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Abstract: An SIRS epidemic model for the geographic spread is considered. The
linear stability analysis is conducted to obtain the threshold condition and a super-
critical instability region is found whenever the reproduction number R > 1. An
evolution equation for the leading order of infectives is derived by the long wave-
length expansion method and full pattern formation analysis is carried out. The
Poincaré-Lindstedt method is applied to obtain a uniformly periodic valid solution.
Numerical simulations are used to present the results.
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1 Introduction

In epidemiology the use of mathematical models starts from the pioneering works of
Kermack and McKendrick [IH4]. To describe the Great Plague of London of 1665-1666,
Kermack and McKendrick use a simple basic deterministic differential equation model
called the SIR model [3], [4]. Many mathematical models in the literature are built based
on the modeling framework of Kermack and McKendrick.

Most of existing studies rely on different types of differential equations. For instance,
first-order partial differential equations are used for modeling of age structures [5H3];
delay-differential equations or integral equations are suitable when time delay or delay
factors appear [9H13]; second-order partial differential equations are more realistic when
a diffusion term exists.
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Recently, the study of geographic spread of epidemics becomes of much interest.
Diffusion epidemic models have been studied by many authors [14H19]. Liu and Jin [18]
considered an SI model with either constant or nonlinear incidence function. The authors
studied numerically the pattern formation of the model. In [19], Hadji applied the long
wavelength expansion method to analyze a simple model for the geographic spread of a
rabies epidemic in a population of foxes. The author studied the pattern formation of the
model. In [14], the authors studied the effect of different types of animal movement on
threshold conditions for disease spread by considering a simple SI diffusion model. Jawaz
et. al. |10] considered a time delay HIV/AIDS reaction diffusion SIR model. The authors
designed a numerical scheme to solve the model. Moreover, the proposed technique was
compared with the results obtained by Euler’s technique, also the results are presented
by numerical simulations.

The main objective of this study is to develop and analyze a mathematical model of
an epidemic incorporating with diffusion of the various epidemic sub-population within
a geographical region. We conducted the linear and weakly nonlinear stability analysis
of an SIRS with diffusion model. The long wavelength expansion is applied to obtain the
evolution equation. Furthermore, a periodic uniformly valid solution is obtained by the
Poincaré-Lindstedt method.

This paper is organized as follows, The mathematical model formulation is presented
in Section 2. In Section 3, the linear stability analysis is conducted to obtain the threshold
conditions. The weakly nonlinear stability is investigated in Section 4. In Section 5, a full
pattern formation analysis is carried out. A uniformly periodic valid solution is obtained
in Section 6. The results are concluded in Section 7.

2 Mathematical Model

We consider a population which consists of three subgroups. The susceptible, S, which
can get the disease. The infected, I, those who have the disease and can transmit it.
The removed, R, those who recovered, are immune, isolated or dead. The population is
considered to have a constant size, N, where N = S + I + R. All the classes, S, I and
R depend on space and time. The SIR reaction diffusion epidemic model is presented by
J. D. Murray [20]:

9 _pv2§- BT+ R,

ot

O pvei+ pST—iT,
ot
O pV2R4 TR, W
ot
where D is the diffusion coefficient, 8 is the disease transmission coefficient, r is the
recovery rate and v is the loss of natural immunity. Upon using the following scaling
I=1/Sy,8=05/Sy,R/Sy,x=7/H and t = 3Syt, where Sy is a reference value of the
susceptible species, we obtain the dimensionless system which is described by
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%—f:VQRJrM—&R, (2)

where § = /85y and A = /3.5y is the reciprocal of the reproduction rate, R. The
corresponding boundary conditions are

oI
0z
at z = 0,1. The basic states of S, I and R are

S =1, 0 and R=0
Sle, IBZO and RBZO (3)

for any values of A and 6. We introduce the perturbations ¢, 0 and 1 to the base state
so that S=1+¢,I =0+0 and R = ¢+ 0. Hence the system of equations becomes

o —
E—ng—&—(b@—i—zsw,
00 9
E—V0+¢9+(1—)\)9,
ai’:v%pﬂefw, (4)
ot
subject to
o=0. 20 ad  w=0
0z
at z=0,1.

3  Stability Threshold Condition

Following a standard procedure (see [21] and [22]), the linearized system of equations
governing the convective perturbations is given by

9 _ o2y

o = V6 0+5Y,

o

a_v9+(1—A)e,

g—f:v%+w—5¢. (5)

We investigate the linear stability by considering the normal modes [®,0,9] =
[D(2),0(2),U(z)] exp(i K- X+ 0t), where X = (z,y), o is the growth rate and |K| =k
is the wavenumber in the system of equations to obtain the following system of second
order ordinary differential equations:

c®=(D*-kH®-0+07, (6)

00 =(D*-k)O+(1-)\)06, (7)
oU = (D> k)T +10 -5V, (8)
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where D =d/d 2.

Multiply both sides of equation by the complex conjugate of © and integrate with
respect to z from 0 to 1 to get

(IDOP) — (k2 + A~ 1){je]?)
or) ’ ©)

where () = fol -dz. If o = 0, the solution of equation (Eb is® = A; cosha z+ A, sinh a z,
d
where @ = Vk2 + X — 1. Apply the boundary conditions d—@ =0at 2z =0,1. We get
z

o = 0 and hence, A = 1 — k2. Thus, the critical A value, A\, = 1 when the wavenumber

1
k = 0. Therefore, the reproduction number R = — and hence R, = 1.

ATk
Theorem 3.1 The model (@ has a supercritical instability region whenever the re-
production number R > 1.

The numerical simulation of the relation between the reproduction number R and
the wavenumber k is depicted in Figure [} Figure [2] shows the plot of the recovered
compartment R as functions of z.
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. Figure 2: The plot of the recovered
Figure 1: The plot of the repro- compartment, R, as functions of z
duction number R as a function of with r = 0.1, = 0.9,5 = 0.01 and

the wavenumber k. So = 1000.

4  Weakly Nonlinear Stability Analysis

A nonlinear evolution equation will be derived in this section. Since the population
wavenumber is zero, the long wavelength expansion can be applied to the equations
(5). A small perturbation parameter ¢, 0 < ¢ < 1, will be introduced. We scale the
dimensions

O _ap0 0 _ap0 0 _ 9
ox 0xX’ Jdy oy’ 0z 07’

T=€t

and we expand A =1 — 22

¢=€¢1+€2¢2+"'7

0=e0+e> 04,
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Y=er +EE P+,
(52651+6252+"' 5

where 1, §; and 09 are of O(1) quantities. For simplicity, we consider the one-dimensional
problem. The O(e) problem is described by

D?*¢1 — 61 =0,
D?9, =0,
D%y + 6, =0, (10)

where D = 9/0 Z. Tt is subject to the boundary conditions 11 = ¢; = 0 and 96,/9 Z =0
at Z =0, 1. Its solution is given by

0, = f(XvT)v
1= g(Zz - Z)a
h=-Lz-2)

Proceed to the next order, the O(e?) problem is described by
D? ¢y + (p1)xx — 02 — 01 1 + 6191 =0,
D6y + (61)xx + 0141 =0,

Do + (Y1) xx + 02 — 0191 =0,

subject to the boundary conditions 9 = ¢o = 0 and 902/0Z = 0 at Z = 0,1. Tts
solution is given by

__inX 4 73 _ﬁ 6 5 4 3
¢o = 12 (Z Z) 720 (Z 37 3072%+60~7 282),

+M(

3 B
51 —-2Z +Z)+2 (z2-27),

@:—fﬂy_fi (74 ~22°)+B
2 24 ’

Py = XX (7% - Z)+f—2 (ZG—SZ5+QZ)—51—f (Z4—223+Z)—§ (22 - 7),

12 720 24
where 137 176
B=_—""f?4 Ly
TR fXX+ 168 1
Proceeding to the order O(e®), we get
(61)7 = D05+ (2) xx — 1201 + 02 ¢1 + 61 9. (11)

Application of the orthogonality conditions on equation yields the sought evolution
equation:

5 151

fT:_E fxxxx— fXX u? f—

43
5040

1559 ,
FIxx+1555 () xx -

(12)

3 2,
45360 / U 1260
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5 Pattern Formation

By generalizing the procedure which has been used above, the three-dimensional nonlin-
ear evolution equation will be obtained:

174,
168

~ 199
45360

43
5040

11
1260

1559
fV%{f‘*‘m (V& 7)),
(13)

where Vi = (0/0 X,0/0Y). Upon using the following transformation in equation (13)):

176, 170, 289 52 )
SV N SNV Y T e

equation ([13)) is transferred to

fr= = Vh T foAy f ot e

F,=-V4F-2V4F-wF - AF® - BF? + CFV% + EV%4F? (14)
159272 344y 444 1559
h = A= = = = d
where Vi = (9/0€,9/9¢), 780362 8670, 2550, 7650,
13440
¥ = 95921

The linear stability analysis will be applied, where the growth rate of normal modes
with small amplitude can be determined by considering the linearized version of equation

(14)
or

an

Application of the normal modes f = exp(on+iK - r), where o is the growth rate, K
is the wave vector such that |K| =k and r = (&, (), in equation yields

= -VyF-2V4F—-wF. (15)

a:—(k2—1)2+1—w.
289 67
13440 The effect

of nonlinear terms in the evolution equation (|14]) can be depicted by considering the
following expansions:

Hence, the range of instability is 0 < w < 1. That is, 0 < mu? <

F=eR+F+-,
w=1-—€cw; —€wy—---
and 1 = €27). The solution to the O(e) which is described by
VHFL4+2V4 P4+ F =0 (16)
is given by

FI(&,C.7) = U() cos (€) + V(A) cos (“?) s (§)- (17)

Equation yields a roll structure when V(77) = 0 and a square structure when U (7)) =
0. Proceed to the next order O(e?), the problem is described by

VhEFy+2VL Fy+ Fy=w Fy —BF: 4+ CF V4 FL+ EV? F2 (18)
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Upon averaging equation by multiplying both sides by F} and integrating over the
domain of ¢ and (, we get w; = 0. Hence the solution of equation is given by

F2<B;FC+(B+CQ+4E) cos(g)> e

9 <E cos <32<> +(E+ B+C) cos(() cos <g>> x cos (VBE) UV+

[(BJF(;“—E) cos(¢) — (CIB> B <3E+46’+B)

+ (‘W) cos(¢) cos(V/3 5)} V2.

Proceed to the next order, O(e?), the problem is described by

OF
67: = -V —-2VEF—F+w Bh+wFy
n

—AF} ~BF\ P, + C (P V4 Fy + B, V4L F) + EV(F) ). (19)

In order to obtain the amplitude equations, we will average equation with F to get

oF;

( 5 VB = (VB3 +2V% By + F3, F)

+(wo By — AF} — BFy B>, Fy) + (C (Fy Vi F + F, Vi Fy) + EV3(Fy ), Fy). (20)
The following are the amplitude equations of U and V:

ouU
8—?]:—F1U3+w2U+F2UV2, (21)
oV
?:—F3V3+w2V+F2VU2, (22)
n
where
398 1341428296 2504438396 796
Iy = - 27 2= 2
260107 169130025 65 169130025607 26016
and

_ 199 320488891
17346, 5637667507

We set V = 0 in equation to determine the stability of roll structure. Hence the
[9%)

equilibrium points are (U, V) = (0,0) and (U,V) = <:I:, / T ,O).
1

I's

Theorem 5.1 IfI'y > 0 and wy > 0, then the roll solutions exist and the bifurcation
is sub-critical. If both T'y and ws are negative, then the roll solutions exist and the
bifurcation is supercritical.

Following the same analysis, the square structure can be determined. If we set U = 0

in equation , the equilibrium points are (U, V) = (0,0) and (U, V) = (0, +,/ ?2)
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Theorem 5.2 The square solutions exist with sub-critical bifurcation when both T's
and wy are positive. But if both are negative, the square solutions exist with supercritical
bifurcation.

To determine the hexagons structure, we set V = 2U in equation and assume
that 7 = 7). Hence, the O(€?) problem is described by

0 F1

vk —Vh Fy—2V4Fy—F+w Fy —BF} 4+ CF V4 F,+EVL FE. (23)

To obtain the amplitude equation for hexagons, we average equation with F} so
that

oF
<—%} B = (=YY F,—2V% Fy—Fy+w Fi—BF?+C Fy VY Fy+EV% F2 F). (24)
Thus, the amplitude equation for hexagons is given by
oU 1559
— = —— | U+TU?, 25
2468
here I' = — .
where 43354,

Theorem 5.3 Since I' < 0, the solution of equation has sub-critical down
hexagons formation.

6 Uniformly Periodic Valid Solution

Upon applying the following scales on equation f=ah E=bX,T=er,v=a)\,
e = 1/a, we obtain

oh

87 = 7h§£5§ — 2/L hgf - h — o h — Qg h + a3 h h&t + oy (hf) (26)
where @ = — ‘7 _ 1Ty X £ 13 oy = A3 o = _ 199

\ﬁ 5 ~ 8455 57 71701000 7T 13650 V65

/13 1559 wit)
6 \f 5 1950 f

We investigate the stability of the static solution of equation , when its linear
part is given by

ag = and a4 =

oh
- _ —92 - 2
Br heeee — 21% hee — v h. (27)

or+i k€

Upon introducing the normal modes h(§,7) = e , we obtain the following dispersion

relation:
= (K —p®)? -7, (28)

The static state solution is unstable whenever v < p*. To investigate the weakly nonlinear
stability of the evolution equation we introduce the small parameter, ¢ < 1, and conduct
the perturbation analysis near the linear solution. We expand

y=p'—emn— €y, T=é,
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h=¢hi+€ehy+ehg+---
The order O(e) of equation is described by

(h1)eeee + 2% (h1)ee +vh1 = 0. (29)

The solution of equation is hy = cos(u€). Because of the secular terms, we will
apply the Poincaré - Lindstedt method [23] to obtain a uniformly valid periodic solution.
Substitute v = w ¢ and expand w = 1 + ew; + €2 wy + - -+ in equation to obtain

’LU4 hl/l/l/l/ +2/J'2 U}2 huu +7h = h2 + ag h3 +U}2 (a3hhlll/ +ay (hl/)z) . (30)
Define: .Z(h) = hyuuy + 2u% by, + v h. The order O(e) problem is described by
ZL(hy) =0. (31)

The solution of equation is hy = cos(uv). Proceed to order O(e?), the problem
is described by

Z(h2) = cos(uv) +T'1 +T'y cos(2uv). (32)

To remove the secular terms, we set 73 = 0, which means that there is no subcritical
r r

instability. The solution of the resulting equation is given by hs = —i + 32 cos(2 uv),

where

—_

Iy (a1 — u2 as + ,u2 a4) and I'; = (al — ,u2 ag — [1,2 044) .

DO =

)

Proceed to the next order O(e?), the problem is described by

T
ZL(h3) = [—4/14 wi + 2 — /71(2@1 + u? az)

r
+3—§(—4a1 — 2Ty — 10p2az + 16u2a4)] cos(uv) — [%(96M4F2 +9p2as)| cos(2uv)

T 2
+ [2(—4041 — 9y — 10p%ag + 16/;2044)} cos(3uv) — %. (33)

36

Removing the secular term by setting

I I
—4ut wi + g — ’u—i(Zal + p?az) + 3—;(—4041 — 27ap — 10p2as + 16p%ay) =0

yields

Ty
144,74

Y2 Iy
=4 _—
i dpt  4u8

(2a1 + plaz) + (—day — 27 — 10p2 a3 + 16p2ay).

Upon solving the rest of equation , we get

Ty
23044

hg = [?:1:1}2(32/,62F2 + 30&3):| COS(Q/,LZ/) + |:

(=4 — 9o — 10423
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wy a3

+161%ay)] cos(3uv) + TR (34)
Thus, a uniformly valid steady state solution to equation is given by
ry I 2
h = cos(p(1 + ewy)€) e + E—&—? cos(2 (1 + ewr)é) | €
+ ([;:2(32;12F2 + 3043)} cos(2u(1 + ewr)§)) (35)

T
%_[ 2u (_4a1__9a2"10“2a34‘16u2a44 COSGn41—+eun)£D-+10133) e

2p

2 4 6 8 10

Mmool

Figure 3: The plot of & as a function of { with g = 0.3 (dotted line), pr = 0.7 (solid line), p =1
(dashed line) and 72 = 10.

7 Conclusion

An SIRS model for the spread of a disease has been considered. This model involves
the spatial diffusion so that the effect of landscape can be captured. The domain of the
model is not infinite, it is complemented with two horizontal boundaries. The stability
threshold condition is obtained so that whenever the reproduction number R > 1, a
supercritical instability region is depicted. See Theorem

Because of the infinite wavelength, the weakly nonlinear stability analysis was con-
ducted by applying the long wavelength asymptotic analysis method and the proposed
model is reduced to a single evolution equation . Full pattern formation analysis of
equation is carried out and the subcritical down hexagons are depicted.

It is found that there exists a stable uniform solution, namely F' = 1. Upon retrieving

VvV1—2A
€

the original variables, we have f = pu F = , which yields the following expression

of infected, susceptible and recovered:
Vv1-— Vv1-—
1= )\, S=1+ A

€ 2¢

1—A
2€

(Z - Z%).
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Figure shows the plot of I as a function of the reproducing number R and the

space dependent functions S and R.

BTy
N
N

Figure 4: The plot of the infected, I, as a function of the reproduction number, R, (left), the
plot of the susceptible, S, as a function of z, (middle), and the plot of the recovered, R, as a
function of z, (right).

Moreover, the Poincaré-Lindstedt method is applied to obtain a uniformly periodic

valid steady state solution which is depicted in Figure

References

(1]
2]

3]

A. G. McKendrick. Applications of mathematics to medical problems. Proc. Edinb. Math.
Soc. 13 (1926) 98-130.

W.O. Kermack and A. G. McKendrick. A contribution to the mathematical theory of epi-
demics. Proc. R. Soc. Lond. A 115 (1927) 700-721.

W. O. Kermack and A.G. McKendrick. Contributions to the mathematical theory of epi-
demics, ii - the problem of endemicity. Proc. of the Royal Society of Edinburgh. Section A.
Mathematics 138 (1932) 55-83.

W. O. Kermack and A.G. McKendrick. Contributions to the mathematical theory of epi-
demics, iii - further studies of the problem of endemicity. Proc. of the Royal Society of
Edinburgh. Section A. Mathematics 141 (1933) 94-122.

F. Sanchez, J.G. Calvo, E. Segura and Z. Feng. A partial differential equation model
with age-structure and nonlinear recidivism: Conditions for a backward bifurcation and a
general numerical implementation. Computers € Mathematics with Applications 78 (2019)
3916-3930.

A. Vivas-Barber and S. Lee. Integro-Differential Age-Structured System for Influenza Trans-
mission Dynamics. Mathematics and Statistics 7 (2019) 14-24.

W. Guo, M. Ye, X. Li, A. Meyer-Baese and Q. Zhang. A theta-scheme approximation
of basic reproduction number for an age-structured epidemic system in a finite horizon.
Mathematical Biosciences and Engineering 16 (2019) 4107-4121.

M. A. Safi and M. H. DarAssi. Mathematical analysis of an age-structured HSV-2 model.
Journal of Computational Methods in Sciences and Engineering 19 (2019) 841-856.

M. Ali, M. Rafiq and M. O. Ahmad. Numerical analysis of a modified SIR epidemic model
with the effect of time delay. Punjab Univ. J. Math. 51 (2019) 79-90.

M. Jawaz, N. Ahmed, D. Baleanu, M. Rafiq and M. Rehman. Positivity Preserving Tech-
nique for the Solution of HIV/AIDS Reaction Diffusion Model With Time Delay. Front.
Phys. 7 (2020) 229.

A. Kumar and Nilam. Mathematical analysis of a delayed epidemic model with nonlinear
incidence and treatment rates. J. Eng. Math. 115 (2019) 1-20.



12]
13
[14]
[15]
[16]

[17]

18]
[19]
[20]
[21]
22

23]

NONLINEAR DYNAMICS AND SYSTEMS THEORY, 21 (1) (2021) 67

A. Kumar, K. Goel and Nilam. A deterministic time-delayed SIR epidemic model: mathe-
matical modeling and analysis. Theory Biosct 139 (2020) 67-76.

M. H. DarAssi, M. A. Safi and B. Al-Hdaibat. A delayed SEIR epidemic model with pulse
vaccination and treatment. Nonlinear Studies 25 (2018) 521-534.

A.M. Fofana and A. Hurford. Mechanistic movement models to understand epidemic
spread. Phil. Trans. R. Soc. B 372 (2017) 20160086.

N. C. Chi, E. AvilaVales and G. G.Aimeida. Analysis of a HBV Model with Diffusion and
Time Delay. Journal of Applied Mathematics 2012 (2012) 578561.

R. Xu and Z. Ma. An HBV model with diffusion and time delay. Journal of Theoretical
Biology 257 (2009) 499-509.

E.F. Lambin, A. Tran, S. O. Vanwambeke, C. Linard and V. Soti. Pathogenic landscapes:
Interactions between land, people, disease vectors, and their hosts. International Journal
of Health Geographics 9 (2010) 54.

Q. X Liu and Z. Jin. Formation of spatial patterns in epidemic model with constant removal
rate of the infectives. J. Stat. Mech. (2007) P05002.

L. Hadji. Long Wavelength Analysis of a Model for the Geographic Spread of a Disease.
Applications & Applied Mathematics 9 (2014) 467-478.

J.D. Murray. Mathematical Biology II: Spatial Models and Biomedical Applications.
Springers-Verlag, New-York, 2003.

P. G. Drazin and W. H. Reid. Hydrodynamic Stability. Cambridge University Press, United
Kingdom, 2004.

S. Chandrasekhar. Hydrodynamic and Hydromagnetic Stability. Oxford: Clarendon Press,
1961.

P. G. Drazin. Nonlinear Systems. Cambridge University Press, 1992.



	Introduction
	Mathematical Model
	 Stability Threshold Condition
	 Weakly Nonlinear Stability Analysis
	Pattern Formation
	Uniformly Periodic Valid Solution
	Conclusion

