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Abstract: In this paper, synchronization in the master-slave coupling scheme of
two mechanical lower limbs, or legs, is numerically presented. In particular, we use
the sliding mode control approach for trajectory tracking of the master’s end-effector
and, in addition, the slave’s end-effector synchronizes with the master’s end-effector.
The synchronization studies reported in the literature have two main interesting re-
sults: phase synchronization and anti-phase synchronization. It is our perception
that these two synchronization types appear in human movements such as jumping,
sitting or standing (as phase movements), and walking, running or swimming (as
anti-phase movements). This work pretends to replicate some of these movements
in a prosthetic leg, where the prosthetic leg is the slave and the natural leg is the
master. The contribution of this work is the use of the master-slave synchronization
scheme, in conjunction with the sliding mode control method, conceived in the partic-
ular problem of people with an amputated leg. Simulation studies performed on two
mechanical dynamical models of 2-DOF are presented to demonstrate the viability
and performance of the proposed master-slave synchronization scheme.
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1 Introduction

Many years and efforts have been required to develop humanoids. From the robot Knight
to the robot Advanced Step in Innovative Mobility (ASIMO) or the robot ATLAS [1–3].
The Knight robot was developed by the Italian genius Leonardo Da Vinci in 1495, the
ASIMO robot by Honda in 1986, and the ATLAS robot by Boston Dynamics in 2013.
Both the ASIMO robot and the ATLAS robot involve, in addition to the mechanical engi-
neering of the Knight robot, other disciplines such as electrical engineering, computation
engineering, and control theory, among others. Despite the locomotive level reached by
ASIMO and/or ATLAS, they still lack the grace, speed, and performance of the human
being. As the locomotion of these humanoids resembles that of humans, we can use them
as assistant robots [4] or assistants [5], for example, people with a leg amputation regain
the ability to walk, swim, or jump [6–10]. On the other hand, the synchronization theory
is of great interest in the scientific community due to the physical phenomena it can
explain. For example, in nature, we can see the synchronization of the flash of fireflies,
electronically reproduced in [11]. In communication systems, along with the theory of
chaos, it is possible to encrypt any kind of information [12] that can be implemented with
micro-controllers as in [13]. Synchronization patterns for inter-human coordination have
been found in humanoid research [14]. For example, for sitting the limbs are in phase
synchronized [15] and for walking they are in anti-phase synchronized [16]. Rodriguez-
Angeles and Nijmeijer in [17] mention that, “The problem of robot synchronization can
be seen as tracking paths between systems with an additional challenge that is not con-
sidered in tracking controllers of the trajectory”. In their publication, they synchronize
two manipulator robots by using the state estimation for feedback, E. Cicek in [18] has
used an adaptive controller, and Bondhus et. al. in [19] have used a PID controller. The
main differences between this work and [17–19] are: 1) the control method used, 2) the
synchronization time, and 3) the conception of the work in the particular problem in con-
junction with the approach and potential application in the rehabilitation of people with
an amputated leg. The contribution of this work is the synchronization of trajectories
between two similar 2-degree of freedom (2-DOF) manipulator robot systems, under the
master-slave coupling scheme, making use of the method of sliding mode control (SMC),
conceived for the potential application for people with an amputated leg. In this case,
the human’s limb (thigh and shank) is the master system and a 2-serial link mechanical
system is the slave system.

In a potential experimental evaluation, the master lower extremity would send its
position to the slave lower extremity (using sensors), which must follow the movements
of the master system until the synchronization is achieved, either in phase or in anti-
phase. For simulation reasons, the master system is also modeled as a 2-DOF serial
link mechanical system. This work is organized as follows. In Section 2, the non-linear
systems synchronization is explained. In Section 3, we describe the control scheme for
tracking the paths of the master system and how the slave system couples with the master
one to achieve synchronization. In Section 4, we present the dynamic model of a system
with 2-DOF, which is used to model the thigh and shank. In Section 5, the control by
the SMC method is presented, applied to both the master and the slave systems. Also,
the stability proof based on Lyapunov’s theory is presented. In Section 6, the results
obtained are shown in the simulation for a circular path, where the synchronization of the
master-slave scheme is confirmed. Finally, in Section 7 some conclusions are reported.
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2 Master-Slave Synchronization

Huygen’s observations regarding the synchronization of two weakly coupled mechanical
parameters reveal five types of synchronization [20]: 1) full or identical synchronization,
2) generalized synchronization, 3) phase synchronization, 4) anticipated or delay syn-
chronization, and 5) envelope amplitude synchronization. The present work focuses on
the phase synchronization for two mechanical systems with 2-DOF.

For two nonlinear dynamic systems synchronization, suppose a system described by

q̇m = f(qm), (1)

where f is the non-linear vector at least twice differentiable and with a smooth curve.
And qm ∈ Rn is the master system state vector. The second, slave system, is defined by

q̇s = h(qs,u), (2)

where u ∈ Rn is the input signal to the system, h is the non-linear vector that, like f ,
is at least twice differentiable. Let the synchronization error be given by

es = qm − qs, (3)

then the control objective is to design a signal u ∈ Rn in such a way that

lim
t→∞

‖es(t)‖ = 0, (4)

where ‖ · ‖ is the Euclidean norm. This means that, when t → ∞, the systems (1) and
(2) are synchronized.

3 Synchronization Strategy

Two stages are needed to achieve synchronization for two 2-DOF mechanical systems
under the master-slave scheme. In the first stage, the master system follows the position
of the desired path, and in the second stage, the slave system follows the position of the
master system, Figure 1 shows these two stages. The first stage is represented by white
blocks, while the gray blocks represent the second stage.

In the first stage, the value of τm is increased or decreased until qd − qm = em ≈ 0,
which means that the desired trajectory is reached. In the second stage, the slave system
takes qm as the desired position and compares it with qs, when qm − qs = es ≈ 0, both
systems are in phase synchronized. The master system follows the path indicated by the
vector xd = [xd yd]

T with the Cartesian (x, y) values. The inverse kinematics convert
them to angular values that are required by the master’s system joints.

3.1 Direct and inverse kinematic

With the kinematics analysis, it is possible to calculate the end-effector’s position, speed,
and acceleration without considering the forces and torques causing the movement. The
geometric relationship between the system link’s joints and the reference frame is estab-
lished. If the length and angles of the links are known, it is possible to compute the
end-effector position in the Cartesian plane through the direct kinematics. On the other
hand, if the lengths of the links and end-effector position in the Cartesian plane are
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Figure 1: Master-slave synchronization scheme.

known, it is possible to compute the value of the link’s angles through the inverse kine-
matics. For a two-link manipulator system in the Cartesian plane, as shown in Figure 2,
the direct kinematic equations are:

xm = lm1cos(qm1) + lm2cos(qm1 + qm2), (5)

ym = lm1sin(qm1) + lm2sin(qm1 + qm2), (6)

where the master system link length variables are lm1 and lm2, while the joint’s angular
variables are qm1 and qm2.

On the other hand, the inverse kinematics equations to compute the joint’s angular
values are defined as follows:

qm2 = tan−1

(
±
√

1−D2

D

)
, (7)

qm1 = tan−1(
ym
xm

)− tan−1

(
lm2sin(qm2)

lm1 + lm2cos(qm2)

)
, (8)

where

D =
x2
m + y2

m − l2m1 − l2m1

2lm1lm2
.

In this way it is possible to express the desired position xd using either (5)-(6) or (7)-(8).

4 Dynamical Model of the 2-DOF Mechanism

The mechanism being used consists of two links connected in series with a revolute-type
joint, therefore, it is a two-degree-of-freedom (2-DOF) mechanism. The synchronization
strategy, described in Section 3, was simulated with an actuated 2-DOF mechanism
that can perform any smooth trajectories in the Cartesian plane (x, y). One 2-DOF
mechanism for the master and another 2-DOF one for the slave. The dynamic model
which represents N mechanical systems with 2-DOF is given by

Hi(qi)q̈i + Ci(qi, q̇i)q̇i + gi(qi) = τ i, i = m, s , (9)

where the sub-index m is for the master system and the sub-index s is for the slave
system, therefore, qi = [qi1 qi2]T , τ i = [τi1 τi2]T and

Hi =

[
H11 H12

H21 H22

]
, Ci =

[
C11 C12

C21 C22

]
, gi =

[
g11

g21

]
, (10)
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Figure 2: Master’s mechanical system: thigh (lil) and shank (li2). The sub-index i is for either
the master or the slave system.

where Hi is the inertia matrix, Ci is the Coriolis matrix, and gi is the gravitational
vector. Both τi1 and τi2 are the torques and moments of the joint’s manipulator robot,
i.e., the thigh and shank. Lastly, qi1 and qi2 are the angular positions of the thigh and
shank as shown in Figure 2.

The elements of the matrices indicated in (9) are

H11 = αi + 2εicos(qi2) + 2ηisin(qi2),

H12 = βi + εicos(qi2) + ηisin(qi2),

H21 = βi + εicos(qi2) + ηisin(qi2)

H22 = βi,

C11 = −2εisin(qi2 + 2ηicos(qi2)) ˙qi2,

C12 = −εisin(qi2 + ηicos(qi2)) ˙qi2,

C21 = εisin(qi2 + ηicos(qi2)) ˙qi1,

C22 = 0,

g11 = εiρi2cos(qi1 + qi2) + ηiρi2sin(qi1 + qi2) + (αi − βi + ρi1)ρi2cos(qi1),

g12 = εiρi2cos(qi1 + qi2) + ηiρi2sin(qi1 + qi2).

The variables αi, βi, εi, and ηi are related to the physical link’s parameters [21], and are
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defined as follows:

αi = Ii1 +mi1l
2
i(cl) + Iie +miel

2
i(ce) +miel

2
i1,

βi = Iie +miel
2
i(ce),

εi = mieli1li(ce)cos(δie),

ηi = mieli1li(ce)sin(δie),

ρi1 = li1li(cl) − Ii1 −mi1l
2
i1,

ρi2 = g/li1,

where
mi1 − thigh mass,
li1 − thigh length,
li2 − shank length,

li(cl) − thigh center mass point,
Ii1 − thigh inertia,
mie − shank mass,
lie − shank length,

li(ce) − shank center mass point,
Iie − shank inertia,
δie − angle between the shank and shank center mass point.

It is important to say that the shank center mass point changes with a passive foot
attached.

5 Controller Design

The control objective for many robot systems is to reach either a position, speed, or
acceleration, and keep it within a specified range. A manipulator robot described in
(9) is highly nonlinear, susceptible to the external disturbance or changes, and it is time
variable. That is, the model’s parameter values can vary for different positions, altitudes,
loads, and model uncertainties [22–24]. The classical control theory for systems with these
characteristics has low performance, and the asymptotic stability on follow-up tasks is
not guaranteed. These issues are avoided with robust control approaches [25]. The sliding
mode control (SMC) is a robust control that ensures the control objective even with the
system’s uncertainties [26]. Another characteristic of this control approach is that it can
reduce the representation of a non-linear system by one order, which makes it easier to
control compared to the classic control like PID control, see [27]. Some improvements of
this control approach, mainly in mechanical systems, are presented in [28], which we use
in this work.

5.1 Sliding mode control based on input-output stability

For a system like the one shown in (9), and assuming that αi, βi, εi, and ηi are known
values, the master’s and slave’s position errors for the desired position path qd are

em = qd − qm, es = qm − qs. (11)
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Define
q̇mr = q̇d + Λ(qd − qm), q̇sr = q̇m + Λ(qm − qs), (12)

where Λ is a positive diagonal matrix.
Since the dynamics of the robot is linear with respect to its parameters [28], we have

Hi(qi)q̈ir + Ci(qi, q̇i)q̇ir + gi(qi) = Yi(qi, q̇i, q̇ir, q̈ir)pi, (13)

where
pi = [αi βi εi ηi]

T , (14)

Yi(qi, q̇i, q̇ir, q̈ir) =

[
Yi1 Yi2 Yi3 Yi4
Yi5 Yi6 Yi7 Yi8

]
(15)

with

Yi1 = q̈ir1 + ρi2cos(qi1),

Yi2 = q̈ir2 − ρi2cos(qi1),

Yi3 = 2cos(qi2)q̈ir1 + cos(qi2)q̈ir2 − 2sin(qi2)q̇i2q̇ir1 − sin(qi2)q̇i2q̇ir2 + ρi2cos(qi1 + qi2),

Yi4 = 2sin(qi2)q̈ir1 + sin(qi2)q̈ir2 + 2cos(qi2)q̇i2q̇ir1 + cos(qi2)q̇i2q̇ir2 + ρi2sin(qi1 + qi2),

Yi5 = 0,

Yi6 = q̈ir1 + q̈ir2,

Yi7 = cos(qi2)q̈ir1 + sin(qi2)q̇i1q̈ir1 + ρi2cos(qi1 + qi2),

Yi8 = sin(qi2)q̈ir1 − cos(qi2)q̇i1q̇ir1 + ρi2sin(qi1 + qi2).

The matrix Yi(qi, q̇i, q̇ir, q̈ir) is known as the dynamic regressor matrix.
Using (11) and (12), the sliding variable for the master and slave (i = m, s) is deter-

mined by
σi = q̇ir − q̇i = ėi + Λei (16)

and the Lyapunov function is defined as

Vi(t) =
1

2
σTi Hi(qi)σi. (17)

Therefore,

V̇i(t) = σTi Hi(qi)σ̇i +
1

2
σTi Ḣi(qi)σi,

= σTi Hi(qi)σ̇i + σTi Ci(qi, q̇i)σi,

= σTi [Hi(qi)(q̈ir − q̈i) + Ci(qi, q̇i)(q̇ir − q̇i)],
= σTi [Hi(qi)q̈ir + Ci(qi, q̇i)q̇ir + gi(qi)− τ i]

(18)

with the sliding surface dynamics given by

Hi(qi)σ̇i + Ci(qi, q̇i)σi = Yi(qi, q̇i, q̇ir, q̈ir)pi − τ i. (19)

The sliding mode based on the bound of (18) can be written as

V̇i(t) = −σTi [τ i − (Hi(qi)q̈ir + Ci(qi, q̇i)q̇ir + gi(qi))],

= −σTi [τ i − Yi(qi, q̇i, q̇ir, q̈ir)pi]
(20)
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and the control input as

τ i = ki sgn(σi) =

[
ki1 sgn(σi1)

ki2 sgn(σi1)

]
, i = m, s . (21)

Consider the following region:

Dσi = {σi | ‖σi‖ ≤ δσi} . (22)

Next, it will be shown that if σi ∈ Dσi, then the position and speed errors, as well as
the system paths qi and q̇i, are also bounded. According to (16), we have

ei(t) = e−Λitei(0) +

∫ t

0

e−Λi(t−ϑ)σi(ϑ)dϑ. (23)

From the previous equation, a position error bound can be calculated as follows:

‖ei‖ ≤ ‖ei(0)‖e−λit +
δσi
λi

(
1− e−λit

)
≤ ‖ei(0)‖+

δσi
λi
, (24)

where λi , λmin{Λi}. From the previous result, the speed error bound is determined by

‖ėi‖ ≤ λ̄‖ei(0)‖+ δσi

(
λ̄i + λi
λi

)
, (25)

where λ̄i , λmax{Λi}. Since the desired trajectory qd(t) and its derivatives are bounded
functions, the system trajectories qi and q̇i are also bounded if ‖σi‖ ≤ δσi. From
the previous analysis, it is possible to determine the following elements bound for the
regressor:

Yi(qi, q̇i, q̇ir, q̈ir) =
[
Yi(nj)

]
,
∣∣Yi(nj)∣∣ ≤ Ȳi(nj). (26)

To prove that the state σi is bounded, consider (17) which satisfies

λhi‖σi‖2 ≤ Vi ≤ λHi‖σi‖2, (27)

where λhi = λmin‖Hi(qi)} and λHi = λmax‖Hi(qi)}. The derivative of Vi along the
system trajectories is given by

V̇i = −σT
i k̄isign(σi) + σT

i Yi(qi, q̇i, q̇ir, q̈ir)pi

= −
2∑

n=1

k̄i|σi|+
2∑

n=1

4∑
j=1

σi
[
Yi(nj)

]
pij .

Consider (26) and suppose that the elements of the matrix k̄i are proposed as

k̄i(n) =

4∑
j=1

Ȳi(nj)p̄ij + ξ, ξ > 0, n = 1, 2 , (28)

where

pi = [pi1 pi2 pi3 pi4]T , |pin| ≤ pin , n = 1, 2, 3, 4 .
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The derivative of Vi satisfies

V̇i ≤−
2∑

n=1

|σi|

 4∑
j=1

Ȳi(nj)p̄ij + ξ

+

2∑
n=1

4∑
j=1

|σi|Ȳi(nj)pij ≤ −ξ
2∑

n=1

|σi| < 0. (29)

Since the derivative is negative, the closed-loop variables are bounded, and σi tends
to zero. To show the convergence in finite time, the following inequality will be used∑2
n=1 |σi| ≥ ‖σi‖. With consideration to the previous inequality and (27), an upper

bound for (29) is given by

V̇i ≤ −ξ‖σi‖ ≤ −α
√
V i , (30)

where α = ξ/
√
λhi. Or

D+Wi ≤ −α , (31)

where Wi = 2
√
Vi. From the comparison lemma, we have Wi(‖σ(t)‖) ≤Wi(‖σ(0)‖)−αt.

Therefore, ‖σi‖ = 0 in finite time. So, from (23), for a time tR ≤Wi(0)/α, we have

e(t) = e−Λte(0).

From the above, the position and velocity errors (16) converge to zero exponentially.
Therefore, based on Lyapunov’s theory of stability, the master’s trajectory tracking and
master-slave synchronization are assured.

6 Simulation

The synchronization of the master and slave systems, (9), is validated by a cyclic tra-
jectory (circumference). The master system tracks this trajectory and the slave system
tracks the master’s end-effector position; both systems start at different initial condi-
tions. Figure 3 shows the master and slave systems, the circular trajectory, the link’s
idle position (gray lines), the trajectory initial position (dotted lines), and the link’s final
position (black lines). The master system is represented by the left side links and the
slave system is represented by the right side links.

The tracking of the trajectory is done without vertical control of both systems
and without considering contact forces with any surface. The Matlab function ODE45
(Dorman-Prince) was used for the simulations with a variable integration step and rela-
tive tolerance of 1e-3, with duration of 15 s.

The physical parameters, control values, and initial conditions are presented below.

6.1 Desired trajectory

A circular path was chosen because it is predominantly used in therapeutic exercise
equipment. Apply (32) with its center at xc = 0.5 m, yc = −1.0 m, and radius r = 0.4
m:

xd =

[
xc
yc

]
− r

[
cos( 1

5πt)
sin( 1

5πt)

]
. (32)
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Figure 3: The tracking of the circular trajectory, master (left) and slave (right).

Variable Value [unit] Variable Value [unit]

mm1 1 [kg] ms1 1 1/5 [kg]
lm1 1 [m] ls1 9/10 [m]
lm(cl) 1/2 [m] ls(cl) 2/3 [m]
Im1 1/12 [kg·m2] Is1 0.081 [kg·m2]
mme 3 [kg] mse 3 1/4 [kg]
lm(ce) 1 [m] ls(ce) 9/10 [m]
Ime 2/5 [kg·m2] Ise 13/30 [kg·m2]
δme 0 [rads] δse 0 [rads]
ρm1 −7/12 ρs1 −0.405
ρm2 9.81 ρs2 10.9

Table 1: Values of the parameters used.

6.2 Control parameter values

The values used in the simulation for the master and slave systems are shown in Table 1,
from which the values for the vector pi (14) are used in the computation of ki in (28),
which in turn, is required for the control input τi in (21).

For sliding mode control simulations, the values of Λ = [5 0 ; 0 5]T are chosen,
which are applied in (12).

The master’s initial conditions are qm = [−π/2, π], and the slave’s initial conditions
are qs = [−π/2+0.1, π], the values of the vector pi in (14) are pm = |[6.7 3.4 3.0 0.0]T |+
0.50 and ps = |[6.2 3.06 2.6 0.0]T |+ 0.50, while ξ = 0.1. Finally, a saturation function is
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used instead of a switch function, with ∆ = 0.05.

6.3 Results

The master-slave synchronization established in (3) for two dynamic systems described
by (9), with different initial positions and applying the control law (21) for a circular
path (32), is described below. Applying the inverse kinematic by means of (7) and (8) we
obtain qd1 and qd2. The results in (21) are causing the angular position of the master’s
first link qm1 to move from -1,571 rads. to -1,671 rads., while the angular position of
the slave’s first link qs1 moves from -1,471 rads. to -1,671 rads. The angular position of
the master’s and slave’s second link qm2, qs2 moves from 1,571 rads. to 1,791 rads. The
graphs in Figure 4 show these values and the time needed to reach the desired path.
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Figure 4: Link’s positions during the desired trajectory tracking (32): a) Upper graphic qd1,
qm1, and qs1 with 0 < t ≤ 15, lower graphic with 0 < t ≤ 0.6; b) Upper graphic qd2, qm2,
and qs2 with 0 < t ≤ 15, lower graphic with 0 < t ≤ 2.0 .

Finally, Figure 5a shows the control input τ i applied to qi1 and qi2 required to follow
the desired path and synchronize the slave system with the master system, respectively.
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Figure 5: Input signal (21) during the desired trajectory tracking (32): a) Upper graphic τm1

and τs1, lower graphic τm2 y τs2, both with 0 < t ≤ 15; b) Upper graphic τm1 and τs1, lower
graphic τm2 y τs2, both with 0 < t ≤ 2; c) Upper graphic es1, lower graphic es2 .

Figure 5b shows a zoom out of these graphs to appreciate the switching effects chattering
inherent in the control method by sliding modes, while the graph in Figure 5c shows that
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the synchronization error is below 1% of the amplitude of the signal xd in 0.5 s of the
slave’s first link and approximately 0.25 s for the slave’s second link. These results show
that the synchronization is reached within the time reported in [17–19], which makes this
synchronization scheme a suitable option.

7 Conclusions

Two systems synchronization by the master-slave scheme with the sliding mode control
was simulated. It was possible to synchronize them, even with different initial positions,
in 0.596 s. The graphs presented show that the master and slave tracking errors tend
to zero. Therefore, it is feasible to synchronize a mechanical system that emulates a
mechanical prosthetic leg with another similar system such as a human leg, where the
human leg is the master system and the mechanical prosthetic leg, like a 2-DOF robotic
system, is the slave system. The rehabilitation stage and exercises required for a person
with a leg amputation are beyond the scope of this work. However, we believe that this
proposed synchronization scheme is the basis for those who consider to implement it as
part of the rehabilitation, where a circular path is used as a reference trajectory because
the therapeutic exercise equipment has it as the main movement.
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