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1 Introduction

In the last decades, the theory of time scales has occupied an important space within
the mathematical community, attracting the interest of many researchers since it is a
powerful tool for continuous and discrete analysis from a unified point of view (see, for
instance, [1H3] and references therein).

The time scales theory has made possible to create models in population dynamics,
physics, chemical technology, economics, control theory, among others, that allow the
study of certain phenomena and processes where the temporal variable can vary both
continuously and discretely (see [3L/6H9] and references therein). However, there exists
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the possibility that these processes and phenomena on time scales could undergo drastic
changes of their states at given times. These alterations in state might be due to certain
external factors and these changes can be represented in mathematical notation in the
form of impulses, which cannot be well described by pure time scales models, there-
fore, the influence of these impulses on the system could be investigated by introducing
impulses effects, see, for instance, [10-12] and references therein.

In these order of ideas, in this paper we are going to study the existence, uniqueness
and continuation of solutions for the following semilinear functional dynamic equation
with infinite delay and impulses:

22(t) = A)z(t) + f(t,z), t€[0,00)T\ U{tk}’
k=1

z(s) = ¢(s), s€ (_0070]']1"
2(tF) = 2(t;) + Ji(te, 2(t,)), k=1,2,....

(1)

For system , we are assuming that 0 € T, inf T = —oo, supT = oo and t+ 7 € T if
t,7eT. 0<ty <ty <tz <tp— +oo, tp €T. Here z(t;f) and z(t, ) represent the
right and left limits with respect to the time scale, and, in addition, if ¢ is right-scattered,
then z(t{) = z(tx), whereas if ¢ is left-scattered, then z(t, ) = z(t;). Moreover, it is
usually assumed that the solution z should be left-continuous (see [10]), in this case
2(t}) = 2(tk) + J(te, 2(tk)), k = 1,2,.... On the other hand, if #; is right-scattered,
then J(tg, 2(tx)) = 0, in other words, it makes sense to consider impulses at right-dense
points only (see |11]). Here A(t) € R(T,R™*™) and ¢ € %y,, where %}, is called the
phase space that will be defined later. For this type of problems, the phase space for
initial functions plays an important role in the study of both qualitative and quantitative
theory, for more details, in the continuous case and without impulses, we refer to Hale
and Kato [13], Hino et al. [14] and Shin |15]. In the case of functional dynamic equations
on time scales with and without impulses, there are a few works in this directions, we can
cite Benchohra et al. [16] and Li et al. [17]. Particularly in this work we will use a modified
version of the phase space defined in |17] since the initial function ¢ : (—oo, 0]y — R”
has a fixed number of points of discontinuity, where the side limits exist and the function
¢ is left-continuous at such points. The function z:(0) = z(t + 0) for 0 € (—o0, 0]
illustrates the history of the state up to the time ¢, and also remembers much of the
historical past of ¢, carrying part of the present to the past. f :[0,00)p X %pp — R”
is an rd-continuous function on ¢ and continuous on @y, Ji : [0,00)r x R” — R™ are
rd-continuous on ¢ and continuous on R™.

The paper is organized as follows. In Section 2, we present a summary on dynamical
systems on time scale, particularly the concept of rd-continuity, the exponential function,
the variation of constants formula and a generalization of Gronwall’s inequality to be
applied to impulsive differential equations. In Section 3, we define the phase space for our
problem, which satisfies the Hale and Kato Axiomatic Theory for Retarded Differential
Equations with Infinite Delay. Section 4 is devoted to the proof of our main results,
the existence and the uniqueness of solutions, which is done in two theorems, one for
the existence using the Arzela-Ascoli theorem on time-scale (see |18]) and applying the
Leray-Shauder alternative; and the other theorem for the uniqueness of solutions. Section
5 is dedicated to the study of the continuation of the solutions of our system, introducing
the concept of maximal interval of existence of solutions on time scale and applying the
generalization of Gronwall’s inequality. Section 6 is devoted to an example, where we
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can apply our results. Finally, Section 7 presents the conclusion and final remark, where
we formulate future problems to investigate.

2 Preliminaries

In this section, we will make a brief introduction to the calculus on time scales, especially
to clarify the notations and definitions, for a better understanding by the reader. For
more details about time scales theory, we recommend the excellent monograph [3].

The time scales theory was introduced by Stefan Hilger (see [4]), and defined a time
scale as any arbitrary nonempty closed subset of R, this set is denoted by T. For every
t € T, the forward and backward jump operators o,p : T — T are defined, respectively,
as o(t) = inf{s € T : s >t} and p(t) = sup{s € T : s < t}. A point ¢t € T is
said to be right-dense if o(t) = t, right-scattered if o(t) > t, left-dense if p(t) = ¢, left-
scattered if p(t) < ¢, isolated if p(t) < t < o(t). The function p : T — [0, 00) defined
by u(t) := o(t) — t is known as the graininess function. It is assumed that T has the
topology inherited from standard topology on the real numbers. The time scale interval
[a, b]T is defined by [a,blr = {t € T : a <t < b}, with a,b € T, and is similarly defined
by open intervals and open neighborhoods.

Definition 2.1 [3] A function f: T — R" is said to be right-dense continuous or
just rd-continuous if f is continuous at every right-dense point ¢ € T and lim f(s) exists
s—t—
(finite) for every left-dense point ¢ € T.
The class of all rd-continuous functions f : T — R™ is denoted by C,.4(T,R"). If
f: T — R™ is a function, then we define the function foo : T — R™ by fo(t) = f(o(t))

forallt € T, i.e., f7 = foo. We define the set T® by T" =T\ (p(sup T),sup T] if T has
a left-scattered maximum, and T = T otherwise.

Definition 2.2 [3| A function f: T — R" is called delta differentiable (or simply
A-differentiable) at ¢t € T* provided there exists f2(t) with the property that given
e > 0, there is a neighborhood U = (¢t — §,¢ + )1 for some ¢ > 0 such that

1£7(8) = £(5) — £ @)(o(®) — 5)]| < Io(t) — 9)], for all s € U
In this case, f2(t) will be call the A-derivative of f in t.

If f is A-differentiable at ¢ € T*, then it is easy to show that (see 3], Thm. 1.16)

W it o(t) >,
1A =
lim L0 =) o(t) =t.

s—t t—s

Definition 2.3 [3] A function F': T — R" is called an antiderivative of f : T —
R™ if FA(t) = f(t) for t € T*. The Cauchy integral is defined by

/t f(r) AT =F(t)—F(s), t,seT,

where F'is an antiderivative of f.
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A function p : T — R is said to be regressive if 1 + u(t)p(t) # 0, t € T, and positively
regressive if 1 + p(¢)p(t) > 0, t € T. We will denote by R the set of all regressive and
rd-continuous functions and by R the set of all positive regressive and rd-continuous
functions.

Definition 2.4 [3] If p € R, then the generalized exponential function is defined by

er(t) =0 ([ umorae).

where
%Log(l +pz) if p>0,

&n(2) ::{ z, if u=0.

Here z € C, :={2€ C:2# 1/u} and Logz = log|z| +iargz, —m < argz < .
Let A be an n X n-matrix valued function on T.

Definition 2.5 [3] We say that A is rd-continuous on T if each entry of A is rd-
continuous on T, and the class of all such rd-continuous n x n matrix-valued functions
on T is denoted by C,q(T,R™*™). A is called regressive (with respect to T) provided
I + p(t)A(t) is invertible for all ¢ € T*, and the class of all such regressive and rd-
continuous functions is denoted by R(T,R"™*"™).

Let top € T and A be an n x n regressive matrix-valued function defined on T. Then
the unique solution of the initial value problem

X2 =AWX, X(to) =1,

is called the matrix exponential function and it is denoted by ea(t,t9). The matrix
exponential function has the following properties.

Theorem 2.1 ([3], Thm. 5.24) Let A € R(T,R"*™) and suppose that f : T — R"
is rd-continuous. Let ty € T and 2% € R™. Then the initial value problem

2 (t) = A(t)z ,
{ (t) O(t) (t)+ f(t) @)

x(ty) = x
has a unique solution x : T — R™. Moreover, this solution is given by
t
z(t) = ea(t, to)x® —|—/ ea(t,o(s))f(s)As.
to

We will need the following fixed theorem to prove the existence of solutions of system

().

Theorem 2.2 (Leray-Schauder alternative ([5], Thm. 5.4)) Let 2 be a closed
conver subset of a Banach space % with 0 € 9. Let P : 9 — P be a completely
continuous operator. Then either P has a fized point in & or the set

{z€P:2=XP(2), 0<A<1}

is unbounded.
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Following Corollary 6.7 in [3] and Theorem 1.5.1 in [10], it is possible to prove the

following Gronwall’s inequality with impulses on time scales.

Theorem 2.3 (Gronwall’s inequality) Assume that
1. the sequence {t} satisfies 0 <tg <t1 < -+ <tp..., limg_oo tx = 00,
2. u € Crq(T,R) and u is left continuous at ty, k=1,2,...,
3. peERT, p>0, B >0, and o € R.
Then .
u(t) < a —|—/ p(s)u(s)As + Z Bru(ty), t>to,

to to<tp<t
implies

ut) <a [ (4 Buep(t,to), t>to.
to<tr<t

3 The Phase Space

In this section, we will introduce an adequate phase space that will permit us to solve

our problem. This phase space is a modification of the phase space presented in [17].
We denote by T~ = (—o0, 0]t. Now, we shall define the functions space

PW,={¢: T~ — R" :¢ is rd-continuous except on s, € T™,k=1,2,..., and such

that ¢(s;,), ¢(s)) exist with ¢(s; ) = ¢(sk)}-

Following [17], we consider h € Cy.q(T~,R™), h(s) > 0 for all s € T~ and

/0 h(s)As = 1.

— 00

Now, we define the following space of functions:
O 3
Gu = {¢ e oWy [ hs) ol As < oo} ,

where |q5|[a’b]T = sup |¢(0)], and |-| is a norm in R™.
a<6<b

It is clear thati‘fhp is a linear subspace of Z%# ,,, and for ¢ € €y,

0
61, = [ B 161" A

—0o0

Define a norm on %,. Furthermore, analogously to Theorem 3.1 in [17], the space

(€hps |I-ll,,) is a Banach space.
Next, for 7 € (0, 00) being arbitrary but fixed, we consider the space

gZWhT = L@WhT((foo7T]T7Rn)
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given by

PW e ={z: (-0, 7] — R": z|T_ € Chp and z}[O,T]T is rd-continuous except at

teok=1,...,p with t, < 7, where 2(t]), 2(t; ) exist and 2(t; ) = z(tx)}.

Note that % ), is a Banach space endowed with the norm

”2”me = ||Z|’]I‘* ||‘!a”np + |Z|[0,T]T.

By using Theorem 3.2 in [17], it is possible to show that if ¢ € €}, then
P1) If z € ¥ 1, and 2y = ¢, then for every t € [0, 7|7 we have that

i) 2 is in Ghp,
ii) z; is rd-continuous with respect to ¢,

iii) there exists H > 0 such that |2(2)| < H ||zl -
P2) |z, <20zl w,, -

4 Main Result

In this section we will show the existence of solutions for system . In order to accom-
plish this, we shall assume the following hypotheses:

HY) |f(t,0) — f(t, )| < n(t)||¢ — g0||<ghp, for all ¢, € 6pp and t € [0, 7], where n €
Crd([O,T]'H‘7R+).

H2) |f(t,0)] <v(t)(1+ H¢||‘€hp>’ for ¢ € €} and ¢ € [0, 71, v € Cra([0, 7|7, RT).

H3) [Ji(t, x) — Ju(t,y)| < di |z —y|, Jo(t,0) =0,k =1,2,... and » dj, < 0.
k>1

A straightforward computation shows that
Theorem 4.1 z(+) is a solution of system on (—oo, 7|t if and only if z(-) satisfies
o(t), teT,
2(t) = '
ea(t,008(0)+ [ ealt,o(s))f(s,2) A5+ Y ealt,te) Ji(tr, 2(t)), t € [0, 7]1.
0

0<tp<t
(3)

Now, for a given ¢ € 6, being arbitrary but fixed, define ¢* : (—oo, 7]y — R" by

54(t) = {qs(t), teT,

ea(t,0)6(0), € [0,7]r. (4)

Note that ¢f = ¢. Let z(t) = z(t) — ¢*(¢), then x(t) satisfies
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0, teT,
x(t) = /O ea(t,0(s))f(s,xs + A+ > ealt,t) Jultn, z(te) +6" (tr)), t € [0, 7).

0<trp<t
(5)

Finding a solution of system on (—oo, T]r is equivalent to solving the integral
equation 7 and this is equivalent to finding a fixed point of the operator
T 20, — 2W.
defined by

0, teT,
O [eattoN oot 3 ealtti)ltira(t) +" (). ¢ 0,71
0<t,<t

6)

0,7]r 0,7]r

= o]

where P = {x € PW ), : 2o = 0}, with ||x||9,,/9w = Hx‘T,
Notice that (2#7_, |||\9W% ) is a Banach space.

[
@, 7171

Theorem 4.2 Suppose that H1), H2) and H3) hold, then system has at least one
solution on (—oo, T]t.

Proof. To prove that the operator @ has a fixed point, we will use the Leray-
Schauder alternative. We denote by M = sup{|lea(t,&)| : ¢,£ € [0,7]r}, n* = sup{n(t) :
t €[0,7]r} and v* = sup{v(t) : t € [0,7]7}.

First, we will show that in three steps the operator T is completely continuous.

Step 1: T is continuous. If t € [0, 7]t, then

[ T2)(t) — (Ty)()] < /O lea(t,a())II1f(s, s +¢%) — f(s5,ys + ¢7)[ As

+ > llealt, st Tk (te, 2(tr) + 6" (tx)) — T (tr, y(te) + 0" (t))]
0<ty<t

SM{/O Fs s + 6%) — F(s,9s + 60)] As

+ Z | Tk (trs 2(tn) + ¢"(tr)) — Ji(tr, y(tr) + ¢* (tx))] }

0<ty<t

SM{/O 0(s) 25 = ysllg,, Ds+ Y di Iw(tk)—y(tk)|}

k=1

- P
<M{277* AR PYRPNES S AR }
k=1

SM{QW*T T de} o= ol sy -
k=1
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Therefore,

172~ Tollpyy < M{?n*wzdk} Iz~ yll s -

k=1

So, we have proved that 7T is locally Lipschitz and therefore it is continuous.

T maps bounded sets of PW_ into bounded sets of W5 _. It is enough to
show that for any R > 0, there exists r > 0 such that for each x € Bp = {z €
@YW ||x|\§,)W2T < R}, we have that ||Tx||y,/9w < r. Indeed,

[(Tz)(B)] < M{/O |f (s, + 60| As + ) dy | (th) +¢*(tk)}

k=1

IA

M {/0 v(s)(1+ s + ¢ille,, ) A + D di(la(tn)] + |¢>*(tk)|)}

k=1

IN

k=1

M {/O v(s)(L+ llzsllg,, + 105, )As + D di(l(te)| Hlealtr, 0)] |¢(0)I)}

- P
<M { | a2y +20167 N, V054D dellal gy, +MIO)
k=1

<M {V*(l +2R+2(0% | oy, )T+ (R+M|¢(0)I)de} =,
k=1

Step 3: T maps bounded sets into equicontinuous sets. Let us consider B as in step 2.

We shall prove that T(Bg) is equicontinuous on the interval [0, 7]r. If ¢ ¢ €
[0, 7] with ¢ < ¢”, then

[(Ta)(t") = (T=)(t)] < /0 lea(t”, o(s)) = eal’, o (s))[I [ f (s, 2s + 67)| As

+ > llealt”ste) — el i)l | Ta(trs w(te) + 6" (1))

0<tp<t’

+ > lleal” to)ll [Te(te, o(te) + 0" (t))]

<t <t

< [ lleat's(s)) = eatt o)1+ . + 63, )As
0

t//
+/ lea(t”, a(s)lv(s)(1 + [|zs + ¢l )AS
t/
+ Y dillea(t” ty) — ealt s te)|| [2(t) + &% (1))
o<t <t

+ > difleat” t)| |x(tk) + 0" (1))

<t <t
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/ lleat”, o(s) —eal’, o (NN v(s) (1 20|zl 5o, +2 167 [ 50, ) A5

+/t/ leat”, a(s)IIv() X+ 202l gy, + 21167l 5y, ) A8

+ > dillealt” tn) = ealt’ s to)l| (|2l oy + M |6(0)])

0<tp <t

Y dellealt il (2l sy + M 16O

v <t <t!’

A 2RA21 ) [ ealt’,o(s)) —eal'o(5)] As
+Mu*<1+2R+2||¢*H%> |

+(R+M|$(0)) > dillealt” te) — ea(t',ts)]]
O<tp<t’

+M@ER+Mp0)) Y dx.
t’<tk<t”

Since e4(+,0(s)) is continuous, we have |(Tz)(t") — (Tz)(t')] — 0 as ¢’ — t”, inde-
pendently of x € Bpg.

Therefore, T(Bgr) is equicontinuous. From the Arzéla-Ascoli theorem we have that
T (Bg) is relatively compact, so T is completely continuous.
Now, let us consider the set

D ={xePW) x=X\Tz, 0<X<1}.
If x € 2, then for t € [0, T]T, we get

|(8)] =A /O ealt,o(s)f (s, s+ 9D As + Y ealt,tr) Jultn, z(tn) + o(tr)")

0<tp<t

/ leatt,a(IF (s, 25 + 0D As+ D> Nlealts to)ll [J(tr, x(tr) + 6" (t)]

O<tp<t

<My’ / (14 Nzl + 1020, NAS+M S dulla(tn)] + |6(t)])

0<trp<t

SM( "+ 20y, )T+ M B0 |de>+M1/ / [5]le,, As

k=1
+ M Z di |x(tr)| -

0<tp<t

If we put a = M (wu +2[16* L, )7+ M [6(0)] de) then
k=1

2(t)] < o+ Mv* / 25l D+ MH 3" di [zl -

0<trp<t
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Thus
i As + MH > di |2t llo,, -

0<tp<t

t
Izl <o +MV*/ [
0

By applying Gronwall’s inequality with impulses on time scales, we get that

p
lzell,, <a [ (14 MHdy)er,-(t,0) H (14 MHdy)en,-(t,0).

O<tp<t
Then

P
|2 goyo < aH [T(1+ MHdy)enr(t,0).
k=1
Therefore, Z is a bounded set, and by the Leray-Schauder alternative, the operator 7
has a fixed point.

Theorem 4.3 Under the conditions of Theorem the solution of system on
(—o0, Tl is unique.

Proof. Let ¢ € 6y, and suppose that for some 7y € (0, 7]r, there are two solutions
z and Z mapping (—oo, 7o]r — R™ with z # 2. Let

= inf{t € (077'0)11* : Z(t) 75 2(t)}

Then, for —oo <t < 7%, 2(t) = Z(¢). On the other hand

t

Z(t)ZBA(t,O)qﬁ(O)Jr/ eat,o(s))f(s,2) s + > ealt,tr) Julty, 2(th))

0 0<tr<t
and
t
Z(t) = ea(t,0)9(0) +/ ea(t,o(s))f(s, Zs)As + Z ealt,ti) Ji(te, Z(tr)).
0 0<tr<t
Therefore,

20) = 201 < [ llealt.o(6))1£(5,20) = £(5,2)] As
+ > llealtto)ll et 2(t) — Ji(tn, 2(tx))]

T <t

/Mn Vizs = Zllg,, As+ S Mdl=(ty) — 2(t)|

Tt <t

<g+/ My o= g, As+ 3 MdH |26, — 21,

TE<tR<t

for € > 0 being arbitrary. So,

Iz~ Zill,, <5+/ My |z = Ellg, As+ S MdH 2, — 2l -

Tt <t
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By using Gronwall’s inequality, we get that

||Zt_2t (ghp SE H (1+MHdk)€Mn*(taT*) SE H (1+MHdk)6M.,7*(T,T*).
Tt <t Tt <T
Therefore,
2(t) = 2(t) <eH [ 1+ MHdy)enr (7, 7).
Tt <T
Since ¢ is arbitrary, one has |2(t) — Z(t)] = 0 for ¢ € (v*,7)r, contradicting the

definition of 7*.

5 Continuation of Solutions

In this section, we will show that z(t) is defined on (—oo, 00)7.

Definition 5.1 We shall say that (—oo, 7)t is a maximal interval of existence of the
solution z(-) of system ([1) if there is no solution of (I)) on (—oo, 7*)r with 7* > 7.

Theorem 5.1 Suppose that the conditions of existence and uniqueness hold. If z is
a solution of problem on (—o0, 7)1 and T is maximal, then either T = 400 or z(t) is
not bounded in any neighborhood of T.

Proof. Suppose that 7 < co and there is a neighborhood U of 7 such that |2(t)| < R
for t € U N (—o0,7)r, then we can suppose that |z(t)] < R for all t € (—oo, 7)r. Let ¢,
be such that ¢, < 7. Suppose first that ¢, < 7.

If 7 is left-dense, then there is a sequence {7, } suchthatt, <7 <7 < -+ <7, < -+ -,

lim 7, =7 and lim 2(7,) = z* for some z* € R”. We shall see that lim z(¢) = z".
n—o0 n—oo t—T1—

Since lim 7, = 7, then there is 7x € (7 — ¢, 7)1 such that |z(7y) — 2*| < €. So, for
n— 00

t € (r—e,7)r with ¢ > 7, we have that |2(t) — z*| < |2(t) — z(7n)| + |2(7n) — 2*|. Now

TN

|2(t) —2(7w)| <llea(t, 0)—ea(rn, 0} \¢(0)|+/0 lea(t,o(s))—ea(rn,o(s))[|f(s,2s)| As

+ / lea(rn, () 1f(s,25)| As + > d llealt,tr) — ealmn, o(s))l| [2(t))|

N k=1

<Jlea(t,0)—ea(ry. )] [H(0)|+ / " lleat,o()) — ealr a1+ 2], YAs

t p
+/ Mu(s)(1+ |zsllg, JAs+ > dillea(t, tx) — ea(mn, ti)|| R
™ k=1



166 C. DUQUE, H. LEIVA AND A. TRIDANE

TN

<llea(t,0)—ea(rn,0)[l|¢(0)|+ ; lea(t,o(s))—ealrn, o ()| v(s)(1+2 ]2l 5y, )As

t p
+/ Mu()(1+ 2 2] gy, A5+ 3 di llealt, te) — ea(ru, )| B
™ k=1

<llea(t,0) — ea(rn, 0)[[ [$(0)] + /OT llea(t, o(s)) —ealrn,o(s))[| v(s)(1 + 2R)As

. P
/ Mu(s)(1+2R)As + 3 dy [lea(t, ty) — ea(rn, ti)| R.
TN k=1

Hence, we get that if 7y — 7, then |2(t) — z(7n)] — 0, so lim z(¢) = z* and
t—7—

-
therefore z(t) can be continued beyond 7, contradicting our assumption.

If 7 is left-scattered, then p(7) € (0, 7)r and since ¢, is right-dense, we have ¢, < p(7),
then the solution z exists also at 7, namely, by putting

2(1) = 2(p(1)) + pu(p(T)[A(p(1))2(p(1)) + f(p(T); 2p(x))];

we get a contradiction.
Now, if 7 = t, and ¢, is left-dense, then we set 2™ = z* + J,(¢,,2*). By using the

same argument as previously, we can show that lim z(¢) = z*, and therefore z(t) can
t—7—

be continued beyond 7.
If T =t, is left-scattered, then

2(tp) =2(p(tp)) + nlp(ty)) [Alp(tp)z(p(tp)) + f(p(tp), 2p(t,)];
Z(t;) =z(tp) + Jp(tp, 2(tp))
and therefore z(t) can be extended beyond 7 to the right. This is a contradiction.
Corollary 5.1 If hypothesis H2) is replaced by
[f(E, ) <v(®)(1+[600)]), &€ Chp,t €T,
then the system has a unique solution defined on all T.

Proof. Suppose that z(t) is defined on (—oo, 7)1 with 7 < oo, then

[2(8)] < €A(f,0)¢(0)+/0 ea(t,o(s))f(s,zs)As + Z ea(t, te)Jx (t, 2(tr))

0<trp<t

<M |$(0)] +/0 Mu(s)(1+ |2(s))As + MY dy |2(t)]
k=1

<M (|¢(0)| + v*7) + Mv* /0 |2(5)| As + M > dy |2(t)].
k=1

So

|20 <M (|$(0) +v*7) | | (1 + Mdy)enrn-(t,0)

i~

b
I
—

<M(|6(0)] +v*7) [T (1 + Mdi)ens,(7.0).

S

el
Il
—_
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This implies that |z(¢)| stays bounded in any neighborhood of 7. So, for Theorem [5.1]
we have that 7 = oo.

6 Example

Consider the following semilinear functional dynamic equation with infinite delay and
impulses on time scales:

Z2(t) = a(t)z(t) + b(t) tanh(z;) + c(t), t € [0,00)7 \ Upey {tr ]
) = (b(s)v s € (700, Oh‘a (7)
) =z2(ty) + s sin(z(ty), k=1,2,...,
with a € R(T,R) and b, ¢ € Cyq(T,R). Then we have that
i) [f(t,¢) = ft, )| = [b(t)] [tanh(¢) — tanh(p)| < [b(E)| |6 — ¢ll4,

i) |f(t, @) = [b(t) tanh(¢) 4 c(t)| < v(£)(1 + [[4]l¢, ), where v(t) = max{[b(t)[, [c(t)[};

i) [Ji(t,2) — Ji(t,y)| < 5 |2 — y|, Ji(t,0) =0, for k=1,2,... and Y7 55 < 00.
Therefore hypotheses H1), H2) and H3) hold, so, by Theorems and we get
that the problem has a unique solution z(t) defined on (—oo, 7).

7 Conclusion and Final Remarks

In this work, first of all, we prove the existence of solutions for a semilinear retarded dif-
ferential equation with infinite delay and impulses on time-scale, by using a version of the
Arzela-Ascoli theorem on time-scale and applying the Leray-Schauder alternative. Sec-
ondly, we prove the uniqueness of solutions by applying a version of Gronwall’s inequality
for impulsive differential equations, and finally, we study the continuation of solutions.
Of course, once we have an Arzela-Ascoli version on time-scale (see [18]), we can apply
other fixed point theorems to prove the existence of solutions for such equations, perhaps
one can apply Karakosta’s fixed point theorem like in [19]. Our next work is devoted to
the study of the exact controllability for this type of equations on time-scales by using
Rothe’s fixed point theorem like in [20].
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