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Abstract: This paper is devoted to the study of the theory of capacity in an
anisotropic Sobolev space WP(Q), where Q is a bounded set of RV(N > 2),
P = (po,p1,...,pn) with 1 < po,p1,....,pn < co. We will define the Cj 5 capacity
and prove its main properties, especially, it will be shown that Cj z defines a Cho-
quet capacity. To illustrate our results, we will present an application of this capacity.
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1 Introduction

The theory of capacity and non-linear potential in the classical Lebesgue space LP(Q)
(1 < p < o0) was studied by Maz’ya and Khavin in [16] and Meyers in [18]. These
authors introduced the concept of capacity and non-linear potential in these spaces and
provided very rich applications in functional analysis, harmonic analysis, theory of partial
differential equations and theory of probabilities.

It has been developed specially by Adams [1], by Hedberg in |13], by Hedberg and
Wolff in |14] and others. The Sobolev capacity for constant exponent spaces has found a
great number of applications (see [12[15]) and, for example, Boccardo et al. [8] studied
the existence and non existence of solutions of the following problem:

—Au+u|VulP=p in Q,
(P){ u=0 on 09,
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where € is a bounded open set in RN, N > 2 and p is a radon measure on 2.

More precisely, the authors proved the existence of a solution w in Hg(2) for the
problem (P) if and only if the measure u does not charge the sets of capacity zero in Q.
Also, Kilpelainen [17] introduced the weighted Sobolev capacity and discussed the role
of capacity in the pointwise definition of functions in Sobolev spaces involving weights of
Muckenhoupt’s Ap-class. The previous concept was generalized by N. Aissaoui and A.
Benkirane in [2], by replacing LP with an Orlicz space. Later, this theory was studied by
M. C Hassib, Y. Akdim, A. Benkirane and N. Aissaoui in Musielak-Orlicz spaces (see [3]
and [4]).

The notion of capacity offers a standard way to characterize exceptional sets in various
function spaces. Depending on the starting point of the study, the capacity of a set can be
defined in many appropriate ways. A common property of capacities is that they measure
small sets more precisely than the usual Lebesgue measure. The Choquet theory [10]
provides a standard approach to capacities. Capacity is a necessary tool in both classical
and non-linear potential theory.

The main purpose of this paper is to study the theory of capacity in an anisotropic
Sobolev space W7(Q). Our results generalize those in [18] obtained in Lebesgue spaces,
in order to apply them to some problems of partial differential equations and harmonic
analysis.

The present paper is organized as follows. In Section 2, we present some necessary
preliminary knowledge on the anisotropic Sobolev space and we recall main properties of
capacities. In Section 3, we define the C}, 7 -capacity in the anisotropic Sobolev space and
we show some of its properties. As an application of our results, we consider a variational
problem, where X is a subset of RY. We give a sufficient condition on the C,5 capacity
of X to ensure the existence and uniqueness of a C, 5 -capacitary distribution of X such
that the C} 5 -capacitary potential of X is greater than or equal to one.

2 Preliminaries

2.1 Anisotropic Sobolev spaces

Let © be an open bounded domain in RY (N > 2) with boundary 9.
Let 1 < po,p1,...,pN < 00, we denote

7= (po,p1,--pPN), Du=wand D'u= g~ fori=1,..,N.
The anisotropic Sobolev space W17(€Q) is defined as follows:
WLP(Q) = {u € LPo(Q) and D'u € LPi(Q2),i=1,..,N}.

We recall that the W1?(Q) is a separable and reflexive Banach space (see [19] )with

respect to the norm
N

lullwrs@= Y _IID"ullLri (o)
=0
We denoted - B
WP (Q) = {u € WHP(Q)\u > 0}.

The space Wol’ﬁ(ﬂ) is the closure of C§°(£2) with respect to this norm. The theory of
such anisotropic spaces was developed in [20-23]. Tt was proved that C5°(£2) is dense in

W, 7(2), and W, 7(Q) is a reflexive Banach space.
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For any p = (po, p1, -y PN), With 1 < p; < 00,7 =0,1,...... , N, the dual space of the
anisotropic Sobolev space I/VO1 P(Q) is equivalent to W17 (), where p = Py, Py - PN
and p} = Pl for all i = 0,1,...,,N.

pi— 1

Proposition 2.1 Let p € [1,400[ and (fy), be a sequence in (LP(p), ||.|[,) whose
series of norms Y || fullp converges. Then the series of functions Y fn converges for the

n n
norm .|l and we have |3 fullp< 2| fullp-
n n

Proof. For n € N* fixed, according to the inequality of Minkowski, we have

n +oo
<Y el Y Il
k=0 k=0

It follows from the monotone convergence theorem that

(/ (:Z:'f”)pdu); < gufknp.

n

Z\fﬂ

k=0

P

Thus,

—+o0 —+o00
Sfell <0,
k=0 k=0

Lemma 2.1 [see [9]] Let E be a Banach space. If (fy), converges weakly to f in E,
then the sequence || fn| is bounded and || f||< liminf]| f,||.

p

2.2 Capacity

Definition 2.1 Let E be a topological space and T' be the class of Borel sets in F,
and a function C' : T — [ 0,400 ].
1) The function C' is called a capacity if the following axioms are satisfied:
i) C(B) = 0.
HXCY=CX)<C{Y)forall X and Y in T.
iii) For all sequences (X,,) C T,

cJxn) <> C(X).

2) The function C' is called an outer capacity if, for all X € T,
C(X) =inf{C(0) : O D X, 0 is open }.
3) The function C is called an interior capacity if, for all X € T
C(X)=sup{C(K): K C X,K is compact}.

4) A property, that holds true except perhaps on a set of capacity zero, is said to be true
C-quasi everywhere (abbreviated C - g.e.).
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5) Let f and (f,) be real-valued finite functions C-q.e. We say that (f,,) converges to f
in C -capacity if

Ve > O’nli»rfoo C{x:|fu(x) — f(x)] >€})=0.

6) Let f and (f,) be real-valued finite functions C-q.e. We say that (f,) converges to
f C -quasi-uniformly (abbreviated C' -q.u) if (Ve > 0),(3X € T) : C(X) < ¢ and (f,)
converges to f uniformly on X°¢.

3 Capacity in Anisotropic Sobolev Spaces

3.1 ()} - capacity

Let k be a positive integrable function on RY and X C RY (N > 2). We denote
SHX)={f e W"P(Q): kxf>1on X},

where k * f is the convolution of k and f.
The anisotropic Sobolev p-capacity of X is defined by

CplX) = | inf {1l ().

In the case where Sy(X) = 0, we set C 5(X) = oo.

Functions f € Sz(X) are said to be p- admissible for the X.
The anisotropic p-capacity enjoys all relevant properties of general capacities, specifically,
it will be shown that Cj, 7(X) defines a Choquet capacity.

Theorem 3.1 The anisotropic Sobolev p-capacity Cy, 5 is an outer capacity.

Remark 3.1 Let By, 5(X) = inf{|| f[|w150): f € Wi’ﬁ(Q) and k* f > 1 on X}, then
Ci 5(X) = By 5(X).

Indeed, it is obvious that Cj 5(X) < By 5(X).

On the other hand, let f € WP(Q), then |f| € Wi’ﬁ(ﬂ), and if k* f > 1 on X, then
kx|f] >1on X, thus

By 5(X) < I fllwr5)-

Therefore,
By 5(X) < Cp 5(X).
A direct application of Proposition [2.1]is the following result.

Lemma 3.1 Let (f,), be a sequence in WYP(Q) whose series of norms

Yl fullwizq) converges. Then we have
n

||Z fullwir@ < Z”anWlﬁ(Q)'

Proof. (Theorem It is obvious that Cy 5(0) = 0 and Cj, 5(X) < Cy (V) if
X C Y. Let (X;) be a subset of RN. If > Cj, 5X;) = +oo, there is nothing to show.
i=0

1=

We may assume that
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oo
> Crp(X;) < 400, then (Vi € N) Cp 5(X;) < 400,
i=0

thus,

(Vi € N) (Ve > 0) (3f; € WP(Q)) so that k* f; > 1 on X;,

and we have

3

I fillwrr )< Crp(Xi) + 3T

Let f = supf;, we show that f € W}r’ﬁ(ﬂ). For all ¢ > 0, we have by Lemma

[sup fillw.r)< ||Z fillwrs)< ZHfi”Wlfﬁ(Q)-

i=0 i=0
Thus,

o0 o0
I fllwrr@< Z I fillwrr) < Z Cr5(Xi) +e.

i=0 i=0

This implies that f € Wi’ﬁ(Q). Since kx f > 1 on U X;, we deduce that

i>0
o0 o0
Ok,ﬁ(U Xi) < |[fllwrr) < Z Cy5(Xi) +e, forall e>0.
i=0 i=0

The claim follows by letting ¢ — 0.
Now, it remains only to verify that Cy, 5(X) is an outer capacity. Let X C R, we have

Ci 7(X) <inf{C} 5(0),0 D X, O is open}.

For the reverse inequality, if C, 5(X) = +o00, there is nothing to show.

Assume that Cj, 5(X) < 400 and 0 < € < 1, then there exists g € Wi’ﬁ(Q) so that
kxg>1on X and
lgllwrs)< Crp(X) +e.

We put g. = -L  and let the set O; = {z : (k* g-)(z) > 1}.

1—¢

Thus O. is open, and
1

Hence X C O.. On the other hand, we have Cy 5(O:) < [|gcllw1.7(q), and we deduce
that

1
1—¢

Ck ﬁ(os) <

b

lgllw70)< (Crp(X) +¢),Ve > 0.

1-¢
Thus,
inf{Cy 5(0),0 D X, 0 open} < Cj 5 X).
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Proposition 3.1 The anisotropic Sobolev p-capacity Cy, 5 verifies the following prop-
erties:
1) If there exists f € WYP(Q) such that |k x f| = +oo on X, then Cy 5(X) = 0.
2) If Cy, 5(X) = 0, then there exists f € Wj_’p(Q) such that k * f = 400.

Proof.
1) Let f € WYP(Q) be such that |k * f| = +00 on X, then for all a > 0, |k * f| > «
on X, thus,
C Il.f”wl,ﬁ(ﬂ)
ep(X) < —2 Ya > 0.
This means that
Crp(X)=0

2) If Cy 5(X) = 0, then (Vi € N) (3fi € WP(Q)) with k* f; > 1 on X
and ‘
I fillwrry< 27

Let f =5 f;. By Lemma we have
I lwerey< D I fillwrr@y< D> 27"

Then
I fllw.7 )< +oo.

We conclude that f € W}rﬁ(Q) such that k * f = 400 on X.

Theorem 3.2 Let f and (f,)n be in WHP(Q) and consider the following propositions:
i) fn — f strongly in WHP(Q).
i) k* fr, = kx f Cj z-capacity.
iii) There is a subsequence (fn;) such that k* f,, — k* f Cpp - q.u.
) k* (fn;) = k* fin Cyp.- g.e.
Then we have
i) = i1) = i) = v).

Proof.
o We show i) = ii).

By Proposition we have k * f and k * f,, are finite Cy 5 -q.e, for all n.
Let € > 0, then

o W= Fllwn()
£

Crp{z : |k* fr —kx f(z) > €})

o We show i) = ii).
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Let € > 0, there exists f,; such that

Crp{z: [k * fn, — k* fl(z) >279}) <e-277,
We put
Ej ={x: |k fo, —k* fl(x)} > 277} and Gy, = | Ej.
j=m

Then we have

~Gm)§25~2_j<5.

j=zm
On the other hand,
Vo € (Gn)o Vi >m |kx fn, —kx fl(x) <277, thus k* f,, > kx f Crp- qu.

o We show iii) = iv).

We have Vj € N,3X; : Cp5(X;) < % and  kx f,, — k* f converges uniformly on
(X;)¢. We put X = ﬂXj, then Cj, 5(X) =0 and k * f,, — k= f on X©.

Theorem 3.3 Let (K,,), be a decreasing sequence of compacts and K = (| K,,. Then

n

lim Cyp(K,) = Crp(K).

n=-+Foo
Proof. First, we observe that Cj, 5(K) < ngrfoo Ch.5(Kp).
On the other hand, let O be an open set that satisfies K C O; then
Knoc=0.
The sequence defined, for all n, K;L = K, NO° is a decreasing sequence of compacts and
satisfies ﬂ K,, = (). Then there exists ng such that K,/LO =0.

Hence Vn > ng K; =, then Vn > ng, K,, C O. Therefore,

lim Cy5(K,) < Cy 50).

n—-+4oo

Since C} 5 is an outer capacity, we have

m  Cp 5(Kn) < Cp p(K).

n——+o0o

Proposition 3.2 Let (f,),, f € W17ﬁ(Q) be such that f, — f weakly in leﬁ(Q),
then liminf(k * f,) < k= f <limsup(k = f,) Ckz-g.e.

Proof. Since WhP(Q) is a reflexive space, f, — f weakly in W17(Q), then by
the Banach-Saks theorem there is a subsequence denoted again by (f,) such that the
sequence g, = - Z fi converges to f strongly in W1?(Q).

By Theorem 3.2] . there is a subsequence of (g, ), denoted again (g, ), such that

lim (k*g,) =(kxf) Ciz—q.e

n——+o0o
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On the other hand,
liminf(k % f,) < lim (k*gp).

n—-+o0o

Therefore,

liminf(k* f,) < (k= f) Ciry—q.e.
For the second inequality, it suffices to replace f,, by (—f,) in the first inequality.

Theorem 3.4 If (X,), is an increasing sequence of sets and X = |J X,,, then

n

hm Ck,ﬁ(Xn) = Ck’ﬁ(X)

n—-+oo

Proof. First, we have lil}rl Crp(Xn) < Crp(X) .
n—-+0oo
For the reverse inequality, if 11111 Cy,5(X,,) = +00, there is nothing to show.
n—-+0oo

We assume that the sequence Cj, 7(X,,) converges to the finite £. Let f,, be p- admis-

sible for (X,,) such that
1
I fullwrr) < Crp(Xn) + - (1)

Since (f,,) forms a bounded sequence in W}r’ﬁ (Q), there exists a subsequence denoted

again (f,,) which converges weakly to a function f € W}r’ﬁ ().
We have by Proposition (3.2

VieN, kxf>1onX,, Cyz—q.e.

Therefore,
kExf>1onX,Crp—q.e. (2)

Let B be a subset of X where k* f > 1, then from and by Lemma we have

Crp(X) = Crp(B) < || fllLp <4, 3)

the desired result is now a simple consequence of .

Corollary 3.1 Let (E,), be a sequence of subsets of RY | then
Crp(liminf E,,) < liminf Cy 5(E,).

Proof. Let E = liminf F,,, we have E = ( N Ei>.

n “i>n
We put G, = [ Ej;, thus a sequence is increasing and by Theorem we have
i>n
Crp(E) = lm  Cpp(Gn).
Hence,
Ck’ﬁ(Gn) < Ck,ﬁ(En)-
Therefore,

Ckﬁ(E) S lim inf Ck,ﬁ(En).
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Definition 3.1 In the terminology of Choquet, C is called a capacity if it satisfies
the following four properties:

i) C(0) =0,
ii) C is increasing,

iii) If (E,) is an increasing sequence of sets, then sup C(X,,) = C (U Xn),

n
n

iv) If (K,,) is a decreasing sequence of compacts, then inf C(K,,) = C’(ﬂ K,).

n

Remark 3.2 By Theorems [3.1} 3.3 and 8.4, Cy 5 is a capacity in the sense of Cho-
quet.

Definition 3.2 Let C be a capacity in the sense of Choquet. A subset X C RY is
called capacitable if

C(X)=sup{C(K): K C X,K — compact}.
Theorem 3.5 All analytic sets are Cy, 5- capacitable.

Proof. 1t is an immediate consequence of the Choquet theorem in [11].

3.2 Application of a C}, 5 - capacity

In this subsection, we propose to study an application of C}, 5 capacities, more precisely,
we treat the following variational problem. -

Let X be a subset of RY such that Cy 5(X) < co. There exists fo € Wi’p(Q) such
that k * fo > 1 Ck 5 q.e on X, and

I follwsiy= t{|| flwrsqy: f € WP(Q) and k+f>1 on X}. (4)

Definition 3.3 We call a solution, fj, of problem a C}, 5 -capacitary distribution
of X and we call k* fy a C},  -capacitary potential of X.

Theorem 3.6 Let X be a subset of RN such that Cy 5(X) < 0o and denote by Qx
the set Qx = {f € Wi’p(Q) tkxf>1 Cpp(X) —ge on X}
Then there exists a unique fo € W}r’ﬁ (Q) such that:

i) | follwrsy= mf{l[ fllwrr): f € Qx}

Proof. i) Let the function 6 : W1P(Q) — R* be defined by 0(f) = || fllwr.70);
Vf € WHP(Q). 0 is lower semi-continuous on W?(Q) and coercive. By Theorem (3.2
Qx is strongly closed in W?(Q). On the other hand, Qx is convex. Since W1H7(0Q) is
reflexive, there exists a unique fy € W}r’ﬁ (Q) such that

| follwr.s= nf{[| fllwrr): f € Qx}
ii) Let Y be a subset of X where k* fo <1, then Cy 5 X) = Cj (X -Y).
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Since k* fo > 1 on X =Y, Cp 5(X —Y) < | follw1.5q), on the other hand, we have

{(FeWP(Q) : kxf>1 on X}CQx.

Then
[ follwrr)< Cr(X).

4 Concluding Remarks

In this paper we defined the notion of Cj, 5 -capacity in the anisotropic Sobolev space
WLP(Q) for p = (po,p1,-..y PN), With 1 < pg,p1,....., by < 00. We showed that this
capacity is an outer capacity and proved some convergence properties related to it. More-
over, we proved that C}, 5 is a Choquet capacity. Finally, we gave an application of this
capacity in anisotropic Sobolev spaces.

Note that the results obtained previously, especially, the properties of the
anisotropic Sobolev p -capacity Cj 5 will be useful in the study of some differential equa-
tions problems. Namely, for problems, studied previously in [5H7|, we can treat solutions
in anisotropic Sobolev spaces and we can assume that the right hand side is a measure
data.

A perspective of this work will focus on the application of our results to a unilateral
problem that was addressed in a previous study [4] in Musielak—Orlicz—Sobolev spaces.
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