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Abstract: This paper investigates geometrical properties for relative operator en-
tropies acting on positive definite matrices by the use of the log-determinant metric.
Particularly, we prove that both entropies Sp(A|B) and T (A|B) lie inside the sphere
centered at the geometric mean of A and B with the radius equal to half the log-
determinant distance between A and B.
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1 Introduction

Let M, be the algebra of n x n matrices over R, and P,, denote the cone of symmetric
positive definite elements of M,,. The identity matrix will be denoted by I. We recall
that for any two matrices A and B from P,,, we set A < B to mean that B — A > 0,
i.e., B — A is a positive semi-definite matrix. This order, known in the literature by the
Lowner order, is partial.

Kamei and Fujii introduced in [7,[8] the relative operator entropy S(A|B) for two
positive definite matrices A and B, by the following formula:

S(A|B) = A% log (A7 BA= ) A3, (1)

which represents an extension of the operator entropy defined by Nakamura and Umegaki
[18] and of the relative operator entropy introduced by Umegaki [21]. Later, a generalized
parametric extension of the relative operator entropy was stated by Furuta in [10] as

S,(A|B) = A% (A7 BA7 )log(A7 BA7)A:, peR (2)
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