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Abstract: The aim of this paper is to prove the existence of positive maximal
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1 Introduction

Reaction-diffusion systems are widely used in biology, ecology, engineering, physics and
chemistry. What we observe in modern scientific studies is the great interest of scientists
in studying this type of systems; this confirms once again its importance in the devel-
opment of applied and technological sciences. Various models and real examples can
be found in various scientific fields, see Murray [13}/14]. The propagation of epidemics
(Coronavirus, Hepatitis, ...), population dynamics, migration of biological species are
among many examples of such phenomena. There are many methods and techniques
for studying these issues. The reader can see some of them in the works of Alaa and
Mesbahi [231112], Abbassi et al. [1], Lions [10], Raheem [19] and the references therein.

In recent years, special attention has been paid to degenerate systems. However, most
of the discussions relate to systems of two equations of the porous reaction medium type
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diffusion and with diffusion coefficients and specific reaction functions. This is because
of their wide applications in various sciences. Among the important works on degenerate
systems, we mention, for example, Alaa et al. [3|, Al-Hdaibat et al. [4], Anderson [5],
where we find techniques and methods of treatment.

The aim of this paper is to show the existence of positive maximal and minimal solu-
tions for a quasilinear elliptic degenerate system, including the uniqueness of the positive
solution. The two elliptic operators of the system under consideration can degenerate in
the sense that Dq (0) = 0 or D3 (0) = 0. To answer these questions, we use a technique
described by Pao, based on the upper and lower solutions. For more details on this
technique, see Deuel and Hess [6], Pao et al. [15]- [18]. So, we need to construct suitable
upper and lower solutions. We are therefore interested in studying the following system:

—div (D; (u) V
—div (DQ (1)) \%
u () = uo (x) ,

where  is a bounded domain in R™ (n > 2) with the boundary 9Q. D, Do, f and
g are prescribed functions satisfying the conditions in hypotheses (H;) and (Hs). We
remark that these two functions f and g verify simple properties, this allows us to choose
them from a wide range. Below we will denote C* () to the space of Holder continuous
functions in 2.

The results obtained in this paper can be applied to a large number of reaction-
diffusion models, which arise in various fields of the applied science such as theory of
shells, Brownian motion theory and many problems of physics and biology. In addition
to the classical problems in the fields of mass-heat transfer, chemical reactors, and nu-
clear reactor dynamics, there are many recently developed models from enzyme kinetics,
population growth, nerve axion problems, and others.

The system can model the circulation of an ideal gas in a homogeneous porous
medium with an isentropic flow. It can also model the steady state of phenomena such
as the heat propagation in a two-components combustible mixture, chemical processes,
the interaction of two non-self-limiting biological groups, etc. We send the reader to
see many models and applications in Deuel and Hess [6], Friedman [7], Ladyzenskaja et
al. [§], Lei and Zheng [9], especially Pao |16L[17] and the references therein. For example,
the steady state of the Gas-Liquid Interaction Problem, when considering a dissolved gas
A and a dissolved reactant B that interact in a bounded diffusion medium, is a special
case of with the reaction terms f(u,v) = —ojuv, g(u,v) = —oquv, where o1 is the
rate constant and oo = k107. In a more general reaction scheme called the (m,n) order
reaction, the resulting equations are given by with f(z,u,v) = —ou™o™ + q1(x),
g(x,u,v) = —ou™v™ + g2(x), m,n > 1 are constants and ¢1(x), g2 (z) > 0 are possible
internal sources.

In the problems of molecular interactions and subsonic flows, a simple model for
the density function u is given by with the reaction function f(u) = ouP, with
c>0,p>1.

This model also describes the temperature in radiating bodies or gases and in nuclear
reactors with positive temperature feedback. For more information on this model, and
also to see other models, we refer the reader to Pao [17].

The rest of this paper is organized as follows. In the next section, we state our main
result. In the third section, we provide some preliminary results on the scalar problem
which we need in the proof of the main theorem. Next, we give some results concerning

= f(z,u,v) in
g(z,u,v) in €, (1)

u)
v) =
v(xz) =v9(z) on IQ,
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the approximate problem. The fifth section is devoted to proving the main result. Finally,
we give an application to the problem under study. The paper ends with a concluding
remarks and some perspectives.

2 Statement of the Main Result

In all that follows, we denote u = (u,v), G5 = (@, ?), G5 = (4, 9). The inequality G < s
means that ¢« < @ and 0 < 7.
2.1 Assumptions

First, we have to clarify in which sense we want to solve our problem.

Definition 2.1 A pair of functions @, = (@,9), @, = (4,9) in C?(Q) N C (Q) are
called ordered upper and lower solutions of if iy, < 1, and

—div (D (4) Vi) < f(z,4,0) in Q,
—div (D (0) VD) < g (z,4,0) in Q, (2)
a(x) <wug(z) , 0(x) <wvo(z) on N,

and @, U satisfies with inequalities reversed.

For a given pair of ordered upper and lower solutions u, and 1, we define
Si = {uweCc(Q)|a<u<a} , S5={veC(Q)|o<v<0},
s* = {u=(wve(C (@)’ b <u<i}.
Now, we make the following assumptions:
(H1) f(z,-), g(z,-) € C*(2) and ug (z), vo (z) € C* (09).
(HQ) Dy (U) S Cc? ([O,Ml]), Dy (u) > 0in (0, Mﬂ, and D (0) > (0 with M; = H’ELHC(Q)
D (v) € C? ([0, Ms]), Do (v) > 0in (0, Ms], and Dy (0) > 0 with My = ”{’”C(Q)
(HS) f(')u)a g ('711) € Cl (S*)a and

of

Zw) >
61/(’“)*0 and

g *
—~Z (,u) >0 foralluesS*.
5 (,u) > or all u
(H4) There exists a constant dp > 0 such that for any zo € 0 there exists a ball K
outside of Q with radius r > dy such that KN Q = {z}.

In the above system, we further assume D; (0) =0 or Dy (0) = 0.
Let 1 () and 2 (z) be smooth positive functions satisfying

7 (z) Zmax{gi(x, u) ; uGS*} and v, (z) > Cq (x) + 01, (3)

Y2 () > max{—gg(x, u) ; ue S*} and o (z) > Cs () + 02 (4)
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for some constants d1, d2 > 0, where C (z) and Cs () are analogous to C () defined in
Section 3 by the relations (11)), i.e.,

Ci(x) = —divV(a) D) (1) = fu(z,02),
Col) = —divV () D} (1) — g, (x.0).
We define for all u € S*
F(z,u)=m(x)u+ f(z,u) and G(z,u)=r(x)v+g(x,u). (5)
A typical example where the result of this paper can be applied is

—Au* =p(z)uiv*  in Q,
—Avt = q(z)ufv™ in Q, (6)
u=v=>0 on 0f),

where A, p>1, 5, k, £, m>0and p(z), ¢(z)>0in Q.
It is obvious that the problem @ is a special case of with
Dy(u) = MY, Dy(v) =put ) ug(z) = () =0,
flz,u,v) = p)wo® |, g(z,u,v)=q(x)uv™.
Lemma 2.1 F (z,u) and G (x,u) are nondecreasing functions in u for all u € S*.

Proof. According to (Hj) and (), we have for all u € S*

oF of ac 9

el _ 95 - 9G g .

o (z,u) 90 (z,u) >0 and 50 (z,u) o (z,u0) >0
By @B) — (), we obtain

oF
ou

which implies the desired result.

B of oG B dg
(x,u)—'yl(:r)—l—%(x,u)zo and %(a@u)—vg(x)—l—av (z,u) >0,

2.2 The main result
Now, we can state the main result of this paper.

Theorem 2.1 Let G, Qs be ordered positive upper and lower solutions of , and
let hypotheses (Hy) — (Hy4) hold. Then problem has a minimal solution u, and a
mazimal solution Wy such that s < u, <0y < U, . If u, =W, (= ul), then ul is the
unique positive solution in S*.

3 Preliminary Results for the Scalar Problem

To illustrate our basic approach to the coupled system , we first consider the following
scalar quasilinear elliptic boundary problem:

—div (D (w) Vw) = h (z,w) in Q,
{ u(z) = h(x) on 09, (7)

where D and h are prescribed functions satisfying hypotheses (Hy) — (Hy) above.
The following theorem ensures the existence of positive solutions to the scalar problem
(7). For the proof, we refer to Friedman [7], Ladyzenskaja et al. [§], Pao and Ruan [15].
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Theorem 3.1 Let ws (), ws (x) be a pair of upper and lower solutions of such
that ws (x) > s () > 0 in Q, and let hypotheses (Hy) and (Hsz) hold. Then problem
has a classical solution w, () such that W, (z) < ws () < W, () in Q. Furthermore,
there are mazimal and minimal solutions W (xz) and w, (z) such that every solution
ws € S5 satisfies w, () < ws (z) < W, (x).

Remark 3.1 We consider the scalar problem for w. In this case, we can write
—div (D (w) V) < h(z,w) in Q, (8)

—div (D (w) V@) > h (z,w) in . 9)
Subtracting (@ from , we find

According to the mean value theorem, there exist 61,02 € [0, M], where M =
||1Z)HC(Q), such that

—div [D (@) Vz + Vi (D' (01) 2)] < hy (z,02) 2
with z = @ — w, then

—div (Vz) (D (w)) — V(D (w)) Vz
—div (V@ (D' (01) z)) = V(@) D' (1) Vz — hy, (z,02) 2 < 0.

We get
—D (@) Az + [~VD (@) — D' (61) V (@0)] Vz + [~V.V (@) D’ (61) — hey (z,62)] 2 < 0.
We denote
B(z) = —VD (&) — D' (6)V (@), (10)
O (z) = —divV (@) D' (61) — hy (,02) . (11)

To understand the calculations well, see Deuel and Hess [6], Friedman |[7],
Ladyzenskaja et al. [8], Pao and Ruan [15].
Another important result is the following.

Lemma 3.1 If 2z, z are in C? (Q)NC (Q) and satisfy the relation

{ —T'lz]l+72<-T[z]+4z nQ,
z(z) <z (x) on 0N

with T [u] = div (D (w) Vw), then z (x) < Z(x) on L.
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Proof. Let z (x) = z(x) — Z (x). Firstly, we have
Tl]+yz2<-TE+y2=72+h(z,2) =F (z,2),

then
“T[d+7(z—32) —h(2,2) <0. (12)

On the other hand, we have
FzZl+~v(z—2)+h(z,z) <0. (13)
Adding and , we obtain

_div {D (2)V(z—%)+ VZ (ﬂ (z— z))}
+2y (2 — 7) 4 MeD=h@D)

22—z

According to the mean value theorem, 3 01,65 € [0, M] such that

h(x,z)— ﬁ (z,%)

z—

—div[D(2)Vz+Vz (D' (61)2)] +2v(z — 2) + (z—2)<0

with z = z — Z, then we get

—div (Vz)(D(2)) - V(D (2)) V2
—div (VZ (D' (01) 2)) — V (2) D' (61) Vi + hy (2, 02) 2 < 0.

We obtain then

—D(2)Az—=[VD(z) = D' (61) V()] V
—divV (2) D’ (61) z + 2vz + hy (2,02) 2 < 0,
—D(2)Az+[-VD(z) — D' (61)V (2)] Va+

[y +divV (Z) D’ (01) + huy (z,02)] 2 < 0.

We come to
—D(2)Az+ (B(z))Vz+ (y—C(2)) 2 <0,
where B (z) and C (z) are defined in the same way as B (z) and C () of relations
and (11)), i.e.,
B(x) = -VD(z)—-D'(0)V(z),
C(z) = -divV(z)D'(61)+ hy (z,62).
Assume, by contradiction, that z (z) has a positive maximum at some point zo € Q.

Then z¢ € Q and Az (z9) <0, Vz (x9) = 0. This implies that (y — C) z (z¢) < 0, which
is a contradiction because vy — C = § > 0.
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4 Approximating Scheme

To prove the main theorem, we use the method of upper and lower solutions and its
associated monotonic iteration. The basic idea of this method is that when using an
upper solution or a lower solution as the initial iteration in a suitable iterative process, the
resulting sequence of iterations is monotone and converges to a solution of the problem.
Using then either iy or 15 as the initial iteration, we construct a sequence {ugm)} from

the iteration process

- [u(m)] +yul™ =F x,ugm_l) in Q,
U 0] + 0™ = G z,u™ ) i Q, (14)

u™ (z) = ug (z) , v™ (2) =vo (z) on IN

with
O [u] =div (D (u) Vu) , U] =div (D3 (v) Vo).

We denote the sequence by {ggm)} if ugo) = 1, and by {ﬁgm)} if ugO) = u,. We call
them minimal and maximal sequences, respectively. The existence of these sequences is
ensured by the previous Lemma 3.1

Lemma 4.1 The minimal and maximal sequences {gﬁf”)} , {ﬁgm)} exist and pos-
sess the monotone property
i, < ggm) < ggmH) < ﬁgmH) < ﬁgm) <t forallm>1. (15)
Proof. Firstly, we consider the scalar problem

{ =@ [u™] + yul™ = F (a:, ugmfl)) in Q

16
u™ (x) = ug (z) on 0N. 16)

We prove by induction. Start from m = 1 and ugo) = 1. By Definition the
components 4 of Gy satisfy the relation

-0 [ﬁ’] +mu<F ($,ﬁs) =F (l‘vﬂgO)) in €2, (17)
i (z) < ug(z) on Of)
and the components @ of G5 satisfy the above inequalities (17 in reverse order, i.e.,
—®[a) + > F(z,@,) > F (wgm) in Q,
i(z) > ug (z) on 8.
Similarly, by considering the case m = 1 and ugo) = 1,4, we have
~®[i] + i < F(2,,) < F(2,8) = F (2,00) i@,
: (18)
i (z) < o (z) on O0f)

and the components @ of G5 satisfy the above inequalities (|18)) in reverse order, i.e.,

—®[a) + > F(z, ) = F (x,ﬁgo)) in Q,
a(x) > ug (z) on Of).
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We see that @ and @ are ordered upper and lower solutions of for the case m = 1.
By Theorem problem has also a minimal solution u and a maximal solution @

such that & < u <7 < @. We choose u (or ) as u if ugo) =1, and @ (or u) as a® if
ugo) = u,. So, we get 4 < uD < M < q.
The same works if we consider the problem

T [0™)] 490 = @ (:c ul"" 1>) in Q,
v(m) (x) = vo (x) on 01,

which gives 0 < v <7 < 3.
This shows that ul" = = (u®,vW) and TV = (@, 5V) are solutions of for
= 1 and satisfy G, < ugl) < u(l) ﬁ
Assume by induction, that u( < (m) < u(m) ﬁ(m_l) for some m > 1. Then,
by the nondecreasing property of F’ ( u), for u € 5%, we have

~® [u™] + 0™ = F (z,0{™ ") < F (2,u{™),
-0 [ﬂ(m)] +ma™ = F (x, u(m D) > F (, u(m) ,
w™ =7 =y ().
This implies that @™, u(™ are ordered upper and lower solutions of when

(m —1) is replaced by m and u™ s either u{™ or ™. Again, by Theorem
problem has a minimal solution u and a maximal solution w. We choose u (or

) as w(m+1) if ugm) = gé““ and u (or @) as a(m+1) if ugm) = ﬁgm), which gives us
wm) < (D) < glmt1) < gm).
This choice ensures that u{™ ™" = g(m“),y(m*l)) and T(™tY) = (ﬂ(mﬂ)ﬂ(m“))

are solutions of and possess the monotone property ., which implies, by induction,
the truth of the relation .

5 Proof of the Main Result

We are now ready to prove the main result of this work.
Proof. [Proof of Theorem In view of Lemma the pointwise limits

lim u{™ = u, lim a(™ =, (19)
m—>r00 m—>r00

exist and satisfy 4, < u, < U; < 6,. To prove that u, and T, are, respectively, the

minimal and maximal solutions of . we first consider the minimal sequence { (m )} =

{g m),y(m } Define for each m

wgm) () = ( ) fo s)ds,
Q(lm) (37) =N (LU) g(m) + F (m,g(’”_l)) ’

and
w§™ (1) = I (0 = 27 Dy (s) ds,
QL™ (x) = =72 (x) 0™ + F (x,g(m‘l)) :
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We remark that I{ (u) = Dq (u) and I} (v) = Dy (v). The inverse of I7 (u) and I (v)
exist and are denoted, respectively, by ¢; (w;) and g2 (w,).
The quasilinear problem may be written as the scalar linear problem

~v2ui™ = Q™ (x) in Q,

V2w (m) Q; m) (z) in Q,

W™ (2) =3 (2) 0™ (2) =g () on OO
where uf () = I1 (up) > 0 and vf (z) =
W™ s w =6, w"” S w, =L
m — OQ.

By the argument in the proof for the scalar problem (7)), w, is the unique solution of
the linear problem

Iy (vg) > 0. It is clear from and that
) and Q™ = f (z,u,), Q™ — g(z,u,) as

wi™ (z) = uj ()

{ -V () = Q™ (),
and w, is the unique solution of the linear problem

{ ~V2ui™ () = Q4™ (2),

wi™ (z) = v (2).

This shows that u, = (u,v), where u = ¢; (w;) and v = g2 (w,) are solutions of
and u, € 5*.

Now, we show that U, is a solution of in S*, for this we consider the maximal
sequence {ﬁgm)} = {ﬂ(m),ﬁ(m)}. Define for each m

Egm) (x) =1 (ﬂ(m)) fo s)ds,
Q" (@) = i (@)™ + F (a:,u<m )

and

@™ (z) = I (@) = [ Dy (s) ds,
A" (@) = =3 (@) + G (x,uon )

Then the quasilinear problem may be written as the scalar linear problem

V2™ = Q1<> in Q,

fWAW ™ () in Q,

wg ™) () = uf (z) , wgm) () =v§ () on ON.

It is clear from and that wim) — wy = 11 (u), Egm) — Wy = I (V) and

7§m) = f(z,qs), 7ém) — g (z,Ws) as m — oo.

By the argument in the proof for the scalar problem, w; is the unique solution of the

linear problem
| —(m)
{ -~V (2) = Q" (@),

o\ (z) = uf (x)
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and ws is the unique solution of the linear problem

This shows that Ty = (u,?), where T = ¢; (w1) and ¥ = g2 (W2) are solutions of
and U, € S*.

To show that u, and Uy are, respectively, minimal and maximal solutions of in
S*, we observe that every solution u = (u,v) of (1)) in S* satisfies

=P [u] +yu=F (r,us) > F (x,ggo)> in Q,
u(x) = ug (z) on 0f)

and
U ] +vv =G (z,us) > G (z ugo)) in Q,
v (z) = v (2) on ON).

By (with m = 1 and u = u™ and v = M) we have

F (w,gio)) = -0 [u(”} +71u,

G (ﬂc,ggo)) = VU [y(l)} + v,
then
—®[u] +yu > -9 [u(”] + 71,

U +yv > —-U [y(l)] + v,

By Lemmawe have v > u™ and v > v, ie. u > ug ). This implies, by Lemma

that F (z,u) > F (x ul! )) and G (z,u) > G (m us )). It follows by an induction

argument that
F(z,u) > F (x u(l)) F(az u(g)) >..>F (x,gé’”)),
G (:E,ggm)) ,

Vv

G(z,u) > G (x,u(1 ) G (:c u(z)) > ..

then u > ggm) , for every m > 1.

In the same way, we observe that every solution u = (u,v) of (1)) in S* satisfies

{ —®[ul +yiu=F(z,u) <F (x,ﬁgo)) in £,
u(z) = uo (2) on 0N

and

{ Ul+mv=_G (,u)ﬁG(z,ﬁgo)) in Q,
v (z) = v (v) on 0f.
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By (with m = 1 and u® =7 and v =751)) we have
F (x,ag))) = -9 [ﬂ“)] +yad,
G (x,ﬁgm) = -0 [f(l)} + o,
then
—®u+mu < -@ [ﬂ(l)} +ya®,
V] +yv < U [@(1)} + o,

By Lemma we have © < @™ and v < 7V, ie., us < (1). This implies, by
Lemma that F'(z,u) < F (x,ﬁé”) and G (z,u) < G (a:,ué”). It follows by an
induction argument that

F(r,u) < F(x,ﬁgl)) F( (2))

G(z,u) < G(x,ﬁgn) G(x u<z>)

IN

<F (x u(m)) ,

G( ™),
which implies u, < a{™.
Letting m — oo and using relation lead to u, < u < u,. This proves the
minimal and maximal property of u,and W,. Finally, if u, = @y (= uf), then this

maximal-minimal property ensures that u} is the unique positive solution in S*.

| /\

6 Application

As an application of the obtained theorem, we give a model concerning the type of dif-
fusion in porous media, where the diffusion coefficients are degenerate; it is the following
two-species Lotka—Volterra competition steady-state model:

=D () V2u® = u(a; — byu — ¢1v),
—Dy () V2P = v (ag — bau — cav), t>0, zeq, (20)
u(x) =up(xz) >0, v(z)=uv(z) >0,

where for each i =1, 2, a, 8, a;, b, ¢; are positive constants, and o > 1, 8 > 1, with
D; () > 0 on Q. For more details on this model, we refer the reader to Pao in [16}/17].

7 Concluding Remarks and Perspectives

This work has mainly focused on the question of the existence and the uniqueness of
positive maximal and minimal solutions for a class of degenerate reaction-diffusion sys-
tems. It should be noted that the results obtained can be applied to a number of models
arising from biology, ecology and biochemistry as well as to models in several fields of
applied sciences and engineering. We have developed original methods to overcome cer-
tain difficulties, and despite the complexity of the model studied, we have succeeded in
obtaining an existence result.

There are many additional important open problems, which we hope to address in
the near future, they are: Numerical simulation, Generalization to the parabolic case,
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Generalization to the case of a higher order system. This list of questions corresponds
to a work in progress or prospective work. Some are a continuation of the work already
done, and some are new research projects. This not only makes it possible to delve deeper
into the theoretical study, but also goes beyond the theoretical framework by developing
models and techniques.
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