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Abstract: In this paper, a modified SEIR mathematical model for the coronavirus
infected disease-2019 (COVID-19) has studied. We named this model the SEIQRC
model and analyzed the stability mathematically. A qualitative analysis of the local
and global stability of equilibrium points is carried out. It is shown that the disease-
free equilibrium is globally asymptotically stable when the basic reproduction number
Ro < 1 and the disease-persistence equilibrium is globally asymptotically stable when
Ro > 1.

Keywords: COVID-19; coronavirus; SEIQRC model; local and global stability; di-
rect Lyapunov method; Lasalle’s invariance principle.

Mathematics Subject Classification (2010): 34D23, 35N25, 37B25, 49K40,
60H10, 65C30, 91B70.

1 Introduction

The novel Coronavirus was detected in China and a few months later it spreaded in the
countries all over the world. Covid-19 contamination can be transmitted to a person
from a contaminated person, a contaminated dry surface, through the nose or mouth. In
March 2020, the World Health Organization declared the Covid-19 a global pandemic.
For today, the novel Coronavirus caused tens of thousands of deaths and a few million
cases of infections. It can be classified as the third highly pathogenic human Coronavirus
appearing in the past two decades. Since its appearance, several scientific researchers have
been interested in studies of various problems related to this novel Coronavirus [2L[7}[13].
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In this paper, we study the following modified mathematical model of ODEs proposed
first in [5):

S = uNy — BSINy — (o + p)8S,

E = BSINy — (v + p)E,

[ =~E — (54 ), 1)
Q=01 — (A +p)Q,

R=XQ — uR,

C =aS—puC

with the positive initial condition (S(0), E(0),1(0),Q(0), R(0),C(0)) € RS , where S is
the susceptible population, E is the exposed population, I is the infected population,
@ is the population under quarantine (reported infected cases), R is the recovered
population and C'is the confined susceptible population.

The outline of this paper is as follows. In Section 2, some properties of the system
are given. Section 3 is devoted to the calculation of the basic reproduction number
Ry using the next generation matrix method to assess the transmissibility of the novel
Coronavirus Covid-19. The analysis of the local and global stability of equilibrium points
is presented in Sections 4 and 5, respectively. It is shown that the disease-persistence
(endemic) equilibrium is globally asymptotically stable when R > 1. However, when
Ro < 1, then the disease-free equilibrium is globally asymptotically stable. Finally,
Section 6 is done to present some numerical tests confirming the obtained theoretical
results.

2 Properties of the Mathematical Model

The parameters of the model are the protection rate «, the infection rate 3, the incu-
bation rate v, the quarantine rate J, the natural mortality rate p (which is proportional
to the birth rate) and the recovery rate \. Define P = (%, 0,0,0,0, %) as the disease
free equilibrium point.

Proposition 2.1

1. For every given initial condition (S(0), E(0),1(0),Q(0), R(0),C(0)) in RS , system
admits a bounded solution with positive components defined for all t > 0.

2. The set Qi = {(S,E,1,Q,R,C) € RS /| S+ E+1+Q+R+C = Nr} is a positively
invariant attractor for system .

Proof.

1. The solution is positive due to the fact that since S = 0, one has S = uNp > 0;
it £ =0, then £ = BSINt > 0; once I = 0, then I = vFE > 0; if @ = 0, then
Q=401 >0;if R=0, then R=AQ > 0; and if C =0, then C' = a5 > 0.

The boundedness of solutions of system can be proved by adding all equations

of system 7 and then one obtains, for T = S+ F+1+Q + R+ C — N, the
following equation for the totality of individuals:

T=S8S+E+1+Q+R+C=uNp—puS—puE —pl — pQ — pR — puC = —pT.
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Then

S(t) + E(t)+1I(t)+Q(t) + R(t) + C(t) @)
= Nr+(S(0) + E(0) + 1(0) + Q(0) + R(0) + C(0) — Ng)e +.

Then the boundedness of the solution of system holds since all compartments
of T are positive.

2. One can easily deduce from that the set € is a positively invariant attractor
for system .

3 Computation of the Basic Reproduction Number by the Next Generation
Matrix Method

For determining the reproduction number of , we use the next generation matrix
method proposed by Diekmann, et al. [3] and elaborated by van den Driessche and
Watmough [6] for an ODE compartmental model.

In 1D the disease free-equilibrium is P = (%, 0,0,0,0, %) and the compartments
containing infected individuals are X = (X1, X5, X3) = (E,1,Q). Using the generation
matrix method [3,6], consider these equations written in the form X; = F;(X) — Vi(X)
fori=1,2,3. -
Now define F' = | WilP)

i(P . .
97, ( )] and V = | ] for 1 <4,j < 3. Thus the reproduction

number Ry is the spectral radius of the matrix FV~! and we have
Ro = p(FV™H).
As in [6], we have the following theorem.

Theorem 3.1 If P is a DFE of the system X; = Fi(X) — Vi(X), then P is locally
asymptotically stable if Rog = p(FV 1) < 1, but unstable if Ro > 1.

Now, we have the following theorem for the reproduction number Ry.

Theorem 3.2 The reproduction number of is given by

B vBu
Ro= NT\/(wuxwu)(éw)' ®)

Proof. According to the next generation matrix method, we have

0 ZENZ 0 y+p 0 0
F=| 0 0 and V= 0 o+p 0
0 ) 0 0 0 A+ p
Then
BuNZ
B O wrmem Y
Fv=i=1| 0 0
a+pu
0 g 0

S+
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The basic reproduction number for model is given by the spectral radius of the matrix
FV~! and so

B YBu
Ro= NT\/(a+ﬂ)(v+u)(5+u)'

4 Local Stability

Theorem 4.1 (1) If Ro < 1, then the disease free equilibrium P is locally asymp-
totically stable.

(2) If Ry > 1, then the disease free equilibrium P is unstable.

Proof. The Jacobian matrix J evaluated at P = (‘;]iﬁ ,0,0,0,0, gi’;) is given by
—a—pu 0 — NG 0 0 0
0 —y—p FuNE 0 0 0
J= 0 0 —6—p 0 0 0
0 0 5 A—p 0 0
0 0 0 A - 0
« 0 0 0 0 —u
The characteristic equation is
PX) = (Xt+atmX+r+p)(X+p?| 771X s N
= 1 7 1 5 sk
— (Xt atn)OC+ A+ @R+ X006 o4 %) - 2t )
= (X +a+m)X +X+p)(X +p)?
(X4 (2 X+ (44 - )

= (X +oa+m)X +A+p) (X +p)?
(X4 (200X + (4 )64 (1 - R+ o))
= (X H+a+pX+2+p)(X +p)?
x <X2 +a1X+a0>,
where a; = (v +2u+6) > 0 and ag = (v + p)(d + p)(1 — Ro)(1 + Ro) > 0 if Ro < 1.
By the Routh-Hurwitz criterion, we deduce that all eigenvalues have negative real parts

and then P is locally asymptotically stable if Ry < 1. If Ry > 1, then ap < 0 and there
exists at least one non negative eigenvalue A of J*, therefore P is unstable.

Theorem 4.2 If Ry > 1, then the disease-persistence equilibrium P* is locally
asymptotically stable.
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Proof. Denote P* = (S*, E*, I*,Q*, R*,C*), then we have

pNr — (@ +p)S* _ pNr (e p) .

E* = —_— b
v+ Ytu o vtp
oo g owNe ety
o+ p G+m)y+p)  @+p)y+p)
o - S _ SyuNT B oy(a + p) g
A+ p A+p)@+pmr+r) A+p)@+p)y+p)
[ AQ*— AdyuNT B Ady(a + p) g+
[ pA+ )@+ p)(y+p) A+ )@+ )y +p)
(6%
cr = 257
"

From the third equation in , we obtain

5
pr= 0P
v

Replacing this in the second equation of , we get

) 0+
f(7+u)%l* +B8S*I"Nr =0 = (—(7+M)TM + BS*Np)I[* =0

)
— (1t w4 s N =0

+W@+p)

—— S* =
V6N

From the system given previously, and the value of Ry, we can write

YuNT v(a+ )

* — _ S*
D= GrwoTn Crmotm
_ YuNT _atp
(0+u)(y+up)  BNr
_atp

Now, we compute the characteristic equation of the Jacobian matrix evaluated at P*.
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We have
—a—p—pBI*Np — X 0 —BS*Np
PY(X) = —(X+p)*(X+A+p) BI* Ny —y—pu—X  BS*Np
0 v —0—pu—X
—a—p—pBI*Np — X 0 —BS*Np
= —(X+p)*(X+A+p) —a—p—-X —y—pn—X 0
0 v ——pu—X
= (X + (X +X2+p)
x((—a—p—BI*Ny — X)(y+p+X)(6+p+X) + BS*Nr(a+ p+ X)7)
= —(X+p*(X+2+p)
x([—a—p—BI*Np — X][XZ+ (6 +v+20)X + (5 + p) (v + )]
+BS*Nr(a+ p+ X))
= (X +p)*(X + A+ ) (X7 + a1 X? + a2 X + a3)
with
a1 = a+pu+BI"Nyp+d+~v+2u
= a+p+(@+p)(RE—1)+5+v+2u=(a+pRi+0+7+2u,
az = (a+p+PBI"Nr)(6+y+2pu) + (6 + p)(y+ p) — BvS"Nr,
az = (a+p+BI"Ny)(6+ p)(y+p) — By(a+ p)S*Nr.
Then
ag = (a+p+(a+p)(RG =10+ +2p) + (6 + p) (v + 1) = (v + p)(6 + p)

= [a+p+(at+p)(RE =10+~ +24]

(4 p)[6 + v+ 2u]RE > 0,

ag = (a+p+(a+p)(RE—1))(0+m)(y+p) — (a+ p)(y+ )0 + p)
(a+p) (0 + p) (v + )RE — (4 ) (v + ) (8 + p)

(a+p) 0+ p)(y+p)(RE—1).

Thus ag > 0 if Ry > 1.
Now, we demonstrate that ajas > ag if Rg > 1.

aias —az = {(a+u)7€g+5+”y+2u} {(a+u)[5+’y+2u]7€§]

(o4 1) (0 + p)(y + ) (R — 1)

(a+u)[[(a+u)7€%+5+’y+2u] (5+7+2u)723]

(o4 1) (0 + p)(y + ) (R — 1)

Y

(a+u)[(5+v+2u)27€3 — (0 + )y + WRG + (5+u)(7+u)}

Y

(a+u)[((5+v+2u)2 - (5+u)(v+u)>7€3+(5+u)(v+u)]-
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Since (6 + v + 2u)? — (6 + p)(y + ) > 0 for every positive parameters &, v and p, we
conclude that ajas — az > 0 and the Routh-Hurwitz criterion permits to conclude.

5 Global Stability

N
Lemma 5.1 Q, = {(S,E,I,Q,R,C) € Q1; S < o T} is a positively invariant
@

attractor for system ,

Proof. Tt is proved in Proposition [2.1|that the bounded set €2 is a positive invariant
N
attractor set of all solutions of system 1i Now, since S(t) < 0 for S(t) > AT , one
@

Nr
has liminf S(¢) < MT This completes the proof.
a+p

Theorem 5.1 If Ry < 1, then the disease-free equilibrium P is globally asymptoti-
cally stable.

Proof. Counsider the following Lyapunov function: Ly = vE + (v + p)I. Therefore,
Li = vE+(v+wi

= y(BSIND = (v + WE) + (3 + ) (vE — (0 + 1)1
YBSINT — (v + p) (6 + p)I

< O?IBM INZ — (v 4 ) (6 + p)I since S < N]—I\—[Tu
= (LEN -+ w0+m)I

VBu
SRt “)(<a+u><w+m<a+mN%‘1)f

= (r+ w0 +m)(RE 1)1, V(S B, 1Q,R,C) € 2.

It follows that ., < 0if Rg < 1 with £, =0 only if I = 0. Therefore, L, is a Lyapunov
function on 5. Moreover, Lemma |[5.1| implies that 5 is a compact, absorblng subset
of RS, and the largest compact 1nvar1ant set in {(S,E,I,Q,R,C) € Qy : Ly = 0} is
{P}. Therefore, by the Lasalle invariance principle (see, for example, |11, Theorem 3.1]
and [1,/4L[8H10L/14}/15] for other applications), we deduce that every solution of system
with the initial conditions in Rg converges to P as t — +00.

Now, we give a result of global stability for the disease-persistence equilibrium P*.

Theorem 5.2 The disease-persistence equilibrium P* is globally asymptotically sta-
ble if Ro > 1.

Proof. Consider the Lyapunov function

S E (v+n) I
L = (S-8(5))+ (- B () + 2 (1- ' In(5)).
2 = (S-8"m()+ n()) + n(+)
P* is the global minimum of L,. Indeed, P* is the unique internal stationary point of

system and the function Lo has its minimum value Lo, = S* + E* + (v +m) —I*
0
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when S =5* E=FE* I =1, Q=Q" R=R* C=C* and Ly(t) — +o0 at the
boundary of the positive quadrant.
Now, we compute the derivative of Lo(t) along the solutions of system :

L - (- 5)8 (- B)s 02805

*

- (1- S—) (uNr = BSINT — (o + )S) + (1 - %) (BSINy = (v + 1) E)

5 (v +n) I*
+f<1 - 7) (7E— (6+u)1).

Since uNp = BS*I*Np + (o + p)S* and (v + p)E* = WI* = BS*I* Ny,

we can write

(1 - %) (ﬂS*I*NT + (o + p)S* — BSINy — (a + u)s)

+BSINy — (v + p)E — 5SINT% + (y+p)E*
(6 +p)(y+p) 0+ +u) .
¥

Lo

= E—
(v + W E— + Y *

S S
= BS*I*"Npr+ (a+ p)S* — BSINy — (a+ p)S — BS*I"Np— — (a + p)S*—

B o I

+BS"INT + (o + 1) S* + BSINg — BSINp— + 3S*I* Ny — 85" I*Nr 7

+(y + ) E —

*

EI
—BS*I*Nr

7 +BS Ny
. s s . S*  EBI*  SIE*
= (S (2- g =) BTN (35 - 5 - Gipg)
Using the fact that
SS§ . S EI"SIE®
5§ MG B ISTE

and the following inequality:

i=n

1
i=n n
Z%annxz] ) xlaanx?n"')ngOa (4)
i=1 i=1

we obtain the following inequalities:

S* 8 S* EI* SIE*

_2 2 < S )

2mg T st M - erp =0

Therefore, Ly < 0. With the help of the Lyapunov stability theorem, we deduce that

P* = (S*,E*,I*,Q*, R*, C*) is stable.

It remains to show that P* = (S*, E*, I*,Q*, R*,C*) is asymptotically stable using

the Lasalle invariance principle [11]. Denote
S* S S* EI* SIE*

Avi=2-5 - and Api=3- o — o - o

Then one has Ly(S,E,I,Q,R,C) =0 < A; = Ay = 0.
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With the above equations, we obtain the following implications:

A =0 = §=5"
(S=S* Ay =0) = I[E*=IE.

Finally, we get

Lo(S,E,I,Q,R,C) =0« S=S* IE*=I*E. (5)

E 1
Let e = — = o then E = eE* and I = el*. Replacing S, I in the first equation

of at equilibrium yields

uNp = efS*I*Nr + (o + p)S* = BS*I*Np + (o + p) S™.
Therefore, we get e = 1 and then I = I* and E = E*. Finally,

15(S,B,1,Q,R,C) =0« (S=S*E=E"T=1I*Q=Q"R=R*C=C".

Thus, the largest invariant set contained in {(S,E,I,Q,R,C’)‘Lg = 0} is

{(S*,E*,I*,Q*, R*,C*)}. Then the global stability of the disease-persistence equilib-
rium P* = (S*, E*, I*,Q*, R*,C*) follows according to the Lasalle invariance princi-
ple [12].

6 Numerical Simulations

We validate numerical simulations for system . We consider four cases; two of them
(Figure [1)) confirming the global stability of the disease-free equilibrium P when Rg < 1.
The other two tests (Figure confirm the global stability of the disease-persistence
equilibrium P* when Ry > 1.

QRO Y

o 20 40 60 80 100 120

Figure 1: (S(t), E(¢t),I(t),Q(t), R(t),C(t)) behaviours for (left) Ny = 20, p = 0.1, g =
A =05, Ro =049 <1 and for (right) Nr = 30, p = 0.1, 8

We remark that the solution of (1) converges asymptotically to P. Only susceptible
and confined susceptible compartments persist, the other compartments vanish.

In this case, the solution of converges asymptotically to P* and all compartments
persist.
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Figure 2: (S(t), E(t),I(t),Q(t), R(t),C(t)) behaviours for (left) Np = 70, p = 0.1, f =
01, a=3,~7=30=5 A=5 01, 8 =
01,a=3,~v=3 6=5 A=5, Ro

7 Concluding Remarks

There is a dearth of epidemiological information on the rise of the coronavirus, which
would be of critical importance to the structure and execution of auspicious, specially
designated, sustainable general welfare intercessions, isolation and travel limitations.
Infectious disease modelling is a tool that can be used to study the mechanisms by which
diseases spread, predict the future course of the disease outbreaks and evaluate epidemic
control strategies. A mathematical 6D dynamical system modelling an SEIQRC model
of transmissibility of the novel Covid-19 is studied. A profound study is given. The
analysis of the local and global stability of equilibrium points is presented. It is shown
that the disease-persistence equilibrium is globally asymptotically stable when Rg > 1.
However, the disease-free equilibrium is globally asymptotically stable when Rg < 1.
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