%p = —[v,v].

Then the following estimations:

[u, ¢] = [v, ]|, < cillu—]

B

and
1F1(u, @) = Fr(v, @)l (L2 (wyys < 1 llu—
hold for some 0 < c¢; < 1.
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Proof. Following [1], we have
[ 6] = 0,61 |, < eo(llul
2w
for some ¢y > 0. Let ¢ > 0 be small enough such that ||u|| < ¢ and ||v]| < c¢. We have

| 1w 6] =[] | < 20 fu—vo]

s

and so

IFi(,9) = B0, 0l oy < | 16+ Fooul = o+ Fov]|

W

<| )= lowl|, +|Fou—vl|, .

2w

< (2c0¢® +4 || Folly, ) llu—v.

! L—4|Folly,,
Pl < md0<c<¢&b7

0<c = 26002 +4 ||F0||47w <1,

If we choose

we have

we then conclude the proof. The following proposition is of interest.

Proposition 2.3 Let f € L*([0,T],L*(w)), 6o € H}(w) and (ug,u') € HE(w) x
HY(w). The following problem :

(W) — aA(u)y + A%u+ pAf = f in wxI[0,7T],

kb, — nAf = pAuy, in wx[0,7T],
(S1)

u=0,u=60=0 on T x[0,T],

(U)|t=o = Uo, (Ut)h:o = Ul’ (9)|t=0 =0y in w,

has one and only one solution (u,0) € L*([0,T],H3(w) x H}(w)) and u, €
L2([0,T ], H}(w)) satisfies

t T
2 2
July + k108 +20 [ 1908 < e (ol + a|Val; + ol [3, + Koo+ [ 1BL). )

Proof. For establishing the existence and uniqueness of solution of the problem under
consideration, we will study the problem (S); by considering the n-order approximate
solution and we use the variational problem.

Let { ex, e}, } be a basis in the space Hg(w) x H}(w). We define an n-order Galerkin
approximate solution to the problem (S); with clamped boundary conditions on the
interval [ 0,T ], as a function (u™(t),0™(t)) of the form, see for instance [1,6],

u” = th(t)ek and 0" = Zlk(t)e}€ n=123,..,
k=1 k=1
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where (hi(t),lx(t)) € W21°°(0,T,IR) x WHT°(0,T,IR) and ¢" is determined by u"
according to the problem (Q) and (ung, 0n0), un1 are chosen such that (u,g, 0,0) converges
to (ug, ) in L%([0,T], HZ(w) x H}(w)) and u,; converges to u' in L2([0,T], H (w)).
Let the variational problem of (S); be

/uttut +a/VuttVut /Au"Auf+,u/A9”u?:/fu?
/0?9"—7]/(V€")2 zu/ Aug ™.

Since (uy,0") € Hg(w) x Hj(w) and [ A6™uf = [ 0"Auj, we have

and

ld n n n
i (B + 1P+ a9 )+ [ 0oy = [ pug.

and

oy "+ 0V = [ ama.

Hence

d n n n n n
i (8 B 1P 0V )+ 510" B o+ VOB = [ g

Now, if we integrate the latter inequality with respect to ¢ > 0, with and by using

the fact that Uji_g = Uno, (uf)jt=0 = un1 and 9|t o = Ono, we deduce that

t
Sl 0B [ 190" = S B+ Vun B + ol + 100+ [ [

And for all 0 < s < ¢,
2 ! 2 2 2 2 2 r 2
||un||a+k|9n|2,w+2n/ |V9n|27w < ‘un1|2,w+a|vun1|2,w+”un0H +k ‘9n0|2,w+/ ‘f|2,w
0 0

t s
[ (el koo [ 1veBL) @
0 0

For any 0 < s < t, we put
n 2 *opn2
1) = "l + 107+ 20 1907
The inequality @ yields

s T
e (16)~ [ 10)a0) < e (Juml3o+a [ Vun b+ funal + kiouol3 + [ 175 )
0 0

Now, we have
4 (e_s I I(a)da> =e*I(s)—e* [ I(o)do =e* (I(s) - I(a)da),

— 2 2 2 2 T 2
e (T3 + @ [Vum 3 o + llunoll® + K [0uol3  + o 1715 ),
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and

T T
2 2 2 2 2 2
a2, + 0 [t 2, + lanoll? + & o2, + / 12, = 1(0) + / I

does not depend on s, then

t d s t
[ 5 [ 1@do)as < ([ e i)l + alVumlie + funal® + k16l .
o @s 0 0

+ [ k)

from which we deduce

t T
eft/ I(o)do < (1 — e*t)<|un1|§7w + |Vun1|;w + [Junol® + & |9n0‘§,w +/ |f|§w)
0 0

Since . . .
/ (lanl, + E[0"2, + 20 / von2,) = / I(0)do,
0 0 0

it follows that

-t
(a-e) (|un1|§’w + o [Vun

fot I(o)do

IN

2 2 2 T 2

2 o lunoll® + K [Bol2, + Jif 112, ),
T

< (et = 1) (unt o, + @ [ Va3 + linol® + E 100l + fo 175 )

< (€ = ) Jum 3, + 0 [V 3, + lwnol* + k10n0l3,, + Jy 1515, ):
This, with (6, yields
lunll + k1073, + 20 f3 19073, < (lunal3, + a|Vunal3, + lunol® + k10nol3 , + fo' 1713,
+(eT = 1) (lun1l3, + & |Vunal3, + lunol® + K 10nol3 o, + fo 17130,

T
< T (funtl3 o + @ [Vun1l3 o + lunol® + kl0nol3 o, + Jo 113, )-

This estimate implies that there exists a subsequence (u™, ™) such that
(u™,0™) — (u,0) weakly in HZ(w) x L*(w)) and ((u™);, V™) — ((u)s, VO) weakly in
H}(w) x L*(w).

For showing that (u, 6) is a weak solution of the problem (S);, we use the same method
as in [6]. Let ¢; € C*(0,T), 1 < j < jo, such that ¢;(T) = 0 and

Jo Jo
V=) ¢i®e p=) ¢;®e
=1 =1

After the variational problem, we have

T T T T
—/ /u;‘lwt+a/ /vugﬂwt+p/ /venlvw+/ /Au”lmp
0 w 0 w 0 w 0 w
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:/[)T/Uwa—/uunll¢(O)—a/quanl/)(O) (7)

T
f/ (/ Onl<;0t+77/ VG”leofu/ Vu"leot) =7/ 9nzo<p(0)+u/ Vuni1Ve(0).  (8)
0 w w w w

w

and

Now, we can pass to the limit nl — 4oo0, in and (8), we find that for all
¢ € L*[0,T],H§(w)), ¢ € L*([0,T],H'(w)), ¢ € L*([0,T],Hj(w)) and ¢; €
L2([0,T], L*(w)) such that ¢(T) = »(T) = 0. We deduce that

- Lwera [ [wuwicen [ [wowe [ f s
:/OT/wfw_/wulzp(o)—a/qulvw(O)

_/()T(/wecpt—i-n/u)V@ch—u/quV%) :_/w%(p(o)+“/wvulv"0(0)'

This shows that (u,6) is a weak solution of the problem (S);, by the some method as in
the last proof, we deduce the following inequality:

and

2 T 2
2 4 / ).

For the uniqueness, let (u1,6;) and (ug,602) be two solutions. We use a similar proof
as that of inequality , for the solution (u; — ug, 81 — 602) of the following problem:

t
2 2 2 2 2
||U|\a+k|9|z,w+277/0 Vol;,, < GT(|U1|2)W+Q|Vu1|27w+||uo|| +k 6o

(1 — aA)(uy — ug)y + A%(ug —ug) + pAl; —6) =0  in wx[0,7T],
k‘(01 — eg)t — 77A(91 — 92) = uA(ul - UQ)t mn w X [O,T] s

91792:U17’UJ2:8U(U17U2):0 on FX[O,T},

(u1 —u2)j,_o =0, ((u1 —u2)t)|,., =0,(01 —02),_, =0 in w,

it follows that
t
2
lur — usll, + k|61 — 62|53, + 21 / V(01— 02)]5, < €T (|(ur)" — (ua2)'],
; ,

() — (uz)oll® +a [V((ur) = ()5, + k1020 — (O2)ol2,).

Then u; = us and 6; = #3. The proof of the proposition is completed.

3 Iterative Approach: The Main Results

For establishing the existence and uniqueness of solution of the problem (Py) in the case
of rotational terms a > 0, we use the following iterative approach.
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Let n > 2 and let 0 # u; € HZ(w) be given. We first find ¢,,_1 € H3(w) as the
solution of the equation A%¢, 1 = — [un_1,un_1] and (un,0,) as the solution of the
following problem:

(un)tt - aA(un)tt + Azun - F(Un71,¢n7179n) m w X [OvT] )
k(0n): — nA6, = uA(un): n wx[0,7T],
(Py)
Up = Oy =0, =0 on T x[0,T],
(Un),—o = U0, (Un)e)],—g = u"s (0n)},_, = o in w,
where

F(u7¢a9) = Fl(u7¢) _MA9+pa

and F} is defined by .
We are now in a position to state our main result of this section.

Theorem 3.1 Let p € L*(w), (ug,u') € H(w) x Hi(w) and Oy € H}(w). Assume
that all the following quantities:

2 2 2 2
1Folly s [Pl luoll® + [ul[5, + o[ Vull, and [0,

are small with 0 < p < 7. Then the problem (Py) with rotational forces has one and
only one weak solution (u,¢,0) in L?([0,T], H3(w) x HE(w) x Hj(w)) such that u; €
L*([0,T), Hg(w)) and uy € L*([0,T], L*(w)).

Proof. We divide the proof into four steps.
Step 1: Let us consider the problem (IP,,), where 0 # u; does not depend on ¢.
Throughout this proof, we use the notation

t
1w O)I1, = llull, + k1612, + 21 / w2,

where ||.||, is defined by (2)). According to Proposition 2.2 and Theorem [2.1] there exists
a constant ¢o > 0. Now, for || Fof,,, < 1, we can choose ¢ := c(|[Folly,, > co, T') > 0 such

that
1—4|Folly,,
0<dcpe< 1, 0<ec< e and |[juifl,y, <c <1
Co ’

By a mathematical induction on n > 1, we will prove that the following two inequalities:
2 2 2 2
lullg = llunll”™ + alV(un)dly, + [(un)ils < lurllz,, and flonlly,, < lluall,
hold for all n > 1 and any 0 < ¢ < T. For n = 1, we have
2 2 2
utlly = lluall™ + [(ua)elz, = llurllz,

since u; does not depend on t. Otherwise, for ¢; being the solution of the problem
A%¢y = —[uy,uy |, Theorem ensures that there exists cg > 0 such that

D1l < o[ ur,un ]l s
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using the proof of Proposition with [lully,, < ¢ and 0 < 4cpe < 1, we can deduce
that
2
H¢1H2,w S 400 Hu1H2,w S 4COC||U1H2,W S ||u1||2,w :

The desired inequalities are true for n = 1.
Suppose that for K =2,...,n and 0 <t < T, we have

2
lurlly < llurllz,, and [[drlly e < llually, -
According to Proposition [2.2] and Theorem we have
16nllo. < colluns tn ]Iy, < 4eo [lunl® < deoelunll < e lfunl]-

Since up+1 is a solution of (P,4+1), Proposition Proposition and Theorem [2.1
imply that there exists 0 < ¢; = 2¢oc? + 4 [ Foll4,, <1 such that

2 2 2 2 T
(s, Oni1)ll, < €7 luoll® + o [Vul [, +Eboly, + [u' 5, + Jo (IF1(ns $0)ll (1202
2 2 2 2 T 2
+2)* < €7 (luol* +a [Vul [y, + k160f3, + [t +2 Jy (1Fs (s )52y

2 2 2 2 2 T 2 2
1o ) < P luoll® + o[V fs |+ 100l + [l 5, +2 i & llunll® + 27 o3,

< e (fuoll* + o |Vl s, + |5 + K00l +2 fy e llunll® + 27 |pl3 ),

< e (fuol* + o |Vl +ul]s 4 k10013, + 2 fy cr(lunl® +2T|pl3,),

< e (luoll* + o |Vl s +[ul]5, + Klfol3,, + 2T [[ul]]5, +2T |pl3 ).
If we choose ¢ > 0 sufficiently small, then 0 < ¢; < 1, 0 < ¢p := 2eT¢; < 1, and we have
1, Ong)l. < € (fuol® + o[ Va5 + [ul |5 +k160[3, + 2T [pl3,,) + e w3,
and we can choose

2 2 2 2 2 (1—c2)
lluo|l* + a |Vu1’27w + ’“1|2,w +2T |pl;,, + K 10ol5,, < — |

2
|U1 ||2,w .
‘We have

2 2 2
[untilla = lluntall” + @[V (uni1)ily o, + [(Uni1)ily o < l(unta; Onia)l,

and
||¢n||2w <a ||Un||2w < ||u1||2,w'

It follows that

2 2 2 2 2 2
||un+1||a S eT(HuO” +a |V’u‘1|2,w + |’U,1|27w + k |00‘2,w + 2T |p|2,w> +c2 ||u1H2,w ’

1— 2 2 ;
< T U ull3 , + 2l = Nl -
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Further, we have
[Pn+1llaw < coll Unt1s unt ]|,

which, with [lu1]], , < ¢ and 0 < 4coe < 1, immediately yields
2 2
[ént1llg, < 4co lunall” < deo fJully,, < dcocurlly,, < llullyy, -
Summarizing, we have proved that, for all n > 1 and any V0 < ¢ < T, we have

2
lunlly < lluallz,, and (nlly, < [lullyy, -
Moreover, we have
2 k 2 2
B10ul3+ 20 [ 1900 <m0, <
Step 2: For n > 2, let uy,, 6, be the solution of (P,).

Let 2 < m < n, then it is easy to see that 6,, — 0,, and u,, — u,, are solutions of the
following problem:

(1= ad)(un = um)i + A2 (un — tm) + pA(On — Om) = Fi (un—1, ¢n-1)

—Fi(um—1, pm-1) in wx[0,T],
k((0n)t — (6m)t) = nA(On — Om) = pA((un)r — (un)t) in wx[0,77],
Un — Um = O — O = By (Un — tum) = 0 on T x[0,T],
(un —um),_y = ((un)t = (Um)t)|,_o = ((On)t = (Om)¢),_, =0 in w.

According to Proposition [2.2] and Theorem [2.1] we deduce, for all 0 < ¢ < T,
1(@n—1 = ¢m-1)lla,, < 4cocftin-1 — tm—1]l.
Using Proposition and Proposition again we have, with 0 < ¢z = Tel¢; < 1,

T
||(Un — Um, gn - om)H* § eT fO |F1(un—1> (ybn—l) - Fl(um—la ¢M—1)|?L2(w))2 9

<eT [ e un—1 — uml-
It follows that

[t =0l < €3 fy l(Un—1 — wm—1,0n-1 — Om—1)|.,
< (e3)™ 2 fy o Jy (Mttn-msz = 01,02 = 01,
< (es)™ 2 [ fy SR )k Sy e Sy Nz —urf2—01)]],
m—2 [t n m+1 k
< (e3) fo fo (e3) fo fo (H u2792

(001 ) < (o)™ 2 SR e T) (23,
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and
T e
Jo N =ty 0 = 0)[1 < TesT)™ =2 3025 (esT)R(2 [ [f3.,)-
And so we have
pn — ¢m||27w < deoc ||un — um|| -

The sequence (U, dn—1)n>2 is a Cauchy sequence in H(w) x HZ(w) and (up)n>2
is also a Cauchy sequence in W(0,T). It follows that (u,,¢,—1) converges to
(u,¢) in HE(w) x HZ(w), (un); converges to (u); in L?(w) and V(uy,); converges to
Vug in L?(w). We then have A% (u,,, ¢,,—1) weakly converges to A%(u, ¢) in L?(w) x L?(w).

Step 3: Using the inequality 7 we have

t t
Blons = Ol + 0 [ 1900s =00 < 0 (Vs = il
0 0

We deduce that 6, is a Cauchy sequence in L?([0,T], H}(w)), then 6,, converges to 6 in
L3([0,T], H}(w)). By Proposition we have Fy(up—1,dn—1) converges to Fi(u,d) in
(L?(w))?.
Since the operator "trace” is continuous, for all n >
(auunvaud)nfl) (0 0) and so (u ¢)F = (a u aud)) ( 0)
Thanks to Theorem [2.3 -, we have (un,(un):) € C([0,

2, we have (Up,dn_1)r =

T), Hy(w) x Hi(w)) with
(un),o = w0, ((un)i),_y = w1, which implies that (u),_, = uo, ((v)¢)},_, = u'. By
the assumption (ug,u') € HZ(w) x H}(w), we have u,, € C°([0,T], H3(w)) and (uy,)n>2
converges to w in W(0,T). -
Let v € L?([0,7], HZ(w)) be such that v, € L2([0,T], L*(w)), (1 — al)vy + A?v €
L*([0,T), H *(w)), v(z1,22,T) = 0 and vy(z1,22,T) = 0. Since u,, is a solution of
(P,), by virtue of the transposition theorem, see [4], we deduce that

/OT/wun((l—aA)vtt—kA%) — /OT/UJF(unl,qsnhgn1)U+/0Julv(0)_/wuovt(0)+

a/(—V(ut)n(T)Vv(T) + Vu'Vo(0)) —I—a/(Vun(T)Vvt(T) — VgV (0)).

We have u,, converges to u in H2(w), then

T T
/ / U (1 — @A)y + A2v) converges to / / u((1 — al)vy + sz)’
0 w 0 w

and using Proposition with

/OT/MF(U,(/Z@):/OT/wF1(u,¢,9)+M/OT/wv9vu+p’

we deduce that

T T
/ /F(un_l,d)n_l,ﬁn_l)v converges to / /F(u,d),@)v,
0 w 0 w
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and so we have

/OT/wu((l—aA)vtt—i-A%) :/OT/WF(u,gb,H)v—i—/wulu(o)_/wuovt(o)_i_

a/(—Vut(T)Vv(T) + Vu'Vo(0)) + a/(Vu(T)Vvt(T) — VugVue(0)).

By the transposition theorem, we obtained that u is a solution of the problem (S);.
In summary, we have proved that (u,¢,8) is a solution of the thermoelastic von
Karman evolution.

Step 4: We now prove the uniqueness. Assume that there exist two solutions
(ul, ¢, 0Y) and (u?,¢2,62) in L?([0,T], H(w) x HZ(w) x H}(w)) such that, for some

¢ > 0 being sufficiently small, we have ||u1||W(0 o) S cand Hu2||W(0 w SC

This implies that u! — u? and (§' — 62) satisfies the following problem:

(1 —aA)(ut —u?)y + A2(ul —u?) = F(ul, ¢, 0%)
—F(u?,¢2,6%) in wx[0,T],
k(0' — 6%), — nA(0' — 0%) = pA(ut — u?), in wx|[0,7T],
(P3) ut —u? =0, (ul —u?)=0'-0>=0 on T x[0,7T],
ul (21, 12,0) — u?(z1,22,0) =0 mo w,
(u')¢ (21, 22,0) — (u?)(21,22,0) =0 in w,
(0")e(1,22,0) = (0%)¢(21,22,0) = 0 in w,

which means that (u! — u? 6 — 6?) is a solution of the problem (P3). Proposition
Proposition [2.3] and Theorem ensure that there exists ¢y > 0 such that

T
||(u1 - u2, 91 - 92)}’* S ET/ |F1(Ula ¢)1) - Fl(u27 ¢2)|?L2(w))2
0

T ) T
< eT/ 1 ||u1 — u2H < eTcl/ H(ul —u?, 0 — 92)”* .
0 0

Since ¢ is small and thus 0 < ¢3 = Tel¢y < 1, it follows that

T T
|t =t o), < [ =0 0]
0 0

which, with 0 < ¢z < 1, immediately yields V0 < ¢ < T, u! = u? in w, ¢' = ¢? in w and
0' = 0% in w.

We conclude that the dynamic von Karman equation coupled with thermal dis-
sipation, without rotational inertia, has one and only one weak solution (u,¢,6) in

L2([0,T], Hi(w) x HE(w) x H} (w)) The proof of the theorem is completed.



276 B.EI-AQQAD AND J.OUDAANI AND A.EL MOUATASIM

Proposition 3.1 Let (u,¢,0) € L*([0,T], H§(w) x H§(w) X Hé(w)) be the unique
solution of (Py). Then the following equalities:

k t ~ k
E(u(t), u(t),¢) + B} |9|g,w - 77/ |V9t|g,w = i (ug, u', ¢o) + ) |90|§,w ;
0

with
~ o 1 2 2 2 1 2
B(u(t),u(0),0) = 5 (lul + Nl + o Va3, ) + 7 | (186 = 2[u, FoJu — 4pu)
and

1

~ 1 2 2
Ev(uo,u',60) = 5 ([u'ly, +a|Vully + luoll.,) + /(|A¢0\2 — 2[uo, Fo] uo — 4puo)
w

4
hold for any 0 < t < T. Here ¢g € HZ(w) is the unique solution of the equation
A¢g = — [ug, U]

Proof. According to Theorem for any VO < t < T, u satisfies the following
energy equality:

&wmmmzamMM+A/Fw¢wﬁ

¢ ¢ ¢
:EO(U07U1)+/ /[U»¢+F0]Ut—#/ /A9Ut+/ /P(xhxz)ut~
0 w 0 w 0 w

First we have
t
/ /p($17932)ut :/P(ﬂﬂh%)u(t)*/P(xl,xz)uu
0 w w w

Otherwise, see [1], one has, with A%¢ = [u, u],

[ [ worriu=[ [wous [ [wria
] Ao [ ] A rin,

1 1 1 1
:_Z/w|A¢‘2+1/&;|A¢0‘2+§/w[u’u]F _§L[UOvu0]FO

and

t t k/’ td 5 t 5
u/ /Aeut:u/ /HAut:f/ —|9|2_w—77/ Vol
0 Juw 0 Juw 2 )y dt = 0 ’

k 2 k 2 t 2
=fW|w—fwaw—n/vaw-
2 2, 2 2, 0 2,
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Finally, we conclude that

k ¢ ~ k
E(u(t), w(t),d) + 5 |9|§7w - 77/ |V9t|;w = Ey(ug, u', ¢o) + 3 |90|§,w :
0

Remark 3.1 In this section, we described an iterative method for constructing a
unique weak solution, this method is a very good tool to illustrate this solution from a
numerical point of view.

4 Numerical Application

This section displays a numerical resolution in terms of the previous theoretical study.

4.1 Preliminaries

Let w be defined by
w =]0,1[x]0, 1[C R?

and T' > 0. In order to solve numerically the problem (Py), we introduce a uniform mesh
of width h. Let wp be the set of all mesh points inside w with the internal points
. . . 1 A 1
x; =th, y; =jh, i,7=1,.N—1, h:m, t:T.

Let @y, be the set of boundary mesh points and u;, be the finite-difference approximation
of w. In [7], Bilbao presented a numerical study of the convergence and stability of the
conservative finite difference schemes for the dynamic von Karman plate equations via
energy conserving methods.

For approaching the weak unique solution of the dynamic nonlinear plate coupled
with structural acoustic model, we will utilize the following discrete model of the von
Karman evolution developed by Bilbao and Pereira in [7}§]:

(1 — (62 4 02))07uiy + (07 + 02)07 + Ajury = [ iy v + Fij 1+ pij in - wn,

k6,075 — n(02 + 62)075 — pd (67 + 0z )uiy = 0 in  wp,

A%L’U;(Lj =—| Ui ug ] n wp,
(*) 0 0 0 .

uy; = (0)izy Oruiy = (¢1)ij, 055 = (00)i; in o wp,

u%:v%:@?j:O on Wy,

8Vu% = 8yvfj =0 on Wy,

with the following discrete differential operators:
+1 -1
521,6747'4 — U’Z B 2u:LJ + UZ
£y (At)? ’
=

At

no o _
6tuij —



278 B.EI-AQQAD AND J.OUDAANI AND A.EL MOUATASIM

2 —4
Apuiy = h77 [uij—2 + Uijp2 + Uimgj + Uig2j — 8(Usj—1 + Uijp1 + Ui—1j + Uit1j)

+ 2(wi—1j—1 + Uim1j41 + Wir1j—1 + Uig1j41) — 20w ],

n n n
Uiy1; — 2uij T Uy

82y =
x ) (h)2 )
n n n
Sl — Uhiq —2u +ugh g
yhij (h)2 J
n n n n
52 g = Yt T i1 Yis1ye Uy
xyij (2h)2 )
n nil_ 2. ng2 . n 2 ng2 n 2 n g2 n
[uij, o 1= 0w 0, v — 205, it oz, vk + 0y uik 050

We have transformed the above problem to the numerical resolution in two steps itemized
as follows.
First step: We use the numerical procedure of 13-point formula of finite difference de-
veloped by Gubta in [9] for illustrating the weak solution of the following biharmonic
problem:

Av=1f in w,

V= on T,

d,v = go on T.

Second step: According to the first and second steps, we use the discrete model of the
von Karman evolution (k) for illustrating the unique solution of the structural interaction
model coupled with the dynamic von Karman evolution.

4.2 Non-coupled approach

In [9], Gubta presented a numerical analysis of the finite-difference method for solving
the biharmonic equation. Such method is known as the non-coupled method of 13-point
formula of finite difference.

Proposition 4.1 [J§] The 13-point approxzimation of the biharmonic equation for
approaching the unique solution v of the problem (P) is defined by

Lpvij = h™* [vij—g + vijy2 + vimgj + vigas — 8(vij—1 + Vijr1 + vie1j + Vig1s)
(1)
+2(Vim1j—1 F Vic1j41 + Vig1j—1 F Vig1j41) — 20055] = fi(@i, y;)

fori,j=1,2,..,N —1, where we set v;j = v(Z;,Y;)-

When the mesh point (z;,y;) is adjacent to the boundary @p, then the undefined
values of vy, are conventionally calculated by the following approximation of 0, v:

1 3 %)

Vi—2,5 = 35Vit+1,j5 Vij o Vi—1,5 h( mv)i—l,ja
1 3

Vij—2 = 5V j+1 — Vij + SVij—1 — h(ayv)i,j 1,
1 3

Vi+2,j = 5Vi+1,5 — Vij + 5Vi—1,5 — h(arv)i-i-l,ja

_ 1 3
Vijy2 = 3Vijr1 — Vij + 50i5-1 = h(Oyv)i 1.
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4.3 Numerical test

We consider the following analytical body force and lateral forces:

2

Fo(z,y) = ye"”z_yz, p(z,y) = 0.01z(x — y)e"”z_y ,

w0 = 1510 %22 (x —y — 1)%(y — l)ze*mzfyz, 1 = 1510~ % (sin(7x) sin(7y))?,

0o = 1073223 (x — 1)%(y — 1)2(67362 — e*y2).

Figure 1: The thermal function 6, t; = 0.2s and t7 = 60s.

5 Conclusion

In this paper, we described an iterative method for constructing a unique weak solution
to the model of dynamic von Karman equations with a flexible phenomenon of small
nonlinear vibration of displacement in nonlinear oscillation of elastic plate, with rota-
tional terms and not clamped boundary conditions subject to thermal dissipation. Our
approach is in fact a good tool for justifying the theoretical results. We then use the
method of finite difference for approaching the unique solution of the theoretical prob-
lem. These results have potential for application in the fields of physics. Similar study
for the models of dynamic von Karman equations with thermal dissipation and for free
boundary conditions of the shell could be the purpose for future research.

Figure 2: Displacement of plate, ¢t; = 0.2s and t7 = 60s.
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Figure 3: The Airy stress function, t; = 0.2s and ts = 32s.
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