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1 Introduction

Fractional differential equations and inclusions have been applied in various areas of
engineering, mathematics, physics, and other applied sciences. Recently, considerable
attention has been given to the existence of solutions of initial and boundary value prob-
lems for fractional differential equations and inclusions with Caputo fractional deriva-
tives. The method of upper and lower solutions has been successfully applied to study
the existence of solutions for differential equations and inclusions; see [1H5}/11,12] and
the references therein.

The study of fractional g-difference equations was initiated early in the 20-th cen-
tury [6,/14] and has received significant attention in recent years [10,/16]. Some inter-
esting details about initial and boundary value problems for g-difference and fractional
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g-difference equations can be found in [8}9,[15H17] and the included references. In this
paper, we discuss the existence of solutions to the fractional g-difference inclusion

(“Dgu)(t) € F(t,u(t)), t€I:=[0,T], (1)
with the boundary condition
L(u(0),u(T)) = 0, (2)

where g € (0,1), « € (0,1], T >0, F: I xR — P(R) is a multivalued map, P(R) is the
family of all nonempty subsets of R, “Dg is the Caputo fractional g-difference derivative
of order a, and L : R? — R is a given continuous function.

This paper initiates the application of the method of upper and lower solutions to
Caputo g-fractional difference equations.

2 Preliminaries

Consider the Banach space C(I) := C(I,R) of continuous functions from I into R
equipped with the supremum (uniform) norm

[ulloo := sup [u(t)].
tel

As usual, L(I) denotes the space of measurable functions v : I — R that are Lebesgue
integrable with the norm
T
ol = [ fo(oar

Let us recall some definitions and properties of the fractional g-calculus. For a € R,
we set

The q analogue of the power (a — b)" is
(a0 =1, (a—b)"™ =17"5(a - bg*), a,b R, n €N.

In general,

— bg*
(a— b)) = a1, (aabqura> , a,b,a €R.

Definition 2.1 ( [19]) The ¢g-gamma function is defined by

1— )¢
((1:2))5_1 fOI‘é‘GR*{O,*l,*Q,}

Notice that the ¢g-gamma function satisfies I'y(1 + &) = [£],'¢(£).
Next, we give definitions of different types of g-derivatives and g-integrals and indicate
some of their properties.

Fq(f) =

Definition 2.2 ( [19]) The g¢-derivative of order n € N of a function u : I — R is
defined by (Dju)(t) = u(t),
— (Dl = ) —ulat) L
(Dqu)(t) = (Dgu)(t) = Aot # 0, (Dqu)(0) = lim(Dgu)(?),
and

(DIu)(t) = (DyD2u)(t), te 1, ne{1,2,...}.
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We set I, := {t¢" : n € N} U {0}.
Definition 2.3 ( [19]) The ¢-integral of a function w : I; — R is defined by

<@wu>=/“w@%s:§ja1—@¢vufx

0 n=0

provided that the series converges.
We note that (D,I,u)(t) = u(t), while if u is continuous at 0, then
(I, Dgu) () = u(t) — u(0).

Definition 2.4 ( |7]) The Riemann-Liouville fractional g-integral of order v € R, :=
[0,00) of a function u : I — R is defined by (Iu)(t) = u(t), and

t a—1
(t—gs)*”V
ISu)(t :/ —————u(s)dys, t € 1.
( q )() o Fq(a) ( ) q

Lemma 2.1 ( [20]) For o € R4 := [0,00) and A € (—1,0), we have

(It — a)M)(t) = m(t —a)MY <a<t<T.

In particular,

(Io1)(t) = rc,(11+a)t(a)'

Definition 2.5 ( [21]) The Riemann-Liouville fractional g-derivative of order o € R
of a function u : I — R is defined by (DJu)(t) = u(t), and

(Dgu)(t) = (DilIl=eu)(t), t e,
where [a] is the integer part of «.

Definition 2.6 ( [21]) The Caputo fractional g-derivative of order @ € Ry of a
function u : I — R is defined by (“D9u)(t) = u(t) and

(Dgu)(t) = (Il Dlu) (), t e 1.

Lemma 2.2 ( [21]) Let « € Ry. Then the following equality holds:

k
3 k
q

(I¢ “Du)(t) = u(t) — m(p

u)(0).

In particular, if o € (0,1), then
Iy CDg‘u)(t) = u(t) — u(0).
For a given Banach space (X, || - ||), we define the following subsets of P(X) :
Py X)={Y e P(X):Y isclosed}, P(X)={Y € P(X):Y is bounded},
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P,(X)={Y e P(X):Y is compact}, P.(X)={Y €P(X):Y is convex},
Pcp,m;(X) = PC;D(X) m PC@(X)'

The following properties of multivalued maps will be needed.

Definition 2.7 A multivalued map G : X — P(X) is said to be convex (closed)
valued if G(z) is convex (closed) for all x € X. A multivalued map G is bounded
on bounded sets if G(B) = UzepG(z) is bounded in X for all B € Py(X) (ie.,

sup,cpi{sup{ly| : y € G()} exists).

Definition 2.8 A multivalued map G : X — P(X) is called upper semi-continuous
(u.s.c.) on X if for each zy € X, the set G(xg) is a nonempty closed subset of X, and
for each open set N C X containing G(zg), there exists an open neighborhood Ny of
xo such that G(Ng) C N. Moreover, G is said to be completely continuous if G(B) is
relatively compact for every B € Py(X).

Definition 2.9 Let G : X — P(X) be completely continuous with nonempty com-
pact values. Then G is u.s.c. if and only if G has a closed graph (i.e., z,, = Z«,yn —
Yus Yn € G(xy,) imply y. € G(x.)). We say that G has a fixed point if there is z € X
such that z € G(z).

We denote by Fix G the set of fixed points of the multivalued operator G.

Definition 2.10 A multivalued map G : J — P, (R) is said to be measurable if for
every y € R, the function

t—d(y,G(t)) =inf{ly — z| : z € G(¢¥)}
is measurable.

The following relationship between upper semi-continuous maps and closed graphs is
well known.

Lemma 2.3 ([18|) Let G be a completely continuous multivalued map with nonempty
compact values. Then G is u.s.c. if and only if G has a closed graph.

Definition 2.11 A multivalued map F : I x R — P(R) is said to be Carathéodory
if:

(1) t — F(t,u) is measurable for each u € R;
(2) u— F(t,u) is upper semicontinuous for almost all ¢ € I.

Moreover, F is said to be L!-Carathéodory if (1), (2), and the following condition hold:
(3) For each g > 0, there exists ¢, € L'(I,R) such that

|F(t,w)|lp =sup{|v] :v € F(t,u)} < ¢, for all |u| < g and for a.e. t el



NONLINEAR DYNAMICS AND SYSTEMS THEORY, 21 (1) (2021) 5

For each u € C(I,R), we define the set of selections of F by
Spouw = {v € LY(I,R) : v(t) € F(t,u(t)) ae. t € I}.

Let (X,d) be a metric space induced from the normed space (X,|-|). The function
H;:P(X)xP(X)— Ry U{oo} given by

H;(A, B) = max{sup d(a, B),supd(A4,b)}
acA beB

is known as the Hausdorff-Pompeiu metric. For more details on multivalued maps see
the books of Hu and Papageorgiou [1§].
In the sequel, we need the following fixed point theorem.

Theorem 2.1 (Bohnenblust-Karlin [13]) Let X be a Banach space and K €
Perco(X), and suppose that the operator G : K — P co(K) is upper semicontinuous
and the set G(K) is relatively compact in X. Then G has a fized point in K.

3 Main Results

We begin by defining what we mean by a solution, an upper solution, and a lower solution
to our problem.

Definition 3.1 A function u € C(I) is said to be a solution of (I))-(2) if there exists
a function f € Spo, such that CD(‘;‘u(t) = f(t) a.e. t € I and the boundary condition
L(u(0),u(T)) = 0 is satisfied.

Definition 3.2 A function w € C(I) is said to be an upper solution of f if
L(w(0),w(T)) > 0, and there exists a function v1 € Spoyw such that “Dw(t) > vy (t)
a.e. t € I. Similarly, a function v € C(I) is said to be a lower solution of (I)-(2) if
L(v(0),v(T)) < 0, and there exists a function vy € Spo, such that © DY (t) < va(t) a.e.
tel

We now present the main result in this paper.
Theorem 3.1 Assume that the following conditions hold:
(H1) F: I xR = Pepco(R) is Carathéodory;

(H2) There exist v,w € C(I), which are the lower and upper solutions, respectively, for
problem 7(@ such that v < w;

(H3) The function L(-,-) is continuous on [u(0), w(0)] x [u(T),w(T)] and is nonincreasing
in each of its arguments;

(H4) There exists | € L*(I,RT) such that
Hy(F(t,u), F(t,u)) <I(t)|lu —a| for every u,u € R,

and
d(0, F(t,0)) <I(t) ae. t € 1.
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Then the problem 7(@ has at least one solution u defined on I such that
v<u<w.

Proof. Consider the following modified problem

CD(‘;u(t) € F(t,7(u(t))), for a.e. t €1, (3)
u(0) = 7(u(0)) — L(u(0),u(T)), (4)
where
7(u(t)) = max{v(t), min{u(t), w(t)}},
and

u(t) = 7(u(t)).
A solution to (3)-(4) is a fixed point of the operator N : C(I) — P(C(I)) defined by

Nw)={h e C() : h(t) =u(0)+ (I2v)(t)},

where
vel{re g};w(u) cx(t) > v1(t) on Ay andz(t) < wva(t)on As},
S}%T(y) ={z e L*(I) : x(t) € F(t,(Tu)(t)), a.e. t €I},
Ar={tel ult) <o) <wt)}, Ao={tel v(t) <w(t) <u(t)}.

Remark 3.1 (1) For each u € C(I), the set Sp,_, is nonempty. In fact, (H1)
implies that there exists v3 € S},OT(H), S0 we set

UV =V1XA; + V2X A, + V3X Az,

where
As={tel:v(t) <ut) <w(t)}

Then, by decomposability, = € Szl«“or(u)-

(2) From the definition of 7, it is clear that F(-,7u(-)) is an L!-Carathéodory multi-
valued map with compact convex values and there exists ¢; € C(I,R™) such that

|E (¢, mu(t))||p < ¢1(t) for each u € R.

(3) Since 7(u(t)) = v(t) for t € Ay, and 7(u(t)) = w(t) for t € Ag, in view of (H3),
equation implies that

[u(0)] < [v(0)] +[L(v(0),v(T)| < [v(0)] + |L(u(0), u(T))| = [v(0)] on A,
and
u(1) = w(0) — L(w(0), w(T) < w(0) — L(u(0),u(T)) = w(0) on As.

Thus,
[u(0)] < min{|v(0)], |w(0)]}.
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Now set

t _ (a—1)

t

L= sup/ %dqs,
tel Jo Ly(a)

let
R := min{|v(0)], |w(0)|} + L||¢1 ] c0s

and consider the closed and convex subset of C(I) given by
B={uecC():||u/ew < R}.

We shall show that the operator N : B — P .,(B) satisfies all the assumptions of
Theorem The proof will be given in steps.

Step 1: N(u) is convez for each y € B.

Let hi, ho belong to N(u); then there exist vq, vy € g};w(u) such that, for each t € T
and any ¢ = 1,2, we have

hi(t) = w(0) + (Igvi)(t).
Let 0 < d < 1. Then, for each t € I, we have

t —gs)@b

(dhy + (1 — d)ha)(t) = u(0) + /o ( T, (a) [dvi(s) + (1 — d)va(s)]dys.

Since Spor(y) is convex (because F' has convex values), we have
dhy + (1 — d)hs € N(u).

Step 2: N maps bounded sets into bounded sets in B.
For each h € N(u), there exists v € S}%T(u) such that

t —gs)@=b

h(t) = u(0) Jr/o ( e

From conditions (H1)-(H3), for each ¢ € I, we have

f-go) b
Anmn'()%

—gs)@b

< win{o(0). o)) + [ I
< min[o(O)]. ()]} + L.

v(s)dys.

()] < [u(0)] +

lv(s)|dys

Thus,
7]l < R.

Step 3: N maps bounded sets into equicontinuous sets of B.
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Let t1, to € I with t; < to, and let w € B and h € N(u). Then

/t1 |(t2 _ qS)(a—l) _ (tl _ qs)(a—l)ly
0 Fq(a)

to ty — gs (a—1)
+ /t %u(s)dqs
1 q

t1 _ (a—1) _ _ (a—1)
</ |(t2 qs) (tl qs) |‘I/(S)|dq8
0 Ly(a)
2 |(ty — gs) 7V
+/ - |v(8)|d,s
W Tl M
" |(ta — gs) @7 — (1 —gs)l* Y|
<
<llorl | s 4y
2 |(ty — gs) 7V
+ H¢1||00/t T (O[) qu
1 q
— 0 as t1 — to.

|h(t2) = h(t1)] = (s)dqs

As a consequence of the three steps above, we can conclude from the Arzela-Ascoli
theorem that N : C(I) — P(C(I)) is continuous and completely continuous.

Step 4: N has a closed graph.
Let u, — u«, hy € N(uy), and h,, — h,. We need to show that h, € N(u.). Now

h, € N(uy,) implies there exists v, € §};OT(UH) such that, for each t € I,

t—gs)le=b

h(t) = u(0) +/0 ( ey Vn(8)dgs.

We must show that there exists v, € §}%T(u*) such that, for each ¢t € I,

t —qgs)@=b

h«(t) = u(0) +/O (Fq(a)u*(s)dqs.

Since F(t,-) is upper semi-continuous, for every e > 0, there exists a natural number
ng(e) such that, for every n > ng(e), we have

Un(t) € F(t, Tun(t)) C F(t,us(t)) + €B(0,1) ae. t€l.
Since F'(-,-) has compact values, there exists a subsequence v, () such that
Un, (1) = vi(-) as m — oo,

and
vi(t) € F(t,Tu.(t)) a.e. tel.

For every w € F(t, Tu.(t)), we have
[V (8) = v ()] < [vm,,, (1) = w] + [w — v (t)].

Hence,
Vi, () = vi(b)] < d(vm,, (1), F(E, Tus(t)).
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We obtain an analogous relation by interchanging the roles of v, and v. to obtain

Vi, (8) = va(O)] < Ha(F (8 Tun (1)), F (8 Tu (1)) < UE)][Yn = velloo-

Thus,
It —gs) ]
) =0 < [ ESETE () = o)l
q
t _ (a—1)
t
<t = el [ S
0 Ly(a)
Therefore,
t _ a—1)
|(t1 — gs) V)]
hn,, — P« < Jun,, — ux /—lsds%O as m — 00,
| oo < oo ; T, ) (s)dq

so Lemma |2.3| implies that N is upper semicontinuous.

Step 5: Every solution u of (3)-(4) satisfies v(t) < u(t) < w(t) for allt € I.
Let u be a solution of (B)—(). To prove that v(t) < u(t) for all ¢ € I, suppose this is not
the case. Then there exist t1, ta, with ¢; < g, such that v(¢;) = u(t1) and v(t) > u(t)
for all ¢ € (¢1, t2). In view of the definition of 7,

“Dou(t) € F(t,v(t)) for all t € (t1, t2).
Thus, there exists y € Spor(y) With y(t) > vi(t) a.e. on (t1, t2) such that
“Dou(t) = y(t) for all t € (ty, t2).

An integration on (¢1, t], with t € (t1, t2), yields

t —gs (a—1)
R

Since v is a lower solution of 7,

E g gg)(@—D)
v(t)—v(tl)g/ (trq()a)vl(s)dq, Le (b, ta).

From the facts that u(tg) = v(tg) and v(t) > vy (¢), it follows that
v(t) <wu(t) for all t € (t1, ta2).
This is a contradiction, since v(t) > u(t) for all ¢ € (¢1, t2). Consequently,
v(t) <wu(t) for all ¢t € I.
Similarly, we can prove that
u(t) <w(t) for all ¢t € I.

This shows that
v(t) <u(t) <w(t) for all t € I.
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Therefore, the problem 7 has a solution u satisfying v < u < w.

Step 6: Every solution of problem (@7 s a solution of 7@. Suppose that u
is a solution of the problem 7. Then, we have

CDg‘u(t) € F(t,7(u(t))) for ae. t € I,
and
u(0) = 7(u(0)) — L(u(0), u(T)).

Since, for all ¢t € I, we have v(t) < u(t) < w(t), it follows that 7(u(t)) = u(t). Thus, we
have
CD(‘;u(t) € F(t,u(t)) for a.e. t € I,

and  L(u(0),u(T)) = 0. We only need to prove that

v(0) < u(0) = L(u(0),u(T)) < w(1),

So suppose that
u(0) — L(u(0), u(T)) < u(0).

Since L(v(0),v(T)) < 0, we have
u(0) < u(l) = L(v(0),v(T)),

and since L(-,-) is nonincreasing with respect to both of its arguments,
u(0) < u(0) — L(v(0),v(T)) < u(0) — L(u(0),u(T)) < v(0).
Hence, u(0) < v(0), which is a contradiction. Similarly, we can prove that
u(0) = L(u(0),u(T)) < w(1).

Thus, v is a solution of (L)-(2).
This shows that the problem 7 has a solution u satisfying v < v < w, and
completes the proof of the theorem.

Remark 3.2 In the case where L(z,y) = ax — by — ¢, Theorem yields existence
results to the problem

CD{‘;u(t) € F(t,u(t)) for a.e. t€l, (5)

ay(1) = by(T) = c, (6)

where —b < a < 0 < b, ¢ € R, which includes the anti-periodic problem b = —a, ¢ = 0,
the initial value problem, and the terminal value problem.

4 An Example

Consider the following problem of a Caputo fractional i—diﬁerence inclusion of order
1
2

(*Diw) () € sy [u(®), 33(1 + ()], ¢ € [0,1],
(7)

u(0) +u(l) = 1.
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Set
Tt2

T 27(1 + u(®)])

and L(z,y) = —z —y +1 for z, y € R. It is easy to see that F': [0,1] X R = Pp cp(R) is
Carathéodory.

In order to see that (H2) holds, let v, w € C([0,1],R) be given by v(t) = ¢3 and
w(t) = t3. Now L(v(0),v(1)) = 0 < 0 and

F(t,u(t)) [u(t), 33(1 +u(t))], ¢ € [0,1],

(pio) (1) = %t? < m(m +310(t)) € F(t,0(t)).

Also, L(w(0),w(1)) =0 > 0 and

(CD?U) (t) = gt > T T (3+ 3w(t)) € F(t, w(t)).

9 27(1 + w(t))
Therefore, v and w are lower and upper solutions, respectively, for problem with
v < w. To see that condition (H3) is satisfied, note that L is continuous and

OL(z,y) B OL(z,y) B

= =-1 .
Or dy <0

Finally, for each u, @ € R and ¢ € [0, 1], we have

H(F(t,0), F(4, ) < 5-Flu—al and d(0, F(,0)) = |[F(,0)lp < 5-t%

so (H4) is satisfied with I(t) = =2
Consequently, all conditions of Theorem are satisfied, and so problem has at
least one solution u defined on [0, 1] with 2/t < u(t) < tv/t.

5 Concluding Remarks

In this paper the authors study the existence of solutions to a boundary value problem
for a fractional g-difference inclusion involving the Caputo fractional derivative. This
topic fits well in the scope of problems covered by the journal Nonlinear Dyamics and
Systems Theory.

This paper is the first attempt at using the method of upper and lower solutions to
study problems of this type. In order to illustrate the applicability of the results, an
example is given detailing how the various hypotheses are satisfied.
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