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Abstract: In this paper we apply a fixed-point theorem to study the existence and
uniqueness of a mild solution and the approximate controllability of a fractional order
impulsive differential equation with deviated argument in Hilbert spaces. An example
is provided to show the effectiveness of the theory.

Keywords: controllability; differential equations with impulses; deviated arguments;
fractional derivatives and integrals; semigroup theory; fized-point theorems.

Mathematics Subject Classification (2010): 93B05, 34A37, 34K30, 26A33,
47H10.

1 Introduction

Differential equations with deviated arguments have received considerable attention in
recent years due to their ability to generalize differential equations that show an un-
known quantity and their derivatives in different values of their arguments. It is an ideal
model for the study of automatic control theory, self-oscillating systems theory, long-term
planning problems in economics, etc. For more details about differential equations with
deviated arguments, we refer to the papers [8,/11}[15] and the references therein.
Interestingly, in this paper, we will enhance the study of differential equations with
deviated arguments by fractional calculus, which, in turn, is currently attracting consid-
erable interest from researchers, due to its wide range of applications in various scientific
and technological fields such as thermal engineering, electromagnetism, control, robotics,
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viscoelasticity, edge detection, signal processing, and many other physical and biologi-
cal processes. Fractional differential equations have also been applied in the modeling of
many physical and engineering problems. For more details, the reader is kindly requested
to go through [12}|]14[17] and the references therein.

On the other hand, impulsive differential equations have become the target of several
authors, mainly because of their ability to model processes that undergo sudden changes
of their states. They appear in nano-electronics, population dynamics, heat propagation,
electromagnetic wave radiation, control theory and pharmacology. See [1}3}4}/10,/18-20]
and the references therein.

Controllability of linear and nonlinear systems for various type of differential equa-
tions and inclusions was studied, on a large scale, using fixed point and semigroup theo-
ries, for more details the reader is kindly requested to go through [2,[5[7,/9,/13] in order
to know more details about these results. However, the controllability of fractional im-
pulsive systems with deviated arguments requires a lot of attention since it has not yet
received a careful study, and many aspects of this field have not been discovered yet.

In this paper, we consider the approximate controllability of fractional impulsive
differential equations with deviated argument of the form

CDx(t) = Ax(t) + Bu(t) + f(t,z(t), z(o(z(t),t))), t€[0,b],0<a<]1,
Az(ty) = Ig(z(tr), k=1,m, 0<t; <ty <- - <tpy <b, (1)
z(0) = xo,

where the state function () takes values in a Hilbert space E. ¢D® is the Caputo
fractional derivative of order a. The control function u(-) is given in L2([0,b], U), where
U is a Hilbert space. B is a bounded linear operator from U into E. The linear operator
A generates a strongly continuous semigroup (7'(t)),~, on E. f and ¢ are suitably
defined functions satisfying certain conditions to be specified in Section I, e C(E,E),
k=1,2,--- ,m, and Az(ty) = z(t]) — 2(ty) = () — ().

This paper is organized as follows. In Section [2] we introduce some notations and
necessary preliminaries. In Section [3| we prove the existence of mild solutions for control
systems and we establish its approximate controllability. In Section [ an example is
given to illustrate our results.

2 Preliminaries

Let J =[0,0],0 <ty <ty <--- <tm <b and J =[0,b]\{t1,t2, - ,tm} C J. (E,|-])
is a Hilbert space and C(J, F) is the Hilbert space of all E-valued continuous functions
from J into F,

PC(J, E):{m :[0,0] = E; x € C(J/7 E),z(t}) and x(t; ) exist, z(t;) = z(tx),1 <k < m}7

PC(J, E) is a Banach space with norm ||z| = sup ||z(t)]],
teJd

D=Cp(J,E) = {m € PO(J,E) : |x(t) — «(s)|| < L|t — s|, Vt,s € J’}, (2)

where L is a positive constant. It is clear that D is a Banach space with the sup-norm
]| = sup [lz(t)]].
teJ
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Definition 2.1 [17] The fractional (arbitrary) order integral of the function f €
L'([a,b],Ry) of order « € R, is defined by

1250 =55 | 18 g

a

where I' is the Gamma function, when a = 0, we write IZ f(t) = I*f(t).

Definition 2.2 [17] For a function f given on the interval [a,b], the Riemann-
Liouville fractional-order derivative of order « of f is defined by

@) = ot () / (1 — )" (s) ds,

here n = [a] + 1 and [«] denotes the integer part of o, when a = 0, D2 f(t) = D f(¢).

Definition 2.3 [17] For a function f given on the interval [a,b], the Caputo
fractional-order derivative of order a of f is defined by

t
DL = oy | = s,
where n = [a] + 1.

Definition 2.4 [16] A one parameter family (T'(¢));>0 of bounded linear operators
from FE into E is a semi group of bounded linear operators on F if

(1) T(0) =1 ( I is the identity operator in E ).
(2) T(t+s)=T(t)T(s), for every t > 0, s > 0 (the semigroup property).
A semigroup of bounded linear operators T'(¢) is uniformly continuous if
lim [[7(¢) — 1] = 0.

The linear operator A defined by

T —
D(A) = {x € E :lim W em’sts}

t—0
and T atrT
Az = lim Mz =z = D)z , for x € D(A),
t—0 t dt

t=0

is the infinitesimal generator of the semigroup 7'(¢), D(A) is the domain of A.

Definition 2.5 A mild solution of problem (1)) is defined as a function z(.) € D that
satisfies:

(i) z(0) = zp.
(i) Ax(ty) = T(e(t), k=1,2,- m.
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(iii) The restriction of z(t) to the interval J’ is continuous and the following integral
equation is satisfied:

z(t) =T(¢ :v0+ Z /tkfso‘ 'T(t — s)Bug(s)ds

O<tk<t

1 / a—1
+ o) /(t —8)*7 T (t — s)Buy(s)ds

ty

tr

+tE D / (tr —8)" 7Tt — 5)f (s, 2(s), a(p(x(s), 5)))ds

(a) 0<tr<t,”

1 : o1
+ @ /(t —8)Y T T(t— s)f(s,z(s), z((x(s),s)))ds

+ D Tt —te)k(a(ts)), 0<s<t<b, andt . (3)

0<tp <t

Let xp(xo;u) be the state value of at terminal time b corresponding to the control u
and the initial value xg. Introduce the set

R(b;z0) = {zb(ﬂfo;u) e LX(J,U)}

which is called the reachable set of system (1)) at terminal time b, its closure in F is
denoted by R(b, o).

Definition 2.6 The system is said to be approximately controllable on J if
R(b;xg) = E, that is, given an arbitrary € > 0, it is possible to steer from the point
xo to within a distance e from all point in the state space E at time b.

Consider the linear fractional differential system

{ CDYx(t) = Ax(t) + Bu(t), t€J=1[0,b,0<a <1, @)
z(0) = zo,

is approximately controllable. It is convenient at this position to introduce the control-
lability operator associated with , thus

b
e = / ) T(b— s)BB*T*(b — s)xds, for z € E.
0

For A > 0, we consider the relevant operator R(\;T'§) = (A +T§)~L. It is convenient
at this point to define the operators

b

1 oa— * *
I‘fk — m /(b —3) 1T(b — s)BB*T™* (b — s)ds,
tr
o F
t a— * ok
= @ / (ty, — 8)* T (ty, — s)BB*T*(ty — s)ds,
th—1

ROGTE )= (M +T ) tfor A>0,k=1,---,m,
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where B* denotes the adjoint of B and T*(t) is the adjoint of T'(¢). It is straightforward
that the operator I'} is a linear bounded operator.

3 Main Result

This section deals with the existence and uniqueness of mild solutions and approximate
controllability of the problem . Before stating and proving the main results, we intro-
duce the following hypotheses:

(H1) A generates a strongly continuous semigroup (7'(t))¢>o in the Hilbert space E (T'(t)

is compact for ¢ > 0) and there exists a constant M > 1 such that
IT@)|| <M forevery t>0

has an inverse operator 7! (¢) and there exists a positive constant ]\/4\1 such that
1T~ < M, for every t > 0.

(H2) The nonlinear map f : J x E x E — F satisfies the Lipschitz condition such that
there exist constants My = My (t,z,y,r) > 0 and My = M>(t,0,x,r) > 0, we have
for all z;, y; € B, 1 =1,2.

1781, 50) = f(tm2,9)l| < Ma{llar = 22| + llys = wa]]} for each t €
and max [ £(t,0,2(0))| = Ma.

(H3) ¢ : D xRy — Ry is globally continuous on E x R, and satisfies (-, 0) = 0 and
there exists a constant L, = L,(x,t,7) > 0 such that

lp(@,t) = @(y, 8)] < Ly {lle =yl + [t — sl}
for every z,y € B,, and t,s € J.
(H4) B is a bounded linear operator from U into E, such that ||B|| = M, for a constant
M > 0.

(H5) for each 0 < ¢t < b and t # tx,k = 1,---,m the operators AR(X\;I'} ) — 0 and
AR(A; [t ) — 0 as A — 0T in the strong operator topology.

te—1

(H6) There exist constants d, Ly, ¢, dy, > 0, k = 1, m, such that || I;(-)|| < dg, Y. dp =d,
k=1

i (z) — I(y)|| < Lg|lx — yl|, for every z,y € E, and > Ly =¢.
k=1

For brevity, let wy,ws be the positive numbers

M2~ — b
7M > M -
3 (IZbII + Mol + Mot 1)

« ba+l

M(rMy + M) + ————
(rM; + 2)+F(a—|—1)
o a+1

M? ~ ~—( _ b —
— MM — M (rM M: B
mAx L <”zb| erF(oz—Fl) (rMy + 2)+mF(a+1)

MM LL,(1 + L)) = w,

MM, LL,(1+ L)+ de) = wo,
and put

— b
MHmo”*Fm

(o7 (o1

A/I(TM1+M2+M1LL¢(1+L)) <
(5)

where r > 0 is a constant.
We denote B, = {z € D; ||z(t)|| <r}.
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Theorem 3.1 Suppose (H1) — (H6) and hold, moreover, let

_7/\ 7/\3/\/2
P= I‘(a—i—1)MM1(2+LLLP)()\F(O¢+1)M M +1)

b =~ = b*
T M@+ LLe) + M) ()\F(a =y

be such that p € (0,1). Then the problem s approximate controllable on J.

In this section, it will be shown that the system is approximately controllable if
for all A > 0, there exists a continuous function x(-) € D such that

z(t) = IL‘o+ Z / (ty — 8)* " 'T(t — s)Buy(s)ds

+m( ]\731\71J\72+1) (6)

1 ot
T T / (b= )" T(t = 5)Bua(s)ds
1 i a—1
e ng;t / (tk = 5)" T (t — 5)f(s,2(s), w(p(2(s), 5)))ds
1 ot
+ F(a)/(t —8)Y T T(t = s)f(s,z(s), z(e(x(s), s)))ds
+ D0 T = ) Ie(e(t) = 3(0) + 2(0). -
For k = 1,~~~ ,m, weput

t

) = T(t)z0 + ﬁ / (t — )Tt — 5) Bua (s)ds

1 a—1
+ F(a)t/(t —8)* T T(t— 8)f(s,z(s), z(p(z(s),s)))ds.

tr

E(t):r(a) > /(tkfs)a_lT(tfs)Buz(s)ds

tr

1 a—1
+@ > /(tk—S) T(t —s)f(s,2(s),z(p(x(s), s)))ds

0<ty<ty”

+ Y T(t—te) Ie(x(tr)).

0<tp<t
Proof. Transform the problem into a fixed-point problem. For A > 0, we define
the operators F)\,Gy : D — D as (Fhxz + Gxz) = x(t), where
t
_ I N A
Frx(t) =T (t)xo + () /(t $)*7"T(t — s)Bu(s)ds
th
t

1 a—1
+ (o) /(t —8)* T T(t—8)f(s,x(s), z(p(x(s),s)))ds, for k=1,---,m. (8)

ty
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Gra(t) = ﬁ S [ (-8 T — 5)Bo(s)ds
0<tp<ty”

i 2 / (5 — )77 ( — ) (s, 2(s), 2(p(a(s), 5)))ds

0<tk<tt

+ ) T —te)k(x(ty)), for k=1,--,m. (9)

0<t <t

We take the controls
u(t) = B*T*(b— t)R(A, Tt )p(x ("), (10)

o(t) = BT (6 — )T (b~ 5RO T, Ja(e()) (1)

where, for k=1,---,m

IN(e
Z Ly i t a=l7(p d
o) =3~ g 2 [ =510 = 9)1(5.206), 20 a(5), )
=Y T(b— ti)In(x(ty)), (13)
k=1

for any A > 0, we shall show that F\ + G has a fixed point on D, which is a mild solution
of the system (1f). Clearly, (Fhz + Gax) (b) = xp = Zp + Zb.

From and , we have

o~ —~

2 2 __ __
u(®)]] < MTMllp(fc(J)H; Jo(t)]] < %MlMllq(fv('))ll,

using (H1) — (H6) and (2)), we get

b
Ip(z(-)I < ||3b\|+||T(b)llllmoll+%/(5—8)“’1\|T(b = s)lllf (s, 2(s), 2(p(2(s), 5))) | ds
—~ b

< 3ll + M o] + A(i / 1275, 2(5). 2o (), )~ £ (5.0,2(0))|

- ||f<s,o,x<o>>||}ds

—~ b

< 1B+ B ol + g Ms [ (0=9)° (o)

ty
(0%

+ alila(s).9)=a(p((0). ) }ds + g MMy
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(63

b —
MMy + M
Tl 1y M+ M)

PN < (2]l + Mol +

—~ b

M a—1
* r(a)MlLt/(” — 5) Vp(a(s), s) — o(x(0),0)|ds
bOé

mM(TMl + MQ)

< |Z6 ]l + M|zol| +

—~ b

M a—1 — s s
+ ra ML [ 97 lats) — 2(O)] + lo}d

22
(e ba+1

b _
ot ) M+ M) + moms

in the same way for ¢, < b,k=1,---,m, we get

< |12l + Mllzo]| + MM LL,(1 + L),

(e o a+1
T Ni(rMy + M)+ m———
Tla s 1) MM+ Mo) +mprs

Thus there exist positive numbers wy, ws such that

g < N1zl +m MM, LL,(1+ L) +mMd.

= N
[u@)] < Aff\](“%ﬂ + Mol + mﬁ(ﬂ\ﬁ + My)
patl
+WMM1LL¢(1 + L)) = wi,
g . (14)
potl —

The proof will be given in two steps.

Step 1. F) + GG maps B, into itself.
Let z € B,. By (14), we have for each t € J

[(F52)(8) + (Gaz) O] < IT@lzoll + 75 Z / te — )Tt~ 9)[IBll]lo(s) | ds

1 / a—1
+ s [[6= T Bt s

ty

m

Z / te = 8)" Tt = )1 (s,2(5), 2(0(a(s), 5))llds

k:

1 a—1
@/(t = 8) Tt = )1 f (s, 2(s), 2(p(x(s), 5)))||ds

tk

+ 21T = tw) |k ().
k=1

+
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Using the same method to find ||p(z(-))|, lg(z(-))|| and (14)), we get

(o3

— b
< -
(e + Oxn) Dl < Mol + Frgy

(83

I'a+1)

]\//TM(mwg +wi) +mMd

+(m+1) M(er + M, +M1LL¢(1+L))

<r.

Thus, F\ + G maps B, into itself.
Step 2. We shall show now that the operator F) + G is a contraction mapping.
Let z,y € B,. By and , for each t € J, we have

t

[E (@) (8) = Ex(m)(D)] < ﬁ /(t =) T = )NIBIIBINT 6 = OIIIRA, T

ty

x (F(la) / (b— 1T - 7))

k

X {Hf(T: y(7), y(e(y(7), 7)) = f (7, 2(7), x(p(x(7), T)))II}dT> ds

1 t a—1
+ I‘(a)/(t—s) 1T = ) f(s,z(s), z(e(z(s),s)))

= F(s,9(s),y(e(y(s), 8)))ll ds

ba
<__ 7
~ Al(a+1)

b
M (g [ =97 {ls) o)1

(o1

< S M (g [0 0 {Ivte) - =60

+ (e ((s), ) — a(e(y(s), )|
+ llo(p(y(s). ) — alp(@(s), s))ll ds)

— t

g [ =97 {la) ~v(s))

_|_
ty

+ lz((z(s), 5)) — y(p(z(s), s))
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(o3

IF@0) - BOOI < S

M (s [ 0= (o)~ o))

+ (e(u(s), ) — 2(o(u(s), DI + Llg(y(s). 5) — o(a(s), )] }ds)
+pr [ =97 {lao) — wto)l

+ llz(p(x(s), 8)) — ylp(a(s), )l + Llp(x(s), ) — #(y(s), S)I}ds

b
(e

b TFATT2 1 a1l
< Srtas MM (g J =97yt ~ ()]

ty

+ 1y (y(s), ) = 2(@(y(s), )| + LLolly(s) — a(s)]| }ds)

t

M a1
+mM1/(t—s) {Hw(s)—y(s)H

ty

+ [lz(p(x(s), 8)) — y(p(a(s), 8))| + LLe[lz(s) — y(s)l| }ds
b2a

< —  _M'MPM(2+ LL,)|y —
— )\(F(a+l))2 1( + <P)Hy {E”
b —
+ WMM1(2+LL¢)||m—yH
b — b 3
< — MM (2+LL —M°M 1 — |
S Fagrn e “")(Ar(aﬂ) #1)lle —yl

On the other hand, we have

[(Gaz)(t) — (Gap) (D) < (ts =) T = ) BINB T (t — )]

kl
tp—1

17716 = te) IR, T )| < Z/ (te — )" LT — )|

tkl

XN (7 y(m), y(e(y(7), 7)) = (7, 2(7), 2(p(a(7), 7)) | dr
+ D IT0 = )l e (y(t) — Ik(x(tk)ﬂ) ds

k=1

z/ (tk =) M |IT(t ~ 5)]
X [ £ (s, 2(s), 2(p(a(s), ) — F(5,(s), y(p(a(s), )l ds
+ ST = )Tk (t)) — Ty (1))
k=1

<m(P(L]T/[\M1(2+LL(p)+Z/\4\€) (ﬁaﬂ)

P
MMM 1) —y||-
<m (57D A1) oy
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So, we write

[(Fxz + Gaz)(t) = (Fx + G () (O] < [[Ex(@)(8) + Ex(m) @) + [[GA(2)(E) = Ga(w) ()]

b* i b* 732
R e — - -
= {r(a+1)MM1(2+LL¢)(AF(Q+1)M M H)

e~ —
+ m(mMMl(Z + LL,) + MZ)
b a3~
U ANPMM?+1 —yl.
* (AF(a—i—l) LM )}”m i

From @, we have
[(EX + GA) () = (Fx + GA) W)l < pllz =y

So, for A > 0, we say the operator F\ + G is a contraction mapping on B,. Hence
there exists a unique fixed point « € B, such that (Fhx + Gxz)(t) = z(t). The unique
fixed point of F\ + G is a mild solution of on J, which satisfies x(b) = x;. Hence,
by the Banach contraction principle, the semilinear fractional system (|1)) is approximate
controllable on J.

4 An Example

Throughout this section, we provide an illustrative example to demonstrate the effec-
tiveness of the previously proven theoretical results using the heat equation, which is a
parabolic partial differential equation, to describe the physical phenomenon of thermal
conduction in a metal bar. Then, we consider an initial boundary value problem with
time-fractional differential equation of the following form:

o~ 0? .
37;’(7&,6) = a—g’;a,e) +u(t,€) +sin (|p(t,e)]) + (1+ @)’ R,

v(t,0) =v(t,1) =0, te][0,b],
v(0,e) = 1p(e), €€ (0,1),
Av(ty)(e) = s(|1/(tk)(€)| + etk), k=1,---,m,

where o € (0,1), and p : Jx(0,1) — (0, 1) is the control function and it is continuous.

e u(t,e) is the temperature at any point ¢ and any time ¢.

e Q(t,e) =sin (Jv(t,e)|)+ (l—l—e(”(t"s)))ﬁ is the heat energy generated per unit volume
per unit time.

If Q(t,e) > 0, then the heat energy is being added to the system at that location
and time, and if Q(¢,e) < 0, then the heat energy is being removed from the system
at that location and time.

e 1(t,0) and v(t, 1) are the temperatures at the ends of the bar. These are called the
boundary conditions.
To keep things simple, we will solve the IBVP for the heat equation with
v(t,0) = v(t,1) = 0°C. These are called the homogeneous boundary conditions.
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e 1(0,¢) is the initial temperature distribution. This is called the initial condition.

o Av(ty)(e) is the sudden instantaneous perturbation in heat distribution. This is
called the impulsive condition.

One end of the bar is assumed to be at €9 = 0 and the other is at ¢; = 1 (a long metal
bar of length |eg — 1| = 1). The bar is much longer than it is thick, so we can treat the
distribution of heat as a function of just ¢ and . Assuming that the bar specific heat
capacity is known, we will know how heat is distributed if we can find a function for the
temperature v(¢, ).

Now, we will satisfy the previous assumptions and theoretical results using the IBVP
and get the required controllability.

Set E = L? [(07 1)]7 and A: D(A) C E — F is an operator defined by

"

Av=w , we DA
with the domain

D(A) = {w € F;w,w are absolutely continuous, w € E,w(0) = w(1) = 0}.

Then -
Aw = ZnQ(w,wn)wm w € D(A),
n=1
where w, () = v/2sin(nz),n € N is the orthogonal set of eigenvectors of A.

It is well known that A is a generator of an analytic semigroup (T(t)) >0 i £ which

is given by

Tt)w = Z e_"2t(w,wn)wn, wek, t>0.
n=1

Further, for each t € J, we have T*(t)x = T(t)x, where x € E.
Therefore, for (¢,e) € [0,b] x (0,1), we have

z(t)(e) = v(t,e),
f@tv(t),v(a(v(t),1)))(€) = Q(t ),
1)) = ([t E)] + ), k=1,2,-,m,
Bu(t)(e) = p(t, ).

The system is the abstract form of .
We define an infinite dimensional control space as

U={u:u= Zunwn, Z lun|? < oo},
n=2 n=2
endowed with the norm |[ully = ( 3 |un|2)1/2.
n=2
Let B:U — E and -
Bu = 2uswy + Z Up Wy, -

n=2
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Then B is a bounded linear map and the adjoint is

B*v = (2v1 + v2)wa + Zvnwn.

n=3
Moreover,

B T*(t)y = (2yre™" +y2e Nwa + e
n=3

o0 o0
forv= > vpw, and y = > ypw,. For t € J, it can be shown that

n=1 n=1

> 2
1B T (1l = 0= 250 + e 2 + 3 lye " =0 = y = 0.

n=3

Therefore, by Theorem 4.1.7 [6], the linear system corresponding to is approx-
imately controllable. On the other hand, we have AR(A, I} ) — O,)\R()\,Hi’;il) — 0,
as A — 0T, for Kk = 1,--- ,m in the strong operator topology, which is a necessary
and sufficient condition for the linear system to be approximately controllable. Further,
the conditions (H1) — (H6) are satisfied. Hence, by Theorem the IBVP is
approximate controllable on J.

5 Conclusions

This paper focuses on establishing the approximate controllability of an impulsive frac-
tional semilinear system with deviated argument in Hilbert spaces through the applica-
tion of one of the most important results of the analysis and it is considered the main
source of the metric fixed point theory known as the ”Banach Contraction Principle”
that accompanied the formulation of a certain set of sufficient conditions. These ease the
proof of the existence and uniqueness of the mild solution attached to the system under
study.

In the future, we aim to expand this study by adapting some techniques used to
other ideas and extracting new results that show the effectiveness of this study and its
effect in the midst of scientific research. The closest result we would like to prove is the
establishment of the approximate controllability of an impulsive stochastic differential
system with deviated argument delay of fractional order.
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Abstract: In this paper, we study the persistence of asymptotic behavior of trajecto-
ries generated by the product of discrete-time dynamical systems and also generated
by conjugate systems as well, using some shadowing and bishadowing properties. In
particular, we establish a relationship between the asymptotic behavior of product
systems and their subsystems and give some new results in this direction. We also
show that bishadowing is invariant for the systems that are topologically conjugate
under certain conditions.
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1 Introduction

In recent years, the theory of shadowing has become a significant part of qualitative
theory of dynamical systems. It plays an important role in the investigation of stability
theory and asymptotic behavior of discrete systems, see also [2,[3]. It is usually used to
verify computer calculations of the system by ensuring the existence of the true trajectory
of the system close to the calculated trajectory (also known as the pseudo trajectory),
see [4,/15]. Shadowing firstly appeared in the work of Anosov [6], see also Bowen [7] and
is now developed as part of the global theory of dynamical systems, see Palmer [20] and
Pilyugin [21]. The relationship between pseudo trajectories and true trajectories became
more important particularly in chaotic systems.

Nevertheless, it is natural to pose the inverse problem: given a dynamical system
and a family of approximate trajectories, is it possible, for any true trajectory to find
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a close approximate trajectory? In general, the answer to this problem is yes, but in
practice, only approximate trajectories with specific properties are considered. This is
known as inverse shadowing. In the last three decades, shadowing and inverse shadowing
properties have been studied extensively by many authors and various extensions of these
concepts have also been obtained and applied for dynamical systems in different ways.
For example, the Lipschitz shadowing property |17], limit shadowing property [11], orbital
and weak shadowing properties [19], shadowing property for maps on Banach spaces [14],
asymptotic shadowing [21], average shadowing property for diffeomorphisms [22], pseudo—
orbit tracing property for flows [16], weak inverse shadowing [8], inverse shadowing for
set-valued systems [18] and continuous inverse shadowing [12]. A combination of the two
concepts of direct and inverse (indirect) shadowing, called bishadowing, was introduced in
[10], see also [9]. Bishadowing was considered for set-valued systems with an application
to iterated function systems in [1] and for infinite dimensional dynamical systems in [5].

The paper is organized as follows. Some definitions and preliminaries needed through-
out the paper will be given in Section [2 The results of bishadowing for the product of
systems will be established in Section [3|and those for conjugate systems will be given in
Section [l

2 Definitions and Preliminaries

Let (X,dx) be a metric space and let f : X — X be a continuous map from X into itself.
In this paper, we shall consider the discrete-time dynamical system on X generated by
f along with its iterates. That is,

fP=idx and  fTl=flof, i=0,1,2,--

We usually identify the map f with the dynamical system that generates.
A sequence {z;}°, C X satisfying ;41 = f(z;), ¢ = 0,1,--- is called a true trajec-
tory of (the system) f. While a sequence {y;}5°, C X satisfying

dx (f(yi),yiv1)) <6

for i = 0,1,--- and for some § > 0 is called a d-pseudo-trajectory of f. Note that a true
trajectory is also a d-pseudo trajectory with § = 0. The totality of all continuous maps
from the metric space X into itself will be denoted by C(X).

For a given € > 0, a d-pseudo trajectory {z;}5°, of f is said to be e-traced by x € X
if d(fi(z),x;) < e foralli =0,1,2,---. We say that the dynamical system generated
by f has the shadowing property if for each € > 0 there exists § > 0 such that every
d-pseudo trajectory is e-traced by some point x € X. We say that the dynamical system
has the inverse shadowing property if for any € > 0 there exists § > 0 such that for any
continuous map ¢ € C(X) satisfying sup,¢ yx d(f(z), #(x)) < ¢ and for any x € X there
exists a point 2’ € X for which d(f*(z'), ¢ (x)) <e,i=0,1,2,---.

We now give the definition of bishadowing of [10] in the context of a metric space.

Definition 2.1 A continuous map f : X — X is said to be bishadowing on a subset
K of X with positive parameters « and 3, ( or («, 3)-bishadowing), if for any given
é-pseudo trajectory y = {y;};o, of f in the set K with 0 < § < 8 and any continuous
comparison map ® € C(X) satisfying

5+ sup dx (2(2), /() < 6, (1)
zeX
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there exists a trajectory x = {z;};~, of ® in K such that

dx(wiy) <a (5 T sup dx<<1><x>,f<x>>) @)

zeX

for all 7 for which z; and y; are defined.
Note that the definition of bishadowing include both the direct shadowing by taking
as a special case ® = f and the inverse shadowing by taking 6 = 0 in Definition [2.1]

3 The Product System

Throughout this section, we consider two compact metric spaces (X, dx) and (Y, dy ) and
their product metric space X x Y with metric defined by

D((x1,1), (x2,y2)) = max {dx (v1,72),dy (y1,92) }

for (z1,y1), (z2,y2) € X x Y. We also consider continuous maps f: X —- X, g: Y —
Y, and the product f x g : X xY — X XY, where the product map is defined by

(f x 9)(z,y) = (f(z),9(y)).

The proof of the following lemma is straightforward, so will be omitted.

Lemma 3.1 Let v : X — X and ¢ : Y — Y be two continuous maps and let

a = sup,ex dx(f(z),%(x)) and b = sup,cy dy(9(y), ¢(y)), then for x € X andy € Y
we have

s fmax{dx (/(2), 9(@), e (9(0), @)} = max{a, b}

Theorem 3.1 Assume that both f and g are (a, §)- bishadowing with respect to the
comparison classes C(X) and C(Y'), respectively. Then the product system fx g is (a, 8)-
bishadowing with respect to the class C(X) x C(Y).

Proof. Let {(z;,y:)}2, be a d-pseudo trajectory of the map f x g, with 0 < § < 3,
and let ¢ x p € C(X) x C(Y) satisfying

5+ sup  D((f xg)(z,y), (¥ x @)(x,y)) < . (3)
(z,y)EX XY

Since { (x4, yi)}52, is a d-pseudo trajectory of the map f x g we have, for each i = 0,1, -,
that

max{dx (f(zi),rit1),dy (9(yi), yi+1)} = D((f(%i), 9(yi)), (i1, Yit1))
= D((f x 9)(®i,¥i), (Tit1,Yit+1)) < 6.

Thus, dx (f(x;),zi+1) < 0 and dy (9(yi), yi+1) < 9, for i = 0,1,---, which implies that
both {x;}5°, and {y;}$2, are d-pseudo trajectories of f and g, respectively. Since both
f and g are bishadowing, then for any 1) € C'(X) and ¢ € C(Y') satisfying

§ + sup dx (f(z),¢(z)) < B (4)
xeX
and
§ +supdy (9(y), ¢(y)) < B, (5)

yey
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there exist true trajectories {w;}2, of ¥ and {z;}32, of ¢ such that

dxlosw) < a (5 sup dx(F(2). 01 ) (6)
zeX
and
dy (yi, zi) < (5 + sup dy (9(y), @(y)) , fori=0,1,---. (7)

We may assume sup,.c y dx (f(x),9(x)) > sup,ey dy (9(y), ¢(y)), as the other direction
can be treated similarly. We consider the following three cases.

Case 1: For the values of i, for which dx(z;,w;) > dy (yi, z), and using the relation
@, we have

D((wi, yi), (wi, z:)) = max{dx (zi, w;), dy (yi, z:) } = dx (i, w;)
<a (6 + sup dx(f(@ﬂ/’(@)) :

reX

So, for every z € X, y € Y, and using Lemma we have

D((@s, 1), (wi, 22)) < (a T sup dx<f<x>,¢<x>>)

reX

o (54 max {sup dx (70,01, sup v (9(0). 00 |

zeX yey

rzeX,yeY

(67

(
o (4 s max{ax (@), v(o)). dr (o) w0} )

0+ sup  D((f x g)(z,y), (¥ x ¢)(z x y))) :

(z,y)eX XY

Case 2: For the values of i, for which dx(z;,w;) < dy (yi, ), and using the relation
(7)), we have

D((wi,yi), (wi, z:)) = max{dx (zi, w:), dy (yi, z:) } = dy (Yi, 2i)
< (64 sup v o). o)

yey

< (54 sup dx(70),0(2))).

zeX
From the argument of Case 1 above we obtain

D((zi,yi), (wi, z:)) < « <5 + sup  D((f x g)(x,y), (¥ x ¢)(z x y))) .

(z,y)eEX XY

Case 3: For the values of 4, for which dx (z;,w;) = dy (yi, z;), we have the same result
as in Case 1 and Case 2.
By combining the three cases, we have

D((zi, i), (wi, 21)) < (5+ sup — D((f x g)(z,y), (¢ x p)(z x y))) ;i=0,1,---.

(z,y)eX XY
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Finally, the sequence {(w;, z;)}2, is a true trajectory of ¢ x ¢ since

(Y x o) (wi, zi) = (P(wi), p(2i)) = (Wit1,2i41), 1=0,1,---.

This means that f X g is («, 8)- bishadowing with respect to the class C(X) x C(Y).
This ends the proof of Theorem 3.1} O
For the converse direction of Theorem we have the following partial result.

Theorem 3.2 Assume that f and g are both continuous and that the product system
f x g is (a, B)- bishadowing with respect to the class C(X) xC(Y). Then at least one
of the maps f and g is («, B)-bishadowing with respect to the corresponding class of
comparison maps.

Proof. Let {z;}2, and {y;}32, be d-pseudo trajectories of f and g, respectively,
with 0 < 6 < 8, and let ¥ € C(X) and ¢ € C(Y) satisfy the relations and ()
respectively. Then for ¢ = 0,1,--- we have the following estimates:

D((f x 9)(s,vi), (ig1,Yi41)) = D((f(2i), 9(¥i))s (Tit1,Yit1))
= max{dx (f(xi), Tit1), dv (9(¥:), yi+1)} < 0.

Thus, the sequence {(x;,y;)}52, is a d-pseudo trajectory of f x g and since f X g is
bishadowing, for any map ¢ x ¢ € C(X) x C(Y) satisfying the relation there exists
a true trajectory {(w;, z;)}52, of ¥ X ¢ such that

D((Iuyz)a(wlazl)) h e’ <5+ sSup D((f)(g)((ﬂ,y),(’(l)X(p)(l’,y))) s Z:0717 .
(z,y)EX XY

So, for every x € X, y € Y, and using Lemma we have

max{dx (z;, w;), dy (Y, z:) }

<a <6+( sup  D((f x g)(z,y), (¥ x w)(cv,y))>

JEX XY

=« (5 + ( sup  max{dx(f(z),¥(x)),dy(g(y), SO(Z/))})

)EX XY

— (54 max { sup e (70), w0 sup iy (50 901 } )

rzeX yey

These estimates imply the following three cases.
Case 1: If sup dx(f(z),¥(x)) > sup dy (g(v), ¢(v)), then we have
reX yey

dx (z;w;) < <5+ sup dX(f(x),w(x))> , 1=0,1,--, (8)

zeX

and hence f is (o, 8)- bishadowing with respect to C(X).
Case 2: If sup dx(f(z),¥(x)) < sup dy (9(v), ¢(v)), then we have
reX yey

dx (i, z) < « (6 - Sup dy(g(y),w(y))) , i=0,1,---, 9)
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and hence ¢ is (a, 8)-bishadowing with respect to C(Y).
Case 3: If sup dx(f(x),¥(z)) = sup dy (9(y), ¢(y)), then the relations in |Ej and (ﬂ)

are both satlsﬁed and Consequently, both f and g are («, §)-bishadowing with respect
to C(X) and C(Y'), respectively.

Finally, it should be mentioned that both {w;}2, and {z;}52, are true trajectories
of 1 and ¢, respectively, since

(V(ws), (2i)) = (¥ x p)(wi, zi) = (wig1, zig1), =0,1,--

This completes the proof of Theorem a

Now, we introduce the following definition of mutual bishadowing for a pair of systems
generated by the continuous maps f: X — X and g : Y — Y and then establish a result
that is related to the converse of Theorem B.11

Definition 3.1 The pair of systems (f,g) is called mutually bishadowing with re-
spect to the comparison classes C(X) and C(Y) of f and g, respectively, with positive
parameters « and 3 (or mutually («, 8)-bishadowing), if for any given §-pseudo trajecto-
ries {z;}2, and {y;}5° 0 for f and g, respectively, and for any ¢ € C(X) and ¢ € C(Y)
satlsfylng the relatlons and . respectively, there exist true trajectories {w;}$2; of
¢ and {z;}$2, of ¢ such that

i) < (54 max {sup dx (), (o)) swp s (o)) | ) (10

rzeX yey

and

dx(yi ) < a (6 n max{sup dx (7 (2), ¥(a)), sup dy (g(y), w(y))}) (1)

reX yey

fori=0,1,--- andz e X,y€Y.

In the context of the preceding definition of mutually bishadowing for a pair of systems
generated by the continuous maps f : X — X and g : Y — Y, we have the following
result, which is an improved version of Theorem [3.2}

Theorem 3.3 The pair of systems (f, g) is mutually (o, 8)-bishadowing with respect
to the comparison classes C(X) and C(Y) of f and g, respectively, and with positive
parameters a and B if and only if f X g is bishadowing with respect to the comparison
class C(X) x C(Y).

Proof. Let {(z;,y:)}32, be a d-pseudo trajectory of the map f x g, with 0 < ¢ < 3,
and let ¢ x ¢ € C(X) x C(Y) satisfying the relation (3)). It follows from the proof
of Theorem [3.1] that both {z;}32, and {y;}2, are d-pseudo trajectories of f and g,
respectively. Since the pair of systems (f,g) is mutually bishadowing, then for any
Y eC(X)and p e C ( ) satisfying the relations and . ) there exist true trajectories
{wz}Z o of ¥ and {z;}3°, of ¢ satisfying the relatlons and (L1). Thus, using Lemma
1|and from the precedlng estimates we obtain for x € X andy € Y and fori=0,1,--
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that
maX{dX (xia wi)a dy (yi’ ZZ)}

< (54 max {sup e (1 0), w(0) sp (0. )} )

zeX yey

(z,y)EX XY

= (5 +  sup {max{dx(f(z),¥(x)),dy(9(y), @(y))}>

(z,y)eX XY

=a <5+ sup  D((f x g)(z,y), (¥ x ¢)(w7y))> :

Therefore

D((wi,41), (wi, 21)) < a <5+ sup  D((f x g)(z,y), (¥ x @)(w,y))> ;i=0,1,---.

(z,y)EX XY

This shows that the map f x g is (a, 8)- bishadowing with respect to the comparison
class C(X) x C(Y).

Conversely, let {x;}5°, and {y;}5°, be é-pseudo trajectories of f and g, respectively,
with 0 < § < 8, and let ¥ € C(X) and ¢ € C(Y) satisfy the relations and (J)),
respectively. From the proof of Theorem it follows that the sequence {(x;,y;)}2, is
a d-pseudo trajectory of the map f x g. Since the map f x g is («, 8)-bi- shadowing, for
any map ¥ x ¢ € C(X) x C(Y) satisfying the relation there exists a true trajectory
{(wi, z:)}32 of ¥ x @ such that

D((xiayi)a(wiazi)) <a <5+ sup D((fXQ)(x,y%(i/) ch)(:uy))) ) i:()v]-a"' .

(z,y)EX XY

Thus

max{dx (x;, w;),dy (yi, 2:)} < « ((5 + max{sup dx(f(z),¥(x)),

zeX

sup d () o) } ) i =01,

yey
This implies that
dx (s, wi) < a (a +max{sup dx (f(x), (), sup dy(g(y),w(y))}) ,
reX yeyY

and

i) < o (3 max {sup (7 (0), w0 sup (o), o) } ) 1= 01,

reX yey

Hence, the pair of systems (f, g) is mutually («, 8)- bishadowing. This ends the proof of
Theorem 3.3l O

Finally, for the continuous maps f : X — X and g : ¥ — Y, we relate mutual
bishadowing of the pair of systems (f, g) with bishadowing of f and g.
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Corollary 3.1 If both [ and g are (o, 8)- bishadowing with respect to the classes
C(X) and C(Y), respectively, then the pair of systems (f,g) is mutually («,S)-
bishadowing with respect to C(X) and C(Y).

Proof. The proof follows from Theorem and Theorem [3.3] O

Corollary 3.2 If the pair of systems (f,g) is mutually (c, B)-bishadowing with re-
spect to C(X) and C(Y), respectively, then at least one of the two maps f and g is
(o, B)-bishadowing with the same corresponding classes.

Proof. The proof follows from Theorem [3.2] and Theorem O

4  Topologically Conjugate Systems

If (X,dx) and (Y,dy) are two metric spaces and f : X — X and g : ¥ — Y are
two maps on X and Y, respectively, then we say that f and g are topologically con-
jugate if there exists a homeomorphism h : X — Y such that ho f = go h. If in
addition, h is uniformly continuous, then f and g are called uniformly topologically
conjugate, or simply uniformly conjugate. The two classes C'(X) and C(Y) are called
(C(X),C(Y))-topologically conjugate by h in the sense that individual maps in one class
are topologically conjugate to a map in the other class by h.

The following two results on invariance of the shadowing and inverse shadowing prop-
erties for topologically conjugate systems are standard in the theory of shadowing, see,
for example, [23].

Theorem 4.1 Let (X,dx) and (Y,dy) be metric spaces and let f : X — X and
g:Y =Y be two continuous maps. If f and g are uniformly conjugate then f has the
shadowing property if and only if g has the shadowing property.

Theorem 4.2 Let (X,dx) and (Y,dy) be metric spaces and let f : X — X and
g:Y =Y be two continuous maps. Assume that C(X) and C(Y) are (C(X),C(Y))-
topologically conjugate. If f and g are uniformly conjugate, then f has the inverse shad-
owing property with respect to the class C(X) if and only if g has the inverse shadowing
property with respect to the class C(Y).

For the invariance of («, 3)-bishadowing for topologically conjugate systems we have
the following result.

Theorem 4.3 Let (X,dx) and (Y,dy) be metric spaces and let f : X — X and
g:Y — Y be two continuous maps that are topologically conjugate by h : X — Y.
Assume also that C(X) and C(Y) are (C(X),C(Y))-topologically conjugate. If there
exists X\ > 1 such that

dx (2, 2") < dy(h(z), h(z")) < Ndx (2, 2"), for all ', 2" € X, (12)
then we have

a) If f is («, B)-bishadowing with respect to the comparison class C(X), then g is
(A, B)-bishadowing with respect to C(Y).

b) If g has the (o, A\3)-bishadowing with respect to C(Y), then f is (A, B)-bishadowing
with respect to C(X).
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Proof. a) Let {y;}32, be a d-pseudo trajectory of g with 0 < ¢ < 3, which implies
that dy (g(yi), yi+1) < 6, and let ¢ € C(Y") satisty

5+ sup dy (g(y), ¢(y)) < B. (13)

Note that condition is equivalent to the following condition:
dx (P (y),h M (y") < dv(y',y") < Mdx(h7H(y),h7H(y")  forally',y” €Y. (14)
Now,

dx (F(h ™ (i), b~ (yis1)) = dx (K (g(yi))s b~ (wig1)) < dy (9(i), yir1) < 6.

Hence {z;}5°, = {h " (y:)}2, is a d-pseudo trajectory of f. Let x € X and ¢ € C(X),
then using and the conjugacy h, we obtain

dx (f(x), ¢ (2)) < dy (h(f(2)), h(p(2))) = dy (9(h(x)), d(h(x))) = dy (9(y), (y)),
where y = h(x). This implies that

sup dx (f(x),¥(z)) < sup dy (9(y), #(y))- (15)
rzeX yey

From ([13) and and for any v € C(X), where ¢p = h™'o ¢ o h, we have § +
sup,cx dx (f(x),¥(x)) < B. Since f is (o, f)-bishadowing then there exists a true tra-
jectory {w;}$2; of ¢ such that

dx (24 wi) < (0 + sup dx (f(z),¥(2))) < a(d + sup dy (9(y), 6(y)))-

rzeX yey

Thus, using the second part of , we obtain
dy (yi, h(w;)) = dy (h(z:), h(w;)) < Aa(é + sup dy (9(y), (y)))-

yey
Note that {h(w;)}2, = {a;}2, is a true trajectory of ¢ since
d(ai) = ¢(h(wi)) = h(Y(wi)) = h(wit1) = ait1.
This ends the proof that g is (A, 3)-bishadowing with respect to C(Y'). O
0<9d

Proof. b) Let {z;}32; be a d-pseudo trajectory of f with 0 < § < f, which
implies that dx (f(z;),zi41) <6, and let ¢ € C(Y') satisty
6+ sup dx (f(z), ¢(x)) < B. (16)
zeX

Now, dy (g(h(z:)), h(zig1)) = dy (h(f(2i)), h(zis1)) < Mx(f(x;),ziv1), hence
dy (g(h(zi)), h(wit1)) < Ad.

It follows that {y;}52, = {h(x;)}2, is a Ad-pseudo trajectory of g. Now let y € Y and
¥ € C(Y), then using we have

dy (9(y), () < Adx (h™ (g(v)), L~ (¥ (v)))
= Mx(f(h™ (), p(h~ " (y))) = Mx (f(z), d(x)),
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where x = h~!(y). Therefore dy (g(y),¥(y)) < Mdx(f(x),d(x)) for every y € Y and
x = h~Y(y), hence

sup dy (9(y), ¥ (y)) < Asup dx (f(z), ¢(x)). (17)

yeY reX
From (16)) and we get for any ¢ € C(Y), where ¢ = ho ¢ o h=1, that

A + sup dy (g(y), ¥ (y)) < AB.
yey

Since g has the (o, AB)-bishadowing, there exists a true trajectory {z; }32; of ¢ such that

dy (Yi, zi) < a(Ad + sup dy (9(y),¥(y))) < (A + Ajg dx(f(z),(z)))

= Aa(d + sup dx (f(x), d(x))).

zeX

Thus, using we obtain

dx (i, h ™ (2)) = dx (W' (i), h ™1 (20)) < Aa(6 + sup dx (f(2), 6(2))),

zeX
Note that {h71(2;)}52, = {bi}52, is a true trajectory of ¢ since
o(bi) = p(h™1(z1)) = B ((z1)) = ™ (2i41) = biga.
This shows that f is (Aa, 8)-bishadowing with respect to C(X). O

Remark 4.1 In the preceding theorem, if A = 1, then we conclude that the map
f: X — X is (a, B)-bishadowing if and only if g : Y — Y is («, 8)-bishadowing.

5 Conclusion

We have obtained some results regarding the asymptotic behavior in product and conju-
gate dynamical systems using bishadowing properties in Theorems Corollar-
ies and Theorem [£.3] These results generalize some existing results, for example,
Theorems and This is due to the fact that the concept of bishadowing relies on
two ways of comparing the trajectories of the system, unlike the case of using the direct
shadowing or the inverse shadowing only.
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Abstract: A metal oxide is a compound containing oxygen and metal. Certain pure
metals can form different oxides, and oxidation of such metals produces a multilayer
oxide scale on the metal. In one of their publications, F. Gesmundo and F. Viani
qualitatively analyzed the parabolic growth of three-layer oxide scales on those metals
which can form three oxides. They obtained a non-linear three-dimensional dynamical
system as a model for the growth of such scales. In the present paper we generalize
this dynamical system of Gesmundo and Viani to n-dimensions; we then qualitatively
analyze this n-dimensional dynamical system.
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1 Introduction

A metal oxide is a compound containing oxygen and metal. For instance, common rust
is caused by the oxidation of metal. Certain pure metals can form different oxides, and
oxidation of such metals produces a multilayer oxide scale on the metal, where the oxide
layer containing the highest concentration of metal is in contact with the surface of the
metal, while the oxide layer containing the highest concentration of oxygen is in contact
with the gas or oxygen to which the surface of the metal is exposed. In paper [4], F.
Gesmundo and F. Viani analyzed the parabolic growth of three-layer oxide scales on
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those metals which can form three oxides. They obtained the following non-linear three-
dimensional dynamical system as a model for the growth of such scales:
. Kl mq — 1 K2
g =mi5— — 5
2q: my 2qo
K1 <m1—1+m2> K2 m2—1K3

(1)

g2 =-—mi5—+
2q1 mi my
. mao K2 K3
G5 = -+ —
my 2q2  2q3

2> mo  2q3’

Here K; > 0 (¢ = 1,2, 3) are rate constants, mj, mo are parameters, ¢; > 0 is the weight
of oxygen contained in oxide ¢ per unit area, and ¢; (¢ = 1,2,3) is the derivative of g;
with respect to time, ¢.

In the present paper we present the following n-dimensional generalization of the
3-dimensional system . This n-dimensional dynamical system models the parabolic
growth of n-oxide scales on pure metals

. m;_— Ki, mi— -1 m; Kl ml—lKZ
i = ——— 1+< L ) it

. mp—1 anl Kn
G = =T I
Mp—2 2Qn—1 ZQn

Here, for ¢ = 1,...,n, K; > 0 are rate constants, m; are parameters (with mgo = 1), and
¢; is the weight of oxygen contained in oxide 4 per unit area.

Theorem below is the main result of the present paper; this theorem provides a
qualitative analysis of the n-dimensional system .

Theorem 1.1 Assume that in the dynamical system (@, we haven > 3, and m; > 1,

i =1,...,n. Then every solution p[0,a] = [0,a] = R}, 0 < a < 400, of @) extends

uniquely to a solution p : [0,4+00) — R}, such that tliI_El pi(t) = 400, i = 1,..,n,
—+00

and this solution is eventually monotone strictly increasing on [0 + 00). Moreover, the
system (@ has a unique parabolic solution ¢;(t) = c;\/t, ¢; >0,i=1,...,n, 0 <t < +oo.
Finally, if p: [0,+00) — R, is any other solution of @), then

lim [[p(t) —q(#)[| = 0.

t—+o0
2 Preliminaries

In [1], [2], and [3], the present author (et al.) studied the following n-dimensional non-
linear dynamical system, of which and are special cases:

n

Gi=-Y -2, qt)>0, i=1....n (3)

=1 U

In [3], we established the following key result ( [3], Corollary I).
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Theorem 2.1 Assume that the n X n matriz A = (a;;) in (@) satisfies the following
four conditions:

(i) det A#0 and a;; >0, fori#j;

(ii) A is irreducible;
(iii) for allx = (x1,...,2,) € R",, if z; 22‘;1 aijx; =0 fori=1,...,n, then x=0;
(iv) every real eigenvalue of A is negative.
Then every solution of (@ of the form

q=1(q1,.--,qn) : [0,a] = R, 0<a<+oo,
extends uniquely to a solution
q:[0,+00) = R", |,
such that
tiiglooqi(t) =00, 1=1,...,n.

Moreover, if r(t), t € [0,+00), is any other solution of (@) in R", |, then we have
lim [l q(t) —x(t) |=0.

t——+oo

Finally, if the matriz A is tridiagonal, then any solution solution, q(t), t € [0,+00) of
(@ in R", | is eventually monotonically increasing on [0, +00).

Definition 2.1 Let A = (a;;) be the tridiagonal matrix whose entries are defined as
follows, where the index ¢ has range 1 < i < n,

ik L_mio1kKs
1= 5 2=
_ omi1 K _ mi—1 — 1 m; \ K; - omy— 1 Ky
Gji-1 = ) aii = — + o Gl = T T
mi—1 2 mi_1 mi—1) 2 m; 2
o oMo Kna o Ky
n,n—1 Moo 2 ) n,n 2 .
Theorem 2.2 Let (z1,22, -+ ,2,) € Ry be arbitrary. Let 1 < j < n, and assume
that the following equations hold:
lel miq — 1 K2
0= — — 4
9 T T, 2 (4)
m1 K m;—1 mg\ K mo — 1 K.
0= b 1 pme) A2 M 73:173’
2 m my /) 2 my 2
i1 K, 11 K — 1K,
0= M=t Rj-1 j+<mj L m; >Jx]_ma j+13€j+1
ms_2 2 mij—1t mij—1 m; 2
Then we must have K e
_ m; ij o my - J+1$j+1. (5)
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Note that in terms of the matrixz A, the system can be written as follows:
n
=Y agap =0, i=1,--j. (6)
k=1

Proof. 1t is easy to prove this by using mathematical induction on 2 < j < n — 1.
O

Theorem 2.3 Let (r1,x2, - ,2,) € Ry be arbitrary. Let 1 < i < j < n, and
assume that the following system of equations is satisfied:

i1 K;_ i1 — 1 ; K; i — 1 K;
0— _ Mi—1 B 19314_1 T (m1 1 4 my; > 71171’ _my i+1 Titt, (7)
mi—1 2 mi—1 mi—1) 2 m;
K. 1 . K. 1K
0=—012 St (mﬂ ot ) 5 - i
mij—2 2 mj;—1 mj—1 2 m; 2

Then we must have

i1 K i1 — 1K, K 1K
L L i S BRI i WL B 92+1mj+1. (8)

0 =
mi_—o 2 mi—1 2 mj;—1 2 J m;

Note that Equation @ is equivalent to the following system:
n
=Y apkwr =0, p=i,---,j. 9)
k=1

Proof. This theorem is easily proved using induction on 3 < j <n. O

Theorem 2.4 For all (x1,--- ,x,) € R}, if

n
5 E aijx; =0, fori=,-- n,
Jj=1

then x; =0, fori=1,--- n.

Proof. Assume that

n
xiZaijmj:O, fori=1,---,n. (10)
j=1
One of the following cases must hold.—We will show that only Case 1 does not lead to
a contradiction.
Case 1: In this case, z; =0, fori=1,--- ,n.
Case 2: In this case,
x; #0, fori=1,--- ,n.

Then implies that

~Y aya; =0, fori=1,--- ,n—1. (11)

j=1
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Hence, by taking j =n — 1 in Theorem we see that @ implies

0= mMp—1 anl mMp—1 — 1 Kn
= Tpo] — —————— —— .
Mp_2 2 Mp—1 2
But also implies that
0= Mp—1 anlx —&{E
Mo 2 n—1 2 n-:

Adding together these last two equations produces

This contradicts the assumption that z,, # 0.
Case 3: In this case, for some 1 < j < n, we have

.’El,,l']#o, xj+17“';xn:0'
Hence implies that
*Zaikxkzoa ZZl?a] (12)
k=1

If =1, then is equivalent to

lel mi — 1 K2
0= T — —x2.
2 mq 2

_mi Ky

But if 7 = 1, then x5 = 0, so we get 0 = 21, which contradicts x; # 0. Hence in
we may assume that 1 < j < n. Then Theorem implies that

m; Kjx mj—lKj+1

= - Tj41-
mj;—1 2 J m; 2 J

By assumption, x4, = 0, hence we have

Oz‘mj & VR
mj—1 2

i.e., z; = 0. This contradiction shows that Case 3 can not hold.
Case 4: In this case, for some 1 < i < n, we have

Ty, Tim1 = 0@, T # 0.
Then implies that

—Zapkxkzo, pD=1i,,n. (13)
k=1

First, assume that i =n or ¢ =n — 1. If i = n, then z,,_; = 0, and implies that

Mp—1 anl Kn
—_— — —Tp.

0= -
M, 2 T




NONLINEAR DYNAMICS AND SYSTEMS THEORY, 20 (5) (2020) 495

K
This leads to the contradiction that —T"mn =0. If i =n—1, then implies that

M2 Ko My—2 — 1 Mp1\ Kno1 my,1 — 1K,

O - _771‘”—2 + + xn—l - 77%‘7“
mMp—3 2 Mp—2 mMp—2 2 mp—1 2
Mp—1 anl n

O=————2p1+ —x,.
My —2 2 2

Adding together these two equations, and taking into consideration that x,_o = 0, we

see that

Mp—1 Kn—l 1 Kn

—— ———Tp_1+ —Xp.
Mp—1 2

mp—2 2
This contradicts the assumption that z,_1,x, # 0.—Thus, we may assume that 1 < i <
n — 1. Then implies

0=

> aprzr =0, p=i,---,n—1. (14)
k=1

Now, allows us to apply Theorem to the case where 1 <1 < j=n—-1<mn,
producing

m;—1 K1 m;—1—1K; My1 Kp1 my—1— 1K,
- Ti—1+ —x; _n= "

0= _1
mi_o 2 mi—1 2 Mp_o 2 " Mp_1 2

But also implies that
mMp—1 Kn—l Kn

Tp—1+ —2n.

0=
Mp—2 2 2

Adding together these last two equations, we obtain

0 ms;—1 — 1 K’i 1 Kn
= — Ty
mi;—1 2 ¢ mMp—1 2 "
Hence, x;,z, = 0. This contradicts our assumption that x;,--- ,z, # 0. Therefore,

Case 4 can not hold.
Case 5: In this case, there exist 1 < i < j < n such that

Tiy =054, x5 # 052541 = 0.
Then implies that
n
—Zapkxkz(), p=1i,-,J (15)
k=1
Because implies @[), we may invoke Theorem obtaining
mi—1 Ki—l mi—1 — 1 m; Kj m; — 1 Kj+1
0=— - —x; — i11-
mi;—o 2 Tim1F mi—1 + mj—1 2 J m; 2 REAS

Because x;_1 = x;41, this equation implies that

o= M TR o m Ko
m;—1 2 mj—1 2
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But then we have the contradiction that x; = x; = 0. This shows that Case 5 can not
hold.

Case 6: In this final case, there exists 1 < i < n such that
i1 = 0;2; # 05241 = 0.
It then follows from that
mi— KZ', mi;_—1 — 1 m; Kz m; — 1 Kz
0= — 1 L1+ ( 1 i ) +1

—X; Tit1-
mg;—o 2 2 ! my; 2 s

mi—1 mi—1
Because z;_1 = x;4+1 = 0, we obtain
m;_1 — 1 m; \ K
mi—1 mi—1) 2

That is, x; = 0. This contradiction shows that Case 6 can not hold.
Because the above cases are the only possible cases consistent with assumption ,
we conclude that Case 1 must hold. This completes the proof of the theorem. O

Definition 2.2 Let B = (b;;) be the tridiagonal matrix whose entries are defined as
follows, where the index ¢ has range 1 < i < n,

my — 1
b1 = —my, big = ——;
mi
My _ m;—1—1 m; ~omy— 1K
bii—1= ) bi; = — + ) biiy1 = ;
mi_1 mi—1 mi—1 m; 2
mp—1
bn,nfl = ) bn,n = -1
Mp—2
Note that
. K K
ABdlag<2,~~,; .
Define P = (p;;) to be following matrix:
1 my—1  (mi1—1)(ma—1) (m1—1)(ma—1)---(mn—1)
2 2mq 2mime T 2mimea My
my my my(ma—1) ma (ma—1)--(mp—1)
2 2 2ma o 2maoms---my,
ma ma ma ma(mz—1) - (mn—1)
p— 2 2 2 e 2z
Mn—1 Mn—1 Mn—1 mnfl(mn_l)
2 2 2 T 2moy,
My My My My,
2 2 2 aE 2

Observe that the entries of P are given by

2m,my 1

it if 1<j<i<n.

mi,l(mi—l)m(mj,l—l) . < . . < .
Pl_':{ , i 1<i<j<m

Theorem 2.5 The matrices B and P satisfy
I

BP = ——.
2

Hence B is invertible, with inverse

Bl =—-2P.
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Proof. We must prove that for all 1 <¢ < j <mn,
1
(BP)ij = =503

The following cases exhaust all possible cases for the pair 1 <1i < j < n.
Case 1: In this case, : = 7 = 1. We then have

(BP)11 = b11 P11+ b1aPoy
m;  mp—1my
o _7 mi 7
1

5"

Case 2: In this case, i = 7 = n. Then

(Bp)nn - bn,n—lpn—l,n + bnnPnn

mMp—1 mn—Q(mn—l - 1) mp—1

My —2 Myy—1 2
- Mp—-1 — 1 Mp—1
2 2
1
=5

Case 3: In this case, 1 < i =j < n. We then obtain

(BP)ii =bii—1Pi—1,i + by Py + bi i1 Piya

 omi_ymi—a(mi—q — 1) (mil -1 LM ) mi—1 | my—1my

m;—2 2m; 1 mi—1 mi—1 2 m; 2
_mi,1—1 mi_1—1+my m; — 1
-2 2 2
_ 1
=5

Case 4: In this case, 1 <i+1 < j < n. We obtain

(PB)ij = bij—1Pi—1; +biiP;j + bi i1 Piv1j

_ My mi—p(miog — 1) (myog — 1) (m“ -1, mi ) "
mi_o 2mi_1 - mj_q m;—1 mi—1
mi—1(m; —1)---(mj_1 — 1) n mi(miy1 —1)---(mj_1 —1)
2m; -+ mj_q 2Mig1 - My
(mi_y —1)---(mj_1 —1) (m; —1)---(mj—1 — 1)

= = ([mi—1 = 1] +my) +

Qmi-nmj,l 2mi~-mj,1
(m; —1)(mip1 —1)---(mj—1 — 1)

—+
2mi+1 e mj71

=0.
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Case 5: In this case, 1 <i < j =1+ 1 <n. We then have

(PB)ij = bii—1Pi—1, + bii Pij + b; i1 1Pig1j
=bi—1Pi—1,i+1 +biiPiiv1 + biiv1Pit1,i+1

- m; — 1 mi_g(mi_l - 1)(7’77,z — 1) (mi_l -1 + m; ) mi_l(mi — 1)

m;_o 2m;_1m; mi_1 mi_1 2m;
m; —1my
T 2
_ (mij—1 — 1)(m; — 1) B (mij—1 — 1)(m; — 1) s (m; — 1) N (m; — 1)
2m; 2m; " 2my 2
=0.

Case 6: In this case, we have 1 = 1 < 2 < j < n. We see that

(BP);j = (BP)1; = b11Pjj + b2 P

(mi—1)---(mj—1 —1)  my—1mi(mg—1)---(mj_1 — 1)
ml e mj—l ml m2 “ e mj—l

=0.
Case 7: In this case, 1 =i < 2 =j < n. We then obtain

(BP);j = (BP)12 = b11 P12 + b12Pao

my — 1 mp—1m
(m=1) o = Tmy

mq mq 2
=0.

Case 8: In this case, 1 < j < i < n. We then have

(BP)ij = bii—1Pi—1,; +bii Pij + bi i1 Py j
_MiciMi—a (Mg — 1 mi \ mi—1 | my —1my
m;_—o 2

+
mi_1 mi—1 2 m; 2

mi—1  (mi—1—1+m;) m; —1

2 2 2

=0.
Case 9: In this final case, 1 < j < i = n. Consequently,

(Bp)ij = (BP)nj = bn,n—lpn—l,j + bnnPnj
_ Mp—1 Mp—-2 Mp—1

My —2 2 2
= 0.

The proof of the theorem is now complete. O

Theorem 2.6 FEvery real eigenvalue of the matriz A is negative.



NONLINEAR DYNAMICS AND SYSTEMS THEORY, 20 (5) (2020) 499

Proof. We apply Gershgoin’s Circle Theorem to the transpose of A, concluding
that the eigenvalues of A are contained in the union of the following closed disks in the
complex plane:

m1 K m1 K
Dy: center = — L 1, radius = — 1;
2 2
mi_1—1 m; K; mi_1—1 m; K;
D;centerz—( il + l)l,radius:( il + z)l,1<i<n;
mi_; mi_1) 2 mi_; mi_1,) 2
K Mp_1 — 1 K
D,,: center = ——=, radius = M
mp—1 2

Because m; > 1 for i = 1---n, these disks are all in the closed left half-plane, hence all

eigenvalues have non-positive real parts. By Theorem the matrix B is invertible, and

K K, . .
hence A is invertible, because A = B diag <21, e ,2>, with K; > 0,i=1,--- ,n.
Therefore, all real eigenvalues of A are negative. O

Theorem 2.7 The matriz A satisfies conditions (i)-(iv) of Theorem 2.1]

Proof. By Theorem A is invertible, hence condition (i) of Theoremis satisfied.
Because A is tridiagonal and a;; # 0 whenever |i — j| = 1, condition (ii) of Theorem [2.1
holds. By Theorem condition (iii) of Theorem is satisfied. Finally, Theorem
implies that condition (iv) of Theorem holds. O

3 Proof of Theorem [I.1]

In this section we prove Theorem We first prove that under the hypothesis of
Theorem there exists a unique parabolic solution of . We prove the remainder of
Theorem [I.1] by an application of Theorem

The next theorem is a key to proving the existence of a parabolic solution of . The

following notation is used. We denote by A™ the standard m-simplex, i.e., the set of all
m—+1

points X = (21, ,Zm41) € R”}fl such that > x; = 1; we denote the boundary of
i=1

A™ by OA™. Let eq = (1,0,---,0),- -+ ,emy1 = (0,---,0,1) be the standard basis for

A™. For1<i,j <m+1, welet [e;, ;] be the boundary simplex determined by the pair

ei, ej, that is, [e;, e;] is the convex hull of the pair e;, e;. Observe that 0A™ is the union

of all the boundaries [e;, e;], i # 7, 1 <i,j <m+ 1.

Theorem 3.1 Let f: A™ — A™ be a continuous map which maps each vertex to
itself and each edge into itself. Then f(A™) = A™.

Proof. Standard theorems in algebraic topology show that any extension to the
simplex, of a continuous map of the boundary of a simplex to itself having nonzero
degree, must map onto the simplex. By looking at each edge it is easy to prove that the
restriction of f to the boundary is a map of the boundary to itself which is homotopic
to the identity; it is well known that this implies degree 1. Therefore f is onto. O

Theorem 3.2 Define f = (f1,-+-, fn): A" = An7L by

n n n
fi(x): leP’U‘r] / Z.’L‘kzpijj ) X:(l‘l,"'7$n)€An_1,2'217'”,’[1.
j=1 k=1 7j=1
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Then f maps A" onto itself.

Proof. First of all, observe that f sends A”~! into itself, because the entries of P are
positive. It is easy to check that f is continuous and maps each vertex of the simplex to
itself and each edge of the simplex into itself. Therefore Theorem implies f is onto.
O

Theorem 3.3 There exists a unique parabolic solution of (@

Proof. Uniqueness: Let q = (q1, - ,¢n) and v = (r1,---,7,) be two parabolic
solutions of , with ¢;(t) = ¢;v/t,73(t) = div/t,c; > 0,d; > 0,i =1,--- ,n. By Theorem
the matrix A in (2) satisfies conditions (i)-(iv) of Theorem[2.1] hence by that theorem
we have t£+mm|qi(t) —ri(t)] = 0, for i = 1,--- ,n. But |g;(t) — m(t)] = Vtle: — di,
1=1,---,n. We conclude that ¢; = d;, for i = 1,--- ,n. Existence: Let K; be as in
and define y € A1 by

y:K/ Sk | it
J=1

Let f: A" 1 — A" ! be defined as in Theorem then by that theorem there exists
a point u € A"! such that y = f(u). Define ¢,n by

2 n 2

¢= ZKj son= ZuiZPijuj
j=1 j=1

i=1

Let ¢ = (¢/n)x. Then y = f(u) implies K; = ¢; > P;jcj, for i = 1,--- ,n. This last set
j=1

of equations is equivalent to:
1 = 1 ,
iciz—Zaij (Q), ’L:L'~-,n.
Jj=1

Define q(t),t € (0,+o0), by ¢i(t) = c;iv/t,i = 1,--- ,n. The preceding equations imply
that q(t) is a parabolic solution of . This proves the theorem. O

3.1 Proof of Theorem [I.1]

To prove Theorem let p(t) = (p1(t), - ,pa(t)), t € [0,a], 0 < a < 400, be a
solution of in R® . By Theorem the matrix A in satisfies conditions (i)-
(iv) of Theorem hence, by that theorem, there exists a unique extension of p(¢),
t € [0,a], to a solution p(t) = (p1(t), - ,pn(t)), t € [0,400), of (2) in R?_,, such that

lim p;(t) = 4+o00,i=1,---,n. Moreover, if r(t), ¢t € [0,00) is any other solution of ,

t—+4o00

then by Theorem we have
T [Ip(®) — x(0)]| = 0.

Because the matrix A of the system is tridiagonal, Theorem implies that the
extended solution p(t) is eventually monotone increasing on [0,4+0c). By Theorem
there exists a unique parabolic solution q(t) = (c1Vt, -+ ,caV/t), (c1, -+ ,cn) > 0, t €
(0, +00), of . This completes the proof of Theorem
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Abstract: The aim of this work is to present the notion of a conform semi-dynamical
system, unlike the concept of a dynamical system, here we can work with the continu-
ous functions. Some examples are presented to illustrate the result of the autonomous
case.

Keywords: conform dynamical systems; orbit; omega-set limit; autonomous system.

Mathematics Subject Classification (2010): 37-XX, 37Cxx, 34Cxx, 34Dxx.

1 Introduction

Fractional calculus is generalization of ordinary differentiation and integration to arbi-
trary non-integer order. The subject is as old as the differential calculus, starting from
some speculations of G.W. Leibeniz (1967) and L. Euler (1730) and since then, it has
continued to be developed up to nowadays. Integral equations are one of the most use-
ful mathematical tools in both pure and applied analysis. This is particularly true for
problems in mechanical vibrations and the related fields of engineering and mathematical
physics. We can find numerous applications of differential and integral equations of frac-
tional order in finance, hydrology, biophysics, thermodynamics, control theory, statistical
mechanics, astrophysics, cosmology and bioengineering. We recall that the fractional par-
tial derivatives are difficult to handle analytically, especially those describing real world
processes, and the researchers sometimes have to rely on the numerical methods to solve
these equations. One of the well-known fractional derivatives is the Riemann-Liouville
fractional order derivative, which is not always appropriate for modeling real world prob-
lems. The second one is the so-called Caputo derivative, this one is opposite with relation
to displaying physical field complications and has been intensively used for this purpose.
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However, new derivatives should be proposed in order to deal better with the dynam-
ics of the complex systems [9,/11]. In [§] the authors give a new definition of fractional
derivative and fractional integral. The form of the definition shows that it is the most
natural definition, and the most fruitful one. The definition for 0 < a < 1 coincides with
the classical definitions on polynomials (up to a constant). Further, if & = 1, the defi-
nition coincides with the classical definition of the first derivative. They presented some
applications to fractional differential equations. A. Atanagana in [3] investigated in more
detail some new properties of the conform derivative and has proved some useful related
theorems. Dynamical systems as a generalization of solutions of ordinary differential
equations are already a classical subject in the mathematical literature. Its systematic
generalization to systems with nonunique solutions was developed by Barbashin [7]. We
note that this study depends on the nature of derivative, our objective is to give the ana-
logue with the conform derivative, in order to weaken the hypothesis of class C functions
in continuous functions.

The paper is organized as follows. After this introductory section, we will present
and demonstrate some properties concerning the conform derivative in Section 2. The
definitions of a-semi-dynamical system, orbit and omega-set and their properties are
given in Section 3. The last Section 4 contains qualitative studies of autonomous system
in dimension 2.

2 Conform Fractional Derivative

In this section, we will give some definitions and properties concerning the new derivative
important in the following.

Definition 2.1 (see [8]) Let a € (n,n + 1] and f : [0,00) — R be n-differentiable at
t > 0, then the conformable fractional derivative of f of order « is defined by

{F)(t) = tim, o L0 p)(0) = T, fO(0).

€

Remark 2.1 (see [§]) As consequence of the previous definition, one can easily show
that
F ) =gtz (),

where a € (n,n + 1], and f is (n + 1)-differentiable at ¢ > 0.
In [3] we find the following proposition.

Proposition 2.1 [3] We have the following properties:
1. (af +bg)'™ = af@ 4 bg(®),

2. (f9)' = fg + fg'),

3. (t7)\ ) = ptr—e,

/. (i)(a) — f“”gfzfg(")

g g 7

5. IfceR, ¢ =0.
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Proposition 2.2 If z is a continuous map, then t — () (t) is a continuous map.

Proof. Since x is a continuous map, t € R} — » (t + etl_a) is continuous, thus
V5 >0, Ja > 0,
z(t+et=) —a (to + ety )
€

|

whenever |t — to| < «, by passing to the limit ¢ — 0 we get |2(®(t) — 2(¥) (t5)] < B as
desired.

| <8,

Proposition 2.3 Let f : X — X be a Lipschitziane map, i.e.,
|f(z) = f(y)] < klz—y|, Ve,y € X and k €]0,1]. The Cauchy problem

e (t) = f(x(t), t>0,
1’(0) = Zo,

has a unique solution.

Proof. By Proposition x is continuous, the sequence x,1 = f(z,) is a Cauchy
sequence, since R is a complete space, then z, converges to the unique solution of (1).

Definition 2.2 (see [8]) Let a € (1,2], (I*f)(t) = [; s* 2f(s)ds.

Theorem 2.1 (see [§]) (I° ) (t) = f(t) for t > 0.

Example 2.1
_ nt2n+a

e (=D
I°(6in(0) = X Gn Ty @ T 1

n=0

where a € (1,2).

Definition 2.3 (see [6]) Let o > 0. For a Banach space X, a family {T'(¢)}+>0 C
L(X,X) is called a fractional a-semigroup if

1. T(0) =1.
2. T ((S-i—t)é) =T (si) T (té)7 for all s,t € [0, 00).

Example 2.2 Let A be a bounded linear operator on X. Define T'(t) = e>Vi4 Then
T(t);so isa 3 semigroup. Indeed,

1. T(0) = e’ =1.

2. Vs, t €[0,00), T ((s +1)?) = 204 = 2424 = T ()T (2).

Definition 2.4 (see [6]) An a-semigroup T'(t) is called a cp-semigroup if, for each
fixedz € X, T(t)xr >z ast — 0.

The conformable a-derivative of T'(t) at ¢t = 0 is called the a-infinitesimal generator of

the fractional a-semigroup 7T'(¢), with the domain equal to {$ € X: 71111(1J T(t)x exists }
—
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3 Conform Fractional Dynamical Systems

3.1 Definition and examples
In this subsection we will introduce the notion of a-dynamical system.

Definition 3.1 Let X be a complete metric space. An a-semi-dynamical system is
a couple (X, 7, ), where X state space of the system. Each point of X is a state of the
system, and 7, : Ry x X — X satisfies

7(0,2) =z, Vo e X,
Wa(t,ﬂa(s,z)):ﬂa(t+s,3}), Ve e X,t,s > 0.

Example 3.1 1. Here X is a Banach space. Let f : X — X, be a Lipschitzian
map, i.e., |f(z) — f(y)| < klx — y|, Vz,y € X and k €]0,1[. The Cauchy problem

2@ (t) = f (x(t)), t>0,
z(0) = zo.

has unique solution. The mapping 7, (¢, xg) = = <t§> defines an a-semi-dynamical
system.

2. Here X = C([0,1],R), X is a Banach space. For all f € X, we define m,(t, f) by

Ta(t, f)(s) = f(min ((té + S),l)), 0<s<1

We will demonstrate that this corresponds well to the a-semi-dynamical system.

3.2 Orbit of a-semi-dynamical system

The term orbit generally refers to the image (in the state space) of a solution. It is
defined as
O(z) = {ma (t,x), t > 0}.

Definition 3.2 A point x € X is said to be a critical point if 7, (¢,2) = z.
Example 3.2 We take (®) (¢) = z(t) —22(t), 2 = 0 and & = 1 are two critical points.

Definition 3.3 A point x € X is said to be a periodic point if there is 7 > 0 such
that my, (t + 7,2) = 74 (£, ).

Remark 3.1 z € X is a periodic point if and only if 7, (7, 2) = .

Proposition 3.1 Let x be a periodical point of w,, of period 7. It goes through one
and only one periodic solution, of period T, defined on R.

Proof. The mapping defined by

u(t) = Ta(t,z),Vt >0,
N To(t + n1,2),¥t € [-n7,(—n+ 1)7[, n €N,

is a periodic extension of 7, (¢,z) on R. We get u(t + s) = mo(s,u(t)), ¥t,s € R.



506 M. ELOMARI, S. MELLIANI AND L.S. CHADLI

3.3 Omega-limit set

We will discuss some properties of the Omega-limit set related to the orbit. We will start
by the following definition.

Definition 3.4 Let x € X. The Omega-limit set, denoted w(z), is defined as
w(z) = {y = lim 74(tn,x): t, — 00, such that ﬂ'a(tn,x)converge}.
n—oo

Remark 3.2 We can write

w(x) = m ﬂ-a([tn’ OO[,X),

>0
where 7o ([t,, 0o, X) is the closure of 74 ([t,, 0o, X).
We will etablish several properties of the Omega-limit set.
Lemma 3.1 w(z) is closed, and satisfies
y € w(z) = 7o (t,y) € w(x).

Proof. Tt is closed because there is an intersection of closed parts.
For all s > 0, we have

o (S,w(x)) C ﬂﬂ'a(s,ﬂ'a([t,oo[,X))
C [)7a([t, o0, X)

C w(z).

Lemma 3.2 If O(x) is precompact, then w(zx) # 0.

Proof. The sets 7y ([t,00[, X) are compacts, whose finite intersection can not be
avoided, thus w(z) # 0.

Proposition 3.2 If O(x) is precompact, then w(x) is a compact susbset, connected.

Proof. By Proposition then w(x) is an intersection of compacts, thus it is a
compact. It remains to demonstrate that it is connected.

Theorem 3.1 If O(x) is precompact without double point (i.e., Vi1 < ta, mo(t1,2) #
T (t2,x)), then w(x) \ O(z) is dense in w(x).

Proof. We have the following alternative: O(z) Nw(z) = 0, in this case the result is
clear, or O(x) Nw(z) # 0, in this case we get m, ([T, 00[, X) C w(x), for some 7 > 0. On
the other hand we can write

w(@)\ O(z) = [w(z) \ ma([0, 7], 2),

each w(z) \ 74 ([0, n], z) is open in w(z) which is compact, then it is complete. Using the
Baire theorem we conclude that each w(x) \ m4([0,n], z) is dense for all n € N.

Since for all y € w(x), and € > 0, there is t > maxn, 7, such that d (7. (t,2),y) <, it
becomes that 7, (¢,2) € w(x) \ /(x), which proves the density of 7, ([0, n],x) in w(x).
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4 Fractional Autonomous Differential Systems
The purpose of this section is to study the following system in dimension 2, first we begin

with some notion
2 () = £ (2(1)). (2)

where f: Q C R" — R",  is open and f is a Lipschitzian map on €2 and differentiable
at 0.

4.1 Definitions and notations
Definition 4.1 An equilibrium point of is a point xg such that f(xzq) = 0.
Remark 4.1 If zg is an equilibrum point of then ¢t — x¢ is a solution of .
Definition 4.2 Let ¢ be an equilibrum point of (2). We say that:

1. zq is stable if for all € > 0 there is n > 0 such that, if = is a solution of which
for to satisfies |x(to) — x| < m, we have

e 1 is defined for all ¢ > tg,
o |z(t) — xo| < e for all t > tg.

2. x is not stable if xq is stable,
3. x is asymptotically stable if
e 1 is stable,

o lim; o z(t) = xo.

4.2 Qualitative study of linear systems in dimension 2

In this subsection we consider the following differential system:
x(a)(t) = Ax(t), (3)
where 7 : R — R? and A is a constant matrix in Mz (R).
Remark 4.2 zy = 0 is a stable point of (3).
Before we study the above mentioned system, let us first solve the following equation:
2 (t) = ax(t), (4)
where a € R and z : R — R.

We put ¢o(t) = e=!", it is clear that ¢q is a solution of (4).
Let ¢ be another solution, we get

(2@ gy = 2 eul®) = 810 $(t) _ ag(t)po(t) — ag(t)po(t) _
b0

(do(1))? (¢0(t))?

Then d)i is constant, which implies that ¢(t) = ce=t”, where ¢ € R. The trajectories of
the system depend on the nature of the eigenvalues of the matrix.
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Case 1. Let v; and vy be two eigenvectors of A associated, respectively, with two
eigenvalues \; and Ay, note that (v, vs) is a basis of R?. Let P be the transit matrix
from the canonical basis to (v1,v2) and we put © = Py, where z = (21, z2), y = (y1,¥y2),

we get P~1AP = ( A 0 ) The system is written as

0 A
y*) = Dy,
Al o
t) = 0,5t

where D = ( >E)1 )(\) ) It becomes n(®) yéegta,

2 yi(t) = yze =

Example 4.1
0 0i5 | 15

Figure 1. Ay < A\; < 0. The equilibrium point is asymptotically stable.

[
L
/

=4
O

Figure 2. Ay > A\; > 0. The equilibrium point is not stable.
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0 0i5 | 15 :
E
gél

Figure 3. Ay > 0 > \;. Saddle point.

The trajectories described in Figures 1,2,3 are the curves given in parametric
e A2 po

coordinates y; (t) = y?eéTl and yy(t) = y9e=

Case 2. Let Z = u+ iv be a complex eigenvector of A associated with the eigenvalue
A =mn—1i0. We have Au = nu + dv and Av = —du + nv. Thus (u,v) is a basis in which
the matrix is writen as follows: ( ? ;5 ) If we denote by P the transit matrix from

the canonical basis to (u,v), and we put = Py, we get

y2(t) = Reat" sin (2t — ) .

@

{yl(t) = Rea'" cos (gto‘ - <,0) )

;=0

(SIS

Example 4.2 In this example we take o = %, 0=

G

5
O

Figure 4: n < 0. The equilibrium point is stable.
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th

5
O

Figure 5: n > 0. The equilibrium point is not unstable.

Remark 4.3 If n = 0, then y} +y3 = R~

Conclusion

This study is a basic idea for beginning the study of dynamical system in the conform
frame.
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Abstract: In this paper, we study the existence of almost periodic solutions for a
class of nonlinear Duffing system with time-varying coefficients and Stepanov-almost
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1 Introduction

In recent years, various kinds of dynamic behaviors of nonlinear Duffing equations have
been investigated by many authors due to its applications in many fields such as physics,
mechanics, engineering and other scientific fields, for example, see [4,5,/14]. In such
applications, the existence of almost periodic solutions for nonlinear Duffing equations
is an important topic. Many authors have studied the existence of periodic and almost
periodic solutions of nonlinear differential equations, for more details we refer, [1H3L(6L/9}
11/13,|15H18| and the references cited therein.

Peng and Wang [13] considered the following model for a nonlinear Duffing equation
with deviating argument

u(t) + et/ (t) — au(t) + bu™ (t — ¢(t)) = (1), (1)

* Corresponding author: mailto:magboolkareem@gmail.com

(© 2020 InforMath Publishing Group/1562-8353 (print)/1813-7385 (online)/http://e-ndst.kiev.ua512
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where ¢(t) and ¥ (t) are almost periodic functions on R, m > 1 is an integer, and a, b, ¢
are constants. By considering

v=u'+E&u—Qi(t), Qa(t) = Y(t) + ( — c)Qu(t) — Q1 (1), (2)

where @Q1(t) is a continuous and differentiable function on R and £ > 1 is a constant,
Peng and Wang [13] transformed into the following system of differential equations

(1) = —(c — )o(t) + (a + £(c — E)ult) — bum(t — 6(8)) + Qal), ®)

and then proved the existence of positive almost periodic solutions of , and . Xu [15]
extended the system to the following nonlinear Duffing system with time-varying
coefficients and delay

{u’(t) = —&u(t) +v(t) + Q1(t),

{uf(t) = —01(t)u(t) + v(t) + Qu(t) (4)

() = d2(t)o(t) + [u(t) — 03 ()]u(t) — v(t)u™(t — 6(t)) + Q2(t),

where u(t),v(t), ¢(t),01(t), d2(t), Q1(t), Q2(t) are all almost periodic functions on R, m
is an integer with m > 1, u(t) > 0,v(t) # 0, and established some sufficient conditions
for the existence of almost periodic solutions of .
In this paper, we extend the systems and to the following Duffing system
u'(t) = —fi(t)u(t) + v(t) + Fu(D), (5)
v'(t) = —fa(t)u(t) + [a(t) + f3(O)]u(t) — BE)u™ (t = 6(t)) + Fa(t),

where fi(t) is a bounded continuous function on R with inficr f1(t) > 0; f2(), a(?),
B(t), #(t) are almost periodic functions on R; Fy(¢), Fz(t) are Stepanov-almost periodic
continuous functions on R, and inf;eg fo(t) > 0, m > 1 is an integer.

In |150[16L|18], the authors considered the following almost periodic system

() = A)x(t) + f(t), teR, (6)

where f : R — R"™ is an almost periodic function and A(t) is an n x n almost periodic
matrix defined on R, to prove the existence of almost periodic solutions for a class of
nonlinear Duffing systems. In this paper, we first study the existence of almost periodic
solutions of @ when f : R — R" is a Stepanov-almost periodic continuous function
and A(t) is an n x n bounded continuous matrix defined on R satisfying some suitable
conditions, and using these results we find sufficient conditions for the existence and
uniqueness of almost periodic solution of . Finally, we provide an example to illustrate
the results.

2 Preliminaries

In this section we give some basic definitions, notations, and results. In the rest of this
paper R stands for a set of real numbers. We let x = (21,72, ,7,)T € R" to denote a
column vector, in which the symbol ()7 denotes the transpose of a vector, and if z € R",
then we define ||z|| = maxi<i<n |2



514 MD. MAQBUL

Definition 2.1 A continuous function u : R — R" is said to be almost periodic if for
every € > 0 there exists a positive number [ such that every interval of length [ contains
a number 7 such that

lu(t+7) —u@)|| <e VteR.

Lemma 2.1 If u : R — R” and g : R — R are almost periodic functions, then
u(-—g(+)) : R = R™ is also an almost periodic function.

For a detailed proof of the above lemma see |7, Lemma 2.4].
Throughout the rest of the paper we fix p,1 < p < oo. Denote by LY. (R;R") the

loc
space of all functions from R into R™ which are locally p-integrable in the Bochner-

Lebesgue sense. We say that a function, f € L} (R;R™) is p-Stepanov bounded (SP-
bounded) if

t+1 1/p
7l =sup ([ 1r@lras) " < oc
teR t
We indicate by L2(R;R™) the set of all SP-bounded functions R into R™.

Definition 2.2 A function f € LE(R;R"™) is said to be almost periodic in the sense
of Stepanov (SP-almost periodic) if for every e > 0 there exists a positive number [ such
that every interval of length [ contains a number 7 such that

1/p

o ([ 16547 - slspras) <

teR
Lemma 2.2 ( [12]) Let A(t) = (a;;) be an n x n continuous matriz defined on R. If
(i) A(t) is bounded,
(ii) |det A(t)| > Kk on R for some k > 0,

(1) a;;i(t) <0 fori=1,2,--- ,n and for allt € R,
() |ai;| > Z laj;| for alli=1,2,--- ,n and for allt € R,
j=1,j#i
then there exist positive constants M, vy, and the fundamental solution matriz X (t) of
the linear system
2'(t) = A(t)z(t), teR, (7)
satisfying
I X)X (s)|| < MeT ) for t>s. (8)

In the rest of the paper, we assume that A(t) satisfies all conditions given in Lemma
2.2

Lemma 2.3 ( [8]) Let f : R — R™ be a continuous function. Then the solution
z:R—R"™ of @ is given by

z(t) = X() X (a)z(a) +/ X)X 1(s)f(s)ds, t>a, acR. (9)
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Lemma 2.4 If f : R — R" is an SP-almost periodic continuous function, then the
function A : R — R"™ defined by

At) = [ X(OX1(s)f(s)ds, tER,

is an almost periodic function.

Proof. We consider

Then

t—k+1
IO < [ XX @)p ) s

t—k+1
-1
< /H IX X ()£ (5)]ds

t—k+1

<M eV £ () ds
t—k

t—k+1 1/(] t—k+1 1/p
<u( [ e ([ serds)
t—k t—Fk

Me—'vk Vera — 1
vay

£ lls-

oo

Since the series Ze"yk is convergent, from the Weierstrass test it follows that the

k=1
n

sequence of functions Z Ak (t) is uniformly convergent on R. Thus we have
k=1

A(t) = i Ay(t).
k=1

Let € > 0. Then there exists a number [ > 0 such that every interval of length ! contains
a number 7 such that

t+1 /
sup ([ 7t +7) = fo)Pas) " < e

teR

where

€§/q7

M(er —1)(¢err = 1)

0<e <




516 MD. MAQBUL

Now, we consider

[Ak(s +7) = A ()]

s+7— k+1 s—k+1
= /+ X+ DXT (@ (2)dz - /% X(s)X7(2) f(2)dz]
57k+1 ) s—k+1

= || » X(s—1-7'))(71(2—&—7')]“(2’—1—7')dz—/71C X(5)X 7 H2) f(2)dz||
SS—k-‘rl ) s—k+1

= || B X(s)X(T)X—l(T)X—l(z)f(z+7')dz—/_k X ()X~ (2)f(2)dz|
‘ s—k+1 s—k+1

=/ ‘H$X*@ﬁ@+TMz—/ X (5)X () f(2)dz

s—k

s—k+1
S/ IX ()X IF(r+2) = f(2)]ldz

—k
s—k+1

<M e A f(r + 2) — f(2)||dz
s—k

s—k+1 1/ s—k+1 1/

<u([ et ([ e - s pa)
s—k s—k

s—k+1 1/ Me 7k (erv — 1

qu(/ eﬂwwua‘lfle %ﬁz)

< €.
s—k

Therefore,

oo

M qv_
D lAk(s +7) = Aus)| < Lze * e

k=1
Hence, A(t) is an almost periodic function.

Lemma 2.5 If f : R — R" is an SP-almost periodic continuous function, then the
system (@ has an almost periodic solution x : R — R™ if and only if

xﬂz[rX@XAQﬁ@@,teR (10)

Moreover, the system @ has a unique almost periodic solution.

Proof. Let x : R — R™ be an almost periodic solution of @ Then
t
z(t) = X)X a)z(a) +/ X)X Y (s)f(s)ds, t>a, acR.
a

For t > a, we have

X)X (@)z(a)ll < Me™ =V a(a)|

< Me 79 gup ||z (t))).
teR

Therefore,
lim [ X(t)X ™! (a)z(a)] = 0.

a—r — o0
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Hence,

t):/_ X()X~(s)f(s)ds, tER.

Conversely, let x : R — R™ be a function satisfying the integral representation .
Then, by Lemma , « is almost periodic. For t > a, we have

= [ X)X s)f(s)ds

/aoo X)X ds+/ X(t )f(s)ds

= X(t )X*l(a)/ X(a)X~! ds+/ X(t )£ (s)ds
= X(H)X / X(t )f(5)ds.

Hence z is an almost periodic solution of @ Suppose x and y are two almost periodic
solutions of @, then u = x — y is an almost periodic solution of , hence u = 0. Thus
(@ has a unique almost periodic solution.

3 Main Result

In this section, we prove the existence of almost periodic solution of .
Consider the following assumptions:

(H1) m > 1is an integer, 1 < p < oo and ¢ is the conjugate index of p.

(H2) f1(t) is a bounded continuous function defined from R into R, and
infier f1(t) > 0.

(H3) fa(t), alt), B(t), ¢(t) are all almost periodic functions defined from R into R, and
infier f2(t) > 0.

(H4) Fi(t), Fa(t) are SP-almost periodic continuous functions defined from R into R.

Consider the following notations:

o1 = tllelﬂfgﬁ( ), 0 ggﬂgfz(t), 6 =min{é1, d2},
u « 2
ezmax{%’ sl + BOLE O, i + 0]+ i)
q qd _
A= V2D sl s [ Fallse )

© Ygd(ed — 1)

We indicate by E the set of all functions of the form (t) = (p1(t), p2(t))?, where
©1(t), p2(t) are almost periodic functions defined from R into R. Then F forms a Banach
space with respect to the norm || - ||g given by

Il = max { sup |1 (0], sup |2 (1) |-
teR teR
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Theorem 3.1 Suppose the assumptions (H1)-(H4) hold, and the positive constants

A0 and o satisfy

max{l,0} <4, <1, (11)

1-0
then there exists a unique almost periodic solution of system in the region
. D)
E* = {SOEE: H‘P_QPOHES m}

where
T

t t
ooty = ([ Tnsp s, [ eSO R )
Proof. Since m > 1, we have

sup(la(t) + f3 ()] + 1B(1)]) < ig}g(la(t) + 2] +mlBH)]),

teR

hence § < max{%, 2} < 1. Clearly, E* is a closed convex subset of E. We consider

t t
leolle = max{sup| e e @2 gy (6)ds), sup | e~ I 2B By (5)ds|)
teR —o0 teR —00
t t
< max{sup/ eI fl(z)dZ|F1(s)|ds,sup/ e Ji 22 By (6)|ds)
teR J —oo teR J—oo
t t
< max{sup/ e_fst5d2|F1(s)\ds7sup/ e ) 94z oy (s)|ds}
teR J —oco teR J—co
t t
< max{sup/ e_é(t_s)|F1(s)|ds,sup/ e 909 | Fy(s)|ds}
teR J —oo teR J—o0o
0 nt—k+1 S
= max{sup / e 9|y (s)|ds,
00 -kl St
—o(t—s
sup / e |Fy(s)|ds}
tesz::I t—k
00 pt—k+1
< max{supZ(/ e 0= ds) 9| Fy || s,
terR 15 Ji—k

o] t—k+1
sup 3 / (=95 ds) /|y o0}
k=1 t—k

S Al S I Fals)

q/(eq6
max{[|F1| s, [ F2 [ sr} = A

_ 1)
/qd(e® — 1)

:ma{

Therefore, for any ¢ € E*, we get

A

2
< <—4+A=—< 1. 12
lelle < lle = wolle + lleolle < =5 + 3= 175 < (12)
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Now, let ¢ € E, and consider the following nonlinear system

( o ) - ( Y _he ) ( o ) * ( palt) s ) SNGE)

where 1 (t) = (a(t) + f3 ()01 (t) — B(£)T" (t = ¢(t)) + Fa(t). By Lemma 2.1} o1 (t — (1))

is almost periodic, and hence ¢(¢) is a Stepanov-almost periodic function. Since the

matrix ( _fé(t) fO ) > satisfies all conditions given in Lemma by Lemma
—J2

the system has a unique almost periodic solution and is given by

t
/ e I N0y (5) + Fi(s))ds
t ..
/ e~ i (=5 (5)ds

. . . u®(t)
Therefore, for each ¢ € E, has a unique almost periodic solution ( v? (1) > .

Define amap T : E — E by

To prove T is a self-mapping from E* into E*, we consider, for any ¢ € E*,

1Te — voll&
t t
= max{sup | e I fl(z)d'z(pQ(s)dSL
teR —00
t
sup | e L@ (o) + f3(s))er(s) — Bls)et (¢ — (s))ds|}

t
< max{sup/ 6751(t73)||g0||Eds,
teR J —co

sw/ 2= (ja(s) + F2(s)) I ¢lls + 1B(s)] I ell]ds}

teR J —co

t t
<msfpup [ e Ddsgp [ o) + 560 + B

teR teR
< max( L, Mren o) BOLH 8O0y
< mas( L, W)+ BOLHIBOD
= fllgls < <2

Therefore, T maps E* into itself. Next, we prove that T is a contraction mapping from
E* into itself. For ¢, € E*, we have
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IT(p) = T()ll e

t t
=max{sup| [ e [ O [py(s) — po(s)]ds|,sup | [ e S 2 (as)
teR — 00 teR

+ f3(5))(pr(s) = 91(s)) = B(s)(@1' (s — () — 9" (s — b(s)))]ds|}

¢ ¢
< max{sup | e~ Je 51dz||<p—¢||15ds,2uﬂ1g/ e I 20 a(s) + f3(s)| x
€

teR J—-oco —00

lp1(8) = ()] + [B()[[T"(s — d(s)) — ¢T" (s — &(s))1ds}

t

1
Smax{g”@*w\\migﬂg/ e la(s) + f2(s)llle — e + 1B(s)]x

—0o0

(Ier(s = () = (s = A(s)I(I7" " (s = SN + 7" (5 = b(s)) ] x
[Y1(s = @(s)| + -+ + loa(s = A(s) [V (s = b(s))| + [ (s — (s))]))]ds}

t

1
SmaX{EH@—wHE,jgﬂg[ e a(s) + f3(s)lle — Yllm +18(s)|x

o0

le = vllelelz ™ + ez 1¢le + -+ lellelvlz = + lvlElds})

1 t
<wx(llo = vlsup [ e alo) + Ol - vl
+ml3(s)lllp — lslds)

< maX{iHﬁP — Y, k= sup(Ja(t) + f3(t)] + m| Bl — ¢l £}
o 02 teRr

—0o0

1 1

< max{<|lo = ¥le 5 il@lﬂg(la(t) + O +mB®Dlle - ¥l e}
11

< max{ <, < sup(|a(t) + f3(t)| + mlB(®))}He — ¢lle
0 0 teRr
1l o

= max{5, THlle — lls

Since max{%, %} < 1, T is a contraction map on E*. Therefore, T has a unique fixed

point *(t) = (u*(t),v*(¢))T € E*, ie., To* = *. By (13), ¢* satisfies (f]), hence ¢* is
an almost periodic solution of the system in E*.

4 Application

Example 4.1 The following nonlinear Duffing equation with time-varying coeffi-
cients

u”(t) + (20 + sint + sint?)u/(t) + (100.5 4+ 10sint — sin® ¢ + sin ¢ sin t* 4 10 sin t2
+ 2t cos t?)u(t) + 0.5 cos t(u®(t — sint) — sint — 10) — 0.5sin V2t = 0 (14)

has at least one almost periodic solution.
Proof. Consider

v(t) = u'(t) + (10 + sint?)u(t) — 0.5 cost, (15)
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then we can transform into the following system of differential equations
u'(t) = —(10 + sint?)u(t) + v(t) + 0.5 cost,
V' (t) = —(10 + sint)v(t) + (sin® ¢t — 0.5)u(t) — 0.5 cos tu>(t — sint) (16)
+0.5sint + 0.5 sin v/2t.
Since f1(t) = 10 + sint?, fo(t) = 10 + sint, a(t) = —100.5 — 20sint, B(t) = 0.5cost,

Fi(t) = 0.5cost, Fp(t) = 0.5sint + 0.5sinv/2t, ¢(t) = sint, p = 2, m = 3, we have
512522529,(]:2,

1 sup;ep(lo(t) + f3(8)] + [B()])

0 = max{g, 5 }
_ max{l, supyeg (| — 0.5 4+ sin? | +10.5 cost|)}
9 9
1 1 1
= max{§, §} = §

Since
0 < ||Fillgz <sup|0.5cost| =0.5 and
teR

0 < || Fa|lg> < sup(]0.5sint + 0.5sinv/2t]) =1,
teR

/(e = 1)

0O<A = WmaX{HFmS”?”FQHSP}
(el® —1) (e'®—1)

= VB 1) max{|| F1[|s>, [ F2lls=} <
1) 1 1 3
—t )\2 < (67 = — [ — ——
S W@ -1 B @D "1

3 8 A
o< So1o AN

o = sup(|a(t) + f2(t)] + m|B(t)]) = sup(| — 0.5 +sin*#| + 3]0.5cost|) =2 < 9 = 6.
teR teR

Therefore, all the assumptions given in Theorem are satisfied, hence has at least
one almost periodic solution. Thus, the nonlinear Duffing equation has at least one
almost periodic solution.

VI8(e? — 1)

Remark 4.1 Notice that the function fi(¢t) = 10 + sint? is not almost periodic
and the coefficient of u(t) in is unbounded. Thus, the results of this paper are
substantially extended and improved the main results of [13}15}/16}18].

5 Conclusion

In this paper, we considered a class of nonlinear Duffing system with time-varying
coefficients and Stepanov-almost periodic forcing terms. We first considered the almost
periodic system @ with a Stepanov-almost periodic continuous forcing function and
then studied the existence of almost periodic solutions of @ Using these results, we
established some sufficient conditions for the existence and uniqueness of an almost pe-
riodic solution of the system . Finally, we provided an example to illustrate the main
result.
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Abstract: Practical implementation of synchronization schemes is important for
secure communication. With many systems available, simple systems with varying
differences will prove pertinent in user identification and inter-operability of commu-
nicating units. The implementation of Chua’s circuit with different memristors is a
potential candidate for the realization of such units. In this paper, a general con-
trol function for the synchronization of two Chua’s circuits with similar or dissimilar
memristors was developed. Three different memristor circuits were considered in this
paper. Numerical simulation of the proposed control function was carried out and
the performance of different memristors in the similar and dissimilar configuration
was considered.

Keywords: memristor; active control; Chua’s circuit; synchronization.
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1 Introduction

The application of chaotic systems in secure communications has led to the development
of several synchronization schemes. Initially, synchronization of chaotic systems was be-
tween two identical systems [1] before it was extended from two different chaotic systems
to the increased and reduced order synchronization between two systems [2], increased
and reduced order between three or more systems [3}|4], synchronization of fractional
order systems [5], delay differential equations, discrete chaotic systems, and electronic
realization [6].
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Different types of synchronization such as complete synchronization, lag synchroniza-
tion, generalized synchronization, projective synchronization, and function projective
synchronization have been developed. There exist several synchronization techniques
including the active control, backstepping, Open-Plus-Closed-Loop (OPCL), recursive
active control. Studies have shown that the active control method has better perfor-
mance for integer order [7] and fractional order systems [5].

Implementation of synchronization is required for real time applications in secure
communication. Electronic circuit design and implementation of chaotic systems are im-
portant in the understanding of dynamic systems and practical implementation. The
discovery of chaos in electronic circuits by Chua [8] initiated a new line of research [9.
Chua’s chaotic circuit has been extensively studied with several modifications. Combina-
tion synchronization of memristive circuit was realized through the diffusive and negative
feedback coupling [6], time delayed sliding mode synchronization in a novel chaotic mem-
capacitor |10], design of low dimensional fractional order nonautonomous system based
on the Chua system [11], experimental realization of synchronization in a network using
Chua’s circuit [12].

The main goal of this paper is to investigate the behaviour of different memristors
under synchronization using an active control method. The performance of different
memristors is important in real life implementation of synchronization for secure com-
munication. Hence, the speed of synchronization and fluctuations before synchronization
are considered in this paper. In Section [2| the system and different memristors to be
considered are discovered while the synchronization of the systems is discussed in Section
Results are presented in Section [4] and conclusions are given in Section

2 System Description

Chua’s circuit is given by the expression [13]
(y fx);

X y+z; (1)
y:

X
y
z

where X;y;z are state space of the system, and the piecewise linear function f (x) is
defined as
(y bx (b a); ifx< 1,
f(x)= (y ax); if 1 x 1;
(y bx (a b); ifx>1,
a; b; care constants.

By replacing Chua’s diode with a flux controlled memristor, Itoh and Chua [14]
transformed the canonical Chua circuit into a 4 D system of the form

y1 = Q%(yz y1) Cilylwi;

. 1 )

Y2 = @(yl y2) Ya 2)
1 ro

Y3 = EY2 EYS,

Y4 = Y1,
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where C1;Cy; L are the circuit elements and W; is the memductance. In this paper, the
synchronization of system (2) will be investigated under three different flux controlled
memristors.

2
1
>0
1K
-2
10
5
> 0
10
-5
Yl
Figure 1: Phase space realization of Chua’s circuit with a memristor of the form W; =  a+bjy.j,

where the values of a and b are taken as 0:6667 10~° and 1:4828, respectively.

2.1 Memristor of type I

By replacing Chua’s diode in Chua’s chaotic circuit with an active flux memristor, a new
memristor based chaotic circuit was obtained by [15] as

X= (y x W(Ww)Xx)
y=x y+z
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where W(w) = a+ bwj. The system was found chaotic for a wide range of values of
jwj. The circuit form was given and implemented by [16] as

dvy 1 /v, v« )

dt:Cl( = W( )V1>,

dvo 1 [vi Vv i)

dt_Cz( R 3)’ (4)
%:l(vg v1);

dat L Y

d .

a -

The phase space representation of this system is shown in Figure 1.

2.2 Memristor of type II

A memductance function of the form

w( =3O _ g 2 (5)

was introduced to extend 4D chaotic Chua’s circuit proposed in [17] to a 5D system
by [18]. The proposed systems thus became

- & xalt) - W)
dx;t(t) _ Clz( x3(t) + X4(t));
U _ Loty ) R o
dxa(t) _ Xo(t),
dt Lz
ngt(t) = Xy (t):

The system was reported to exhibit chaos for certain system parameters. The phase space
and dynamics of equation (2) with memristor of the form (5) is presented in Figure 2.

2.3 Memristor of type III

A dimensionless flux controlled memristor model with fifth order flux polynomial was
proposed by [19] as

X= (y+x W(Ww)x);

y=x+y z )
Z=Y z;

W = X;

where the memductance W () is defined as
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The phase space and dynamics of equation (2) with memristor of the form (8) is presented
in Figure 3.

3 Synchronization

Theorem 1 If the drive and response systems of the form (2) have the memristive el-
ements given byW, and WX, respectively (wherei = 1;2;3 are the dierent types of
memristors being considered), complete synchronization will be achieved by the method
of active control if the control function is chosen as

1 - 1 1 1
) =gl gt (1 gig)e e

ux(t) = ! e + ! +i

A N Y A 9)
1

us(t) = Eez+( 3+E)es,

Us(t) = e + 464,

where ; are chosen to be negative and =vy; X, then the drive system (2) will achieve
multi-switching synchronization with the response system.

Proof. Take equation (2) as the drive system and the following ones as the response
system
1

. 1
Xy = CliR(XZ X1) C—lxlwi + ug(t);
1
Xo = ——(X X X u-(t);
2 CzR( 1 2) 3+ 2( ) (10)

X —1x " + us(t);
s=1X2 [Xstus()
X4 = X1 + Ua(t);

where U;j are the controllers to be determined. Substituting equations (2) and (10) into

the error dynamics =Yy Xj, where i = 1;2;3, we obtain
& = CR (@ &) 7y1W + c X1W +u(t);
& = Q%(el &) €3+ Ua(t); (11)
& = %ez Ees + Us;
€4 = €1 + Ug;

To achieve asymptotic stability of system (11), the terms, which are nonlinear in €, are
eliminated as follows:

1 ; 1
Up = C—lylwi‘ C—lxlwik + vy (t);
uz = Va(t); (12)
Uz = V3,

Ug = Vg,
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100 0.4
0.2
0
> >7 0
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-0.2
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Y 2 Y,

Figure 2: Phase space realization of Chua’s circuit with the memristor of the form W; =
a+ 3byZ, where the values of a and b are taken as 0:6667 1072 and 1:4828, respectively.

substituting (12) into (11) gives

elzcliRmz &) +va (t);
ez:CZLR(el €) €3+ Va(t); (13)

L1 r Ve
B=% &tV

€4 = €1 + V4!

Using the active control method, a constant matrix D is chosen which will control the
error dynamics (13) such that the feedback matrix is V; = Dg;. There are various choices
of the feedback D which can be chosen to control the error dynamics [20]. We chose D
to be of the form

1 1
( 1+(31_R> CiR 0 0
1 1
D: C2R ( 2+ CzR) ]' 0 . (14)
0 & (s+p) 0
1 0 0 4

If the eigenvalues ; are chosen to be negative, a stable synchronization between the
drive and response system will be achieved.
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Figure 3: Phase space realization of Chua’s circuit with memristor of the form W; = ayj
by ¢, where the values of a b and ¢ are taken as 1000, 1:087 and 0:33€™3, respectively.

Figure 4: The synchronization error functions for two systems with the memristor of type I
using control functions as described in Corollary 3.1.
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