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Delay-Independent Stability Conditions
for a Class of Nonlinear Mechanical Systems
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Abstract: A mechanical system with linear gyroscopic forces and nonlinear homo-
geneous dissipative and positional forces is studied. The case is considered where
there is a time-varying delay in positional forces. With the aid of the decomposition
method and the Razumikhin approach, conditions are obtained ensuring that the
trivial equilibrium position of the system under investigation is asymptotically stable
for any nonnegative, continuous and bounded delay. Estimates for the convergence
rate of motions are derived. The developed approach is used in a problem of stabi-
lization of mechanical systems via controls with delay in a feedback law. An example
is given to demonstrate the e�ectiveness of the obtained results.

Keywords: mechanical system; nonlinear forces; stability; time-varying delay; de-
composition; stabilization.

Mathematics Subject Classi�cation (2010): 34K20, 93D30.

1 Introduction

Systems of high-dimensional second-order di�erential equations are widely used as math-
ematical models of gyroscopic devices [1{3]. An e�ective approach to the analysis of
stability and other dynamic properties of such models consists of the decomposition of
the complete system into �rst-order precession and nutation subsystems.

The justi�cation of the correctness of such a decomposition for linear stationary
gyroscopic systems was given in [1, 2] by the Lyapunov �rst method via the expansion
of the roots of the characteristic equations in series with respect to negative powers of a
large parameter. It was proved that, for su�ciently large values of the parameter, the
asymptotic stability of the isolated nutation and precession subsystems implies the same
property for the complete system.
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Another approach to the justi�cation of decomposition of gyroscopic systems into
precession and nutation subsystems was proposed in [4]. This approach is based on the
Lyapunov direct method. Therefore, its application turned out to be e�ective not only
for linear time-invariant systems, but also for some classes of nonlinear and time-varying
systems (see [5{9]).

In particular, in [7], it was used for the stability analysis of mechanical systems with
linear gyroscopic forces and nonlinear homogeneous dissipative and positional forces. A
special form of decomposition was constructed and new conditions of the asymptotic
stability of equilibrium positions were found.

In the present paper, we will consider the same class of nonlinear mechanical systems
as in [7] under the additional assumption that there is a time-varying delay in positional
forces. Our objective is to study the impact of delay on the stability of equilibrium posi-
tions. It is well known (see, for instance, [10{12]) that an introduction of a delay might
destroy stability. With the aid of the decomposition method and a special technique for
the application of the Razumikhin theorem to nonlinear time-delay systems developed
in [13, 14], we will obtain conditions providing the asymptotic stability of equilibrium
positions for any nonnegative, continuous and bounded delay. In addition, we will derive
estimates for the convergence rate of motions. Moreover, we will show that the obtained
results can be e�ectively used for the stabilization of mechanical systems via controls
with delay in a feedback law.

2 Background and Problem Formulation

In this paper, R denotes the �eld of real numbers, Rn is the n-dimensional Euclidean
space with the associated normk � k of a vector, the notation Rn � n is used for the vector
space ofn � n matrices.

De�nition 2.1 (see [15,16]) A functionf (x) : Rn 7! R is called homogeneous of the
order � 2 R if f (cx) = c� f (x) for any c > 0 and x 2 Rn .

Remark 2.1 In the present contribution, the homogeneity with respect to the stan-
dard dilation is considered [16,17].

Let motions of a mechanical system be modeled by the equations

A �q(t) + ( B ( _q(t)) + G) _q(t) + Q(q(t)) = 0 : (1)

Hereq(t); _q(t) 2 Rn are the vectors of generalized coordinates and velocities, respectively,
A; G 2 Rn � n are constant matrices, the entries of the matrixB ( _q) 2 Rn � n are continuous
for _q 2 Rn homogeneous functions of the order� > 0, the components of the vector
Q(q) 2 Rn are continuously di�erentiable for q 2 Rn homogeneous functions of the order
� > 1.

The system (1) has the trivial equilibrium position

q = _q = 0 : (2)

Stability of this equilibrium position was studied in [7] with the aid of the decomposition
method. The auxiliary isolated subsystems

G _y(t) = � Q(y(t)) ; (3)
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A _z(t) = � (B (z(t)) + G)z(t) (4)

were constructed, and the following constraints were imposed on the equations under
consideration.

Assumption 2.1 The inequality � > � + 1 holds.

Assumption 2.2 The matrix A is symmetric and positive de�nite, while the matrix
G is skew-symmetric and nonsingular.

Assumption 2.3 The function _q> B ( _q) _q is positive de�nite.

Assumption 2.4 There exists a continuously di�erentiable homogeneous of the or-
der � + 1 vector function w(z) 2 Rn such that

@w(z)
@z

A � 1Gz = B (z)z

for z 2 Rn .

Assumption 2.5 The zero solution of the subsystem (3) is asymptotically stable.

Remark 2.2 Assumptions 2.2 and 2.3 imply that the system (1) is under the action
of linear gyroscopic forces� G _q, nonlinear homogeneous dissipative forces� B ( _q) _q and
nonlinear homogeneous positional forces� Q(q).

Let us note that nonlinear homogeneous forces are widely used in mathematical mod-
els of mechanical systems (see, e.g., [18{23]). Such forces can be related to both physical
con�gurations and purely nonlinear material properties. Moreover, nonlinear homoge-
neous functions provide smooth approximations of non-smooth forces [24].

Remark 2.3 From the conditions imposed on the matrix G, it follows that n should
be an even number.

Remark 2.4 A criterion for the ful�lment of Assumption 2.4 was obtained in [7].

In [7], it was proved that, under Assumptions 2.1{2.5, the equilibrium position (2) of
the system (1) is asymptotically stable.

Remark 2.5 It is known [7] that Assumption 2.1 cannot be relaxed.

The objective of this paper is to study the impact of delay in positional forces on the
stability of the equilibrium position. We consider the system

A �q(t) + ( B ( _q(t)) + G) _q(t) + Q(q(t)) + D (q(t � � (t)) = 0 ; (5)

where the components of the vectorD (q) 2 Rn are continuously di�erentiable for q 2 Rn

homogeneous functions of the order� , � (t) is a nonnegative, continuous and bounded
for t � 0 delay, and the remaining notation is the same as for (1).

For a given delay � (t), denote h = sup t � 0 � (t). Let the initial functions for the
solutions of (5) belong to the spaceC1([� h; 0]; Rn ) of continuously di�erentiable functions
’ (� ) : [� h; 0] 7! Rn with the uniform norm

k’ kh = max
� 2 [� h; 0]

(k’ (� )k + k _’ (� )k) :

We will look for conditions ensuring the delay-independent asymptotic stability of
the equilibrium position (2) of the system (5).



450 A. Yu. ALEKSANDROV

3 Stability Analysis

Instead of (3), construct a new isolated subsystem in the form

G _y(t) = � Q(y(t)) � D (y(t)) : (6)

Assumption 3.1 The zero solution of the subsystem (6) is asymptotically stable.

Theorem 3.1 Let Assumptions 2.1{2.4 and 3.1 be ful�lled. Then the equilibrium
position (2) of the system (5) is asymptotically stable for any nonnegative, continuous
and bounded fort � 0 delay � (t).

Proof. De�ne new variables by the formulae

z(t) = _q(t); Gy(t) + w(z(t)) = A _q(t) + Gq(t);

where the vector function w(z) satis�es the conditions of Assumption 2.4.
We obtain the system

G _y(t) = � Q(y(t)) � D (y(t)) +
�

Q(y(t)) � Q
�
y(t) � G� 1Az(t) + G� 1w(z(t))

� �

+
�

D (y(t)) � D
�
y(t � � (t)) � G� 1Az(t � � (t)) + G� 1w(z(t � � (t)))

� �

+
@w(z(t))

@z
A � 1

�
B (z(t))z(t) + Q

�
y(t) � G� 1Az(t) + G� 1w(z(t))

� �

+
@w(z(t))

@z
A � 1D

�
y(t � � (t)) � G� 1Az(t � � (t)) + G� 1w(z(t � � (t)))

�
;

A _z(t) = � (B (z(t)) + G)z(t) � Q
�
y(t) � G� 1Az(t) + G� 1w(z(t))

�

� D
�
y(t � � (t)) � G� 1Az(t � � (t)) + G� 1w(z(t � � (t)))

�
:

(7)

For a solution (y> (t); z> (t))> of (7), denote by (y>
t ; z>

t )> the restriction of the solu-
tion to the segment [t � h; t ], i.e., (y>

t ; z>
t )> : � 7! (y> (t + � ); z> (t + � ))> , � 2 [� h; 0].

Let
k(y>

t ; z>
t )> kh = max

� 2 [� h; 0]
k(y> (t + � ); z> (t + � ))> k:

The system (6) is homogeneous. Therefore, from Assumption 3.1 it follows (see
[15,16]) that, for any number 
 1 > � , there exists a continuously di�erentiable for y 2 Rn

homogeneous of the order
 1 � � + 1 Lyapunov function V1(y) such that the inequalities

a1kyk
 1 � � +1 � V1(y) � a2kyk
 1 � � +1 ; (8)






@V1(y)
@y





 � a3kyk
 1 � � ; _V1
��
(6) � � a4kyk
 1

are valid for y 2 Rn . Here ai > 0, i = 1 ; 2; 3; 4.
Furthermore, it should be noted that the zero solution of (4) is asymptotically stable,

and a Lyapunov function for this subsystem can be chosen as follows:

V2(z) =
�
z> Az

� ( 
 2 � � )=2
;
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where 
 2 > � + 1.
Next, construct the function

V (y; z) = V1(y) + �V 2(z); (9)

where � is a positive parameter. The function (9) is positive de�nite and satis�es the
estimates

a1kyk
 1 � � +1 + �a 5kzk
 2 � � � V (y; z) � a2kyk
 1 � � +1 + �a 6kzk
 2 � �

for y; z 2 Rn , where a5; a6 are positive coe�cients.
Consider its derivative along the solutions of (7). We obtain that there exists a

number � > 0 such that

_V
��
(7) � � a4ky(t)k
 1 � �b 1kz(t)k
 2

+ b2

�
� ky(t)k� kz(t)k
 2 � � � 1 + ky(t)k
 1 � 1kz(t)k

+ ky(t)k
 1 � � kz(t)k� + ky(t)k
 1 � � kz(t)k2� +1
�

+ b3
�
ky(t)k
 1 � � + � kz(t)k
 2 � � � 1� 


 D

�
y(t) � G� 1Az(t) + G� 1w(z(t))

�

� D
�
y(t � � (t)) � G� 1Az(t � � (t)) + G� 1w(z(t � � (t)))

� 




for k(y>
t ; z>

t )> kh < � . Here b1; b2; b3 are positive constants.
With the aid of the Young inequality, it can be veri�ed that if � and � are su�ciently

small and

max
�

1;
�

2� + 1

�
<


 1


 2
�

�
� + 1

;

then
_V
��
(7) � �

1
2

a4ky(t)k
 1 �
1
2

�b 1kz(t)k
 2

+ b3
�
ky(t)k
 1 � � + � kz(t)k
 2 � � � 1� 


 D

�
y(t) � G� 1Az(t) + G� 1w(z(t))

�

� D
�
y(t � � (t)) � G� 1Az(t � � (t)) + G� 1w(z(t � � (t)))

� 




for k(y>
t ; z>

t )> kh < � .
Assume that the following conditions are ful�lled for a solution ( y> (t); z> (t))> of (7):
(i) k(y>

t ; z>
t )> kh < � ,

(ii) V (y(� ); z(� )) � 2V (y(t); z(t)) for � 2 [t � h; t ].
Using (ii) and the estimates (8), we arrive at the inequalities

ky(� )k � c1

�
ky(t)k + kz(t)k


 2 � �

 1 � � +1

�
; (10)

kz(� )k � c2

�
ky(t)k


 1 � � +1

 2 � � + kz(t)k

�
(11)

for � 2 [t � h; t ], where c1 and c2 are positive constants.
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Let 
 1 = 
 2�= (� + 1). Then 
 1 � � + 1 > 
 2 � � . With the aid of (10), (11) and the
mean value theorem, it can be shown (see [13,14]) that




 D
�
y(t) � G� 1Az(t) + G� 1w(z(t))

�

� D
�
y(t � � (t)) � G� 1Az(t � � (t)) + G� 1w(z(t � � (t)))

� 




� ~c
�
ky(t)k
 1 � � +1 + kz(t)k
 2 � � � � � 1


 1 � � +1 + 1

 2 � � ;

where ~c = const > 0.
Applying the Young inequality once again, we obtain that, for an appropriate choice

of � , the estimate
_V
��
(7) � �

1
3

a4ky(t)k
 1 �
1
3

�b 1kz(t)k
 2 (12)

holds. Hence the Lyapunov function (9) satis�es the conditions of the Razumikhin the-
orem (see [10]). Therefore, the zero solution of (7) is asymptotically stable for any
nonnegative, continuous and bounded delay. From the relationship between the vari-
ables y(t); z(t) and q(t); _q(t), it follows that the equilibrium position (2) of the system
(5) possesses the same property.

4 Estimates of Motions

In this section, we will show that, with the aid of the Lyapunov function (9) and the
di�erential inequalities method (see [25,26]), estimates for the convergence rate of motions
of (5) to the equilibrium position (2) can be derived.

Let Assumptions 2.1{2.4 and 3.1 be ful�lled. Consider the function (9) with 
 1 =

 2�= (� + 1). According to the proof of Theorem 3.1, for an appropriate choice of� and
� , the ful�lment of (i) and (ii) implies that (12) holds.

Using inequalities (8) and (12), we obtain

_V
��
(7) � � dV


 1

 1 � � +1 (y(t); z(t)) ;

where d = const > 0.
Applying the approach developed in [14], one can verify the existence of positive

numbers � ; � 1; � 2 such that if the initial conditions of a solution ( y> (t); z> (t))> of (7)
satisfy the inequalities t0 � 0, k(y>

t 0
; z>

t 0
)> kh < �, then

ky(t)k � � 1(t � t0 + 1) � 1
� � 1 ;

kz(t)k � � 2(t � t0 + 1) � ! (13)

for t � t0, where

! =
1

(� � 1)(� + 1)

�
� �

� � � � 1

 2 � �

�
: (14)

It is worth noting that, to obtain more precise estimate (13) in the sense of minimiza-
tion of the exponent, one should pass to the limit in (14) as
 2 ! 1 .

Taking into account the relationship between the variablesy(t); z(t) and q(t); _q(t), we
arrive at the following theorem.
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Theorem 4.1 Let Assumptions 2.1{2.4 and 3.1 be ful�lled. Then, for any � 2 (0; 1)
and any nonnegative, continuous and bounded fort � 0 delay � (t), there exist positive
numbers ~� ; � 1; � 2 such that if for a solution q(t) of (5) the inequalities t0 � 0, kqt 0 kh < ~�
hold, then

kq(t)k � � 1(t � t0 + 1) � 1
� � 1 ; k _q(t)k � � 2(t � t0 + 1) � ��

( � � 1)( � +1)

for t � t0.

5 Control Synthesis

Let the system (1) be of the form

A �q(t) + ( B ( _q(t)) + G) _q(t) +
@�( q(t))

@q
= 0 : (15)

Here �( q) is a twice continuously di�erentiable for q 2 Rn homogeneous of the order
� + 1 function. Thus, the positional forces in (15) are potential.

We will suppose that the potential energy �( q) is a negative de�nite function. Then,
under Assumptions 2.2, 2.3, the equilibrium position (2) of (15) is unstable (see [2,26]).

Next, consider the corresponding control system

A �q(t) + ( B ( _q(t)) + G) _q(t) +
@�( q(t))

@q
= U; (16)

where U is a control vector. Our objective is to design a feedback control law stabilizing
the equilibrium position under the constraint that there exists a delay in the control
scheme.

Let
U = � "kq(t � � (t))k� � 1Gq(t � � (t)) : (17)

Here " is a positive parameter.

Theorem 5.1 If Assumptions 2.1{2.4 are ful�lled, then the equilibrium position (2)
of the system (16) closed by the control (17) is asymptotically stable for any" > 0 and
any continuous, nonnegative and bounded fort � 0 delay.

Proof. To prove the theorem, it is su�cient to show the ful�lment of Assumption
3.1.

The corresponding subsystem (6) takes the form

_y(t) = � G� 1 @�( y(t))
@y

� "ky(t)k� � 1y(t): (18)

Consider the Lyapunov function

V1(y) = � �( y): (19)

This function is positive de�nite. Di�erentiating (19) along the solutions of (18), we
obtain

_V1
��
(18) = " (� + 1) ky(t)k� � 1�( y(t)) � � ~a"ky(t)k2� ;

where ~a is a positive constant. Thus, the zero solution of (18) is asymptotically stable.
The application of Theorem 3.1 completes the proof.
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Remark 5.1 Theorem 5.1 guarantees the asymptotic stability of the equilibrium
position for any value of parameter " . Hence, the control forces (17) may be arbitrary
small compared with the destabilizing potential forces.

6 Example

Consider the control system

�q(t) + bk _q(t)k� _q(t) + G _q(t) � k q(t)k2q(t) = U; (20)

where n = 2, q(t) = ( q1(t); q2(t))> ,

G =
�

0 g
� g 0

�
;

b; g and � are positive parameters,U = ( u1; u2)> is a control vector.
It should be noted that from the results of [7] it follows that Assumption 2.4 is ful�lled

for the system (20), and the vector function w(z) can be de�ned by the formula

w(z) = bkzk� G� 1z:

Applying Theorem 5.1, we obtain that, under the condition � < 2, the control law

U = � "kq(t � � (t))k2Gq(t � � (t))

stabilizes the equilibrium position q = _q = 0 of (20) for any positive values of b; g; " and
any continuous, nonnegative and bounded fort � 0 delay � (t).

7 Conclusion

In the present paper, an approach to the decomposition of stability problem for a class
of nonlinear mechanical systems is developed. Instead of the stability analysis for the
original time-delay second order system (5), it is proposed to study stability for simpler
delay-free �rst order isolated subsystems (4) and (6). It is worth noting that, unlike
the classical decomposition conditions for linear gyroscopic systems [1, 2], to justify the
decomposition of (5), Theorem 3.1 does not require the presence of a large parameter
in the equations under study. It is shown that with the aid of the Lyapunov function
constructed in the proof of the theorem, estimates of convergence rate of motions can be
derived. An application of the developed approach to the control design for a mechanical
system is presented. An interesting direction for further research is an extension of the
obtained results to nonlinear mechanical systems with delay and switched force �elds.
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1 Introduction

The use of classical control techniques (proportional, integral and/or derivative actions
control) requires knowing the system parameters in order to set the appropriate control
parameters which permit reaching the desired goal. Thus, errors and inaccuracies might
well happen during the process. Moreover, the control is hard due to the existing coupling
between the variables of the system (interaction between the variables to be controlled).
Yet nevertheless, using the so-called robust control methods including adaptive control
can help solve the problem. Recent contributions in adaptive control, both theoretical
and practical, have allowed to better understand adaptive systems [1{4]. The main
purpose of adaptive control is the synthesis of adaptation laws to automatically adjust
regulators of the control loops in order to achieve or maintain a given level of performance,
when the parameters of the process to be controlled are unknown or little known [5{9].
Indeed, a large research e�ort is invested in understanding the structural and functional
aspects of biological systems and in particular the processes of the human brain. This
led to try new ways which integrate the non-linearities and uncertainties inherent in the
real system. The fuzzy systems approach seems to be practical, and studies have shown
that certain classes have the quality of being universal function approximators [10{16].
This important property has opened a new way to use fuzzy systems in the �eld of
control [1{4]. Hence, several works are oriented towards combining fuzzy systems with
control techniques such as adaptive control. In these control schemes, fuzzy systems
are used to approximate non-linear functions. In this paper, an adaptive control based
on fuzzy systems is developed. Fuzzy systems are used to approximate the model of
the system to be controlled, and in order to compensate the e�ects of reconstruction
errors, we introduce a sliding mode term in the control law. The approximation theory
and the Lyapunov theory are used to establish a parametric adaptation law ensuring the
boundedness of all the signals of the system and the error of the fuzzy system parameters.

2 Description of The Sugeno Type Fuzzy System

The fuzzy system in its design consists of four main modules [17{20]: 1) the fuzzy rule
base, or knowledge base, contains the fuzzy rules describing the behavior of the system;
2) the fuzzy inference engine transforms, with the help of fuzzy reasoning techniques,
the fuzzy part resulting from the fuzzi�cation into a new fuzzy part; 3) the fuzzi�cation
transforms the physical input quantity into a fuzzy quantity; 4) the defuzzi�cation trans-
forms the fuzzy quantity resulting from the inference into a physical quantity. There is a
great number of possibilities of realization of fuzzy systems with a multitude of choices
for each, and each combination of choices generates a class of fuzzy systems. In our
work, we are interested in the Sugeno type fuzzy system, initially developed by Sugeno
and Takagi for modeling of systems from numerical data [21]. In this case the conse-
quences of the rules are numerical functions, which depend on the current values of the
input variables. In this way, the defuzzi�cation step required by other fuzzy systems is
skipped. As our goal is to develop a law of adaptation of the parameters of the fuzzy
system, it is therefore essential to give the analytical expression of the output of Sugeno’s
fuzzy system, to approximate any nonlinear function from numerical data.

Let us denote by xsf 1 ; : : : ; xsf n the inputs of Sugeno’s fuzzy system, and byysf its
output. For each variable xsf i is associatedmi fuzzy setsF j

i in universe of discourseUi
such that for any xsf i in Ui , there exists at least one degree of membership.� F j

i
(xsf i ) 6= 0,
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where i = 1 ; 2; :::; n and j = 1 ; 2; :::; mi . The rule base of the fuzzy system includes
M =

Q n
i =1 mi rules such as

Rl : if x sf 1 isF l 1
1 and:::and xsf i is F li

i and:::and xsf n isF ln
n then ysf 1 (x) = al

0+ :::+ al
n x f n :

(1)
Each fuzzy rule Rl corresponds to a combination of (F l 1

1 ; :::; F li
i ; :::; F ln

n ) fuzzy sets.
In fact, the knowledge base contains all possible combinations of the fuzzy sets of the
input variables. In this case, the consequences of the rules are numerical functions,
which depend on the current values of the observation variables (xsf ) i =1 ;:::n . From
the previous set of rules, the expression for the �nal output is given by the following
relationship [16,18,22]:

ysf =
P M

l =1 � l ysf lP M
l =1 � l

(2)

with

� l =
nY

i =1

� F li
i

x i ; 1 � l i � mi : (3)

This represents the degree of con�dence or activation of the ruleRl . Since each rule has
a numerical conclusion, the total output of the fuzzy system is obtained by calculating a
weighted average, and in this way, the time consumed by the defuzzi�cation procedure
is avoided. The membership functions characterizing the fuzzy setsF j

i are chosen based
on Gaussian functions de�ned by the following relation:

� F j
i
(xsf i ) = exp(� 0:5(vj

i (xsf i � cj
i ))) ; (4)

where c is the mean, v is the inverse of the variance. In the case where the parameters
of the premises are a priori �xed, the only adjustable parameters will be those of the
conclusion. Thus, the �nal output can be written in the following form:

ysf = W (xsf )A; (5)

where A is a vector of parametersaj
i , and W (xsf ) is a vector of fuzzy basis functions,

l = 1 ; :::; M ; i = 1 ; :::; n; and 1 � l i � mi .

3 Adaptive Control Based on Fuzzy Systems

3.1 Formulation of the problem

Let us de�ne a nonlinear system by the collection of m di�erential equations of order n
such as

ui = Fi (X )x (n )
i + Gi (X ); (6)

yi = x i ; i = 1 ; :::; m, X = [ x (n � 1) ; :::; x]T , x = [ x1; :::; xm ]T , u = [ u1; :::; um ]T ,
and y = [ y1; :::; ym ]T are, respectively, the state vector, the input vector and the output
vector. Moreover, we assume that the time derivative ofFi (X ) veri�es the following
condition:

jFi (X )j � Fi 0kX k; (7)

whereFi 0 is a known positive constant. To help establishing the control law, we introduce
the following de�nitions:
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{ The tracking error vector ei = [ ei _ei ::: e(n � 1)
i ]T 2 R m with ei = x id � x i .

{ The �ltered tracking error

si = (
@
@t

+ � )(n � 1) ei (8)

can be written as si = Ci ei 0, where Ci = [ � (n � 1) (n � 1)� n � 2 ::: 1].
{ The reference signal

y(n )
ir = x (n )

id + Cir ei (9)

with Cir = [0 � (n � 1) (n � 1)� (n � 2) :::(n � 1)� ] and x (n )
id being the nth derivative of

the referencex id .
To synthesize the control law, the functions Fi (X ) and Gi (X ) are replaced by two

Sugeno fuzzy systems of the formW (X )� such as

Fi (X ) = Wf i (X )� f i + " f i (10)

Gi (X ) = Wgi (X )� gi + "gi ; (11)

where " f i and "gi are the reconstruction errors of functionsFi (X ) and Gi (X ) such that [4]

j" f i j � �" f i (12)

j"gi j � �"gi : (13)

We denote the estimate of the functionFi (X ) by F̂i (X ) and Gi (X ) by Ĝi (X ) such
that

F̂i (X ) = Wf i (X ) �̂ f i (14)

Ĝi (X ) = Wgi (X ) �̂ gi : (15)

The adaptive fuzzy control problem is posed as follows. For the nonlinear system de�ned
by equation (6), determine the adjustment laws of the parameters of the two fuzzy
systems that allow to estimate, online, the functions Fi (X ) and Gi (X ) as well as the
adequate controlui such that the tracking error converges asymptotically to zero.

3.2 Synthesis of the control law

Our goal is to design a control such that the tracking error converges asymptotically to
zero. Thus, this control is given by

ui = kid si +
1
2

Fi 0 kX k si + Wf i (X ) �̂ f i y
(n )
ir + Wgi (X ) �̂ gi + K i sign(si ); (16)

where K i is the sliding mode term, it is given by

K i = �" f i jy
(n )
ir j + �"gi : (17)

The parameters of the fuzzy systems are adjusted by the following adaptation laws:

_̂� f i = � f i W
T
f i

(X )si y
(n )
ir ; (18)

_̂� gi = � f i W
T
gi

(X )si : (19)

The schematic diagram of adaptive control based on fuzzy systems is shown in Figure
1.



NONLINEAR DYNAMICS AND SYSTEMS THEORY, 21 (5) (2021) 457{470 461

Figure 1 : Structure of adaptive control based on fuzzy systems.

4 Study of the Stability

Using the control law (16) and the dynamic model of the nonlinear system (6), and
knowing that y(n )

ir = y(n )
i + _si , the dynamics of the error is given by

Fi _si = � kid si �
1
2

Fi 0 kX k si � Wf i (X ) ~� f i
y(n )

ir � Wgi (X ) ~� gi � ki sign(si )+ " f i y
(n )
ir + "gi ; (20)

where ~� f i and ~� gi are the parametric errors, they are given by~� f i = �̂ f i � �� f i and ~� gi =
�̂ gi � �� gi with �� f i and ~� gi being the parameter vectors for the reconstruction errors to
be zero.

Let the following Lyapunov function:

V =
1
2

s2
i Fi +

1
2

(~� T
f i

� � 1
f i

~� f i
) +

1
2

(~� T
gi

� � 1
gi

~� gi
): (21)

By deriving (21) with respect to time, we obtain

_V =
1
2

s2
i Fi + si Fi _si + ~� T

f i
� � 1

f i

_̂� f i + ~� T
gi

� � 1
gi

_̂� gi : (22)

Replacing (20) in (22), we have

_V =
1
2

s2
i

_F i � s2
i kid �

1
2

s2
i Fi 0 kX k � si Wf i (X ) ~� f i

y(n )
ir � si Wgi (X ) ~� gi

+ ~� T
f i

� � 1
f i

_̂� f i + ~� T
gi

� � 1
gi

_̂� gi
+ si " f i

y(n )
ir + si "gi � si K i sign(si ): (23)

To facilitate the demonstration, we make the following decomposition:
_V1 = � s2

i kid ,
_V2 = 1

2 s2
i

_Fi � 1
2 s2

i Fi 0 kX k,
_V3 = si Wf i (X ) ~� f i

y(n )
ir + ~� T

f i
� � 1

f i

_̂� f i
� si Wgi (X ) ~� gi

+ ~� T
gi

� � 1
gi

_̂� gi
.

Thus, the expression of _V is put in the following form:
_V4 = si " f i

y(n )
ir + si "gi � si K i sign(si ),

_V = _V1 + _V2 + _V3 + _V4.
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Knowing that kd is a positive constant, we get _V1 � 0. Using condition (7), we have
_V2 � 0.

Following the adaptation laws in (18), and (19), we obtain _V3 � 0. According to the
expression of the slip mode term (16), it comes_V4 � 0. Hence, the time derivative of the
Lyapunov function veri�es

_V � 0: (24)

The inequality (24) implies that s converges asymptotically to zero and that all signals
in the system are bounded.

4.1 Application to the permanent magnet synchronous machine

The machine model is established by considering the commonly accepted simplifying
assumptions that the machine is of symmetric, unsaturated construction and that the
iron losses and space harmonics of the magnetic �eld are negligible. The dynamics of the
machine is represented by its rotor-related PARK model [23{25] so that the electrical
quantities appear in a continuous form, easy to process by the control algorithm. Thus,
this model is given by

8
>><

>>:

vd = Rs i d + L d
di d
dt � pLq
 i q;

vq = Rs i q + L q
di q
dt + pLd 
 i d + p
� f ;

j d

dt = Tem � Tr � Fc
 ;

Tem = 3
2 p(� f i q + ( L d � L q)i d i q);

(25)

where � f is the total permanent magnet 
ux, ( L d; L q) are the forward and quadrature
inductances, (i d; i q) are the stator current components, (vd; vq) are the stator voltage
components, Rs is the stator resistance, 
 is the rotational speed, Fc is the strongly
viscous coe�cient, j is the moment of inertia, Tr is the resistive torque and p is the
number of pole pairs.

4.2 Speed control

In the case of a permanent magnet synchronous machine without salience (L d = L q)
and without dampers, the electromagnetic torque depends only on the q-axis current
component. The power input is optimized for a given torque if the disturbance current
i d = 0 ; [26]. The control must maintain zero and adjust the torque with. Physically,
this strategy amounts to maintaining the armature reaction 
ux in quadrature with the
rotor 
ux produced by the system. The overall structure of this command is shown in
Figure 2. A coordinate transformation (dq-abc) is used to calculate the reference stator
currents. These currents are compared to the actual measured currents to set the control
of each inverter arm. Using the equilibrium equation between the driving torque and the
torque opposed by the mechanical part of the system, we can write

i q = F (
)
d

dt

+ G(
) : (26)

The implementation of this command requires the approximation of the functionsF (
)
and G(
) by the fuzzy systems, thus, this approximation is given by

F (
) = Wf (
) � f + " f 
 ; (27)

G(
) = Wg(
) � g + "g
 (28)
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Figure 2 : Speed/position control structure by the adaptive control method based on fuzzy
systems.

with " f 
 and "g
 being the reconstruction errors of functionsFi (
) and Gi (
) such that
j" f 
 j � �" f 
 , j"g
 j � �"g
 .

In this approximation, we choose two Sugeno fuzzy systems of order one having the
input. Three membership functions are associated to this input. Thus, we have three
rules for each fuzzy system.

The estimated functions generated by the fuzzy systems are given by

F̂ (
) = Wf (
) �̂ f ; (29)

Ĝ(
) = Wg(
) �̂ g; (30)

where �̂ f and �̂ g are the internal parameters of the fuzzy systems, they are adjusted by
the following adaptation law:

_̂� f = � f 
 W T
f (
) s _yr ; (31)

_̂� g = � g
 W T
g (
) s; (32)

where � f 
 and � g
 are positive constants,s and _yr are, respectively, the error and the
reference signal, their expressions are given bys = 
 ref � 
, _yr = _
 ref .

From the estimated fuzzy functions, the law control has the following form:

i qr ef = kd
 s +
1
2

F0
 k
 k s + Wf (
) �̂ f _yr + Wg(
) �̂ g + k
 sign(s); (33)

where k
 is the gain of the slip mode term, its expression is given byk
 = �" f 
 j _yr j + �"g
 .



464 S. BENTOUATI, A. TLEMC�ANI, N. HENINI AND H. NOURI

4.3 Position control

The schematic diagram of this control is shown in Figure 2. Through fuzzy systems, the
functions F ( _� ) and G( _� ) in equation (26) are approximated as follows:

F ( _� ) = Wf ( _� )� f + " f � ; (34)

G( _� ) = Wg( _� )� g + "g� ; (35)

with " f � and "g� being the reconstruction errors of functionsF ( _� ) and G( _� ) such that
j" f � j � �" f � , j"g� j � �"g� .

In our application, two Sugeno fuzzy systems of order one with three fuzzy rules
are used to approximate the functionsF ( _� ) and G( _� ). The fuzzy systems generate the
estimated functions F̂ ( _� ) and Ĝ( _� ) such that

F̂ ( _
) = Wf ( _
) �̂ f ; (36)

Ĝ( _
) = Wg( _
) �̂ g; (37)

where �̂ f and �̂ g are the internal parameters of the fuzzy systems, they are adjusted by
the following adaptation law:

_̂� f = � f � W T
f (� )s �yr ; (38)

_̂� g = � g� W T
g (� )s; (39)

wheres and �yr are, respectively, the �ltered error and the reference signal, they are given
by s = _� ref � _� + � (� ref � � ), �yr = �� ref + � ( _� ref � _� ), whereas� f � and � g� are positive
constants. Based on the estimated fuzzy functions, the adaptive controller provides the
command i qref , which is given by

i qr ef = kd� s +
1
2

F0�




 _�



 s + Wf ( _� ) �̂ f �yr + Wg( _� ) �̂ g + k� sign(s); (40)

where K � is the gain of the slip mode term, it is given by K � = �" f � j �yr j + �"g� .

5 Numerical Simulation

In this section, we present the results obtained from the simulation of the adaptive control
technique based on fuzzy systems applied to the permanent magnet synchronous machine.
The values of the tuning coe�cients, imposing the desired dynamics, are gathered in
Tables 1 and 2.

� f 
 � g
 kd
 F0
 �" f 
 �"g

0.05 0.05 1 0.05 0.01 0.01

Table 1 : Speed adjustment coe�cients.
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� f � � g� kd� F0� �" f � �"g� �
50.1 50.1 10 10 0.1 0.1 70.8

Table 2 : Position adjustment coe�cients.

Figure 3 : Dynamic behavior of the MSAP during a start-up with load variation at time t =
0.7 s.
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Figure 4 : Dynamic behavior of the MSAP during positioning with load variation at time t =
0.7 s.
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Figure 5 : Dynamic behavior of the MSAP during a start-up with parametric variations at time
t = 0.8 s.
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Figure 6 : Dynamic behavior of the MSAP during positioning with parametric variations at
time t = 0.8 s.

Figure 3 shows the responses obtained during a start-up for a speed setpoint of
300 rd/s with load variation. Figure 4 gives the responses obtained during positioning.
We note very interesting dynamic and static performances, the disturbance rejection is
e�ective, the decoupling of the d-q axes is not a�ected by the severe regime applied to the
machine. The speed and position drops are of the order of 0.076 and 0.03, respectively.
The times required to compensate for these are equal to 0.002s and 0.016s, respectively.
To evaluate the performance of this control scheme with respect to parametric variations,
we have tested the in
uence of parametric variations on the performance of the speed
and position control. We consider variations on the stator resistance, on the inductances
as well as on the magnet 
ux. The stator resistance is varied by 100, the inductances
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are varied by {50, and the magnet 
ux by {10. The obtained responses are shown in
Figures 5 and 6. From these results, we notice that the adaptive control based on fuzzy
systems presents a strong robustness towards parametric variations, which proves the
e�ectiveness of this control technique.

6 Conclusion

In this paper, we have presented and applied a new approach of adaptive control based on
fuzzy systems, in order to control the speed and position of the permanent magnet syn-
chronous machine. The fuzzy systems are used to approximate the non-linear functions,
which are determined by a self-learning or self-tuning according to a law that ensures
the global stability of the system. In the light of the recorded responses, the proposed
adaptive control based on fuzzy systems presents good performances. Indeed, the tests
carried out on the model of the synchronous machine with permanent magnets, allowed
us to judge positively the stability and the e�ectiveness of this algorithm.
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1 Introduction

There have been enormous contributions to the study of the dynamical behaviours in
linearly damped and driven dynamical systems, including various routes to chaos, crises
and resonance phenomenon [1{4]. However, there is a need for research on various
dynamical behaviours in nonlinearly damped driven dynamical systems. Exploring the
features of various dynamics in systems with di�erent types of setup of the external
force is of great importance. Recently, Cheib et al. [5] studied thedynamics of a two-
degree-of-freedom nonlinear mechanical system under the action of harmonic excitation.
Khachnaoni [6] investigated the existence of homoclinic orbits for damped vibration
system with small forcing terms and Kyziol and Okninski [7] found the periodic steady-
state solutions of the periodically driven Du�ng-Van der Pol oscillato r using the Krylov-
Bogoliubov-Mitropolsky approach. It is of considerable interest to study the system
under the in
uence of FM signal. The study of such signal will be helpful in creating
and controlling nonlinear dynamical behaviours [8{10]. The nonlinear damping term is
taken to be proportional to the power of the velocity in the form 
 _x j _x jP � 1. A similar
nonlinear damping term was used previously by researchers [3,11{13].

The FM signal is basically classi�ed into two types, namely, Narrow Band FM
(NBFM) and Wide Band FM (WBFM) or Broad band FM. An NBFM signal is t he
FM signal with a smaller bandwidth. The modulation index ( M f ) of the NBFM signal
is small as compared to one radian. Hence the spectrum of the NBFMsignal consists
of the carrier and upper and lower side-bands. The NBFM signal canbe expressed
mathematically as

S1(t) = f (cos!t � gsin 
 t sin!t ); 
 >> !; (1a)

where the amplitude f of the low-frequency (! ) periodic signal is modulated by the
high-frequency (
) periodic signal with amplitude g. With the use of the formula
sin 
 t sin!t = 1

2 [cos(
 � ! ) � cos(
 + ! )], it takes the form

S1(t) = f cos!t +
fg
2

[cos(
 + ! )t � cos(
 � ! )t] ; 
 >> !: (1b)

When 
 >> ! , the frequency modulated signal can also be treated as consistingof a
low-frequency signal f cos!t and two high-frequency signals with frequencies (
 + ! )
and (
 � ! ). This signal is used in FM mobile communications such as police wireless,
ambulances, taxicabs, etc. For large value of the modulation index,the FM signal ideally
contains the carrier and an in�nite number of side bands located symmetrically around
the carrier. Such an FM signal has in�nite bandwidths and is called the Wide Band
FM (WBFM) signal. The modulation index of the WBFM is higher than 1. Th is signal
is used in the entertainment broadcasting applications such as FM radio, TV etc. The
expression for the WBFM signal is complex since it is sine of sine function. The only
way to solve this equation is by using the Bessels function. The mathematical expression
for the WBFM signal is

S2(t) = f sin(!t + gsin 
 t); 
 >> !: (2)

The equation of motion of a nonlinearly damped DVP oscillator with the NBFM signal
is given by

•x + 
 _x(1 � x2) j _x jP � 1 � � 2x + �x 3 = S1(t) (3)
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and with the WBFM signal is given by

•x + 
 _x(1 � x2) j _x jP � 1 � � 2x + �x 3 = S2(t); (4)

where � is the natural frequency, � is the constant parameter which plays the role
of a nonlinear parameter, 
 > 0 is the damping parameter of the system,P is the
damping exponent,S1(t) and S2(t) are the NBFM and WBFM signals. Recently, many
researchers used these signals to analyze the dynamical behaviours of various dynamical
systems [8{10]. In the present study, we wish to numerically analyzethe dynamical
behaviours in a nonlinearly damped DVP oscillator driven by the NBFM and WBFM
signals.

The paper is structured as follows. Section 2 gives the dynamical behaviours of
a nonlinearly damped DVP oscillator subjected to the NBFM signal. We show the
occurrence of various dynamical behaviours such as bifurcationsand chaos, hysteresis
and vibrational resonance phenomena due to the presence of theNBFM signal. We take
up the system with the WBFM signal in Section 3. Finally, the conclusionof the research
work is given in Section 4.

2 Dynamical Behaviours of the System with NBFM Signal

2.1 Bifurcations and chaos

The aim of this section is to seek numerically the dynamical behavioursof the system
(Eq.(3)) when the control parameter g evolves for di�erent values of the damping ex-
ponent P. When the control parameter g is varied and a bifurcation takes place, a
qualitative change of the system happens.

Eq.(3) and Eq.(4) are solved by the fourth-order Runge-Kutta method with the time
step size � t = (2 �=! )=1000. The initial conditions in the numerical calculations are �xed
at x(0) = 0 :1 and _x(0) = 0 :0. Numerical solutions corresponding to �rst 500 drive cycles
are left as transient. We analysed the behaviour of the systems (Eq.(3) and Eq.(4)) by
varying the amplitude g of the signals with the �xed values of f; ! and 
. The numerical
results are demonstrated through the bifurcation diagram, phase portrait, Poincar�e map
and response amplitude. For our numerical computation, we �x theparameters at� =1.0,
� =5.0, 
 =0.4, ! =0.1,
=5.0, P=1.0,1.5 and 2.0 and the signal amplitudesf and g are
varied from small values. From our numerical analysis, we �nd the following.

First, we show the e�ect of the control parameter g with the �xed value of f =0.2 and
P=1.0,1.5 and 2.0. Fig.1 shows the bifurcation diagram of the system (Eq.(3)) with f =0.2
and P=1.0,1.5 and 2.0. In Fig.1(a), for P=1.0 no chaotic behaviour is observed. But
for P=1.5 and 2.0 various dynamical behaviours such as a period-doubling bifurcation
leading to chaotic behaviour, periodic windows and a reverse period-doubling bifurca-
tion occur, which is clearly evident in Fig.1(b) and Fig.1(c). Magni�catio n of a part of
the bifurcation diagram of Fig.1(c) is shown in Fig.1(d). Fig.1(d) shows the bifurcation
diagram wheref is set to 0.2 andP=2.0, while g is varied. For small values ofg the coex-
istence of two limit cycle orbits occurs. As the parameterg is increased, both the orbits
exhibit a transcritical bifurcation and a cascade of period-doublingbifurcation leading to
chaotic motion. A transcritical bifurcation occurs at g=2.3174. The period-1,2,4,8 and
16 orbits are found in the intervals (0-2.4055), (2.4055-2.4481), (2.4481-2.4588), (2.4588-
2.4603) and (2.4603-2.4626), respectively. The onset of chaos is found at f =2.4632. An
example of the chaotic orbit at g = 2 :95 and the corresponding Poincar�e map are shown
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Figure 1 : (a-c) Bifurcation diagrams for few values of P with f = 0 :2. (d) Magni�cation of
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Figure 2 : (a) Chaotic orbit for g = 2 :95 and (b) the corresponding Poincar�e map.

in Fig.2. A feature of the chaotic regime is the presence of windows ofperiodic solutions
interspersed throughout the range of their existence. The period-3 window occurs for
g 2 (2:495; 2:498), in which there is no chaotic behaviour. It is interesting, as thecontrol
parameter g is increased in the rangeg 2 (2:44; 2:48). In Fig.1(d), we also observe that
the two bands of the chaotic attractor merge into a single band when the amplitude g
is gradually increased beyondg=2.4632. In Fig.1(d), we can see that for �xed f =0.2,
when g is increased throughg=2.4750, the chaotic bands start to merge into a large
one. Another type of bifurcation which is seen in Fig.1(d) is the occurrence of sudden
widening or sudden increase in the size of the attractor atg=2.8012.

Fig.3(a) shows the bifurcation phenomenon forg 2 [2:490; 2:500]. We see that just
above gc = 2 :49462, there is a stable period-3T, while just below gc there is chaos. We
have observed that the system (Eq.(3)) also admits the intermittency route to chaos for
suitable range of parameters. For example, we have observed that for f =0.2 and P=2.0,
and g in the range g 2 (2:49462; 2:49458), the type-I intermittency occurs through a
transition from the period-3 window to chaos via the intermittency ( type-I) across the
saddle node boundary (g = 2 :49462). The intermittency signature is shown in Fig.3(b)
and Fig.3(c) where the periodic oscillations are interrupted by intermittent amplitude
bursts in the range g 2 (2:49462; 2:49458) as g is decreased, with further decrease in the
amplitude g, the system gives birth to fully developed chaos which is shown in Fig.3(d).
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Figure 3 : (a) Bifurcation diagram of the system (Eq.(3)) in the inter mittency region. (b-d)
x(n) versus n, illustrating the intermittency route to chaos.

2.2 Hysteresis

In this section, we numerically analyze the occurrence of another dynamical behaviour
such as the hysteresis phenomenon, that is, the possibility of jumping through the co-
existence of attractors in a way that is not reversible when we �x a parameter back to
its original value. It is present in the mechanical system, electromagnetism, chemical
kinetics, astrochemical cloud models and nonlinear optics. In particular, the hysteresis
phenomenon is observed in the generalized Ueda oscillator [14], modi�ed Chua's circuit
model [15], classical Morse oscillator [16] and the experimental study of Colpitt's oscil-
lator [17]. The system (Eq.(3)) is found to show hysteresis for several ranges of values
of the parameters. We give an example, withf =0.2, P=2.0 and g=1.0,P=2.0. Fig.4(a)
shows the bifurcation behaviour for g 2 [1:5; 3:0] where g is varied from 1.5 in the for-
ward direction. Fig.4(b) is obtained by varying g in the reverse direction from the value
3.0. Di�erent bifurcation patterns are followed in Fig.4(a) and Fig.4(b ). That is, the
system (Eq.(3)) exhibits the hysteresis behaviour when the control parameter g is varied
smoother from a small to a larger and then to a small value. In a similarmanner, we
can observe the hysteresis phenomenon, wheng is �xed at 1.0, P=2.0, while f is varied
from a small value. Hysteresis is realized whenf is varied in the forward and reverse
directions in the interval f 2 [0:8; 1:2], which is shown in Fig.4(c) and Fig.4(d). As shown
in Fig.4, the presence of hysteresis and the coexistence of multiple attractors allow us
to change the behaviour of the system (Eq.(3)) from chaos to regular by increasing the
amplitudes f and g from a small to larger value to a smaller value. The suppression and
enhancement of chaos are also observed which is clearly evident in Fig.4(a-d).

2.3 Vibrational resonance (VR)

In a nonlinear dynamical system driven by a biharmonic signal consisting of the low-
and high-frequencies! and 
 with 
 >> ! , when the amplitude g or frequency 
 of the
high-frequency signal is varied, the response amplitude at the low-frequency ! exhibits
a resonance. This high-frequency induced resonance is called the Vibrational Resonance
(VR). Landa and McClintock [18] �rst reported the VR in a bistable sy stem. Later
on, a theoretical treatment for analyzing the VR has been proposed by Gitterman [19].
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Figure 4 : Bifurcation diagrams: (a) g is varied in the forward direction from zero with f = 0 :2.
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from 1.2 with g = 1 :0. The values of the other parameters in Eq.(3) are P = 2 :0; � = 1 :0; � =
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 = 0 :4.

After these seminal works, the features of this resonance havebeen studied theoretically,
numerically and experimentally in a variety of systems [20,21].

In addition to the hysteresis behaviour, the system described by Eq.(3) also exhibits
the phenomenon of VR, when the amplitudeg and frequency 
 of the high-frequency
signal are varied. To quantify the occurrence of the VR, we use response amplitude
(Q) of the system (Eq.(3)) at the signal frequency ! . The system (Eq.(3)) can be
numerically integrated using the fourth-order Runge-Kutta method with the time step
size T = (2 �=! )=1000. The �rst 103 drive cycles are left as transient and the values of
x(t) correspond to the response amplitude (Q). From the numerical solution of x(t), the
response amplitude is computed through withT = 2 �=! being the period of the response
and n taken as 500.

Q =
p

Q2
s + Q2

c=f; (5a)

where

Qs =
2

nT

Z nT

0
x(t) sin(!t )dt; (5b)

Qc =
2

nT

Z nT

0
x(t) cos(!t )dt: (5c)

First, we show the occurrence of the VR due to the control parameter g for a few
values of the damping exponentP with f = 0 :2. The variation of numerically computed
Q against the control parameterg for three �xed values of P, namely, P = 0 :9; 1:0 and 1:1
is shown in Fig.5(a). The values of other parameters are �xed as� = 1 :0; � = 5 :0; 
 = 0 :4,
! =0.1, 
=5.0 and f = 0 :2. In Fig.5(a), for P = 0 :9; 1:0 and 1.1, the response amplitude
Q is found to be maximum at g = 9 :5; 8:95 and 8.0, respectively. The �rst striking result
is that the maximum of the resonance curve increases asP increases and at the same
time, its location is shifted towards a lower value of the high-frequency amplitude g.
Fig.5(b) shows the variation of numerically computed Q against the control parameter
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 = 5 :0.


 for three values of P = 0 :9; 1:0; 1:1, respectively. For all the values ofP, multiple
resonances take place in the intervals 0:5 < 
 < 2:0 and no resonance is observed in
the intervals 0 < 
 < 0:5 and 2:0 < 
 < 5:0, which is clearly evident in Fig.5(b). At

 = 0 :975, the maximum value of the response amplitudeQ occurs for all the values of
P.

3 Dynamical Behaviours of the System with WBFM Signal

3.1 Bifurcations and chaos

For our numerical simulations, we �x the same parametric values as those previously used
in the system (Eq.(3)). Fig.6 shows the bifurcation diagram for three �xed values of P,
namely, P=1.0,1.5 and 2.0 with f =0.2. Fig.6(a) shows the bifurcation pattern where f is
�xed at f =0.2 and P=1.0, while g is varied. As g is increased from zero, a stable period-
T(= (2 �=! )) orbit occurs which persists up to g=0.76231 and then it loses its stability
giving birth to a chaotic orbit. At f =0.86275, the chaotic orbit suddenly disappears
and the long-time motion settles to a periodic orbit. Fig.6(b) corresponds to P=1.5
and f =0.2 when the control parameter g is smoothly varied, the system (Eq.(4)) starts
with a chaotic motion followed by the reverse period-doubling and periodic windows.
The periodic behaviour is observed for 0:7625 < g < 0:86275. When the parameter
g is further increased from g=0.86275 one �nds that the chaotic orbits persist for a
range ofg values. At g=0.96472, the chaotic motion suddenly disappears and the long-
time motion settles to a periodic behaviour. The bifurcation diagram corresponding to
P=2.0 and g 2 [0; 2] with f =0.2 is shown in Fig.6(c). When the control parameter g is
smoothly varied, the system (Eq.(4)) starts with period-3T orbit followed by a chaotic
orbit, periodic bubble orbit and reverse period-doubling bifurcation. At g=0.96472, the
chaotic motion disappears and the long-time motion settles to a periodic behaviour.
Magni�cation of a part of the bifurcation diagram of Fig.6(c) is shown in Fig.6(d). This
�gure clearly shows the reverse period-doubling bifurcation, periodic bubble orbit, and
chaotic orbit. For clarity, the chaotic orbit in the ( x � _x) plane and the strange attractor
in the Poincar�e map of the system driven by the WBFM signal is presented in Fig.7. It is
important to note that no hysteresis behaviour has been detected while checking all the
bifurcation diagrams (Fig.6) in the system (Eq.(4)). But these bifur cation diagrams show
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Figure 6 : (a-c) Bifurcation diagrams for a few values of P with f = 0 :2. (d) Magni�cation of
a part of the bifurcation diagram of Fig.6(c). The other para meters values are � = 1 :0; � =
5:0; 
 = 0 :4; 
 = 5 :0 and ! = 0 :1.

a great number of coexisting attractors (chaotic domain) intermingled with imbricated
windows made up of periodic windows of di�erent periodicity, period doubling of both
types, periodic bubbles, reverse period doubling and sudden chaos.
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Figure 7 : (a) One band chaotic orbit at g = 0 :59 and (b) the double band chaotic orbit at
g = 0 :63. Ths corresponding Poincar�e maps are shown in Figs.7(b) and 7(d).

3.2 Vibrational resonance

In order to analyze the occurrence of the VR in the system (Eq.(4)) we treat g and 
 as
the control parameters. The response amplitude (Q) is calculated from the Eq.(5a).

When the system is driven by the WBFM signal, the variation of numerically com-
puted Q with g and 
 is shown in Fig.8. Fig.8(a) shows the variation of numerically
computed Q against the control parameter g for f =0.1 and P=0.1, 0.5 and 1.0. For all
the values ofP, as g increases from 0, the value ofQ increases and reaches a maximum
value at g = gV R = 6 :05 and then decreases with further increase ing. For P = 0 :1; 0:5
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and 1:0, the single resonance is observed atg = 6 :05 with di�erent Qmax = 0 :541; 0:495
and 0:5. Fig.8(b) illustrates the variation of numerically computed Q with 
 for a few
values ofP. The maximum value of peak is detected at three places forP = 0 :1 and two
places atP = 1 :0 and multiple peaks are observed forP = 0 :5, which are clearly evident
in Fig.8(b).
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Figure 8 : (a) Response amplitude Q versus g with f = 0 :1. (b) Response amplitude Q versus

 with f = 0 :1 for three values of P , namely, P = 0 :1; 0:5; 1:0. The other parameter values
are � = 1 :0; � = 5 :0; 
 = 0 :4; ! = 0 :1 and 
 = 5 :0.

4 Conclusions

This paper reports the dynamics of a nonlinearly damped Du�ng-Van der Pol oscillator
driven by a frequency modulated signal as a function of the amplitudes of the signal and
damping exponent. We considered both signals such as NBFM and WBFM to study the
dynamics of the system numerically. We demonstrated the e�ect ofthe amplitudes f and
g on the dynamics of the system with other parameters at a constant value. With the
variation of the amplitudes of the signal, the system exhibits period-doubling and reverse
period-doubling bifurcations, periodic windows, period bubbles, hysteresis, vibrational
resonance and chaotic orbits. Our results reveal many striking departures from the
behaviour of a linearly damped system with the FM signal. It is also found that the
FM signal suppresses the critical chaotic behaviour in some parameter ranges. The basic
properties of the dynamics of the system are analyzed by the bifurcation diagram, phase
portrait, Poincar�e map and resonance plot. The additional features of the system in
terms of coherence resonance, parametric resonance, Ghost vibrational resonance etc,
deserve further study.
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Abstract: This paper is concerned with Cauchy problems for �rst-order systems of
impulsive linear ordinary di�erential equations with unknown right-hand sides, initial
conditions, and jumps of solutions at impulse points entering into the statement of
these problems which are assumed to be subjected to some quadratic restrictions.
From indirect noisy observations of their solutions on a �nite system of intervals,
optimal, in a certain sense, estimates of images of unknown data under linear contin-
uous operators are obtained. It is shown how to apply the obtained results for �nding
the guaranteed estimates of unknown coe�cients of the nonlinear Gompers equation
which is widely used in population dynamics.
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1 Introduction

In this paper, for Cauchy problems for systems of linear impulsive ordinary di�erential
equations, we propose a novel technique of �nding optimal estimates of images of their
data under linear continuous operators. We assume that the right-hand sides of equations,
initial conditions, and jumps of solutions at impulse points entering into the statement
of these problems are unknown and belong to certain ellipsoids in the corresponding
function spaces.

� Corresponding author: mailto:youripodlipenko@gmail.com

c
 2021 InforMath Publishing Group/1562-8353 (print)/1813-7385 (online)/ http://e-ndst.kiev.ua 481

mailto: youripodlipenko@gmail.com 
http://e-ndst.kiev.ua


482 O. G. NAKONECHNYI AND YU. K. PODLIPENKO

For solving such estimation problems, we need supplementary data (observations of
solutions of the above Cauchy problems). By observations of unknown solutions we mean
functions that are linear transformations of the same solutions distorted by additive
random noises. Such a kind of observations is motivated by the fact that unknown
solutions often cannot be observed directly. Here we use indirect noisy observations of
solutions on a �nite system of intervals.

Under the condition that unknown correlation functions of noises in observations
belong to some special sets, it is established that such estimates and estimation errors are
expressed explicitly via solutions of special uniquely solvable systems of linear impulsive
ordinary di�erential equations.

For this, we �rst solve the problem of guaranteed (minimax) estimation of values of
linear functionals from the above-mentioned right-hand sides and obtain the boundary
value problems, not depending on the speci�c form of linear functionals, that generate
the guaranteed estimates. Further, we apply these results for obtaining the optimal
estimates.

Notice that this work is a continuation of our earlier studies set forth in [3] and [4],
where we elaborate the guaranteed (minimax) estimation method for the case of the
problem of estimation of linear functionals from unknown solutions and right-hand sides
of �rst order linear periodic systems of ordinary di�erential equations.

2 Preliminaries and Auxiliary Results

Let C denote the �eld of complex numbers, � � denote the matrix complex conjugate and
transpose of a matrix � : Let [t0; T ] be a closed interval ofR; and f t i g be a given strictly
increasing sequence of impulse points in (t0; T ) such that t0 < t 1 < � � � < t q < t q+1 := T:

A Cauchy problem for a system of �rst order linear impulsive di�erential equations
on [t0; T ] is a problem of the form

dx(t)
dt

= A(t)x(t) + B (t)f (t) for a.e. t 2 (t0; T ]; (1)

� x jt = t i
= B i x(t i ) + Ci gi ; i = 1 ; : : : ; q; x(t0) = Cx0; (2)

where A(t) = [ aij (t)] is an n � n-matrix with aij (�) 2 L 2(t0; T ); B (t) = [ bij (t)] is an
n � r -matrix with bij (�) being piecewise continuous on [0; T ]; f (t) is a vector-function
such that f (t) 2 Cr and f 2 (L 2(t0; T )) r ; B i ; Ci ; gi ; C and x0 are n � n; n � k; k � 1;
n � m; and m � 1 constant matrices, respectively, � x(t) jt = t i

= x(t+
i ) � x(t i ) denotes the

jumps of x(t) at the points of impulses t i ; with x(t+
i ) = lim t ! t i + x(t):

By a solution of this problem, we mean a functionx(t) 2 A that is left continuous,
satis�es the equation (1) almost everywhere (a.e.) on (t0; T ]; and the conditions (2),
where by A we denote a class of left continuous functionsy(t) 2 Cn de�ned on [t0; T ]
such that y(�) j( t i � 1 ;t i ) 2 (W 1

2 (t i � 1; t i ))n ; i = 1 ; : : : ; q + 1 : Here W 1
2 (a; b) = f u(t) 2

L 2(a; b) such that du ( t )
dt 2 L 2(a; b)g:

Further we will assume that the following conditions are valid:

det(E + B i ) 6= 0 ; i = 1 ; : : : ; q: (3)

Under the conditions (3), the problem (1), (2) as well as the problem

�
dz(t; u)

dt
= A � (t)z(t; u) + g(t) for a.e. t 2 [t0; T );
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� z(t) jt = t i
= � (E + B �

i ) � 1B �
i z(t i ) + g0

i ; i = 1 ; : : : ; q; z(T ) = z0;

that is adjoint of nonhomogeneous problem (1), (2), are uniquely solvable for any vector-
functions f (t) 2 Cr ; g(t) 2 Cn such that f 2 (L 2(t0; T )) r ; g 2 (L 2(t0; T ))n and for any
vectors gi 2 Ck ; g0

i 2 Cn x0 2 Cm ; z0 2 Cn .
These assertions follow from the results contained in [6], [2], [5].

3 Statement of the Problem of Guaranteed Estimation of Linear Functionals
De�ned on Unknown Cauchy Data

Let us give the de�nition of guaranteed estimates of linear functionals de�ned on solutions
to the problem (1), (2) from observations of these solutions on a �nite system of intervals.

Let 
 i
j ; j = 1 ; : : : ; M i ; be a given system of subintervals of (t i � 1; t i ), F :=

(f; g 1; : : : ; gq; x0) 2 H := ( L 2(t0; T )) r � Ckq � Cm :
The problem is to estimate the expression

l(F ) =
Z T

t 0

(f (t); l0(t)) r dt +
qX

i =1

(gi ; ai )k + ( x0; a)m (4)

from observations of the form

yi
j (t) = H i

j (t)x(t) + � i
j (t); t 2 
 i

j ; j = 1 ; : : : ; M i ; i = 1 ; : : : ; q + 1 ; (5)

in the class of estimates

dl(F ) =
q+1X

i =1

M iX

j =1

Z


 i
j

(yi
j (t); ui

j (t)) l dt + c; (6)

linear with respect to observations (5); herex(t) is the state of a system described by
problem (1), (2), l0 2 (L 2(t0; T )r ; ai 2 Ck ; a 2 Cm ; H i

j (t) are l � n matrices with the
entries that are piecewise continuous complex-valued functions on�
 i

j ; ui
j (t) are vector-

functions belonging to (L 2(
 i
j )) l ; c 2 C; and by (�; �)d we denote the inner product in

Cd:
We suppose that the vector-function f and vectors g1; : : : ; gq; x0 are unknown and

the element F = ( f; g 1; : : : ; gq; x0) belongs to the setG1; where

G1 =
n

F 2 H : f 2 (L 2(t0; T )) r ; gi 2 Ck ; x0 2 Cm ;
qX

i =1

(Qi (gi � g0
i ); gi � g0

i )k + ( Q0(x0 � x0
0); x0 � x0

0)m

+
Z T

t 0

(Q(t)( f (t) � f 0(t)) ; f (t) � f 0(t)) r dt � 1
o

;

� := ( � 1
1 (�); : : : ; � 1

M 1
(�); : : : ; � q+1

1 (�); : : : ; � q+1
M q+1

(�)) 2 G2; where � i
j (�) are observation errors

in (5), that are realizations of random vector-functions � i
j (t) = � i

j (!; t ) 2 Cl ; and G2

denotes the set of random elements�; whose components have zero means,E� i
j (�) =
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0; with Lebesgue square integrable second moments on 
i
j ; and unknown correlation

matrices Ri
j (t; s) = E� i

j (t)( � i
j ) � (s) satisfying the condition

q+1X

i =1

M iX

j =1

Z


 i
j

Tr [ D i
j (t)Ri

j (t; t )]dt � 1; (7)

where f 0 2 (L 2(t0; T )) r is a prescribed vector-function, g0
1 ; : : : ; g0

q 2 Ck and x0
0 2 Cm

are prescribed vectors,D i
j (t) and Q(t) are known Hermitian positive de�nite l � l and

r � r -matrices with entries which are complex-valued continuous functions on�
 i
j and

[t0; T ]; correspondingly, Qi ; i = 0 ; 1; : : : ; q; are Hermitian positive de�nite matrices with
constant elements for which there exist their inverse matrices (D i

j ) � 1(t); Q� 1(t); and
Q� 1

i ; Tr D :=
P l

i =1 dii denotes the trace of the matrix D = f dij gl
i;j =1 .

Set u := ( u1
1(�); : : : ; u1

M 1
(�); : : : ; uq+1

1 (�); : : : ; uq+1
M q+1

(�)) 2 H; where H := ( L 2(
 1
1)) l �

� � �� (L 2(
 1
M 1

)) l � : : : ; � (L 2(
 q+1
1 )) l �� � �� (L 2(
 q+1

M q+1
)) l : The norm in spaceH is de�ned

by

kukH =
n q+1X

i =1

M iX

j =1

kui
j (�)k(L 2 (
 i

j )) l

o1=2
:

De�nition 3.1 The estimate

ddl(F ) =
q+1X

i =1

M iX

j =1

Z


 i
j

(yi
j (t); ûi

j (t)) l dt + ĉ;

in which vector-functions ûi
j (�); and a number ĉ are determined from the condition

inf
u2 H;c 2 C

� (u; c) = � (û; ĉ);

where
� (u; c) = sup

F 2 G1 ; � 2 G2

Ejl(F ) � dl(F )j2;

will be called the guaranteed (minimax) estimate of expression (4). The quantity

� := f � (û; ĉ)g1=2

will be called the error of the guaranteed estimation ofl(F ):

Thus, a guaranteed estimate is an estimate minimizing the maximal mean-square
estimation error calculated for the worst-case realization of the perturbations.

4 Representations for Guaranteed Estimates and Estimation Errors of l(F )

In this section we deduce equations that generate the minimax estimates.
For any �xed u 2 H; introduce the vector-function z(t; u) as a unique solution to the

problem

�
dz(t; u)

dt
= A � (t)z(t; u) �

q+1X

i =1

M iX

j =1

� 
 i
j
(t)(H i

j ) � (t)ui
j (t) for a.e. t 2 [t0; T ); (8)
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� z(t; u) jt = t i
= � (E + B �

i ) � 1B �
i z(t i ; u); i = 1 ; : : : ; q; z(T ; u) = 0 ; (9)

where
� 
 (t) =

�
1 if t 2 
 ;
0 if t =2 


is a characteristic function of the set 
 :
The unique solvability of this problem follows from condition (3).

Lemma 4.1 Finding the minimax estimate of functional l(F ) is equivalent to the
problem of optimal control of the system (8), (9) with the cost function

I (u) =
Z T

t 0

(Q� 1(t)(B � (t)z(t; u) + l0(t)) ; B � (t)z(t; u) + l0(t)) r dt

+
qX

i =1

(Q� 1
i (C �

i (E + B �
i ) � 1z(t i ; u) + ai ); C �

i (E + B �
i ) � 1z(t i ; u) + ai )k

+ ( Q� 1
0 (a + C � z(t0; u)) ; a + C � z(t0; u))m

+
q+1X

i =1

M iX

j =1

Z


 i
j

((D i
j ) � 1(t)ui

j (t); ui
j (t)) l dt ! inf

u2 H
: (10)

Proof. Let x be a solution to problem (1), (2). From (4)� (6), we obtain

dl(F ) =
q+1X

i =1

M iX

j =1

Z


 i
j

(yi
j (t); ui

j (t)) l dt + c

=
q+1X

i =1

Z t i

t i � 1

(x(t);
M iX

j =1

� 
 i
j
(t)(H i

j ) � (t)ui
j (t))n dt +

q+1X

i =1

M iX

j =1

Z


 i
j

(� i
j (t); uj (t)) l dt + c:

Transform the �rst term in the right-hand side of this equality. Applying the integration
by parts formula, we have

q+1X

i =1

Z t i

t i � 1

(x(t);
M iX

j =1

� 
 i
j
(t)(H i

j ) � (t)ui
j (t))n dt = �

q+1X

i =1

Z t i

t i � 1

�
x(t); �

dz(t; u)
dt

� A � (t)z(t; u)
�

n
dt

= �
q+1X

i =1

�
(x(t+

i � 1); z(t+
i � 1; u))n � (x(t i ); z(t i ; u))n

�
�

N +1X

i =1

Z t i

t i � 1

� dx(t)
dt

� A(t)x(t); z(t; u)
�

n
dt

= � (x(t0); z(t0; u))n

�
qX

i =1

(Ci gi ; (E + B �
i ) � 1z(t i ))n �

q+1X

i =1

Z t i

t i � 1

�
B (t)f (t); z(t; u)

�

n
dt:

Here we have used the fact that
q+1X

i =1

�
(x(t+

i � 1); z(t+
i � 1; u))n � (x(t i ); z(t i ; u))n

�
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= ( x(t0); z(t0; u))n +
qX

i =1

�
(x(t+

i ); z(t+
i ; u))n � (x(t i ); z(t i ; u))n

�

and
qX

i =1

�
(x(t+

i ); z(t+
i ; u))n � (x(t i ); z(t i ; u))n

�

=
qX

i =1

�
((E + B i )x(t i ) + Ci gi ; (E � (E + B �

i ) � 1B �
i )z(t i ; u))n � (x(t i ); z(t i ; u))n

�

=
qX

i =1

�
((E + B i )x(t i ); (E � (E + B �

i ) � 1B �
i )z(t i ; u))n � (x(t i ); z(t i ; u))n

�

+
qX

i =1

(Ci gi ; (E � (E + B �
i ) � 1B �

i )z(t i ; u))n

=
qX

i =1

�
((E + B i )x(t i ); (E + B �

i ) � 1z(t i ; u))n � (x(t i ); z(t i ; u))n

�

+
qX

i =1

(Ci gi ; (E + B �
i ) � 1z(t i ; u))n =

qX

i =1

(gi ; C �
i (E + B �

i ) � 1z(t i ; u)) k :

Since

l(F ) =
Z T

t 0

(f (t); l0(t)) r dt +
qX

i =1

(gi ; ai )k + ( x0; a)m ;

we get

l(F ) � dl(F ) =
Z T

t 0

(f (t); l0(t) + B � (t)z(t; u)) r dt +
qX

i =1

(gi ; ai + C �
i (E + B �

i ) � 1z(t i ; u)) k

+( x0; a + C � z(t0; u))m �
q+1X

i =1

M iX

j =1

Z


 i
j

(� i
j (t); uj (t)) l dt � c:

The latter equality yields

E[l(F ) � dl(F )] =
Z T

t 0

(f (t); l0(t) + B � (t)z(t; u)) r dt

+
qX

i =1

(gi ; ai + C �
i (E + B �

i ) � 1z(t i ; u)) k + ( x0; a + C � z(t0; u))m � c:

From here on, we apply the same reasoning as in the proof of Lemma in [4] to obtain

inf
c2 C

sup
F 2 G1 ;� 2 G2

Ejl(F ) � dl(F )j2 = I (u);
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where I (u) is determined by formula (10) and the in�mum over c is attained at

c =
Z T

t 0

�
f 0(t); l0(t) + B � (t)z(t; u)) r dt

�

r
dt

+
qX

i =1

(g0
i ; ai + C �

i (E + B �
i ) � 1z(t i ; u)) k + ( x0

0; a + C � z(t0; u))m : (11)

The proof is complete.
Further in the proof of Theorem 4.1 stated below, it will be shown that solving the

optimal control problem (8) � (10) is reduced to solving some system of impulsive periodic
di�erential equations.

Theorem 4.1 The minimax estimate ddl(F ) of the expressionl(F ) has the form

ddl(F ) =
q+1X

i =1

M iX

j =1

Z


 i
j

(yi
j (t); ûi

j (t)) l dt + ĉ = l( ^̂F );

where
ûi

j (t) = D i
j (t)H i

j (t)p(t); i = 1 ; : : : ; q + 1 ; j = 1 ; : : : ; M i ; (12)

ĉ =
Z T

t 0

�
f 0(t); l0(t) + B � (t)ẑ(t)) r dt

�

r
dt

+
qX

i =1

(g0
i ; ai + C �

i (E + B �
i ) � 1ẑ(t i )) k + ( x0

0; a + C � ẑ(t0))m ;

^̂F := ( f̂ ; ĝ1; : : : ; ĝq; x̂0) with

f̂ (t) = f 0(t) + Q� 1(t)B � (t)p̂(t); ĝi = g0
i + Q� 1

i C �
i (E + B �

i ) � 1p̂(t i ); i = 1 : : : ; q;

x̂0 = x0
0 + Q� 1

0 (t)C � p̂(t0); (13)

p(t); ẑ(t), and p̂(t) are determined from the solution of the systems of equations

�
dẑ(t)

dt
= A � (t)ẑ(t) �

q+1X

i =1

M iX

j =1

� 
 i
j
(t)(H i

j ) � (t)D i
j (t)H i

j (t)p(t) for a.e. t 2 [t0; T ); (14)

�^z(t) jt = t i
= � (E + B �

i ) � 1B �
i ẑ(t i ); i = 1 ; : : : ; q; ẑ(T ) = 0 ; (15)

dp(t)
dt

= A(t)p(t) + B (t)Q� 1(t)(B � ẑ(t) + l0(t)) for a.e. t 2 (t0; T ]; (16)

� p(t) jt = t i
= B i p(t i ) + Ci Q� 1

i (C �
i (E + B �

i ) � 1ẑ(t i ) + ai );

i = 1 ; : : : ; q; p(t0) = CQ� 1
0 (C � ẑ(t0) + a) (17)
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and

�
dp̂(t)

dt
= A � (t)p̂(t) �

q+1X

i =1

M iX

j =1

� 
 i
j
(t)(H i

j ) � (t)D i
j (t)[H i

j (t)x̂(t) � yi
j (t)] for a.e. t 2 [t0; T );

(18)
�^p(t) jt = t i

= � (E + B �
i ) � 1B �

i p̂(t i ); i = 1 ; : : : ; q; p̂(T ) = 0 ; (19)

dx̂(t)
dt

= A(t)x̂(t) + B (t)(Q� 1(t)B � (t)p̂(t) + f 0(t)) for a.e. t 2 (t0; T ]; (20)

�^x(t) jt = t i
= B i x̂(t i ) + Ci Q� 1

i (C �
i (E + B �

i ) � 1p̂(t i ) + gi );

i = 1 ; : : : ; q; x̂(t0) = CQ� 1
0 (C � p̂(t0) + x0

0); (21)

respectively. Problems(14) { (17) and (18) { (21) are uniquely solvable. Equations(18)
{ (21) are ful�lled with probability 1:

The minimax estimation error � is determined by the formula

� = [ l(P̂ )]1=2; (22)

where

P̂ =
�

Q� 1(�)( l0(�) + B � (�)ẑ(�)) ; Q� 1
1 (C �

1 (E + B �
1 ) � 1ẑ(t1) + a1);

: : : ; Q� 1
q (C �

q (E + B �
q ) � 1ẑ(tq) + aq); Q� 1

0 (C � ẑ(t0) + x0
0)

�
:

Proof. It is not di�cult to verify, using the representation (1.21) from [2], that I (u)
is a weakly lower semicontinuous strictly convex functional onH . Therefore, since

I (u) �
q+1X

i =1

M iX

j =1

Z


 i
j

((D i
j ) � 1(t)ui

j (t); ui
j (t)) l dt � ckuk2

H 8u 2 H; c=const;

by Theorems 13.2 and 13.4 (see [1]), there exists one and only one element ^u 2 H
such that I (û) = inf u2 H I (u). Hence, for any �xed v 2 H and � 2 R; the functions
s1(� ) := I (û + � v ) and s2(� ) := I (û + i� v ) reach their minimums at a unique point � = 0
so that

1
2

d
d�

I (û + � v )
���
� =0

= 0 and
1
2

d
d�

I (û + i� v )
���
� =0

= 0 ; (23)

where i =
p

� 1: Sincez(t; û+ � v ) = z(t; û)+ � z (t; v) and z(t; û+ i� v ) = z(t; û)+ i� z (t; v);
from (10) and (23), we obtain

0 =
Z T

t 0

�
Q� 1(t)(B � (t)z(t; û)+ l0(t)) ; B � (t)z(t; v)

�

r
dt+( Q� 1

0 (C � z(t0; û)+ a); C � z(t0; v))m

+
qX

i =1

(Q� 1
i (C �

i (E + B �
i ) � 1z(t i ; û) + ai ); C �

i (E + B �
i ) � 1z(t i ; v)) k

+
q+1X

i =1

M iX

j =1

Z


 i
j

((D i
j ) � 1(t)ûi

j (t); vi
j (t)) l dt: (24)
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Let p(t) be a solution of the problem

dp(t)
dt

= A(t)p(t) + B (t)Q� 1(t)(B � z(t; û) + l0(t)) for a.e. t 2 (t0; T ];

� p(t) jt = t i
= B i p(t i ) + Ci Q� 1

i (C �
i (E + B �

i ) � 1ẑ(t i ; û) + ai );

i = 1 ; : : : ; q; p(t0) = CQ� 1
0 (C � ẑ(t0) + a):

Taking this into account, transform the �rst summand in the right-hand side of (24).
We have
Z T

t 0

�
Q� 1(t)(B � (t)z(t; û)+ l0(t)) ; B � (t)z(t; v)

�

r
dt =

q+1X

i =1

Z t i

t i � 1

� dp(t)
dt

� A(t)p(t); z(t; v)
�

n
dt

=
q+1X

i =1

�
(p(t i ); z(t i ; v))n � (p(t+

i � 1); z(t+
i � 1; v))n

�
�

q+1X

i =1

Z t i

t i � 1

�
p(t);

dz(t; v)
dt

+ A � (t)z(t; v)
�

n
dt

= �
qX

i =1

(Q� 1
i (C �

i (E + B �
i ) � 1z(t i ; û) + ai ); C �

i (E + B �
i ) � 1z(t i ; v)) k ;

� (Q� 1
0 (C � z(t0; û) + a); C � z(t0; v))m �

Z T

t 0

�
p(t);

q+1X

i =1

M iX

j =1

� 
 i
j
(t)(H i

j ) � (t)vi
j (t)

�

n
dt: (25)

From (24) and (25), we �nd

q+1X

i =1

M iX

j =1

Z


 i
j

((D i
j ) � 1(t)ûi

j (t); vi
j (t)) l dt =

q+1X

i =1

M iX

j =1

Z


 i
j

(p(t); (H i
j ) � (t)vi

j (t))n dt

for any v := ( v1
1(�); : : : ; v1

M 1
(�); : : : ; vq+1

1 (�); : : : ; vq+1
M q+1

(�)) 2 H; whence ûi
j (t); i =

1; : : : ; q + 1 ; j = 1 ; : : : ; M i ; are de�ned by (12). Setting u = û in (11), (8) and (9)
and denoting ẑ(t) = z(t; û); we see that ẑ(t) and p(t) satisfy system (14) { (17); the
unique solvability of this system follows from the fact that the functional I (u) has one
minimum point û.

Now let us establish that � = [ l(P̂ )]1=2: Substituting expression (12) into (10), we
obtain

� 2 =
Z T

t 0

(Q� 1(t)(B � (t)ẑ(t)+ l0(t)) ; B � (t)ẑ(t)+ l0(t)) r dt+( Q� 1
0 (a+ C � ẑ(t0)) ; a+ C � ẑ(t0))m

+
qX

i =1

(Q� 1
i (C �

i (E + B �
i ) � 1ẑ(t i ) + ai ); C �

i (E + B �
i ) � 1ẑ(t i ) + ai )k

+
q+1X

i =1

M iX

j =1

Z


 i
j

(H i
j (t)p(t); D i

j (t)H i
j (t)p(t)) l dt: (26)

However,
Z T

t 0

(Q� 1(t)(B � (t)ẑ(t) + l0(t)) ; B � (t)ẑ(t)) r dt =
q+1X

i =1

Z t i

t i � 1

� dp(t)
dt

� A(t)p(t); ẑ(t)
�

n
dt
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=
q+1X

i =1

�
(p(t i ); ẑ(t i ))n � (p(t+

i � 1); ẑ(t+
i � 1))n

�
�

q+1X

i =1

Z t i

t i � 1

�
p(t);

dẑ(t)
dt

+ A � (t)ẑ(t)
�

n
dt

= �
qX

i =1

Q� 1
i (C �

i (E + B �
i ) � 1ẑ(t i ) + ai ); C �

i (E + B �
i ) � 1ẑ(t i )) k

� (Q� 1
0 (C � z(t0; û) + a); C � z(t0; v))m �

q+1X

i =1

M iX

j =1

Z


 i
j

(H i
j (t)p(t); D i

j (t)H i
j (t)p(t)) l dt:

From here and from (26) it follows (22).

The representation ddl(F ) = l( ^̂F ) can be proved in much the same way as the repre-
sentation

ddl(F ) =
q+1X

i =1

M iX

j =1

Z


 i
j

(yi
j (t); ûi

j (t)) l dt + ĉ:

This completes the proof.

Remark 4.1 In the representation ddl(F ) = l( ^̂F ) of the guaranteed mean square esti-
mate of l(F ); where F := ( f; g 1; : : : ; gq; x0); ^̂F := ( f̂ ; ĝ1; : : : ; ĝq; x̂0) with f̂ (t) = f 0(t) +
Q� 1(t)B � (t)p̂(t); ĝi = g0

i + Q� 1
i C �

i (E + B �
i ) � 1p̂(t i ); i = 1 : : : ; q; x̂0 = x0

0 + Q� 1
0 (t)C � p̂(t0);

the vector-function f̂ (t) and vectors ĝi ; and x̂0 do not depend on a speci�c form of the
functional l:

5 Optimal Estimation Problem of Unknown Cauchy Data

Now consider the problem of �nding the optimal estimate of the vector g = LF among
the estimates of the form

ĝ =
q+1X

i =1

M iX

j =1

U i
j yi

j (�) + C; (27)

here yi
j (�) are observations (5), L is a linear continuous operator acting from the space

H into a separable complex Hilbert spaceV with the inner product ( �; �) and the norm
k � k; U i

j are linear continuous operators acting from (L 2(
 i
j )) l to V , C 2 V:

Let f e1; e2; : : : g be an orthonormal basis ofV: Denote by � 1(U; C) and � 2(U; C) the
quantities de�ned by

� 1(U; C) = sup
G1 ;G 2

Ekg � ĝk2

and

� 2(U; C) =
1X

k=1

sup
G1 ;G 2

Ej(g � ĝ; ek )j2;

respectively, whereU := ( U1
1 ; : : : ; U1

M 1
; : : : ; Uq+1

1 ; : : : ; Uq+1
M q+1

); G1 and G2 are de�ned on
page 483.

De�nition 5.1 The estimates ^̂g1 and ^̂g2; which are determined from the condition

^̂gi 2 Argmin ĝ2L � i (U; C);

are called the guaranteed and optimal estimate ofg; respectively, where byL we denote
the set of all estimates of the form (27).
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Parseval’s formula implies that the following inequality holds:

� 1(U; C) � � 2(U; C):

Lemma 5.1 Suppose that, for an arbitrary vectore 2 V; there holds the equality

inf
[(g;e)

sup
G1 ;G 2

Ej(g; e) � [(g; e)j2 = sup
G1 ;G 2

Ej(g; e) �
[[(g; e)j2;

where
[[(g; e) = ( ^̂g; e); ^̂g does not depend on the vectore; and [(g; e) is a linear estimate of

the inner product (g; e): Then the vector ^̂g is the optimal estimate of the vectorg:

Proof. Notice that

inf
ĝ2L

� 2(U; C) = inf
ĝ2L

1X

k=1

sup
G1 ;G 2

Ej(g � ĝ; ek )j2 �
1X

k=1

inf
\(g;ek )

sup
G1 ;G 2

Ej(g; ek ) � \(g; ek )j2

= sup
G1 ;G 2

Ej(g; ek ) �
\\(g; ek )j2 =

1X

k=1

sup
G1 ;G 2

Ej(g � ^̂g; ek )j2

and the lower bound is attained at ĝ = ^̂g: This completes the proof.
Next we obtain the optimal estimate of the elementg = LF using this lemma. Note

�rst that for any e 2 V , we have

(g; e) � (ĝ; e) = ( LF; e) � (
q+1X

i =1

M iX

j =1

U i
j yi

j (�) + C; e)

= ( F; L � e)H �
q+1X

i =1

M iX

j =1

Z


 i
j

(yi
j (t); (U i

j ) � e(t))n dt � (C; e)

= l(F ) � dl(F );
where L � and (U i

j ) � denote the adjoint operators ofL and U i
j ; respectively,

l(F ) := ( F; L � e)H =
Z T

t 0

(f (t); l0(t)) r dt +
qX

i =1

(gi ; ai )k + ( x0; a)m ;

with some l0 2 (L 2(t0; T )r ; ai 2 Ck ; and a 2 Cm ;

dl(F ) := \(F; L � e)H =
q+1X

i =1

M iX

j =1

Z


 i
j

(yi
j (t); ui

j (t))n dt + c;

where ui
j (t) = ( U i

j ) � e(t) are vector-functions belonging to (L 2(
 i
j )) l ; c = ( C; e) 2 C:

By Theorem 4.1,

inf
\(F;L � e)H

sup
G1 ;G 2

Ej(F; L � e)H � \(F; L � e)H j2 = sup
G1 ;G 2

Ej(F; L � e)H �
\\(F; L � e)H j2;

where
\\(F; L � e)H = ( ^̂F; L � e)H with ^̂F := ( f̂ ; ĝ1; : : : ; ĝq; x̂0) and f̂ (�); ĝ1; : : : ; ĝq; x̂0 being

determined by (13). From the latter relationship and from the fact that ^̂F does not
depend onL � e (see Remark 1) it follows that the vector ĝ = LF̂ satis�es the assumptions
of Lemma 5.1. This proves the validity of the following assertion.
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Theorem 5.1 The optimal estimates ^̂F and ^̂g of F and g = LF are determined by
^̂F = ( f̂ (�); ĝ1; : : : ; ĝq; ; x̂0) and L ^̂F; respectively, wheref̂ (�); ĝ1; : : : ; ĝq; x̂0 are de�ned by
(13).

Remark 5.1 All the results of the paper remain valid if we assume that the com-
ponents � i

j (�) of the random elements � := ( � 1
1 (�); : : : ; � 1

M 1
(�); : : : ; � q+1

1 (�); : : : ; � q+1
M q+1

(�))
entering into the set G2 are pairwise uncorrelated and satisfy the condition

Z


 i
j

Tr [ D i
j (t)Ri

j (t; t )]dt � 1; i = 1 ; : : : q + 1 ; j = 1 ; : : : ; M i :

Let us present an example of applying the obtained results to the guaranteed estima-
tion problem for the impulsive nonlinear di�erential equation.

In the population dynamics, for modeling of the processes of rapid change of the
number of individuals of a population, the Gompers equation of the form

dx(t)
dt

=
�
a(t) + b(t) ln x(t)

�
x(t) (28)

is applied. For the use of such models, it is required to know the parametersa(t) and
b(t):

Let us show how to apply the above results, for example, for obtaining the guaranteed
estimates for the function a(t) by assuming that the function b(t) is known and that a(t)
satis�es the following condition

Z T

0

� da(t)
dt

� 2
dt � 
 2

T (
 T = const) ; a(0) = 0 :

Let the function
v(t) = � (t)x(t) (29)

be observed on the set (0; T )n([ q
i =1 f t i g); where � (t) is a realization of a stochastic process

� (t; ! ) > 0; x(t) satis�es equation (28) and the conditions

x(0) = 1 ;
x(tk + 0)
x(tk � 0)

= ck ; (30)

where tk ; k = 1 ; : : : ; q; are given impulse points such that 0< t 1 < � � � < t q < T; ck are
prescribed numbers.

We will �nd the guaranteed estimate of the functional

L (a) =
Z T

0
l(t)a(t)dt

in the class of estimates
dL (a) =

Z T

0
u(t) ln v(t)dt;

where l 2 L 2(0; T ) is a given function, u 2 L 2(0; T ):
If we introduce the notation ’ 1(t) = ln x(t); ’ 2(t) = a(t); y(t) = ln v(t); � (t) =

ln � (t); then the guaranteed estimation problem of the functionalL (a) is reduced to the
guaranteed estimation problem of the functionalL (’ 2) from the observations of the form

y(t) = ’ 1(t) + � (t);
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where ’ 1(t) and ’ 2(t) are found from solving the following system of linear impulsive
di�erential equations:

d’ 1(t)
dt

= ’ 2(t) + b(t)’ 1(t) for a.e. t 2 (0; T ]; ’ 1(0) = 0 ;

d’ 2(t)
dt

= f (t) for a.e. t 2 (0; T ]; ’ 2(0) = 0 ;

’ 1(tk + 0) = ’ 1(tk � 0) + ln ck ; k = 1 ; : : : ; q;

’ 2(tk + 0) = ’ 2(tk � 0); k = 1 ; : : : ; q;

where f (t) = da ( t )
dt :

Under certain restrictions on the correlation function of the process� (t); we can apply
the results of the present paper for obtaining the guaranteed estimates of the parameter
a(t).

6 Conclusion

The method proposed in the present paper enables one to obtain the optimal estimates
of unknown data of Cauchy problems for �rst-order linear impulsive systems of ordinary
di�erential equations from noisy observations of their solutions.

We deduce the boundary value problems for linear impulsive ordinary di�erential
equations of the special kind that generate the optimal estimates.

The results presented above are aimed at elaborating mathematically justi�ed esti-
mation techniques for various forward and inverse problems with uncertainties describing
evolution processes characterized by the combination of a continuous and abrupt change
of their state.
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1 Introduction

The pandemic of the novel coronavirus or COVID-19 started in Wuhan, China, where the
�rst case was reported on January 22nd, 2020, and the pandemic has spread worldwide
in more than 200 countries. As China has passed through its �rst pandemic peak, some
other countries such as the US, India, and Indonesia are still struggling to control the
spread of the virus. The spread of COVID-19 in Indonesia was reported for the �rst time
on March 2nd, 2020, in Jakarta, and currently, it reaches almost all provinces of Indonesia
in less than two months. Statistical data of the outbreak in Indonesia is o�cially collected
from https://covid19.go.id/ .

The spread of the pandemic of novel coronavirus COVID-19 can be described math-
ematically in the so-called mathematics of epidemiology. There are some common mod-
els, a SIR model (Susceptible, Infected, Recovered) or a SIRD (Susceptible, Infected,
Recovered, Dead), which are used by some researchers to describe the spread pattern of
COVID-19. A modi�cation of the SIR model, which includes the death variable of obser-
vation, is called a SIRD model. Some researchers have done studies about the spread of
the pandemic of COVID-19 based on the SIRD model. Fanelliet al. [1] used the SIRD
model to predict the spread of COVID-19 in China, Italy, and Iran. Parameters are
estimated using stochastic di�erential evolution. However, inadequate accuracy is shown
in the study [1] when the peak prediction is compared to the latest data. As an im-
provement, Susanto [2] suggested that a careful �tting of reported data to the SIR model
should be done due to its sensitivity to the time-series information. Salgotraet al. [3]
used a genetic-based algorithm for estimating the parameters. They have shown that
the algorithm is highly reliable for predicting COVID-19 cases. Abdul Rahman [4] dis-
cussed machine learning to simulate the spread of COVID-19 based on the SIRD model.
An error analysis and detail 
ow charts of the process are presented in his paper. The
previous studies pointed out that the epidemic model is improved by machine learning
in the parameters estimation process. Shortly, we may call the combination of the SIRD
model and machine learning, a hybrid epidemic model.

In machine learning, regression models can o�er promising forecasting by learning
the given data set. Parbat et al. [5] applied a support vector regressionto predict current
and future COVID-19 cases in India without comparison to other regression models. Still
with the cases in India, Sujath et al. [6] investigated a linear regression (LR), a vector
autoregression (VA) and a multilayer perceptron (MLP) prediction. As to the results,
the MLP showed better ones than the VA and LR. In addition, Tuli et al. [7] developed
a real-time framework for the COVID-19 infected number prediction over the world by
integrating cloud computing and machine learning. They adjusted iterative weighting on
the generalized inverse Weibull distribution to have higher accuracy in the data-driven
environment responding to the epidemic actively. Both the hybrid and the machine
learning methods exhibit a relatively satisfying performance in predicting the spread of
the COVID-19 outbreak. The use of the GA in estimating parameters of mathematical
models give better performance than conventional methods [8].

Therefore, we attempt to propose new hybrid methods by integrating a genetic algo-
rithm and a SIRD model (GA-SIRD), an extended Kalman �lter (GA-EKF-SIRD) which
provide a one-step updating process for predicting the spread of the outbreak in Indone-
sia. Furthermore, we proposed an ensemble-SVR method to forecast the COVID-19 cases
without considering the SIRD model. The ensemble-SVR is a method that combines two
di�erent models under the SVR approach to tackle a limitation data on the decreasing

https://covid19.go.id/
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number of infected cases for the �rst time. In this study, we combine di�erent COVID-19
case models of two countries that share similar distributions. More speci�cally, we focus
on the COVID-19 cases in Indonesia by combining them with similar COVID-19 cases
from another country, which has been through the �rst wave. Lastly, a comparison of
the three methods is presented in this paper.

This paper is organized as follows. Section 2 and Section 3 discuss the hybrid of a
genetic algorithm and a SIRD model, and accordingly, a genetic algorithm is incorporated
into a hybrid of the extended Kalman �lter and the SIRD model. We propose the use
of the ensemble-SVR model in Section 4, respectively. Simulation and discussion are
presented in Section 5 and conclusion is given in Section 6.

2 A Modi�ed Extended Kalman Filter-SIRD Model

A SIRD model describes the evolution of an individual into classes: susceptible, infected,
recovered, and dead. It is assumed that individuals in the same class have the same
characteristics and the movement of individuals in the same class can be described. The
infected individuals can recover without the possibility of being reinfected. A referenced
total population is assumed to be constant, which means that the population’s birth rate
and death rate are the same.

A di�erential equation of the SIRD model, which describes the movement of individ-
uals from one class to another class, is written as

_S(t) = � rS (t)I (t);
_I (t) = rS (t)I (t) � (a + d)I (t);
_R(t) = aI (t);
_D (t) = dI (t);

(1)

where S(t) describes the individuals who are at a high risk of infection,I (t) describes
the number of infected individuals, R(t) describes the recovered individuals after being
infected, and D (t) describes the number of dead individuals. Thenr; a; d are the rate
of infection, recovery, and death, respectively. The SIRD model is used in this study
due to data availability in the resource website such ashttps://www.worldometers.
info/coronavirus/#countries . The dynamic of the SIRD model is estimated using an
extended Kalman �lter method in a discrete scheme.

An extended Kalman �lter (EKF) method is a method for estimating a weakly non-
linear stochastic dynamic system [9] such as the epidemic SIRD model. The EKF method
has three main stages: an initialization of system and measurement model including
the initialization of state variables values, time updates (prediction), and measurement
updates (correction). In the non-linear system, the updates equations are intractable, so
that an approximation to time update and measurement update equations are required
to provide a computationally viable algorithm to apply to the �lter.

The EKF method provides a one-step prediction based on the SIRD model, so that
it is necessary to modify the method to get a longer prediction range based on limited
measurement data. The modi�cation is to generate new measurement data, expand
the limited data, and add noise to get a longer prediction. This modi�cation can be
considered as our contribution. Brie
y, the basic algorithm of a modi�ed EKF can be
seen in Algorithm 2.1.

https://www.worldometers.info/coronavirus/#countries
https://www.worldometers.info/coronavirus/#countries
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Algorithm 2.1 Modi�ed Ensemble Kalman Filter
1: System model : _x = f (x; u; t ) + G(t)w
2: Measurement model :zn = h [x(tn ); n] + vn , with x(0) � (�x; P0); w(t) � (0; Q); vn �

(0; R)

3: Initialization : x(0) = �x0; P̂ (0) = P0; z�
n = zk

Time Update

4: Estimate : _x = f (x; u; t )
5: Error covariance : _P = A(x̂; t )P + P AT (x̂; t ) + GQGT

6: Jacobian : A(x; t ) = @f(x;u;t )
@x

Measurement Update

7: Kalman gain : K n = P � (tn )H T (x̂ �
n )

�
H (x̂ �

n )P � (tn )H T (x̂ �
n ) + R

� � 1

8: Error covariance : P (tn ) = [ I � K n H (x̂ �
n )] P � (tn )

9: Generate measurement :zn = z�
n + vn

10: Estimate : x̂n = x̂ �
n + K n [zn � h(x̂ �

n ; n)]
11: Jacobian : H (x) = @h(x;n )

@x

The number of infected, recovered, and dead individuals are predicted using the
modi�ed EKF, which is applied to the SIRD model. The Jacobian matrix, which is
considered as the value of the coe�cient matrix of state variable A, and is based on the
SIRD model, is obtained in (1) with the equilibrium point ( S; I; R; D ) = ( a+ d

r ; 0; 0; 0).

A =

2

666666664

1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
0 0 0 0 � (a + d) 0 0
0 0 0 0 1 0 0
0 0 0 0 a 0 0
0 0 0 0 d 0 0

3

777777775

: (2)

A discretization of the non-linear model (1) results in the following:

Sk = � rS �
k I �

k dt + S�
k ;

I k =
�
rS �

k I �
k � (a + d) I �

k
�

dt + I �
k ;

Rk = aI �
k dt + R�

k ;

D k = dI �
k dt + D �

k :

(3)

Suppose we have a system model_̂x and a measurement modelzk , the estimation
result x̂k can be obtained using the previous EKF algorithm in [9]. For the prediction
stage using the modi�ed EKF, we de�ne n = k + i , where the time step is i = 1 ; 2; :::.
Subsequently, the initial parameter values r 0; a0; d0, and S0 are estimated using the
genetic algorithm. The initial real data for I 0; R0; D0; are used to give the initial values
in applying the modi�ed EKF.
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3 A Genetic Algorithm-SIRD

3.1 A genetic algorithm

A genetic algorithm (GA) is an algorithm that mimics a natural evolutionary model by
using a genetic inheritance [10]. Chromosomes and �tness functions should be made
before applying the algorithm. The chromosomes will be a solution to the problem
addressed, and the �tness functions will be a tool to measure the value of a chromosome.

The genetic algorithm begins with creating an initial population containing several
chromosomes as the solution to the problem. Usually, these allegations are chosen ran-
domly from the points scattered within the search space. Then the genetic algorithm
uses crossover and mutation operators to process the chromosomes in the population
until it converges or �nds the best results [11].

The crossover operator allows a merging of information from two or more chromo-
somes to form a new chromosome. The mutation operator is used to explore the search
space even further in hopes of obtaining better chromosomes. A new population will be
formed after the crossover and mutation have been applied to chromosomes in the initial
population. Accordingly, a generation of the new population will increase by one level.
The crossover and mutation processes continue until a certain number of iterations is
exceeded or the termination criteria are met [11].

A genetic algorithm - SIRD (GA-SIRD) uses the SIRD model on daily data classi�ed
as the infected individual I , recovered individual R, and deceased individualD , which
is solved by the genetic algorithm. In this study, we used the Indonesia daily data from
March 2, 2020 until August 25, 2020 to obtain the initial values of S0; I 0; R0; and D0,
and the parameter values ofr; a; and d.

Stages of the genetic algorithm - SIRD consist of:

1. Input
The input used in the genetic algorithm is the daily data I; R; and D from In-
donesia, which starts from March 2, 2020 to August 25, 2020 (176 days). Next,
the values will be called actual I k ; Rk ; D k with k = 1 ; 2; : : : ; n and n = 176. Fi-
nally, these values will be used in the process of calculating the �tness value of a
chromosome.

2. Chromosome
In this study, we used chromosomes in the formx = ( x1; x2; : : : ; x7) 2 R7. Each
element of x represents one parameter of the SIRD model, which isx1 = S0,
x2 = I 0, x3 = R0, x4 = D0, x5 = r , x6 = a, and x7 = d. In this genetic algorithm,
we use an initial population with 100 chromosomes that are made randomly over
a certain range.

3. Fitness Function
The purpose of the genetic algorithm is to �nd a chromosome that minimizes the
di�erence between the actual I k , Rk , D k and predicted I k , Rk , D k . To obtain the
predicted I k , Rk , D k , we use the discretization model (3) fork = 1 ; : : : ; n � 1. For
k = 0, we use S1 = S0, I 1 = I 0, R1 = R0, D1 = D0. In this case, because the data
used is daily data, we use �t = 1. Supposex = ( x1; x2; : : : ; x7) is the chromosome
for which the �tness function is calculated. Using S0 = x1, I 0 = x2, R0 = x3,
D0 = x4, r = x5, a = x6, and d = x7, we can calculate the predictedSk , I k , Rk ,
D k for k = 1 ; 2; : : : ; n. After we get the prediction of I k , Rk , D k for k = 1 ; 2; : : : ; n,
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we calculate the di�erence with the actual I k , Rk , D k using the RMSE (Root Mean
Square Error). Suppose that the predictedI k , Rk , D k are symbolized by Î k , R̂k ,
D̂ k , then the �tness function of x is

RMSE (x) =

s P n
k=1 ( Î k � I k )2 + ( R̂k � Rk )2 + ( D̂ k � D k )2

3n
:

The �nal solution of the genetic algorithm is a chromosome in the population that
has the smallest RMSE (�tness function) value.

4. Crossover
The purpose of this kind of crossover is to take all the pro�ts and get rid of all
the losses. With this step, it can guarantee that the new chromosome is de�nitely
better than or the same as the previous chromosome.

5. Mutation
A mutation is performed on chromosomes in the population with a pm chance. For
example, x = ( x1; x2; : : : ; x7) 2 R7 is the chromosome to be mutated. First, we
calculate the �tness function of x. Then x1 at x is replaced with x1 + � , where
� 1

2(u+1) < � < 1
2(u+1) and u is the current generation of the genetic algorithm.

Then the �tness function from the new x is calculated. If the �tness function is
better, then x1 + � is used to replacex1. If the �tness function is worse, then x1 + �
is replaced again with x1. Next, the same operation/step is performed onx2, x3,
. . . , xn . This step can be guaranteed that the new chromosome is better than or
the same as the previous chromosome.

3.2 SIRD optimal parameters based on the genetic algorithm

The genetic algorithm has several main parameters, for example, the number of chro-
mosomes, the number of iterations, and the chance of mutations. These parameters can
vary depending on the complexity of the problem. Selection of the interval in the deter-
mination of search space (domain) also dramatically a�ects the �nal results of the genetic
algorithm. The wider the search space created, the more di�cult the genetic algorithm
for converging. Conversely, a too-small search space often results in genetic algorithms
not converging to the optimum solution.

In this study, we initialize the number of chromosomes is 100, the number of iterations
is 10000, and the minimum value of each element in a chromosome is 0. Moreover, the
maximum value of each element can be seen in Table 1. Those intervals are obtained by

Table 1 : The maximum value of each element in a chromosome.

Parameter Maximum Value
x1 1000000
x2 1000
x3 100
x4 1000
x5 10� 5

x6 10� 1

x7 10� 2



500 E.R.M. PUTRI, M. IQBAL, ET AL.

conducting several trials. In addition, we usepm = 1 since there is a guarantee that the
new chromosome obtained from the mutation is better than or the same as the previous
chromosome.

Based on the steps explained before, we have found the best parameters for the SIRD
model that �t actual data of the infected I , recoveredR, and deceasedD individuals.
The results obtained from the genetic algorithm are shown in Table 2. With those values,
we will get a good enough SIRD model, where RMSE is equal to 836.0047.

Table 2 : The parameters found by the genetic algorithm.

Parameter Value
S0 221269.8187
I 0 305.9698464
R0 0
D0 433.6840396
r 3.57028E-07
a 0.033376181
d 0.0024362

4 An Ensemble Model-SVR

Machine learning has three major learning problems such as: (1) supervised learning,
(2) unsupervised learning and (3) reinforcement learning. In supervised learning, input
data will be mapped to a particular output value. Supervised learning comprises two
tasks: classi�cation for categorical values and regression for continuous values based on
the output domain. Following the nature of this application, we focus on regression. A
bunch of regression models in machine learning has succeeded in solving many real-world
problems, e.g., electricity consumption forecasting [12], electric load forecasting [13], a
bus passenger forecasting [14], and high-frequency stock return forecasting [15].

In general, we may have di�culty stating the best regression model, which depends on
the domain of applications. Hence, a study on model comparison is an essential step when
dealing with a new problem. For instance, particular �ve regression models reviewed on
electricity consumptions showing that a Linear Regression (LR) has better accuracy
[12] and selected six supervised methods compared for a residential energy consumption
prediction indicating the accurate one is a Gradient Boosting [16]. Moreover, one of the
well-known regression models is a Support Vector Regression (SVR). The method was
introduced by Harris Drucker et al. in 1996 [17]. The SVR is an extended version of a
Support Vector Machine (SVMs) 1 . Hence, the procedure in SVR is similar to the SVM,
with the main di�erence on the target function called the regressor.

Let X = f x1; : : : ; xjXj g be an input set that consists of x = ( i n ; r n ; dn ) and 1 �
n � t and Y = f y1; : : : ; yjY j g be an output set that contains prediction results, y =
(i m ; rm ; dm ); t + 1 � m � T . In this study, i n and i m represent the number of infected
cases,r n and r m represent the number of recovered cases, anddn and dm represent the
number of death cases. We want to �nd three functionsf i ; f r and f d for each COVID-19
case. For simpli�cation, we will map each feature ofx to a certain value of y, f : X ! Y.
Considering on linear problems, we havef = w � x+ b with w and b being the weight and

1 A SVM is one of the classi�cation models in machine learning.
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bias parameters, respectively. In the SVR, we want to obtain support vectors which are
close to f . To do so, we create two margins that are close enough tof by minimizing the
norm-value of w � wT . The problem can be formulated as a convex optimization below:

minimize
1
2

w � wT = min
1
2

kwk

subject to y � w � x � b � �;
w � x + b � y � �:

(4)

To deal with infeasible constraints, we add slack variables� and � 0 for each point called
the soft margin. As a result, (4) can be written as a primal formula as follows:

minimize J (w) =
1
2

w � wT + C
X

(� + � 0);

subject to y � w � x � b � � + �;
w � x + b � y � � + � 0;

�; � 0 � 0;

(5)

where C is a positive numeric value that assists in avoiding over�tting. Furthermore,
we use the Lagrange dual formulation to save the computational time on solving the
problem in (5). Let � and � 0 be non-negative multipliers. The dual formulation of (5)
is described as follows:

minimize L (� ) =
1
2

NX

i =1

NX

j =1

(� i � � 0
i )( � j � � 0

j )xi x0
j + �

NX

i =1

(� i + � 0
i ) +

NX

i =1

yi (� i � � 0
i );

subject to
X

(� � � 0) = 0 ;

0 � � � C;
0 � � 0 � C:

(6)
However, this study problem is considered a nonlinear one. In this case, we replace the
dot product of x � x0 with a kernel function K (x; x0) that transforms x to high-dimensional
space. There are several kernel functions: linear, Gaussian (or radial basis function), and
polynomial.

This part shows the COVID-19 cases predictions using several regression methods.
Based on the comparison results, we use the best method to predict COVID-19 cases in
Indonesia for the long term by explaining the scenario, and the result will be shown in
Section 4. The data set was collected starting from March 2, 2020, until August 25, 2020.
Furthermore, the data set is split into a training set D from the �rst day until the 141 th

day and testing set T from the 142st day to the 176th day. In this study, we speci�ed
the parameters of the SVR (C; �; � ) = (1 ; 0:1; 0:1). We use a radial basis function as the
kernel parameter. Furthermore, the SVR will be compared with a Decision Tree (DT),
a K-Nearest Neighbor (KNN), a Linear Regression (LR), a Gaussian Process Regression
(GPR), and a Long Short Term Memory (LSTM) with ten-time steps as the mini-batch
size. We utilized a mean absolute percentage error (MAPE) below for evaluating the
performance

MAP E =
1

jXj

jT jX

k=1

�����
xk � yk

xk

�����
: (7)
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Figure 1 : Data distribution of COVID-19 cases in several countries: (a) Con�rmed cases,
(b) Infected cases, (c) Recovered cases and (d) Death cases.

Overall, the GPR has better MAPE results than other models, as shown in Table 3.
Both the DT and the LSTM did not display as the most accurate compared to the others.
It is because the DT required a discretization step, leading to predicting the number of
cases imprecisely, and the LSTM cannot update the learning parameters properly from
insu�cient information (only learn from small data). According to Table 3, a spatial
factor is essential since some models showed di�erent results on each country toward the
cases. The GPR is dominant over others for South Korea. The SVR outperformed others
for Indonesia and India. Therefore, this study further developed the SVR to forecast the
spread of COVID-19 cases in Indonesia in Section 5.

In a na��ve way, predicting long future data will take the output yk+1 at each one
step ahead as the one to be foreseenyk+2 . However, it might be hard to use the SVR to
forecast the spread of COVID-19 in Indonesia. To the best of our knowledge, the infected
case number in Indonesia is still not reduced up to August 25, 2020; thus, the SVR may
provide either a sudden fall dramatically or a rise up continuously. To overcome the issue,
we have drawn long-term data (after August 25, 2020) for each data class of COVID-19
in Indonesia based on some countries data distributions that have passed the peak of the
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infected cases. More speci�cally, three countries, i.e., China, South Korea, and Malaysia,
are examined. The data distribution for each data class is depicted in Figure 1.

From Figure 1(a), we can state that the number of the infected cases in Indonesia
is close enough to that in South Korea and Malaysia. South Korea has no massive
restrictions (or lockdowns), yet high awareness of both government and citizens plays an
important role. As a result, South Korea has already passed the peak after a rapid spread
(hit around 10.000 infected cases). Malaysia chose to apply a massive lockdown that has
already made them pass the peak faster (less than 6000 infected cases). In addition,
China is being considered in the ensemble model where the COVID-19 was �rst found.
China was also the �rst country where the massive lockdown was applied to suppress
the infected cases, and the country has already passed the peak of infected cases. As the
population number in China is more extensive than in Indonesia, this study considers
scaling on the population number when ensemble with the China COVID-19 model. The
details are described in Section 5.

5 Simulation and Discussion

Simulation of the spread of the novel coronavirus COVID-19 in Indonesia is conducted
based on o�cial data released by the government of Indonesia and collected fromhttps:
//covid19.go.id/ . Data presented include the number of con�rmed casesN (t), number
of infected casesI (t), number of recovered casesR(t), and number of death casesD (t).
The data is collected from March 2, 2020 until August 25, 2020. The simulation employs
three methods. Firstly, an Ensemble-SVR method will be applied to the data to predict
the growth of the outbreak. Secondly, a modi�ed EKF-SIRD method and GA-SIRD
method are used to describe the outbreak’s dynamics.

Since the methods are applied based on the SIRD model, the number of infected
casesI (t) is obtained by N (t) � R(t) � D (t). Infected cases data will be used as the
input in variable infected I (t). The initial values of the parameters I (0), R(0), D (0)
are taken from the �rst time step of data and, in particular, are used by the modi�ed
EKF-SIRD method. The initial value of S(0), parameters r , a, and d for the modi�ed
EKF-SIRD are estimated using the genetic algorithm. All parameters and the initial
values are estimated using the genetic algorithm to put in the GA-SIRD method. For
the Ensemble-SVR, the initial value is not required. The values are obtained directly
from a random generator in the method.

The �rst results presented in Figure 2 are based on the Ensemble-SVR and show
the prediction of COVID-19 spread for infected individuals (I (t)), recovered individuals
(R(t)), and deceased individuals (D (t)). The simulation is conducted by, �rst, determin-
ing an ensemble model based on China, South Korea and Malaysia2 . The three countries
are chosen based on data characteristic analysis on the data distributions towards In-
donesia data in Figure 1.

There are some di�erences of the simulation results based on the three countries,
namely, China (see Figure 2(a)), South Korea (see Figure 2(b)), and Malaysia (see Fig-
ure 2(c)). The �gures describe the possibilities of the dynamic of the outbreak as the
data characteristics are similar to the Indonesia data.

The data re
ects its conditions in China: many people at risk of infection and a total
lockdown policy. Di�erent policies are applied in South Korea. There is no lockdown
policy but a high level of discipline in applying social distancing, mask-wearing, a vast

2 Data is collected from https://www.worldometers.info/coronavirus/#countries .

https://covid19.go.id/
https://covid19.go.id/
https://www.worldometers.info/coronavirus/#countries
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Figure 2 : Ensemble Model-SVR prediction: (a) ensemble model with China, (b) ensem-
ble model with South Korea and (c) ensemble model with Malaysia.

number of tests to its people, and readiness of its health system. As the nearest country
to Indonesia, Malaysia has a total lockdown policy. The ensemble method tries to ap-
proximate the outbreak spread based on the data distribution of referenced countries. It
implies that Indonesia is assumed to have similar conditions with the countries of refer-
ence. From Figure 2(a), Figure 2(b), and Figure 2(c), it can be seen that the accuracy
of the method is satisfying with three possible models based on the countries of reference
primarily for the next seven consecutive days.

Next, a simulation using a modi�ed extended Kalman �lter based on the SIRD model
(shortly, modi�ed EKF-SIRD) is conducted. It should be noted that the use of the
modi�ed EKF-SIRD method requires an estimation of the initial value S0 and parameters
r , a, and d, which are obtained using a genetic algorithm based on the Indonesia data.
The �tting of the modi�ed EKF-SIRD to the actual data in Figure 3 and the accuracy is
relatively high for a short time prediction, approximately for the next seven consecutive
days (August 26th - September 1st, 2020). If the prediction time range is longer, the
accuracy will decrease as the data dynamic can not be captured well by the model.
Therefore, for a longer prediction time, the parameters of the modi�ed EKF-SIRD model
should be updated to represent the dynamic of the data.
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Figure 3 : The dynamic of the number of infected, recovered, and deceased individual
using a modi�ed EKF-SIRD method in Indonesia.

The genetic algorithm is used not only for estimating the parameters of the modi�ed
EKF-SIRD model, but it is also used to modify the SIRD model itself. Then we name
the model a GA-SIRD model. The dynamic of the SIRD model is trained by the GA
algorithm based on the parameters found. However, in Figure 4, it seems that the GA-
SIRD model is less capable of capturing the dynamic of COVID-19 data. The updated
process of a GA-SIRD model based on the data can not perfectly follow the change of the
actual data, mainly when there are extreme jumps in the actual data. This 
aw results
in lower accuracy in predicting the dynamics of the outbreak than the �rst method, the
Ensemble-SVR.

This study also analyzed the three methods’ performances based on the MAPE in (7),
as shown in Table 4. We analyze the error trend for each class of compartments and
each method as the MAPE shows di�erent trends for those variations. In the infected
compartment class, the modi�ed EKF-SIRD and GA-SIRD methods show similar trends
that the longer the time step for prediction, the higher the error. On the other hand,
the MAPE of the Ensemble-SVR method does not have a trend, although the time
step increases. For the recovered compartment class, both the modi�ed EKF-SIRD and
the GA-SIRD show trends that the longer the time step, the higher the errors. On
the other hand, the Ensemble-SVR has a di�erent trend than the other two. In the
deceased compartment class, the modi�ed EKF-SIRD has a more signi�cant error when
the number of time steps increases, but the GA-SIRD and the Ensemble-SVR do not
show a trend of the errors.

In summary, the Ensemble-SVR method shows di�erent behavior, as the prediction
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Figure 4 : The dynamic of the number of infected, recovered, and deceased individual
using a modi�ed GA-SIRD method in Indonesia.

is made based on the data distribution and the results are long-term data randomly
generated. Therefore, the method is not a�ected by the number of time steps. For the
modi�ed EKF-SIRD and GA-SIRD, predictions are likely to depend on the number of
time steps as both methods have parameters used in the methods. The parameters do
not change, although the number of time steps increases. The parameter changes only
if the data set changes as the methods used herein are data-driven. Being considered
time-dependent, the modi�ed EKF-SIRD and GA-SIRD are less accurate if the number
of time steps increases. That is, in general, the Ensemble-SVR outperforms the two other
methods.

Table 4 : MAPE comparison of the proposed models on forecasting the COVID-19 cases
in Indonesia.

Time steps INFECTED DEATH RECOVERED
EKF-SIRD GA-SIRD Ensemble SVR EKF-SIRD GA-SIRD Ensemble SVR EKF-SIRD GA-SIRD Ensemble SVR

k = 1 0.0029 0.0141 0.0143 0.0003 0.1325 0.0316 0.0118 0.1179 0.0203
k = 2 0.0062 0.0198 0.0225 0.0057 0.1265 0.0320 0.0261 0.1307 0.0186
k = 3 0.0144 0.0054 0.0222 0.0091 0.1229 0.0327 0.0328 0.1369 0.0190
k = 4 0.0526 0.0486 0.0219 0.0107 0.1213 0.0335 0.0359 0.1400 0.0189
k = 5 0.0901 0.0908 0.0210 0.0109 0.1211 0.0339 0.0349 0.1396 0.0190
k = 6 0.1147 0.1201 0.0209 0.0101 0.1221 0.0339 0.0370 0.1420 0.0210
k = 7 0.1322 0.1421 0.0231 0.0113 0.1207 0.0344 0.0415 0.1465 0.0200

Average 0.0590 0.0630 0.0196 0.0083 0.1240 0.0331 0.0314 0.1362 0.0195
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6 Conclusion

This paper proposes three new hybrid methods named a modi�ed EKF-SIRD, a GA-
SIRD, and an Ensemble-SVR. We simulated the �rst two methods to present the dynamic
of the COVID-19 outbreak for short-term predictions. As a result, these two methods
exhibit their dependency on the number of time steps as the accuracy decreases when
the prediction time window is wider. On the other hand, the Ensemble-SVR shows
that prediction accuracy does not depend on the number of time steps. Therefore,
the Ensemble-SVR is the best model amongst the other machine learning methods in
terms of accuracy. The study results in the conclusion that the Ensemble-SVR method
outperforms the modi�ed EKF-SIRD and GA-SIRD.

As an extension, we will continue the study in predicting an e�ective reproduction
number Rt and dispersion numberK . Rt represents the growth rate of the infection
from the infected individual to the healthy individual, and K represents the ability of
the infected individual to trigger new cases in a very short time. The two measures are
essential for the policymaking process.
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logistic, and exponentiated gamma distributions. A power function model is charac-
terized by its simple mathematical structure and is easily implemented to determine
failure rates and reliability values. The model is found to be useful in modeling elec-
trical components. This work considers the estimation problem for a power function
model based on progressive Type� II censoring using binomial removals. A simula-
tion study was performed to investigate the behavior of the estimators using di�erent
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1 Introduction

The theory of reliability systems plays an important role in industry, manufacturing,
safety engineering and quality. The lifetime of equipment or apparatus is a random time
from the beginning of the operation until the appearance of a complete failure. Reliability
is the ability of a system to perform its stated purpose adequately for a speci�ed period
of time under speci�ed operational conditions. The system de�ned here could be an
electronic or mechanical hardware product, a software product, a manufacturing process.
For example, in the case of a mechanical system, a failure is a breakdown of some of its
parts or an increase in vibration above the permitted level. The reliability characteristics
are usually expressed in terms of the lifetime. Modeling and analyzing lifetime data
are important issues for engineering reliability, industry, quality control, and clinical
trials, etc. Di�erent lifetime data can be modeled by di�erent continuous probability
distributions such as exponential, Lindley, Weibull, lognormal, and Frechet as well as
their generalizations [1,2].

In reliability and survival analysis, it is di�cult to collect lifetime data for all compo-
nents under consideration due to time and cost constraints. Various types of censoring
schemes can be used for such purpose based on the model and available information using
both parametric and nonparametric methods. Recently, progressive censoring sampling
is of special importance in reliability and survival analysis. Progressive censoring was
�rst introduced by Cohen [3]. Extensive studies are available in the literature related to
the progressive censoring [4{6]. Di�erent parametric survival models have been consid-
ered in progressive censoring using binomial removals, they are the Type-II generalized
logistic distribution [7], the exponential distribution [8], the generalized exponential dis-
tribution [9], the exponentiated gamma distribution [10], the Pareto distribution [11{13],
the Rayleigh distribution [14], the Burr Type-XII distribution [15], and the Gompertz
distribution [16]. For more details about Type-I and Type-II censored samples, one
can refer to Salah [17], Linet al. [18], Balakrishnan [19], Balakrishnanet al. [20], and
Salah [21,22].

Type-II progressively censored life test is conducted as follows. Forn identical units in
a test, at the time of the �rst failure, R1 units from the remaining n � 1 survival items are
removed. At the time of the second failure,R2 units from the remaining n � R1 � 1 items
are removed, and so forth. Finally, at the time of m� th failure, the reaming survival
units, would be Rm can be removed. In this case, censoring takes place progressively in
m stages. Clearly, this scheme includes, as special cases, the complete sample situation
(when m = n and R1 = ::: = Rm = 0) and the conventional Type� II right censoring
situation (when R1 = ::: = Rm � 1 = 0 and Rm = n � m). The corresponding scheme(r 1,
r 2, . . . , rm ) is known as the progressive Type-II right censoring scheme.

Di�erent versions of the power function distributions are reported in the literature
[23]. These power function distributions can be easily implemented to determine the
failure rates and reliability values compared to other distributions such as lognormal,
Weibull, logistic and others. The particular parameterization of the power distribution
function to be considered in this work has the following cumulative distribution function
(CDF) form:

F (x) = 1 �
�

� � x
� � �

� �

; � < x < �; � > 0; (1)

where � and � are the scale parameters and� is the shape parameter.
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The probability density function (PDF) is given by

f (x) =
�

� � �

�
� � x
� � �

� � � 1

; � < x < �; � > 0: (2)

The power function distribution is a member of the Beta family of distributions.
Sarhan and Pandey [24] obtained the best linear unbiased estimates of the parameters
of the above power distribution function in terms of k� th upper record values. The
power function distribution has applications in industrial and mechanical engineering [24].
Meniconi and Barry [25] explored the performance of the power function distribution on
certain electrical components and showed that it is the most suitable distribution function
as compared to the lognormal, Weibull and exponential models. Statistical properties of
the power function distribution were reported by Johnson et al. [26].

This work considers progressive Type-II censoring for a power function distribution
with binomial removals. The maximum likelihood estimators (MLEs) of the model pa-
rameters are determined. A simulation study is performed to determine the behavior
of the MLEs via bias and the root mean square error (RMSE) using di�erent sample
sizes, parameter values and censored proportions. An example related to lifetime data
of electronic devices will be presented to illustrate the approach developed in this work.

2 Model

Assume the lifetime random variable follows the power function distribution given in
equation (1), it is a realistic assumption to assume the location parameter (lower bound)
� = 0 ; the cumulative distribution function (CDF) reduces to

F (x) = 1 �
�

� � x
�

� �

; 0 < x < �; � > 0; (3)

where � is the scale parameter and� is the shape parameter.
The probability density function (PDF) reduces to

f (x) =
�
�

�
� � x

�

� � � 1

; 0 < x < �; � > 0: (4)

The reliability function is given by

r (x) = P(T > x ) =
�

� � x
�

� �

; 0 < x < �; � > 0:

The hazard rate function is given by

h(x) =
f (x)
R(x)

=
�

� � x
; 0 < x < �; � > 0:

Figure 1 shows a graphical representation of the probability density function (PDF)
for the values of the shape parameter� of 0.2, 0.7, 1.5, 3, 4 and� = 1. The proba-
bility density function exhibits various behaviors depending on the values of the shape
parameter � . Figure 2 shows the graphical representation of the hazard function using
selected shape parameter values. According to Figure 2, it is seen that the power function
distribution is characterized by increasing J-shaped hazard rates.
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Figure 1 : PDF plot of power function distribution.

Figure 2 : Hazard rate curves of power function distribution.

3 Maximum Likelihood Estimation

We �rst consider estimating the parameters based on the complete observed sample
x1; :::; xn . Let x (1) ; :::; x (n ) be the corresponding order statistics. Given the sample, the
likelihood function of the density in (4) is

L (�; � ) � L (�; � jx1; :::; xn ) =
�

�
�

� n nY

j =1

�
1 �

x j

�

� � � 1
I (x ( n ) ;1 ) ( � ) ; � > 0;

whereI A (x) is the zero� one indicator function. We notice that the support of the density
depends on the scale parameter and therefore the MLE may not be calculated directly
as a solution to the likelihood equations.

For �xed � = � 0, the limits of the likelihood function when approaching its boundaries
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are given by

lim
� #x ( n )

L(� 0; � ) =

8
><

>:

1 ; 0 < � 0 < 1;
0; � 0 > 1;
�
x (n )

� � n
; � 0 = 1 ;

and
lim
� "1

L(� 0; � ) = 0 ; 8� 0 > 0:

For 0 < � 0 � 1, L (� 0; � ) is maximized at � = x (n ) . However, for � 0 > 1, L (� 0; � )
attains its maximum at some � > x (n ) and not at x (n ) : To illustrate this, the graphs of
L (� 0; � ) based on a sample of size 10 from the power function distribution with� = 2
and � 0 = 1 :2; 2, and 4, respectively, are displayed in Figures 3, 4 and 5. The values of
x (n ) are approximately 1.99, 1.79 and 0.56, respectively. Notice that for� 0 = 1 :2, the
maximum of L(� ) is approximately 1.75, which is very close tox (n ) =1.71, for � 0 = 2,
we have x (n ) =1.22 and L(� ) is approximately maximized at � = 1 :49, and for � 0 = 4,
x (n ) = 0 :75 and L(� ) attains its maximum at � = 1 :83, approximately. We observe that
the maximizer of L (� ) deviates from x (n ) with increasing � .

Figure 3 : Likelihood function based on a sample of size 10 generated from the power function
distribution with � = 1 :2 and = 2.

Now we investigate the MLE of the parameter vector� = ( �; � ). Necessary conditions
for the existence and uniqueness of the MLE of a parameter vector� = ( � 1; :::; � k ) are
in [27]:

1. L (� ) is a twice continuously di�erentiable likelihood function varying in a connected
open subset� � Rk :

2. L (� ) satis�es the following two conditions:

(i) lim
� ! @�

L(� ) = 0 ;
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