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Abstract: This research is devoted to demonstrating a numerical solution that
adopts the cubic Hermite finite element method for a strongly reaction-diffusion sys-
tem. L2 and L∞ error norms computed at varying time points are employed to draw
comparisons between the numerical solutions attained by virtue of the presented tech-
nique and both the exact solutions and the analogous numerical ones already available
in the literature. Evaluating the accuracy and efficacy of the technique utilized in
this study, a perfect agreement with the exact solution is concluded.
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1 Introduction

The reaction diffusion system occurs in multifarious physical, biological and chemical
problems. Numerous numerical techniques such as a cubic B-spline method [1], lin-
earized finite difference scheme based upon the order reduction method [2], exponential
cubic B-spline collocation algorithms [3], and trigonometric quintic B-spline collocation
method [4] have been used to solve the strongly reaction-diffusion system. On the other
hand, global solutions for this system have been addressed in [5]– [9]. The finite element
method is one of the most accurate, flexible, and powerful techniques for approximat-
ing the solution to a wide range of linear and nonlinear partial differential equations.
Examples of its implementation include: the Rosenau-RLW equation by Atouani and
Omrani [10], fourth order parabolic equation by Chai et al. [11], biharmonic equation by
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Mu et al. [12], Cahn-Hilliard equation by Wang et al. [13], coupled bulk-surface prob-
lems by Burman et al. [14], fracture model in porous media by Capatina et al. [15],
Stokes-Darcy coupling by Camano et al. [16], Cahn-Hilliard-Navier-Stokes-Darcy phase
field model by Gao et al. [17], and Navier-Stokes/Darcy coupled problem by Discacciati
and Oyarza [18], nonlinear nonstandard Volterra integral equations by Khumalo and
Dlamini [19], and higher order fractional boundary value problems by Darweesh and
Al-Khaled [20]. This paper is organized as follows: In Section 2, the application of the
finite element method to the strongly reaction-diffusion system is presented; in Section 3,
numerical results are illustrated and discussed. Finally, the paper ends with conclusions
in Section 4.

2 Finite Element Solution to the Strongly Reaction-Diffusion System

Consider the strongly reaction-diffusion system as follows:

ut = uxx + (2π2 − 1)u− 2π2v , 0 < x < 1, 0 < t < T, (1)

vt = uxx + vxx − v , 0 < x < 1, 0 < t < T (2)

with the following boundary and initial conditions:

ux(0, t) = 0 , ux(1, t) = 0 , vx(0, t) = 0 , vx(1, t) = 0 , 0 < t < T, (3)

u(x, 0) = sin2πx, v(x, 0) = cos2πx, 0 < x < 1 , (4)

where u = u(x, t) and v = v(x, t) are two substances of interacting concentrations. The
exact solution of the system is [2]

u(x, t) = e−tsin2πx, v(x, t) = e−tcos2πx .

Multiplying equations (1) and (2) by a test function, w ∈ W (Ω), where Ω = (a, b),
a, b ∈ ℜ, and conducting integration over the finite element (xe, xe+1) with the length h,
we obtain the following equations:∫ xe+1

xe

(wut − wuxx + (1− 2π2)wu+ 2π2wv)dx = 0, (5)∫ xe+1

xe

(wvt − wuxx − wvxx + wv)dx = 0 , (6)

which give ∫ xe+1

xe

(wut + wxux + (1− 2π2)wu+ 2π2wv)dx = 0, (7)∫ xe+1

xe

(wvt + wxux + wxvx + wv)dx = 0 . (8)

Owing to the test function w, which satisfies the essential boundary condition, the bound-
ary terms vanish when performing integration by parts. Then the acquired solution that
is an approximation to the exact solution can be written as

u(x, t) =

ne∑
s=1

us(t)Hs(x) ,

v(x, t) =

ne∑
s=1

vs(t)Hs(x) ,

w(x) = Hi(x) , i = 1, ..., ne.

(9)
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Here, us(t) and vs(t), s = 1, ..., ne, are undetermined time dependent quantities and
Hs(x) are the interpolation functions. By substituting (9) into (7) and (8), we obtain

ne∑
s=1

∫ h

0

(HiHsu̇s +H ′
iH

′
sus + (1− 2π2)HiHsus + 2π2HiHsvs)dx = 0, (10)

ne∑
s=1

∫ h

0

(HiHsv̇s +H ′
iH

′
sus +H ′

iH
′
svs +HiHsvs)dx = 0 , (11)

where · denotes the derivative with respect to time. Rewriting the equations (10) and
(11) in a matrix form, we get

Aeu̇e + (Be + (1− 2π2)Ae)ue + 2π2Aeve = 0, (12)

Aev̇e +Beue + (Be +Ae)ve = 0 . (13)

For the cubic Hermite element, the matrices Ae
is and Be

is are given as follows:

Ae
is =

∫ h

0

HiHsdx =


13h
35 − 11h2

210
9h
70

13h2

420

− 11h2

210
h3

105 − 13h2

420 − h3

140
9h
70 − 13h2

420
13h
35

11h2

210
13h2

420 − h3

140
11h2

210
h3

105

 ,

Be
is =

∫ h

0

H ′
iH

′
sdx =


6
5h − 1

10 − 6
5h − 1

10

− 1
10

2h
15

1
10 − h

30
− 6

5h
1
10

6
5h

1
10

− 1
10 − h

30
1
10

2h
15

 .

The global matrix equation resulted in assembling the element matrices for every included
element is formulated by

Au̇+ (B + (1− 2π2)A)u+ 2π2Av = 0, (14)

Av̇ +Bu+ (B +A)v = 0 . (15)

For the cubic Hermite elements, let v2k−1 = vx(xk−1), u2k−1 = ux(xk−1), k = 1, ..., n,
v2k = v(xk), u2k = u(xk), k = 1, ..., n− 1, v2n = vx(xn), u2n = ux(xn). Afterwards, the
formula of the forward finite difference and the Crank-Nicolson scheme are employed to
discretize time derivatives u̇, v̇ and the time dependent quantities u(t), v(t) in equations
(14) and (15), respectively:

u̇ =
uj+1 − uj

△t
, v̇ =

vj+1 − vj

△t
, u =

uj+1 + uj

2
, v =

vj+1 + vj

2
.

This leads to[(
1 +

k

2
− kπ2

)
A+

k

2
B

]
un+1+kπ2Avn+1 =

[(
1− k

2
+ kπ2

)
A− k

2
B

]
un−kπ2Avn,

[(
1 +

k

2

)
A+

k

2
B

]
vn+1 +

k

2
Bun+1 =

[(
1− k

2

)
A− k

2
B

]
vn − k

2
Bun,

where k = △t, {u} = {ux(x0), ux(x1), ux(x2), ..., ux(xn−1), u(xn−1), ux(xn)}T , and simi-
larity holds for {v}.
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3 Numerical Results

Aiming at computing a numerical solution for a strongly reaction-diffusion system with
the initial conditions (4) and boundary conditions (3), the proposed finite element solu-
tion with the cubic Hermite element is applied. Both the L2 and L∞ error norms defined
by

L2 = ∥uexact − unum∥2 =

√√√√h

n∑
j=0

|uexact
j − unum

j |2,

L∞ = max
j

|uexact
j − unum

j |

are used as tools to measure the accuracy of the method under consideration. In Table
1 and Table 2, L2 and L∞ and error norms at different time levels and different number
of partitions have been computed and compared with the errors obtained by [1]. The
absolute errors of the proposed numerical solution at some points with t = 1 are evaluated
and compared with the errors obtained by [1] and [2] and are reported in Tables 3 and 4. It
can be seen from Tables 1 and 2 that the error norms obtained from the numerical results
reduce with the increasing number of partitions. This indicates that the convergence
towards the exact solution increases with the increasing number of partitions for different
time levels. It is noted that the convergence towards the exact solution is achieved when
t = 1 and with different values of x, as shown in Tables 3 and 4. From Tables 1 – 4, we
observe that our technique has yielded results that are very close to the exact solution.
Moreover, in Figs. 1 and 2, the numerical solutions for u(x, t) and v(x, t) have been
plotted with the exact solutions at different times. We notice that the plots of those
solutions are indistinguishable.

4 Conclusions

A numerical scheme that involves the finite element method with the cubic Hermite ele-
ment for solving the strongly reaction-diffusion system has been described. The accuracy
and performance of the method has been measured using the L2 and L∞ error norms. We
have illustrated that our numerical results are of higher accuracy than those produced by
other methods [1, 2]. Furthermore, the proposed method shows perfect agreement with
the exact solution for different values of time and step size. Here, we point out that the
proposed method for dealing with this system is relatively new and more efficient than
other methods that were used recently. Therefore, we recommend using this technique
to solve different types of partial differential equations.
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Figure 1: Comparison between numerical and exact solutions for u(x, t) at different time levels .
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Figure 2: Comparison between numerical and exact solutions for v(x, t) at different time levels .
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Table 1: Errors at different times and different number of partition for u(x, t) at △t = 0.001 .

Table 2: Errors at different times and different number of partition for v(x, t) at △t = 0.001 .
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Table 3: The absolute errors between numerical and exact solution of u(x, t) at t = 1 .

Table 4: The absolute errors between numerical and exact solution of v(x, t) at t = 1 .
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