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Abstract: This work is focused on the study of the asymptotic behavior of a coupled
problem that consists of an elastic body and the change of heat. The friction exerted
on the body is nonlinear of Coulomb type in a thin domain Q° C R3. As a first
step, we give the variational formulation of the problem and the establishment of the
existence and uniqueness results for the weak solution. We proceed to the asymptotic
analysis. To do this, we use the scale change following the third component and new
unknowns to conduct the study on a domain €2 independent of e. Then we prove
some estimates for the displacement and the temperature. Finally, these estimates
allow us to have the limit problem and prove the uniqueness of the solution.
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1 Introduction

In solid mechanics, thin structures are widely used in several fields of industry, for exam-
ple, in underwater industry, aerospace, civil engineering and in common constructions,
in the field of energy, industrial design, and even in the living world. We also find the
use of thin structures in the metallurgical industry, in particular in the rolling process of
thin sheets etc. More details can be seen in [1]. In mathematical literature, the problems
in thin areas and especially in the elasticity of thin films, plates and shells have already
been studied for more than a century. For example, Ciarlet in [10] and Destuynder
in [12] have studied the equilibrium states of a thin plate  x (—¢,+¢) under external
forces, where () is a smooth domain in R? and ¢ is a small parameter, to justify the
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two-dimensional model of the plates. In recent years, many authors have applied asymp-
totic methods in three-dimensional or two-dimensional elasticity and viscosity problems
to derive new two-dimensional or one-dimensional reduced models. The importance of
asymptotic methods is that they can be used in place of full three-dimensional models
when the thickness is small enough. In addition, two-dimensional models are simpler
than their three-dimensional counterpart, which facilitates their study. They also allow
less costly digital simulations than the three-dimensional ones.

Our goal in this paper is to give the asymptotic behavior of a non-isothermal Hooke
operator in a thin domain with Coulomb friction on the bottom surface. One of the
objectives of this study is to obtain a two-dimensional equation that allows a reasonable
description of the phenomenon occurring in a three-dimensional domain by passing the
limit to 0 on the small thickness of the domain (3D). The scientific research in mechanics
are articulated around two main components: one devoted to the laws of behavior and
the other one to the boundary conditions imposed on the body. Here we describe real
phenomena which transform into mathematical problems with boundary conditions and
with certain types of friction, the type of problem that is presented here is very common
in application. The physical domains are defined, where the height is much smaller then
the length, as the problem of elasticity and viscoelasticity of a tire. We consider a non
isothermal elastic body with Coulomb free boundary friction conditions in the stationary
regime occupying a bounded, homogeneous domain ¢ C R?, where (0 < ¢ < 1) is a small
parameter that will tend to zero. The boundary of ¢ will be noted I'* = I'; UT' Uw and
assumed to be Lipschitz, such that I'{ is the upper surface of the equation x5 = eh(%),

¢ is the lateral surface and w is a fixed bounded domain of R with z3 = 0, which is
a bottom of the domain Q°. Several works have been done on the mechanical contact
with the various laws of behavior and various boundary conditions of friction close to our
problem, yet these items were based only on the existence and uniqueness of the weak
solution. Let us mention, for example, in [2], Bayada et al. are engaged in the asymptotic
and numerical analysis for the unilateral contact problem with Coulomb friction between
two general elastic bodies and a thin elastic soft layer. Paumier in [21] performs an
asymptotic modeling of a unilateral problem of a thin plate. He demonstrates that
this three-dimensional problem with friction tends towards another two-dimensional one
without friction. The justification by the asymptotic analysis for the elastic plates is
given by Gilbert in [16] and for the shells is given by Chacha in [9].

More recently, some research papers have been written dealing with the asymptotic
analysis of a boundary value problem governed by the elasticity system. For example,
the asymptotic behavior of the dynamical problem of isothermal and non-isothermal
elasticity with non linear friction of Tresca type was studied in [5,/24]. Also, the authors
in [4] carried out the asymptotic analysis of a frictionless contact between two elastic
bodies in a stationary regime in a three-dimensional thin domain with friction. The
reader can also consult certain works concerning partial differential equations posed in
different thin domains, see, for example, [15,/17,[18,22}[23].

This paper is organized as follows. As a first step, we give the variational formulation
of the problem and demonstrate the results of existence and uniqueness for the weak
solution, then we move on to the asymptotic analysis. For this, using the change of scale
according to the third component we conduct the study on a domain Q2 which does not
depend on . Then, by the use of different inequalities, we prove some estimates for
the displacement and the temperature, which allow us to go to the limit when e tends
towards zero in the variational formulation. Finally, our main result is the proof of the
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existence and uniqueness of the limit of a weak solution to the problem described in the
abstract.

2 Statement of the Problem

In this section, we first define the thin domain and some sets necessary to study the
asymptotic behavior of the solutions. Next, we introduce the problem considered in
the thin domain. We finish this section giving the weak variational formulations of our
problem.

2.1 The domain

We consider a mathematical problem governed to the stationary equation for an elasticity
system in three dimensional bounded domain Q¢ C R? with boundary I'* = T, UT; U.
We denote by |.| the Euclidean norm on R?. Let w be a fixed, bounded domain of R? with
x3 = 0. We suppose that w has a Lipschitz continuous boundary and is the bottom of
the domain. The upper surface I'{ is defined by z3 = €h(£) = eh(z1, x2). We introduce
a small parameter ¢, that will tend to zero, where h is a function of class C! defined on
w such that 0 < h, < h(£) < h*, for all (£,0) € w, with

Q° = {(d,2) € R*: (4,0) € w,0 < z3 < eh(f)}.
We introduce the following functional framework:

81)2-
al‘j

HY(QF)3 = {v € (L2 (929))3; € L*(Q°); Vi,j= 1,2,3} :

We define the closed non-empty convex of H!(Q¢)3 :
Ve = {QE (Hl(Qg))S; 0=G*onT% , o=0o0nTIj and Q.n:00nw},
where G¢ is defined below. We note by H%;urﬁ the vector sub-space of H'(Q°):
H%iurﬁ(ga) ={0€e H'(?):0=00nT7 U }.

The spaces Q°, H1(Q)3, V ¢ and H%;ur;(ge) are the domain in which we study the
asymptotic behavior of elasticity, the Sobolev space, the closed convex, and the vectorial
sub-space of H'(2F) are endowed with their natural norms and scalar product.

2.2 The problem

We assume that the deformations of an elastic body are governed by the following equa-
tions. The law of conservation of momentum is div(c®) + f¢ = 0, we designate by

o° = (05;), < j<3 the stress tensor and by D = (d; ;) the tensor of deformation:
dijlw) =4 (35 +54) 51<i,j <3

It is supposed that the law of behavior follows the law of Hooke

1<4,5<3

o j(w) = 20u(T7)d; j(u®) + MT7)dr (u) i
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u® = (u§,u§,u§) is the displacement of the elastic body, A and p are the coefficients
of Lamé with A + p > 0, T° is the temperature, u,u, are the tangential and normal
components of u® on the boundary w given by uj, = u®.n, uf, = ui— ug,.n; and o3, o7,
are the tangential and normal components of ¢° given by

e

g __ € . . g __ P 2 .
o, = (0°.n;) nj, 05, = o535 — oy

The law of conservation of energy is given by
—V(KeVTe) =0°: D(u®) + r=(T°),
3
o : D(us) = Z O—ijdi,j(ue)7

1,=1
where K¢ is the thermal conductivity and r(7T¢) is the heat source.

To describe the boundary conditions, let us introduce first a vector function g =
(91, 92,93) in H'/2(I'*) such that Jr- g.nds = 0, then according to ( [6]) there exists a
function G*:

G® e (H'(9))® with G° =g on T*.

Also, we suppose that
gs=u3=0 and s =g on w.

e On I'f, no slip condition is given. The upper surface is assumed to be fixed so that
u® = 0.

e On I'7, the displacement is unknown and parallel to the w—plane: u* = g with g3 = 0.
e On w, there is no flux condition across w so that u.n = 0.

e The tangential velocity on w is unknown and satisfies the Coulomb friction law:

{ l0%] < Felos] = us = s,
|02 = F¢|o5| = 38 > 0 such that v = s — o,
where F ¢ > 0 is the coefficient of friction.

For the temperature, we assume that

orTe

T =0 on I'; UTY,
WZO on w.

The complete problem consists of finding the displacement field u and the tempera-
ture T° which satisfy the following equations and boundary conditions:

div(c®)+ f€=0in QF, (2.1)
o7 j(u®) = 205 (T°)d; j(u®) + A°(T°)dkk (u®)dij, in QF, (2.2)
— V(K*VT®) =0°: D(u®) + r(T7) in Q°, (2.3)
u® =0 on I'f, (2.4)
u® =g with g3=0 on I'Y, (2.5)
los| < Felog| = us = s, on w (2.6)

|o¢] = F¢log| = 38 > 0 such that uS = s — fog ‘ ‘
T° =0 on TS UTE, (2.7)

orTe

=0 on w. (2.8)

on
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2.3 Weak variational formulations

We finish this section by giving the equivalent weak variational formulation of problem
(2.1) — (2.8) which will be useful in the next sections. By standard calculations, the
variational formulation of the problem (2.1) — (2.8) is given as follows.

Problem (P,) Find a displacement field v € V¢(Q°) and a temperature T¢ €
H%iUF‘i (€27) such that

a(Tu,0—u’)+75%5(0) —5°(u®) > (fS,0—u®), VoeVE©. (2.9)
b(T%, ) = c(u®, T%,¢), V4 € Hye e, (2.10)

where

,us,v) Z/ 2p5(T%)d;j (u®)d;; (v)dEdrs + ; A(T*) div(u®) div(v)dides,
=1 e e

(2.11)

3
(ff,v)z/ f%da’:dxg:z:/ fifvididas, (2.12)
Qe i1 /e

Jjf(v) = / Felos||lvr — s dt with S(of) = |og], (S is given below) (2.13)
e L 0T 0y
WT" ) = | KOG ddda, (2.14)

o, T%, ) = 0, g 2015 (1), (uF s +

(2.15)
Jae X°(T°) div(u®) div(u®)Ydides + [o. r°(T¢)pdidrs.

Remark 2.1 ( [13},14]) If we have only u® € V¢ and of is defined by duality as
an element of H~2(w) has no sense, then the integral j°(v) has no meaning. Then
from the mathematical point of view it is necessary that S(o%) = |0%| with S being a
regularization operator from H ™z (w) into L% (w) defined by

S(r)(x) = {1, p(x — T)>H_%( ot for all € H*%(w) and S(1) € L% (w),
w), 00 w

where ¢ is a given positive function of class C*° with support in w, and H —3 (w) is the
dual space to

H020 ={¢,:0eH(Q); =0 onT;UI7}.
L% (w) is the subspace of L?(w) of non-negative functions.

Lemma 2.1 If u® and T¢ are solutions of the problem (2.1) — (2.8), then they satisfy
the variational problem (P,).

Proof. Multiply the equation (2.1) by (0 — u), where ¢ € V¢. By performing
an integration by parts on Q¢ using the Green formula and (2.4)-(2.8), we obtain the
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variational problem (2.9). For the proof of (2.10), multiplying the equation (2.3) by %,
where ¢ € Hp. r-(©2°) and using the Green formula, we find

8T o -
Z 62:1 didl'dwg,: Z /EQ,u (T%)ds: (u®)pdidrs +

1,7=1

TE
€ wds—f—/ r& (T dides.

/ A5 (T°) div(u®) div(u)dides +
& Ie n;

Now, for the boundary condition (2.8), we get b(T°,¢) = c(u®,T%,v), Vi € Hlliuqu.

Theorem 2.1 If f° € (L*(Q))® and the friction coefficient F¢ is a non-negative
function in L*°(w), then there exists u® € VE(QF) which is a solution to the problem
(2.9)-(2.10). Moreover, for small F¢, the solution is unique.

Proof. The proof is similar to that in 2], and we shall not reproduce it in full giving
only a sketch here. Firstly, for the existence of solution u® we apply Tichonov’s fixed
point theorem (the proof can be found in |11]), then to prove the uniqueness of u® we
use the same procedure as in [2}20].

3 Problem in Transpose Form and Variational Problem

We shall now focus our attention on the asymptotic analysis of problem (2.1) — (2.8).
x
For this analysis, we use the change of variable z = =3 to transform the initial problem

5
in ¢ into a new problem posed in the fixed domain €2 which does not depend on e:
Q={(#z2) €R®: (£,0) €w,0< z < h(f)}

and we denote by I' = 'y, UT; U its boundary. In addition, we define the following
functions on

ui(i ) =i(5,2), i=12 o)

e (4, x3) = 05(4,2), T °(&,23) =T °(&,2),
f‘s(:ﬁz) =e2f (&,23), g (&,2)=g (& x3), (3.2)
K=K #=c1® A=X, p=p°, [ =c'F", (3.3)

eGs(d, 2) = G5(&, x3),
{ Gild, z) = GS(&,x3), i=1,2. (34)

We introduce the functional framework in Q:

vV = {QE(Hl(Q))3; 0=G onTly , QzOOHFiandQ.n:Oonw},
V) = {o€eH' ()?:0=1(01,02), 0i=gonTyand g;=0o0nTy,i=12},
V., = {v—(vl,vg)ELz(Q)z; ?GLZ(Q)J—I,ZU—OOnFl},
2

Hlliuri(g) = {0€eH'(Q):0=00onT,UT; }.
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%
lolly, = (Z [ ) |
L2(Q)

With the change of scale defined in (3.1) — (3.3), the problem (P,) becomes as follows.
Find the displacement 4° € V and the temperature 7 € Hliuri () such that

It is clear that V, is a Banach space with the norm

(%Z

a(j"67,a€’@_,a€)_|_](@)_](,&€) Z (fA€7é_’aE)a véev7 (35)
b(T€7 1&) = c(a€7j—’5712))7 Vl& € H%iurg (Q)7 (36)
where
. ous\ 0
e ~E A As 2 J )
a(T®, 4,0 —0°) = Uzl/ <6$J (9351) (%cj( )didz
e (005 L0\ 0
+Z/M(T)(3z te 8;102-)82( - )

£ AE 8&3 2 9 A NE ‘,
+Z/ (T ( +e€ 8a:z>€ oz, (0; — 45) didz
a5 0
2 -~ 3 s
+e /Q2M(T ) % 92 — (03 — 43)didz
MT #) div(a
i (

) div(p — 4°)didz,

—
~>
m
>
|
>
m
~
I
[

=,
/

(
0; — ) didz + a/ fs (03 — 05) didz
i=19 Q
2

e oT° 0y 8T€
b(T,qp)_Z/anzz dd+/K

2

o) = / FS(0%) lor — 5| dé,

c(as, T Z / ( ZZ) didz

i,j=1
~ (rE % 26’&3 9 e 8’&% 2 .
Jr;/QH(T ) ( % +e 8302) 1/dedz+/ 2e*0(T°) ( 5 Ddidz

+ / 2(T*) div(if) div(ef)ddidz + / F(T*)didz.
Q Q

In the next subsection, we will do the estimates of (u,T¢) solution of our variational
problem in fixed domain.
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3.1 A priori estimates of the displacement

It is enough to prove the following essential result.
Lemma 3.1 Assume that f € (L? (Q))S, the coefficient of friction F¢ > 0 in L (w)
and there are strictly positive constants pu., u*, Ax, \* such that

0 < ps <pla)<p* and 0 <A <AD) <N, Va,beR (3.7)
Then there is a strictly positive constant C' independent of & such that

oag ||? HaAf
0z LZ(Q) . 0z

2

>

,j=1

2 2

N E
0u;

~ 2

o 0U§
0 c
X j

€ <C. (3.8)
O L%ﬂ))

+||e

L2 () LZ(Q)

Proof. Let u® be the solution of the problem (P,) so that
a(T*,u®,u%) < a(T%,u% 0) + (f5,u%) +5%(0) = (f % 0)- (3.9)

Because j¢(uf) is positive and as Z?,jzl di; (u)[* < |Vl | div(u)]? < |Vue]?, so
according to the inequality of Korn (from [19]), there exists C'x independent of £ such
that

a(T%, uf,uf) > 2. C || Vs |72 e - (3.10)
Applying the Holder and Young inequalities, we find the following:
3 p.Crc 2 4 (p)?  2(\)? 2
(T 0) € T ey + (S + 29 [Vl (1)
Then )
(Eh*) 2 ,U*CK
(f %uf) < 2 1.C va 2oy + HVUEHLZ(QE)' (3.12)
e (Eh*) e H*CK
(f%0) < 2 Cn IV f HLz(Qs) +t— HVQ||L2(Q€ : (3.13)
By (3.10) — (3.13) and choosing ¢ = G*, we get the variational equation
9 2 (Sh*)
gHCk VU 72e) < 1.C ||Vf 1720y +
4 (u*)2 200)?  pCi 2
VG* ey -
2 |12 _ -1 £ e €12 _ A
As e [[Vf el 2y =€ HVf e and € [|[VG[[72 () = HV L2y’ then
i oas ||*
IV = 2 S ||| +e|| G2
P =0z L2(Q) 92 |l 12 ()
o0u; 2 oac ||
+ —— <C
i (H 0z || 2(q) O L2(9)> B
with
) o s el? L) 200 mCi ) o al?
= deg=-a||V/ |ve .
QM*CKCO ane M*CK LQ(QE)+ M*CK +M*CK * 2 L2(QF)
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3.2 A priori estimates of the temperature

In this subsection, we look for an a priori estimate of the temperature TE, for this we need
to establish the following lemma which is a direct consequence of the Poincaré inequality.
Lemma 3.2 The temperature T is increased by

|-

Lemma 3.3 Suppose that the hypotheses of Lemma 3.1 are verified. Furthermore,
suppose there are
two strictly positive constants K, and K* such that

oTe
0z

(3.14)

L2 L2(Q)

0<K.<K(&z) < K" V(&z2) € Q, (3.15)
a positive constant ©* such that
7(a) < 7, (3.16)
then there exists a positive constant C independent of € such that

2
>

=1

oTe
0z

oTe

<C. 1
o C (3.17)

L2(©)

L2()

Proof. In the variational equation (2.17), we choose ¢ = Te , we get

P oT= 1= oTe aT*
ZI —Z/ 92, D idxdz+ , 02 02 drdz

with

G O0us - ou
7 J e 7 2 3 =5
E / < +(‘3x1> dedz+§ /(6z e 8901) Tedidz

i,7=1
- / 2e2u(T°) 05 de:fcdz
LER 5 )

Igz/f(TE)TEda’cdz, 13=/52X(T8) div(6°) div(af)T*dédz.
Q Q

By the Cauchy-Schwartz and the Young inequalities and Lemma 3.2, we find

12 o1*
n| <2 HT < 20" Ch* 1
[l <20°C|T7| , S 20°Ch | —- (3.18)
L2(Q)
The analogue of I; gives
aTe
L <7 < F*R* 3.19
2| <7 R 0z ’ (8.19)
L2 ()
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2

I] < Ac |7 . 3.20
13| < e (3.20)
On the other hand, by the use of (3.14)-(3.15), we find
2 or= [’ or= [’
b(T=,T°) = 2K did /K didz.
( ) ;/95 oz, tdz + A P tdz
This implies
of=| ot ot=|
K.e? 5 ||l =— <b(1T°,7°) < Cy : (3.21)
i L2(Q) L2(Q) L2(Q)

where (1 is a constant independent of € given by Cy = 20*h*C + #*h* + N*Ch*, thus

are||”

|3z

By injecting this last estimate in (3.21), we deduce (3.17).

< K7'cy. (3.22)
£2()

3.3 Convergence results
In this part, we will establish the following theorem.

Theorem 3.1 Under the same assumptions as in Lemmas 3.1 and 3.3 there exist
u* = (uj,u3) in V, and T* in V, such that for sub suites of 4*(resp T¢) noted again
@ (resp T¢), we have the following convergence results:

a7 = u;  weakly in V,(2),1 <i<2, (3.23)
ous . 2 .
€ — 0 weaklyin L*(02),1<14,j <2, (3.24)
8a:j
oug
5% — 0 weakly in L*(), (3.25)
z
2 03 72 :
S 0 weakly in L*(02),1 <i<2, (3.26)
et§ — 0 weakly in L*(Q), (3.27)
T° =0 weakly in V.(), (3.28)
oT®
€ — 0 weakly in L*(Q),1<i<2. (3.29)
£

Proof. The convergences of (3.23) to (3.27) are a direct result from the inequality
(3.8). By using the estimate (3.17), we deduce that HT ¢l < h* 8%;“ < h*Cy. So, T ¢ is

bounded in V. (), which shows the existence of T * in V(). In addition, & H % H < Oy,
thus (e %ij converges to % and T° converges to T in V. (), then & 861;; weakly

converges to 0 in V,(Q).
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4 Study of the Limit Problem

To reach the desired goal, we need in the rest of this paragraph the results of previous
convergences.

Lemma 4.1 There exists a subsequence of S(of(u®)) converging strongly towards
S(ox(u*)) in L*(w)

n

Proof. To prove this lemma, we use the same technique as in [2] (Lemma 5.1) and
in [6] (Lemma 5.2).

Theorem 4.1 u$ — u} strongly in V,(Q), i = 1,2, and with the same assumptions
as in Theorem 3.1, the solution (u*,T*) satisfies

Z/Q 681288( ui)didz+j(0)=j ZZ( i ,Qz—U) Vo e I(V), (4.1)

=1

o (a5 ) = e, pori=1.2m 22 @), (42)

3 (455) -z (3

Proof. For ui — u} strongly in V,, we use the same methods as in [6] (proof of
Theorem 4.2). By applying the convergence results of Theorem 3.1 to the variational
equality (3.5) and using the fact that j is convex and lower semi-continuous, we obtain

2 ou; 0 PN
S [ TG S = i + (e }:(ff,@i—uf) (1.4)
i=1 =

From [7] (Lemma 5.3), we can choose in (4.4)

2
) +#(T*) in L* (). (4.3)

0i = ul £y, € HY(Q) for i = 1,2 and 43 = uj,

then we get

OO iz = 3 (Few).

i=1

. 8u
> fyur)

Using Green’s formula and choosing ¢; = 0 and ¢o € H(Q), then 15 = 0 and ¥ €
H}(Q), we obtain
ey O 0Ul R
—/QM(T )& ( aZ)dgcdz—/f Vididz,

- ﬂ(T*)% (‘931:) = fi fori=1,2in H}(Q), (4.5)

and as f,° € L2(Q), then (4.5) is true in L2(Q).
On the other hand, going to the limit in (3.6) and using (3.28)-(3.29), we find

/KaT*awdd _Z/ (T*) (

thus

2
) Ydidz + / F(T*)pdidz, Y € HE r, (Q).
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Now, by the formula of Green, we get

/;’Z( aT*)q/}dmdz—Z/ (

Consequently,

) Ydidz+ / AT )pdidz, Y € HE r, (Q).

8( or*

The formula (4.6) is valid in L?(Q) since fi and 7 are two bounded functions in R and

N 2
(8;; ) is an element of L2(f2).

Theorem 4.2 Under the same assumptions as in the previous theorem, we have

/ F IS (16 + 5 — 5| — |5 — s[)di — / A(EDdE > 0,9 € TP(w)  (4.7)

AsM)E < T (S(o3(s7) = 5" =5,
{ f(*)E* = F(S(07(s*) = 3B > 0 such that s* = s — BE* on (4.8)
with
. . . s Ou”
s* (&) = u*(£,0),¢* =T*(£,0) and £ = 52 (2,0).
Another u* and T* satisfy the following weak form.:
L, (fo xzdz—hs( 0) — {*fo xzdz)vwdx (4.9)
[ dezd:c—o Vo € H (w), '

where

A(:r’;,z):/z(T:h’) P4, 2) // f* sy

(&
Proof. The proofs of (4.7)-(4.8) are similar to those given in the case of the problem
fluids, see |3]. To demonstrate (4.9) by integrating twice the equation (4.2) from 0 to z,
we ﬁnd

w (£, 2) = 5*(&,0) + A(s*)EF A, 2) — F(d, 2), (4.10)

and as u* (&£, h(z)) = 0, we have
$*(£,0) + a(H)EA(%, 2) = F(#, 2). (4.11)

By integrating (4.10) from 0 to h, we obtain

h h h
/0 u* (&, z)dz = s*(£,0)h + (¢*) /0 A(x,z)dz—/o F(#,2)dz. (4.12)

So,
h ok h
/ u*(z, z)dz — s*(£,0)h — u(¢*)E™ / AL, z)dz + / F(i,z)dz = 0.
0 0 0
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From (4.11) and (4.12), we deduce (4.9). This ends the proof requested.
Before studying the existence and uniqueness of the solution, we need the following sets:
v
<c;p.
I8 }

%
0z

2

W, = {v e VZ;% c LQ(Q)} and B, = {v eW, x W,
z

Theorem 4.3 Under the assumptions of Theorem 3.1 and if there exists a positive
sufficiently small constant F* such that ||F || =) < F*, then the solution (u*,T*) of
the limit problem (4.1)-(4.3) is unique in B, x W,.

Proof. For the uniqueness of solution, we follow the same steps and results as
in [28]. Suppose there are solutions (u',T') and (u?,7?) to the problem limit (4.1) and
(4.3) for every ¢ € Hf p, (), we have

T 9y L
/QKWEdd_Z/ (T (
A8T26¢ )
= 7 = (T?)

[ -5 asas = [ i (5

By subtracting (4.12) and (4.13), we get

2
> Ydidz + / (T pditdz, (4.12)
Q

2
) Ydtdz + / FH(T?)apdidz. (4.13)

Q

Jo K2 (TY = T2) 2 dids = Y2 lfQ { - ur?) (%52) }wdacdz

+ fQ — (T ¢dxdz
(4.14)

N
In (4.14), we add and subtract the term a(7") (%"j) , we find

2

0 v o1 )
[ - Gz = 3 A (ut+) o (=) v +
2 o 2 2
> [ lar - ) (G2 ) wasa+
=1
/Q [H(TY) — #(T2)] wdidz
By choosing ¢ = (T —T?) € Ht p, (), we get
3
/Qf(aaz T — 1" déd= = Y Ry, (4.15)
i=1
with
2 2
R, = ZRZI = Z/) |:/:L(T1)a (ui +u) P (uj — uf)] (T" —T?) didz
=1

Ry, = Z:Rg :Z/Q [(T") — 3(T?)] (aj>2 (Tt — T?) didz,
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and similarly,
PSR- 212 4., w2] 7 2
K 1" =T didz > K. 1+ (0] |7 =72, (4.16)
Q z z

Now, by the Holder inequality we get
0

, o
B <t 5 (i ) 5; (w — ) T oy

(e
LA(Q) L2(Q)
as the compact injection of V,(Q) in L*(Q) is continuous, then there is a constant o > 0
such that

’Rﬂ < pra? u +u?)

=)l =,

z

i)
7 (

And since u} and u? are two elements of B., we get

Ry < 2p7a’el|(ui =)y, | T = 77|y, .

using the Young inequality (aq + e < V2 (a1 + an 2 for a1, > 0), we have
g g meq y ) )

2
|[Br] < 2wtae [T =2, 3 || (ui —ud) |y, < 2v2uta®e | T =12, (i =uf)lly. .y,
=1

then
|Bi| < 2v2pta’e||T = T2, |[(u! = u?) ||y, . - (4.17)
And
R <C / 1t — 121 |25 gz < Cpatet || Tt — T2
2l ="n Q 0z - # Vi
thus )
|Ro| < 20,0 ||TH = T2, (4.18)
as the function 7 is Lipschitz on R, there exists a constant C; such that
|Rs| < C: ||T* T2}, (4.19)
By injecting (4.14) — (4.19) in (4.13) we have
K. [1 + (h*)2]_1 IT" =72}, < (2Cpatc +Ch) ||T -T2}, +
2v2prae||TH =12y [[(w! = )|y, .

1
2

-1 -1
we suppose that ¢ < ¢g = [2Cpat] (K* [1 + (h*)Z] — C’,:) , provided that K, >

[1 + (h*)ﬂ C, then

||T1 — T2||‘2/z < Qﬁu*afzc’glc(cg — )t ||(u1 —u
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We also have the following two inequalities:

ziLmﬂH’%fm(&—u>¢wz+ffS (uh)) |0} — | di

_fwﬁS on( i ‘ui_sldeZi:1<fivgi_uzl>a

(4.21)

S Jo i W?ﬁi@%w%ﬂw+hﬁ%ﬁwmA
P8 [uf — s di > S, (£, 02 )

We choose g; = u? in (4.21) and 97 = u; in (4.22), and after summing up the two

inequalities, it comes to W = u? — u;

Z/ { how 32/ (T )%“ %W] d:cdz+/ﬁS(a;i(u})ﬂuz?*SI*|U%*S|)d$

—/ FS(oh(u?) (|uf = s| — |uf —s])dé >0,

so, for the next term, we have
/ﬁs<a;(ug>(|ug_sy_;u3_sy)dae_/ FS(on(u?) (Ju? — 8| — ul — s|) dé

<.

According to the inequality of Cauchy-Schwartz we obtain

/

(4.22)

F(S(oy(ui) = Son(ud))] [uf — u;| di.

n

2

s (S(a:(u%)—S(ofl(uf)ﬂ |u227u11’ dt < ”ﬁHLw(w) C ||u227ui

By the previous theorem the term f *C Hu —u} Hv tends to 0, then we have
8u 8W Ou; 0
(1) (T dtdz >0, 4.23
}[/[ u<>&éh}xz (4.23)

2
we add and subtract the term [L(Tl)%%—‘f from the equation (4.23), we get

duj OW ou? OW 8u 6W
) N 1
E/{T o 'U(T)Bz Z]dxdz—&—g/ (T)

2

ouy OW
— a(T?! >
E /Q;L(T)az 8zd Zdz > 0.

i=1

So,

2

> -

i=1

2
(Tl)a—Wa—ded + Z / — il T?))aui OW Jidz >0,  (4.24)

7;>

9z 0z 9z 0z

and
Z/ (1) 8—Wa—wd tdz > Hr HW||%,Z. (4.25)
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Using the Holder inequality, and the results of [8], we find

: 1 2 ou OW 2 1 2
S [T = 1) T G dids| < VEeatCy [T = T2 W, (4:26)
=1

By injecting (4.25) into (4.24), we get

B Wy, < VacaCy |7t - 72, (4.27)

Returning to (4.20), we obtain

1" =7}y,

IN

2Vt e (g — ) 7wt~y

8MI1M*C,{102(C(2J )t HTl _ TQHVZ <0,

A\

provided that 0 < ¢ < ¢; = (1 + 8u;p*) "2 co. Therefore, |T" — T2 v =0.
So, there exists T* = T? almost everywhere in V,. According to (4.27), we deduce
that u! = u? almost everywhere in V.

5 Conclusion

The purpose of this paper is to study the asymptotic behavior of a non-isothermal elas-
ticity system in a thin domain with Coulomb friction on the bottom surface. One of
the objectives of this study is to obtain a two-dimensional equation that allows a rea-
sonable description of the phenomenon occurring in the three-dimensional domain by
passing the limit to 0 on the small thickness of the domain (3D). As a first step, we gave
the variational formulation of the problem and demonstrate the results of existence and
uniqueness of the weak solution, then we moved on to the asymptotic analysis. For this,
by using the change of scale according to the third component we conduct the study on
a domain 2 which does not depend on €. Then, by different inequalities, we proved some
estimates for the displacement and the temperature, which allow us to go to the limit
when e tends towards zero in the variational formulation. Finally, we have reached our
main result concerning the proof of the convergence results and uniqueness of the limit
problem.
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