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Abstract: This paper is devoted to studying the existence of solutions for the Cauchy
problem of the Debye-Hiickel system with low regularity initial data in critical Fourier-

Besov-Morrey spaces. We show that there exists a unique local solution if the initial
. -2+ 242 —24 242
data belong to the Fourier-Morrey-Besov space ]-'./\/'p g DX .FNP ag T, and

furthermore, if the initial data are sufficiently small, then the solution is global.
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1 Introduction

In this paper, we consider the following Cauchy problem for the Debye-Hiickel system in
R™ x RT:

Ov =Av —V - (vVV9) in R™ x (0, 00),
w =Aw + V - (wVo) in R™ x (0, 00), (1)
Ap=v—w in R™ x (0, 00),

v(z,0) =vo(z), w(x,0)=wo(z) inR",

where the unknown functions v = v(z,t) and w = w(z, t) denote densities of the electron
and the hole in electrolytes, respectively, ¢ = ¢(x,t) denotes the electric potential, vg(x)
and wq(z) are the initial data. Throughout this paper, we assume that n > 2.
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Notice that the function ¢ is determined by the Poison equation in the third equation
of (), and it is given by ¢(z,t) = (—A)"'(w — v)(z,t). So, the system can be
rewritten as the following system:

O —Av=-V- (vV(=A)"Hw—-v)) inR"x (0,00),
dw—Aw =V - (wV(-A)"Hw—v)) inR"x (0,00), (2)
v(z,0) = vo(z), w(x,0)=wo(zx) in R™.

W. Nernst and M. Planck introduced the Debye-Hiickel system at the end of the
nineteenth century as a fundamental model for the ion diffusion in an electrolyte [9].
It can also be derived from the mathematical modeling of semiconductors [19], plasma
physics [12], and chemotaxis [8]. Thus, (1)) has been studied by many researchers. Ogawa,
Takayoshi, and S. Shimizu in [18] established the local well-posedness for large initial data
and the global well-posedness for small initial data in the critical Hardy space H! (RQ).
In 2008, Kurokiba and Ogawa in [16] obtained similar results for the initial data in
subcritical and critical Lebesgue and Sobolev spaces.

In the context of Besov spaces, Karch in [15] proved the existence of global solution

of the system (/1) with small initial data in the critical Besov space B;i:% (R™) with § <
.3
p < n. Later, Deng and Li [10] showed that the system (1) is well-posed in B, § (R?), and
.3
ill-posed in B, ; (Rz) for 2 < r < co. Zhao, Liu, and Cui [20] established the existence of

JR, W)
global and local solution of the system H in the critical Besov space Bp,rh (R™) with
1<p<2nand1<r<oco (see also [1H3]).

Inspired by the work [20], the purpose of this paper is to establish the existence of

local solution to for large initial data and global solution for small initial data in the

.. . —2+ 242 -2+ 242
critical Fourier-Besov-Morrey space FA, | x FN, x4 .

Let us firstly recall the scaling property of the systems:
if (v, w) solves with the initial data (vo,wp) (¢ can be determined by (v,w)), then
(vy, wy) with (vy(z, 1), wy (2, 1)) := (v?v (y2,7%t) ,v*w (yz,7?t)) is also a solution to
with the initial data

(v0,4(2),wo,4(2)) = (v*vo(v2),7*wo (7)) (3)

(¢ can be determined by (v, wy)).

Definition 1.1 A critical space for the initial data of the system is any Banach
space E C &’ (R™) whose norm is invariant under the scaling for all v > 0, i.e.,

1(vo, (), wo (@)l 5 & [[(vo(2), wo(x)) 5 -

. . —2+Z+2
In accordance with these scales, we can show that the space pairs pr g X

_o4mn o A
FN, /\:p’+p are critical for .

Throughout the paper, we use fN;AA,q to denote the homogenous Fourier-Besov-
Morrey spaces, (v,w) € X to denote (v,w) € X x X for a Banach space X (the product

X x X will be endowed with the usual norm |[(v,w)||xxx := ||v|lx + [Jw|lx ), (v, w)]|x

to denote |[(v,w)|lxxx, V < W means that there exists a constant C' > 0 such that
V < CW, and p' is the conjugate of p satisfying - + 1% =1for1<p< 0.
Now, our main results are stated below.



NONLINEAR DYNAMICS AND SYSTEMS THEORY, 21 (4) (2021) 369

Theorem 1.1 Let n > 2,pp > 2, max{n — (n —1)p,0} <A <n, 1 <p< oo,
24 A
q € [L,00], (vo,wo) € FN,\ " " and p% + L =1.
Then there exists T > 0 such that the system has a unique local solution
(v,w) € Xp, where

—24 L2y 2 / —2+ LS4
X = £ <O’T;‘7:Np7/\,qp ' po) N gro (OaT§ }-Np,/\,q " ’
and .
—2+ L4242
(v,w) € C (O,T;fj\/'py)\ﬁqp ? po) .
Besides, there exizts K > 0 such that if (vo, wo) satisfies ||(vo,wo)|| _spn.a < K, then
P

P,X,q
the above assertion holds for T = oo; i.e., the solution (v,w) is global.

2 Preliminaries

In this section, we give some notations and recall basic properties of Fourier-Besov-
Morrey spaces, which will be used throughout the paper. The Fourier-Besov-Morrey
spaces, presented in [11], are constructed by using a type of localization on Morrey
spaces. The function spaces M;‘ are defined as follows.

Definition 2.1 [11] Let 1 < p < oo and 0 < A < n. The homogeneous Morrey space
M is the set of all functions f € LP (B (xo,7)) such that

_2A
[fllary = sup supr™ || f]| Lo (B(zo,r) < 00, (4)
zoER™ r>0

where B (xg,7) is the open ball in R™ centered at xg and with radius » > 0. When p = 1,
the L' -norm in is understood as the total variation of the measure f on B (zg,r)
and M;‘ as a subspace of Radon measures. When A = 0, we have Mg =LP.

The proofs of the results discussed in this work are based on a dyadic partition of unity
in the Fourier variables, known as the homogeneous Littlewood-Paley decomposition. We
present briefly this construction below. For more detail, we refer the reader to [4].

Let f € S’ (R™). Define the Fourier transform as

fO=7re) = en [ i)
and its inverse Fourier transform as

fa) = F () = (@m) % / €€ F(£)dE.

n

Let ¢ € S (R?) be such that 0 < ¢ < 1 and supp(p) C {{ € R?: 3 <[¢| < 8} and

290 (277¢) =1, forall £ #£0.

JEZ
We denote _
0i(€) =9 (27€), ()= D ekl

k<j—1
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and
W) = F lo(x), g(z) = F ().
We now present some frequency localization operators
Bt =Dy =29 [ (@) flo iy
R

and

55 = 30 f=u,D)f =29 [ 9(9) fa =iy

k<j—1
From the definition, one easily derives that
AjALf =0, if]j—k|l >2,
Aj (SuafAif) =0, iflj—k =5,
The following Bony paraproduct decomposition will be applied throughout the paper:
ww = Tyv + Tyu + R(u,v),
where

Ty = ZS’j_luAjv, R(u,v) = ZAjuAjv, Aju= Z Ajv.

JEL JEZ l77—31<1

Lemma 2.1 [11] Let 1 < p1,p2,p3 < 00 and 0 < Ap, Ag, A3 < n.

(1) (Holder’s inequality) Let p% = p% + p% and % = % + %, then we have

1F9lhgss < 17 ygas Nollygse 5)

i) (Young’s inequality) If o € L' and g € M), then
P1

o glhss < el ol (6)
where x denotes the standard convolution operator.
Now, we recall the Bernstein type lemma in Fourier variables in Morrey spaces.

Lemma 2.2 [11] Let 1 < g<p<o00,0< A, <m, %SR_TM and let vy be a

multi-index. If supp(ﬁ) C {|¢| < A27}, then there is a constant C' > 0 independent of h
and j such that

n—Ag  n—>A1

IDZhllyppe < COPHETET1 G 7)

We have now prepared all of the ingredients required to define the function spaces
FNG 5 q(RY), see [11].
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Definition 2.2 (Homogeneous Fourier-Besov-Morrey spaces)
Let 1 <p,qg < 00,0 <A< nand s € R. The homogeneous Fourier-Besov-Morrey space
FN; 5 18 deﬁned as the set of all distributions f € S'\'P, P is the set of all polynomials
such that the norm 1fll7azs ., is finite, where

def (Z_jeZ H%f” > for q < 00,

IfllFns,, =

A, q

(8)

supjezQ Hcpij for q= .

Note that the space .FNP A q( ™) equipped with the norm is a Banach space. Since
MY = L?, we have FN3,, = FB,,

The definition of mixed space-time spaces is given below.

Definition 2.3 Let s € R, 1 < p < oo, 1 < g,p< o0, 0 <A< and [ =
[0,T), T € (0,00]. The space-time norm is defined on u(t, ) by

e D DE- al LN JA S
JEZ

and denote by LP(I,FN;
||.||‘Cp(l’]."/\[:‘),>\yq) norm.

4) the set of distributions in S'(R x R™)/P with finite

According to the Minkowski inequality, it is easy to verify that

L (I; ]—“J\/;i)\’q) — LF (I,fj\/';)\’q) if p <gq,
L (I, .FN;,A’q) — LP (I;]:N;’/\’q) if p> g,

where lu(t, ) oz oy = (f e, dr)

At the end of this section, we will recall an existence and uniqueness result for an
abstract operator equation in a Banach space that will be used to show Theorem in
the sequel. For the proof, we refer the reader to [4].

Lemma 2.3 Let X be a Banach space with norm ||.||x and B : X x X — X be a
bounded bilinear operator satisfying

[1B(u, 0)|x < nflullxlvllx

for allu,v € X and a constantn > 0. Then, if0 < e < ﬁ and ify € X so that |ly||x <e,
the equation x :=y + B(x,x) has a solution T in X such that |T||x < 2e. This solution
is the only one in the ball B(0,2¢). Moreover, the solution depends continuously on y in
the sense: if |V ||lx <e, @’ =y + B(2',2), and ||2'||x < 2¢, then

7 — 2’|l x < IIy Yllx -

1—4
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3 Linear Estimates in Fourier-Besov-Morrey Spaces
In this part, we give some crucial estimates in the proof of our main results.

Lemma 3.1 [7/ Let I=(0, T), s€ R, p, q, p € [1,00] and 0 < X <n. There
exists a constant C > 0 such that

(B s+%) < Clluollzas , > )

P,\.q

ce ([O,T),f/\/
where ug € .7:./\/';7)\@.

Lemma 3.2 [7] Let I=(0, T), s€R, p, ¢ pel,x] 0<A<n and 1<r <p.
There exists a constant C' > 0 such that

t
/ 6(t77)Af(T)dT

0

PA.q

< C[fl o242 (10)
£n(I;]—'N;,+Av%q> L‘T(I;J’N 2+T>

PA.q

forall feL" (I;f]\/s_2+%) )

4 Bilinear Estimates in Fourier-Besov-Morrey Spaces

Lemma 4.1 Let I = (0,T), p, ¢ € [1,00], max{n— (n—1)p,0} <A <mn, po>2 and
pio + % = 1. There exists a constant C > 0 such that

PiA.q P\,q

I9.(/V9) ||£1<

n <C Cpamarg2 X ,
I;]—'N72+E+%> = Hf”}:po <I;]—'priiﬁ'+2+‘?ﬂ> Hgllgﬂé <I;J—‘N;+;+‘%>

+ nyAy 2\ X oy A2
ol ) <V, (o8 )]

P,A.q

o —24 S+ A o 2 pt o
0 . p/ ' p .
for all f €L (I’ ‘FNP,A,Q ) N Lo <Iv}—Np7/\,q >

, s nyAL2
and g € £Po <I;.7:Nplj/\,qp Po>m£p0 (ILF P po),

P,Aq

Proof. Applying Bony’s paraproduct decomposition and a quasi-orthogonality prop-
erty for the Littlewood-Paley decomposition, for a fixed j, we obtain

Aj(fvg) = > Ai(SafAVe) + DY Aj(Sk-1VgALS)
[k—j|<4 [k—jl<4
+ Y Aj(ArfALvy)
E>j—3
=L +I+15.
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Then, by the triangle inequalities in M, and in 1%(Z), we have

. P’ .
1 ]:Np,k,q ’ PX,q

IIV-(fV9)< _2+n+x>§||ng|< _1+1}+A>
e 1 g e LFEN, 77

T D GO S @
< {ZQJ( 1+p/+p)qHAj(fvg)Hil(I,Mﬁ)}q
JEL

i(—14 g2 e 1
< {ZQJ( 1+p,+p)Q‘|I]1HqLI(LM3)}q

JEL
(14 -5 1
+{22J( 1+p/+p)q||l‘72||%l(I,M;‘)}q
JEL
i no A -3 1
Y CEIEIL aay b
JEZ
=J1+ Jo+ Js.

By using the Young inequality in Morrey spaces and the Bernstein-type inequality with
|v] = 0, we have

A oA A
7], = 2 ® s

My
Then
HI;”U(LM;?)S Z H(SkflfAka)HLl(I,Mg)
|[k—j|<4
< ) 128V 9l Lot (1. ary > leifllzeor.y
|k—j|<4 "i<k—2
o~ Q/+A 1 o~
S D 2kl a2 29T euf Nl )
|k—j|<4 Pl<k—2
~ oy Ay 2] (2 2] N
S Z Qk”@kg”m()(I)Mx) Z A AT "")||<Plf||Lpo(1,Mg)
|k—j|<4 Pli<k—2
1
2 ’ v
Il semeaeg, 2o 202 297) ekl gy
eeo(LFN, \ 77 p0)|k—j\§4 s 0(L,M7)
2
SIf Cermaden 2770 | prgl ot
a3 2 sy

where we have used the fact that py > 2 in the last inequality.
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Thus, by using the Young inequality, we have

Q=

1 k(3— q
TSI egeped 1 2520 RN 2 gl g g )
£00 (L. P, \.q JEL |k—j|<4
SIS —2p Ay 2

Leo(LFN, P P70

Q=

" Z Z 9i=k)(-1+£+2 )Q2k(2+"+/\ po)HSOkganE)(IMA))q
JEZ |k—j|<4 -

S Il opniai2 |lgll a2
~ spo(l,priffﬁﬁ”O) 2P6(I,.7—'N:f:qp+”6 y
where we have used i i, =1.
Similarly, we get
J2 < ||9H noacz (fl EPTIE S W 1
TFNELS ) LPO(LFN, ) 70

For Js, first we use the Young inequality in Morrey spaces, the Bernstein inequality
(|v] = 0) together with the Holder inequality, to get

”Ij’”Ll(I,Mﬁ)S Z ||(AkakV9)||L1(I,M;)
k>j5—3
<y ek Fll Lot (1. 0a2) > lleiVglizeo .o
k>j—3 " li—k)<1
7 (g ~
Y Iexf 1l Lot (1. a02 > 2l2(p/er)”‘plg”Lﬂo(I,Jw;\)
k>j—3 " i—kl<1
1
o~ 2 / ol
S Y leeflppgam (X 2075) gl 2o
k§3 L 0(17Mp) 0 ;<1 £ro (I, ]_-Np P )
< gl PP 2< ) or ]l

Then, applying the Holder inequality for the series, we obtain

1
q
I3 S ol ez QPO W0l g )
- (IfN,ﬁ"Mp ")\ jez k>j—3 L)
1
q
i—k)(—1+ &4+ 2 ) k(L +2 -2 A q
< gl PP Z( Z 9Ui=k) (=143 +5)9k(5i+3 po)”(pkf”LP{)([,Mx))
LPo(ILFNE, | ) ez k>j—3 P
1
< gl goaez I TPV D A
Lro(ILFNE, P70 gﬂo(],f/\/pu ) i<3
S ”g” s +l Hf” —op Ay 2,
Po(ILFN, o FEN,, T
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where we have used the condition A > n — (n — 1)p to ensure that the series
Z 2’( I+5+3) converges. Thus, we finished the proof of Lemma

5 Proof of Theorem [I.1

To ensure the existence of the global and local solution of the system , we will use
Lemma [2.3] with the linear and bilinear estimate that we have established in Sections [3]

and |4l Let pg > 2 be any given real number and i + o = = 1. Note that the space Xp
defined in Theorem [I.1]is a Banach space equ1pped Wlth the norm
s = llul emeaez emaaes
LPO(I,]-'NP‘ANP P P0 [;p{)(j’]:'/\[p)\qp P Loy

For T > 0 to be determined later. Given (v,w) € X, we define §F(v,w) = (v, W) to
be the solution of the following initial value problem:

{ v —Av ==V - (vV(=A)"Hw —v)), ¥(z,0)=wvo(z), (11)
Ow—Aw=V- (wV(=A)"Hw=-v)), w(z,0)=w(z).

Obviously, (v, w) is a solution of (1) if and only if it is a fixed point of .

Lemma 5.1 Let (v,w) € Xp. Then (0,w) € Xr. Moreover, there exist two constants
Co > 0 and C1 > 0 such that

1@, D)llxr < Coll(wo, wolll | —av 2 + Cull(v, w)|%, - (12)
A, q

Proof. By Duhamel’s principle, the system is equivalent to the following integral
system:

3(t) =etBvp — / =AY L (0V(=A) " (w — v)) (T)dr
0

13
o(t) =e"Swg + /t AV - (wV(=A) T (w — v)) (7)dr. "
Set to
B (v, w) := 7/0 TIAY L (vV(=A) T w — v)) (1)dr,
Ba(v,w) := / t AT L (wV(=A) T (w —v)) (7)dr,
then the equivalent integral sthem can be rewritten as
(@(t), w(t)) = (ePvg, e wo) + (B1 (v, w), Ba (v, w)) . (14)

According to Lemma\mth s=-2+5+2 AT =1[0,00) and p = po (or ph), we obtain

OT]:NpAq p.A,q

tA <
lle vO”ng( 24 +%+%> S lvoll N,—2+§+%

and

tA <
€ Vo _ L AL 2 Vo Couim A
[ ||£,<wmpin+;+%>~ [
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which implies

A
Het UOHXT N HUOH —24 B4
PiA,q
Similary,
A
lewollxe S lwoll _ —wras -
P, q
Thus
I(e"v0, e %wo)llx, < Co ll(vo, wo)ll _ _ovmia (15)
PA,q

Applying Lemmaﬂ with s = =2 + 3 + % and r = 1, and Lemma H we obtain

PX.q

ool

o4 m oy Ay 2
0,T;FN, +’”+p+”0)

PiA,q

_ te(tffr)A AoV (=AY w — ) (7)dr
I [ €29 @e(-a) = ) () Lo

o4 Ay 2
0,T;FN 2+p/+p+ﬂo>

oy A
0.T;FN, .~ °F >

P,\,q

SV (V(=2)" (w - v)) ||£1<

P\.q

< n X |(=A)"Hw —
N”U|£P0(O,T;]~'Nz+p/+;+’i’> (=) (w U)||296<0,T;]-'Ng;+;+p2,“>

PiX.q

— _1 j—
+l=2)" w ””'M(O,T;mw%%)X"”Sng( wpie)

S ol

P,\,q

Copmog A2 ><||UH _oym A2
£00 (o,T;pr,A,qp’ r '°°> e lomFEN P70

—oymngag2\ X ”w _U” —24 Ay 2
£00 (O,T;J-'./\fp’x,qp/ poro o [ 0,7 FN PP pg

+ [lw =]l

P,A.q

S

v, W Corn a2y X |[(v,w Copmog Ay
(v, )ngo (o,T;pr iﬁ;p,+;+p20> (v, )”2%’6 (0 A i+p,+;+p26)
A, T3FNp A

< v, w)I%,-

Analogously, we get

p’
0,T5FN, 5 4

| B1 (v, w)]| Coym ALz < l(w, w)|%,-
£ F fo

Thus, we obtain
1B1(v, w)llx7 S (v, w)]%,.-
Similary,
1B2(v, )| xS MI(v, w5,
Finally,
1(B1(v, w), Ba(v,w)) ||, < Chll(v, w)|%,.- (16)
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Combining and , we obtain

1@, @)llx, < Coll(wo,wolll oy ya + Cull(v,w)l%,.-
P,A,q

And we have completed the proof of Lemma [5.1] as desired.

The last lemma ensures that § is well-defined and maps X into itself.

We begin by showing the global existence for small initial data. For this purpose, we
choose T' = co. We have from Lemma [5.1]

[§ (v, w)l[x.. < Coll(vo, wo)l —apmed T Cl||(v,w)||§(oo

IR

< Co ||(’U0,’LU0)|| —2+ﬁ+% +4C1€2.
P, q

i 1 2D

ChOOSlng e < m for any (U07w0) c ]:Np,)\,qp ? with
||(U0,U)0)H 24242 < m, we get
A, q

18 (v, w)llx. <e

Finally, by using Lemma [2.3| we can obtain a unique global solution for small initial data
in the closed ball B(0,2¢) = {z € Xo : |l2|lx.. < 2¢}.
For the local existence, we shall decompose the initial data vg into two terms

vo=F ' (XB0.5)%0) + F ' (XBc(0,5)00) = vo1 + vo,2,
where 0§ = 0 (v9) > 0 is a real number. Similary, we decompose wy:

wo = F 1 (xp.ato) + F " (Xpe0.st0) = w1+ wo.

Since
vg,2 — 0 in .F/\/;i:;%Jr% when 6 — +o0,
S TITP
wp,2 — 0 in ]-"ij;g’+" when & — +o0,
there exists ¢ large enough such that
Coll(vo,2, wo,2)]| e < g
We get
(e 200, wo) [, < [[(e" w0, e o) |, + 5. a7)
We have
(e w01, o) |,
— (A tA tA tA
- H(e e wo,l)HU’U(IfN;.i:ﬁ+%+%)+H(e one wo,l)szf’é(I,FN;,z;ﬁ+%+%).
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Using the fact that |¢] ~ 27 for all j € Z, we obtain

tA tA
e g1, e w n A2
H( 0,15 0’1)||£"0(ny/\/;2}qu+;+50)
j(—24 242y 2 AL Ha
:{ZQJ( TP po)q‘lcpjetAUO,l||%po([7M;\)}
JEZL
J(—2+ L+ 2+ -2)q A || Va
+{ZQ p’ P PO ||(pje wO,lHLPo(IJ\/IT/})}
JEZ
J(=2+42+2)a9i(2)q 2 ol Ve
:{ZQ o TR0 00 M5 1] XB(o,é)UOHLoo(z,M;)}
JEZL

(—24 5+ 2)g0j( 2 - e
+{ SIS G ;e 0,610 o 120y
JEZL

o2 j(—2+%+2 i e
S0 ({ ZQJ( v P)q||s0jvo||%po(1,M;)}
JEL

(—2+ 2 +2 5 e
+ {%2]( p p)qH@ij”%po(I,M?))} )
JE

< 6275 T || (vo, wo |

g
P,A,q
Thus
oy 2 1
(00,1, " w1 )| ainiaiz SO T [(vo, w0l ainia
£eo(ILFN, | ) ag
Similary,
tA tA 2+ o
|| (e Vo,1,€ wg,l)” , _2+%+%+L/ S 025 °0 T 0 ||(U0,’LU0)|| _2+%+%.
LPO(I,.FNPA’: fo p,/\,qp
Hence, H (emvm, emwoJ) H < 062t Tho [(vo, wo)l| oy mya
X7 FN, . F
245 o
+Ca0 70 T || (v, wo)| —24 4
P,A.q
We choose T small enough so that
242 1
02(5 +/JOTPO H(’Uo,ﬂ]o)” ,2+ﬁ+% S %
P,A.q
and
S :
Cod 0T [[(vo, wo)ll  —aypmia <7
PyA.q
So, if
P o
TSmin{( T € ) o’( - € ) 0}7
AC267" %o || (wo, wo) | —24+ 342 AC25" 70 ||(vo, wo) | 24 n g3
p

PiX.q
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then H(emvo,l,emwoJ)HxT < $. This result with (5.2) yields that

H(etAvo,etAwoﬂ X < . Therefore, applying Lemma again, we get a fixed
point of § in the closed ball B(O 2) ={x € Xpr : | z|lx, < 2} . Thus, for any
-2+ 242

arbitrary (vo,wo) € FN,, has a unique local solution in B(0, 2¢).

Regularity: We khow 1f (v,w) € X7 x Xp is a solution of , then we can show
that

1 -2+ 243
V- (vVe), V- (wVe)e L (0,T;FN, .
By using the definition of the Fourier-Besov-Morrey spaces, we have

o (t) =0 @I .y

DiA,q

o m oy A ~ q
< Z (23( 2+2+3) 1 (t1) — B (t2) HM/\) +QZ (27 2+p/+p)||vj(t)HLoc(I7M2)> )

J<N J>N
where ¥; = ¢;0. For any small constant € > 0, let N be large enough so that
n 8
SRl TOTHANENNE-S
oo [’Mk —
= (hM3) = 4
According to Taylor’s formula and using the same arguments as in [20], we get
9d (=242 43) |15 5 ¢
> e [0 () = 05 (t2) [y
J<N

St — ]t Y 272
J<N
S [t —t2]7 x ||5tUH"

q

(Dpu);

D)

P,A.q

- 2
<OT.7~'N N +p>

< [t~ taf? x ( 1A < - +A>+|v~(vv¢)||q ( - >)
£ 0,T;F. e o1 F

p%q P,X.q

0,T;FN.P’, 0,T;FN

PiA.q p/\q

<t = taf? % (Ilo]? ( w>+||v~<vv¢>|q e +»))
21 21 P

P,A,q

< Jty — o7 x (||vo|\qm,2+%+% +2||v- (vV¢)||q£1( e ) ).
PAq 0,

Thus, we obtain the continuity of v in time ¢.
Similarly, we use the same discussion to get the continuity of w in time t. Hence

n A
(v,w) € C (O T;FN, AL ), and we are done.

6 Conclusion

In this work, we considered the Debye-Hiickel system. The homogeneous Littlewood-
Paley decomposition and Bony’s paraproduct decomposition are the important tools to
obtain the (global and local) well-posedness result for such system. Our results extend
and complement the previous ones of Zhao, Jihong, Liu, and Cui [20].
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