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Abstract: Dynamic and non-dynamic reliability systems play an important role in
industry, manufacturing, safety engineering and quality. The most commonly used
models in the parametric statistical reliability analysis are the exponential, Weibull,
inverted Weibull, lognormal, Lindley and Raleigh ones as well as their generalizations.
In certain engineering applications such as the distribution of repair time and the dis-
tribution of delay time, it is found that the Ailamujia model is a suitable alternative
compared to other models. This work considers system reliability analysis of the
Ailamujia model, in which different reliability measures were computed. The combi-
nations of additive failure rate models associated with the Ailamujia distribution were
derived, they include the exponential, Weibull, Frechet and Raleigh distributions.

Keywords: Ailamujia distribution; stress strength model; reliability; additive rate
model.
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1 Introduction

The lifetime of equipment or apparatus is a random time from the beginning of the
operation until the appearance of a complete failure. Reliability is the ability of a system
to perform its stated purpose adequately for a specified period of time under specified
operational conditions. The system defined here could be an electronic or mechanical
hardware product, a software product, a manufacturing process or even a service. For
example, in case of a mechanical system, a failure is a breakdown of some of its parts or
an increase in vibration above the permitted level. One of the most dangerous failures
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of a nuclear reactor is a leak of radioactive material. The reliability characteristics are
usually expressed in terms of the lifetime.

Modeling and analyzing lifetime data are important issues in many disciplines includ-
ing medicine, engineering, industry, quality control and finance, etc. Different lifetime
data can be represented by several well-known continuous probability distributions such
as exponential, Lindley, Weibull, lognormal, and Frechet as well as their generalizations.
The Ailamujia distribution is a newly proposed lifetime model that has many engineering
applications [1]. In some practical applications such as the distribution of repair time
and the distribution of delay time, it is found that the Ailamujia model is a convenient
one compared to other models. Lv et. al. |2] studied the different properties including
mean, variance, and median and maximum likelihood estimators. This distribution has
also been investigated for the interval estimation and the hypothesis [3]. The minimax
estimation of the Ailamujia model parameter has been discussed under a non-informative
prior using three loss functions [4].

The probability density function of the Ailamujia distribution is given by

f(z,0) = 40%ze=2%; >0, 6 > 0, (1)

while the corresponding cumulative distribution function is given as

F(z,0)=1—(1+20x)e 2%, >0, >0, (2)
where 6 is the unknown parameter. It can be easily concluded that

E(X) = % and o? = %

The maximum likelihood estimator for 6 is given by

f = ﬁ (3)

The survival function and failure rate are, respectively, given by
r(x) = (1+ 20z)e 207, (4)

46%x
h(x) = .
(z) 1+ 202
The reliability of the system is given by

R(t) = exp { - /O t b)) (6)

Having in mind that

¢ to4p%y
/Oh(x)dx /O e =200~ 0 (200 + 1), (1)

the reliability can be expressed as

£ 2,
R(t) —e" Jo Hspsdz _ (2975 + 1)672015. (8)

The time to failure can be expressed as
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F(t) =1 — (1 + 20x)e?". (9)

There is a wide application of the mean residual life function in reliability and survival
analysis (see [58] ). The mean residual life function for the Aijamujia distribution is
given by

B [~ R(z)dx
e(t) = TR (10)
[T+ 200)e 0 dee 1
te—20t (1+0t) 20t
_te + e _ 146 ' (12)
(14 20t)e—20t 6(1 + 26t)

The following section explains the stress-strength model using the Ailamujia model,
while the derivation of additive failure rate models is followed, where the Ailamujia failure
rate model is combined with every one of the Ailamujia, exponential, Weibull, Frechet,
and Raleigh distributions.

2 Stress-Strength Reliability

The stress-strength reliability describes the life of a component which has a random
strength subjected to a random stress. When the stress applied to the component ex-
ceeds the strength, the component fails instantly and the component will not function
satisfactorily. Therefore, there is a measure of component reliability known as a stress-
strength parameter. The stress-strength reliability has wide applications in almost all
areas, especially in engineering including structures, deterioration of rocket motors, static
fatigue of ceramic components, aging of concrete pressure vessels etc. Beg and Singh [9]
gave estimation of P(X >Y) for the Pareto distribution. Maroof and Islam [10| studied
the Bayesian estimation of a system reliability when the stress and strength follow the Lo-
max distribution. Nandi and Aich |11] have shown that Reliability (R) can be obtained as
the Laplace transform of the stress. Also, Kotz et. al. [1] investigated the generalization
of the stress-strength model. Their main findings are summarized as follows.

Let X and Y be two non-negative and continuous random variables having densities
f(z) and g(y), respectively. If X and Y are independent, then the probability that YV
exceeds X is given as [1]

R=P(Y > X) = /OOo o f(z) [/100 g(vz)dv} dz. (13)

Theorem 2.1 Let the random stress X and the random strength Y be two indepen-
dent Ailamugia distributions with probability density functions given by

f(z,0) = 402ze=21%, 2. > 0,6, > 0,
f(y,0) = 403ye2"%;y > 0,05 > 0,
then the system reliability, R = P(Y > X), is

0% (61 + 362)

R=PY >X)= 01 5 62)
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Proof: It is given that

R=PY >X)= / x f(x){ / 4x0§ve—292fwdv] da
0 1

=P >X)= /Oo:cf(x)[f]dx,

0

where -
1= / 4x02ve=20220 gy,
1

Then we evaluate the integral I:
I= 202/ 205zve 20270 gy,
1
Integration by parts can be used which gives

(o)
I = 292/ 205zve 2027V 4y
0

= 292{ [ - ve*%?”]fo — / e’292w”dv}
1

o] 1 o]

— 20 { |:7 72021:71:| o |: 72029:v:| }

2 ve 1 —292:106 1

1

— 920 { —202x 72921’}

s e + —292906
_ 1+ 292336_29235-

X

Substitute (20) into (15):

R=P(Y > X) = /°° o f() [(1 + 20293)6729”}“

0 X

oo —260>x
— z(403pe™2017) {(1 + 20pz)e ]dx

0

T

= 46?7 / re 201w ((1 + 292I)67262I)d17
0

/OO ze 20140202 g0 4 29, /00 ple2(01+02)z gy
0 0
7/ 2(6, +92)xe_2(91+92)mda:
) Jo
20 >
2 ) / 2(91 +92)x26—2(91+92)1dx]
0

206, + 6,

1 1 205 2
2001+ 02) 201+ 02) | (01 + 02) 4(01 + 02)2
1 20, 0% (61 + 03)
(01 + 63)? * (61 + 92)3} - (01 +62)3 "

= 462

:95{

| I

(14)

(15)
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3 Additive Failure Rate Models

More attention is given to the reliability of a combination of two failure rate mod-
els for a system with two components that function independently. Assume X,
and X5 with respective failure densities, failure probabilities and failure rates being
fi(x), fa(x); Fi(x), Fy(x); hi(x), ha(x), then the system reliability is given by

R(t) = Eacp{ - /Ot[hl (x) + hg(x]dx}.

It is then possible to obtain the failure density and the failure rate of the series system
whose reliability is given by (1). Different options have been considered in the literature
regarding hq () and ho(z) [12H15].

The following subsections describe derivation of the additive failure rate models as
related to the Ailamujia distribution.

3.1 Ailamujia-Ailamujia failure rate model

The Ailamujia distribution with parameter ; for h;(x) and the Ailamujia distribution
with parameter 0y for ho(z) are selected.

/0 )i = /0 '[ha(2) + ha(@)]dz

bo4p?x bo403x
= Y g B
/0 1+ 20,z x+/0 1+ 20,0

= 201t —In (291t + 1) + 292t —1In (26‘2t + 1)
201t + 1

O+ 020t = In o T

Then the reliability function of the system can be written as

- ((2(91+02)t71n gg;ﬁ) 201t + 16_2(91+92)t

C 205t +1

R(t)=e

and the probability density of the Ailamujia-Ailamujia failure rate model (AAFRM) is
given by

d 291t7+1€—2(01+02)t _ Me—mﬁez)t_

J(t) = = R0 = 2000 + 02) 3= (204t 4 1)?

3.2 Ailamujia-exponential failure rate model
The probability density, cumulative distribution, and hazard functions of the exponential
distribution are respectively given by

flz) =X >0, A\>0,

Flz)=1—-e?;2>0, >0,

R(z) = e and h(x) = \.
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The Ailamujia distribution is selected with parameter 6 for hy (x) and the exponential
distribution for hs(z).

/O () = /0 [ (2) + ha(2)]de

1 2 t
:/ 497de+/ Adx
0 1 + 291‘ 0

=(204+ Nt +1n (20t + 1)
and the reliability function of the system can be written as

R(t) — e—[(29+>\)t+1n 20t+1] _ (26‘t + 1)6_(29t+)‘)t
and the probability density of the Ailamujia-Ailamujia failure rate model (AAFRM) is
given by

ft) = —%R(t) = (46%t + 20Xt + /\)67(20t+)\)t.

3.3 Ailamujia-Weibull failure rate model

The probability density, cumulative distribution, and hazard functions of the Weibull
distribution are respectively given by

f(z)=Xaz® ' 2>0, A>0, a>0,
1—e ™" ;x>0 A>0, a>0,
R(z) = e **" and h(z) = Aaz®""'.
The Ailamujia distribution was selected for hi(z) and the Weibull distribution for
hg(.’ﬂ)

/0 () = /O [h (&) + ha(o)]de

1 2 t
40
:/ idm—&—/ Aaz® tdx
0 1+20$ 0

=20t —In (20t + 1) + A\t

Then the reliability function of the system can be written as

R(t) _ e—(29t—11129t+1+kt°‘) — (29t + 1)6_(29t+)\tu)

and the probability density of the Ailamujia-Weibull failure rate model (AWFRM)
is given by
d

f(t) =~ R(t) = (402t + 20\t + Aat® ™)™ (GO
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3.4 Ailamujia-Frechet failure rate model

The probability density, cumulative distribution, and hazard functions of the Frechet
distribution are respectively given by

flx) = Aoz~ (e+D) ; x>0, A>0, a>0,
Fl)=1-e™ " 2>0,A>0, a>0,
R(z) = e " and h(z) = Az @+,

The Ailamujia distribution was selected for h(x) and the inverted Weibull distribu-
tion for ho(x).

/0 ()i = / (@) + ha(@))da

0

1 2 t
40-x
= | ———d Aoz~ @ty
/0 17207 33—}—/0 ax €T

=20t —In (20t + 1) — At~
= (20t — M%) — In (20t + 1).

Then the reliability function of the system can be written as
R(t) _ ef((29t7/\t_“)71n (20t+1) _ (29t + 1)67(29t+/\t_a)

and the probability density of the Ailamujia-Frechet failure rate model (AFFRM) is
given by

d [e3
f(t) = ——R(t) = (462t + 20 at ™t 4+ Nt @) e (0HALT)

3.5 Ailamujia-Raleigh failure rate model

The probability density, cumulative distribution, and hazard functions of the Raleigh
distribution are respectively given by

The Ailamujia distribution was selected for hj(z) and the Raleigh distribution for
h2 (.Z‘)

/Ot h(z)dz = /Ot[hl(x) + ho(a)]de

L4692y t
= [ — 232
/0 1+29xd1:+A B xdx
=20t —In (20t + 1) + Bt%.

Then the reliability function of the system can be written as
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R(t) = e~ (0= (0ED+6%) — (91 4 )= (2004571

and the probability density of the Ailamujia-Raleigh failure rate model (ARFRM) is
given by
d
1) = =2 R(t) = 2208°F + 20°° + B2t)e~ (201+571)

These findings suggest further research involving estimation of parameters of the
failure rate distributions, testing of hypothesis and the power likelihood ratio criterion
for the proposed models and apply the proposed failure rate models to certain real lifetime
data sets.

4 Conclusion

System reliability measures were derived where the failure data follow the Ailamujia
distribution. The system reliability is estimated at the conditions where the applied
stress and strength follow the Ailamujia distribution. The combinations of the Ailamujia
distribution and every one of well-known reliability distributions are developed. The
additive failure rate model of the Ailamujia distribution and every one of the Ailamujia,
exponential, Weibull, Frechet, and Raleigh distributions were derived.
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