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Abstract: In this work, we establish the existence results on weak solutions via the
recent Berkovits topological degree for the following nonlinear p-elliptic problems :

—div(|Vu|’ V) = Mu|'*u+ f(z, u, Vu)

in a bounded set Q € RN, where the vector field f is a Carathéodory function.
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1 Introduction

Let © be a bounded open set of RV (N > 1) with a Lipschitz boundary if N > 2, and
let p, g be real numbers such that 2 < ¢ < p < o0, and w = {w;(z), 0 <i < N} be a
vector of weight functions on €, i.e., each w;(z) is measurable a.e. positive on €. Let
Wol’p(Q, w) be the weighted Sobolev space associated with the vector w. Our objective
is to prove the existence of weak solutions to the following nonlinear p-elliptic problem :

—div(a(z,Vu)) = Mul??u + f(x,u,Vu) in Q, (1)
u =0 on 012,

where a(x, Vu) = |Vu|P~2Vu. We shall suppose that the following degenerate ellipticity
condition is satisfied for all ¢ € RY and almost every z € Q :

N
a((E,f) 6 > ’Vzwi|§i|p7 (2)

i=1
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such that ~ is a positive constant, and A is a real parameter. The function f : Q X
R x RY — R is a Carathéodory function which satisfies only the growth condition, for
aex € Qand all (n,¢) € R x RY,

N 1
1f (@, O < BOM(x) + 07 |7 + 3wl &P, (3)
j=1

where [ is a positive constant, M € L”,(Q),M(x) > 0 and ¢ is a real number such
that 2 < ¢ < p.

We use, in this paper, the framework of the recent Berkovits topological degree. This
notion was introduced by J. Berkovits [7] in the study of the solvability of abstract
Hammerstein type equations and variational inequalities. The topological degree theory
was introduced for the first time by Leray and Schauder [17] in their study of the nonlinear
equations for compact perturbations of the identity in infinite-dimensional Banach spaces.
Browder [8] constructed a topological degree for the operators of class (S;) in reflexive
Banach spaces with the Galerkin method, see also [20}/22,|23]. This notion was then
extented by Berkovits [7] to the classical Leray-Schauder degree for the operators of
generalized monotone type. Roughly speaking, the class of operators for the extended
degree is essentially obtained by replacing the compact perturbation by a composition of
operators of monotone type. We refer to [10,/24] for more details.

For f =0 and p = ¢, Melidn et. al. (in [19]) study the eigenvalues of the problem, and
there the differentiability with respect to the domain of the first Dirichlet eigenvalue of
the minus p—Laplacian is shown for the first time. S. Liu 18], by using the Morse theory,
has established the existence of weak solutions to the equation Apu = f(z, u) with the
Dirichlet boundary conditions. It should be mentioned that the results in this paper
are generalised to the case of the p-Laplacian results obtained in [14] for the strongly
nonlinear case using the Berkovits topological degree. One of the motivations for studying
(1)) comes from the applications to such models of fluid mechaines (see [56,11]), nonlinear
diffusion(see [21]) and nonlinear elasticity (see [4]). We note that the case 1 < p < 2
relates to the elastic-plastic models.

This paper is divided into four sections. In the next section, we give some preliminaries
and the definition of weighted Sobolev spaces and we recall some classes of mappings of
generalized (S) type and the recent Berkovits degree. In the third section, we discuss
the p-Laplace operator. Finally, we give some existence results for weak solutions of

problem .

2 Preliminaries

In order to discuss problem 7 we need some theories on topological degree and on spaces
WLP(Q,w) which we call the weighted Lebesgue—Sobolev spaces. Firstly, we state some
classes of mappings and topological degree, secondly, we give basic properties of spaces
WP(Q,w) which will be used later.

2.1 Classes of mappings and topological degree

Let X be a real separable reflexive Banach space with dual X* and with continuous
dual pairing (-, -) between X* and X in this order, and for a nonempty subset Q of X,
let Q and 99Q denote the closure and the boundary of Q in X, respectively. The symbol
— (—) stands for strong (weak) convergence.
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Definition 2.1 Let Y be another real Banach space. An operator F: Q C X — Y
is said to be

1. bounded if it takes any bounded set into a bounded set.
2. demicontinuous if for any (u,) C Q, u, — u implies F(u,) — F(u) .
3. compact if it is continuous and the image of any bounded set is relatively compact.

Definition 2.2 A mapping F': Q C X — X* is said to be

1. of class (Sy) if for any (u,) C Q with w, — « and limsup(Fu,,u, —u) < 0,
n—00
we have u,, — u.

2. quasimonotone if for any (u,) C @ with w, — u , we have limsup(Fuy, u,—u) >
n—oo
0.

Definition 2.3 Let T : 2; C X — X* be a bounded operator such that Q C ;.
For any operator F' : 2 C X — X, we say that

1. F satisfies condition (S)r if for any (u,) C Q with w, — u, yn == Tuy, =y
and limsup(Fu,, y, —y) <0, we have wu,, — u.
n—oo
2. F has the property (QM)r if for any (u,) C Q with w, = u, yn = Tu, — ¥,
we have limsup(Fu,,y — yn) > 0.
n—oo
Let O be the collection of all bounded open sets in X. For any © C X, we consider
the following classes of operators:

F1(Q) :={F : Q@ — X"|F is bounded, demicontinuous and satifies condition(Sy)},
Fr.5(Q) :={F : Q — X|F is bounded, demicontinuous and satifies condition(S+)r},
Fr(Q) :={F :Q — X|F is demicontinuous and satifies condition(Sy)r},
Fp(X):={F € Frp(G)|Ge 0O, TeF(G)}

Throughout the paper T € F1(G) is called an essential inner map to F.

Lemma 2.1 ( (7], Lemmas 2.2 and 2.4) Let T € Fi(G) be continuous and S :

Ds € X* — X be demicontinuous such that T(G) C Dy, where G is a bounded open
set in a real reflexive Banach space X. Then the following statements are true :

1. If S is quasimonotone, then I+ SoT € Fr(G), where I denotes the identity
operator.

2. If S s of class (S4), then SoT € Fr(G).

Definition 2.4 Suppose that G is a bounded open subset of a real reflexive Banach

space X, T' € F1(G) be continuous and let F,S € Fr(G). The affine homotopy H :
[0,1] x G — X defined by

H(t, u):=(1—t)Fu+tSu for  (t, u)€[0,1]xG

is called an admissible affine homotopy with the common continuous essential inner map
T.
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Remark 2.1 [7/ The above affine homotopy satisfies the condition (S ).

Now, we introduce the Berkovits topological degree for the class Fg(X), for more
details see [7].

Theorem 2.1 There exists a unique degree function
d:{(F, G, h)|Ge O, T e Fi(G), F € Frp(G), h¢g F(0G)} — Z
that satisfies the following properties:
1. (Normalization) For any h € G, we have d(I, G, h) =1

2. (Additivity) Let F € Fr B( ). If Gy and Gy are two disjoint open subsets of G
such that h ¢ F(G\(G1 U G2)), then we have

d(F,G,h) =d(F,G1,h) + d(F,Ga, h).
3. (Homotopy invariance) If H : [0,1] x G — X is a bounded admissible affine ho-
motopy with a common continuous essential inner map and h: [0,1] — X is a

continuous path in X such that h(t) ¢ H(t, OG) for all t € [0, 1], then the value of
d(H(t,-), G, h(t)) is constant for all t € [0, 1].

4. (Existence) If d(F,G,h) # 0, then the equation Fu = h has a solution in G.

2.2 The weighted Sobolev space

Let © be a bounded open set of R™Y (N > 1), p be a real number such that 1 < p < oo,
and w = {w;(z), 0 < i < N} be a vector of weight functions, i.e., every component
wi(z) is a measurable function which is positive a.e. in 2. Further, we suppose for
any 0 < ¢ < N in all our considerations that

w; € Llloc(Q)7 (4)

;1
wip71 € Llloc(Q) (5)

We denote 0; =

defined as follows :

0
Ee The weighted Sobolev space, denoted by WP(Q,w), is

WhP(Q, w) = { u € LP(Q,wo) and O € LP(Qw;), =1, ...,N}.

ou
Note that the derivatives —— are understood in the sense of distributions. This set of

T
functions forms a Banach space under the norm

1/p
lwll1,p,w [/ |u(z)|Pwo(x) dz + Z |8 w(x) [P w; () da:] . (6)

The condition (@) implies that C$°(€2) is a subspace of W1P(Q, w) and, consequently, we
can introduce the subspace
X =Wy (Q,w)
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of WHP(Q, w) as the closure of C§°(£2) with respect to the norm @ Moreover, condition
implies that W1hP(Q,w) as well as W, * (€, w) are the reflexive Banach spaces.

We recall that the dual space of weighted Sobolev spaces T/VO1 P(Q,w) is equivalent
to W—L#' (Q,w*), where w* = {w} = wilfp,, i=0,...,N} and where p’ is the conjugate

of p; i.e., p’ = JE5(for more details we refer to [1-3]).

Let us define the norm on X equivalent to the norm @ by

lulllx = (i [ @) (o) a)”. (7)

We can find a weight function o on {2 and a parameter ¢, 1 < g < 0o, such that
o' e L'(Q) and o PP ¢ LY(Q) (8)

with ¢ = q—%' Then the Hardy inequality,

( A lu(z)|%a dm) e < c(ﬁ: /Q |0;u () |Pw; () dx) 1/p, ©))

holds for every u € X with a constant ¢ > 0 independent of u, otherwise the imbedding
X =< L1(Q,0), (10)

expressed by the inequality (9)), is compact. Note that (X, |||.|[|x) is a uniformly convex
(and thus, reflexive) Banach space.

Remark 2.2 If we suppose that wo(xz) = 1, the integrability condition holds : there
exists v E]%7 +oo[ﬂ]p—i1, +o0o[ such that

w; ¥ € LY(Q), for alli = 1.....N, (11)

and note that the assumption is stronger than (@, then

N » 1/p
= (3 | o wi(w) o) (12

is a norm defined on W, * (9, w) and equivalent to (@, and also, the imbedding
Wy P(Q,w) < LI(Q) (13)

is compact for all 1 <g¢<pj if py < N(v+1),and forall ¢ >1 if pv > N(v+1),
where py =pv/v+1 and pj is the Sobolev conjugate of p1 (see [12], pp.530-31).

3 Notions of Solutions and Properties of p-Laplace Operator

In this section, we give the definition of a weak solution for problem , and we discuss
the p-Laplace operator ~ A,u = div(|[Vu[P~2Vu) .
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Definition 3.1 A point u € W, ”(,w) is said to be a weak solution of if
/Q|Vu|p_2Vqudx = /Q()\|u|q_2u+f(x, u, Vu))vdr, Yve W,P(Q,w).
Let us consider the following functional :
Kuz/ﬂ%\Vu\pdx, we X :=WP(Q,uw) .

In view of [9], we have K € C'(X,R), and the p-Laplace operator is the derivative
operator of K in the weak sense. We denote L =K' : X — X* then

(Lu, v) :/ |Vu|P~2VuVo da Y, u € X.
Q

Lemma 3.1 i) L:X — X* is a continuous, bounded and strictly monotone
operator;

it) L is a mapping of type (S+);
i) L: X — X* is a homeomorphism.

Proof. i) It is obvious that L is continuous and bounded. For all &7 € RN, we
obtain the following inequalities (see [15]), from which we can get the strict monotonicity
of L:

_ _ 1
(€2 =P )€ =m = GlE—nl",  p=2. (14)
i1) From (i), if u, = v and limsup(Lu, — Lu, u, —u) <0, then
n— oo

lim (Luy, up —u) = lim (Lu, — Lu, u, —u) =0.
n—o00 n—o0

In view of (14), Vu, converges in measure to Vu in (2, so we get a subsequence
denoted again by Vu, satisfying Vu,(z) = Vu(z) ,ae x€Q.

Since u, — u in X = WyP(Q,w), one has (u,), is bounded. Therefore, the
N

sequence (|Vu,|P~2Vu,), is bounded in H LV (Q, w}) and |Vu,|P~2Vu, — |[Vu[P~2Vu
i=1
a.e. in Q, according to Lemma 2.1 in 2] we have

N
[Vun[P*Vu, = [VuP?Vu  in HLPI(Q, w}) and a.e. in Q.

i=1

We set 7, = |Vu, P and § = |[VulP. As in [13] (Lemma 5) we can write
¥, —7 in L.
By (2) we have

N
¥ wildug [P < [V, P,
i=1
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N N _

Let z,, = E w;|Ojun|P, z = E w;|OpulP, yn = Yn and y = =. Then, by Fatou’s theorem,
- ° Y
i=1 i=1

we obtain

= <

/ 2ydx < liminf/ Y+ Yn — |20 — z|dz,
Q n—oo Q

ie,0< flimsup/ |zn, — z|dx. Then
Q

n—oo

0 <liminf [ |z, — z|de <limsup [ |z, — z|dz <0.
n=oo Jq n—oo JQ

This implies
N
Vi, = Vu in [[LP(Q w).
i=1

Hence u, —u in  WyP(Qw), ie., Lis of type (S ).
i4i) By the strict monotonicity, L is an injection. Since

VulP dz
(Ltp, wy —u) Q' | _

im ——T 7 = lim £t — =00,
Il | =00 [ | ulll=oo |[|ul]

L is coercive, thus L is a surjection in view of the Minty — Browder theorem (see [24],
Theorem 26A) Hence L has an inverse mapping L~!' : X* — X. Therefore, the
continuity of L~! is sufficient to ensure L to be a homeomorphism.

If fo, fEX*, fu—f,let uy=L"'f,, u=L"1f then Lu, =f,, Lu=f.

So (un)n is bounded in X. Without loss of generality, we can assume that w, — ug.
Since f, — f, we have

nan;Q(Lun — Lug, un — ug) = nl;n;Q(fn,un —ug) = 0. (15)

Since L is of type (S.), u, — ug, we conclude that wu, — u, so L1 is continuous.

4 Existence of Solutions

In this section, we study the strongly nonlinear problem based on the degree theory
in Section 2.

Lemma 4.1 Under assumption (3), the operator S : WP (Q,w) — W12 (Q,w*)
set by

(Su, v) = —/()\|u|q72u—|—f(x, u, Vu))vdz, Yu, ve WP (Q,w),
Q
18 compact.

Proof. Step 1. Let ¢ : W, P(,w) — L” (Q) be the operator defined by

Yu(z) = —Au(z)|" 2u(z) for weWyP(Quw) and z €.
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It is obvious that ¢ is continuous. We prove that 1 is bounded.

We pose a = (¢g—1)p) with 1 < a < p. For each u € Wol’p(Q,w), by using the
continuous embedding LP(Q2) — L%(Q)) and the Holder and the Hardy inequality, we
have

nqu#=/\—Awwﬂqun
Q
S)\p’/ Ju| @D dy
Q
gcx”/ |u|Pda
Q

<o N / lu|Po o~ ddx
Q

<cN (/ |uqadac>q (/ U_‘Zfl’dl') ’
Q Q
N e
</ / Oiul? w; dx (/ O'_‘prdl'>
(;;Q|| )/

< C'|l[u]|l”. ( Due to ()
This implies that [[¢ u|, < C” ||Ju|[|P~". Finally, 1 is bounded on Wy (Q,w) .
Step 2. Let ¢ : Wy P(Q,w) — L (Q) be an operator defined by
ou(x) == —f(z, u, Vu) for uwe WyP(Qw) and €.

We show that ¢ is bounded and continuous. For any u € VVO1 P(Q,w), we have by the
growth condition and the Hardy inequality @ that

wmw<(éumumv%wdﬂ

1
. X , »
<p (/ (M(z) + aﬁ\u|7 + Zwi’)' |0pulP~1)” dm)
Q i=1
%
P

N
<CiB (/Q(M(x))l’/dx—i—/ﬂ|u|qadm+;/ﬂ|aiu|l7widm>

S N W
Q Q — Ja
N N i
<C3 <Z/ |0;ulPw; de + Z/ |0;u|Pw; dm)
i=1"79 =179

r
< Callfull|>"

(16)

This implies that ¢ is bounded on Wy (€, w).
Now, we prove that ¢ is continuous, let u, — u in Wol’p(Q,w). Then u, — u in
LP(Q,wp) and Vu, — Vu in LP(Q,w). Hence there exist a subsequence still denoted
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N
by (u,) and measurable functions h in LP(Q,wp) and g in HLp'i (Q, w;) such that
i=1

Up(x) > u(z) and Vu,(x) — Vu(x),
un(2)] < h(z) and [V (z)] < |g(2)]

for a.e., x € Q and all n € N. Since f satisfies the Carathéodory condition, we obtain
that
flz, up(x), Vun(z)) = f(z, u(z), Vu(z)) ae. zell. (17)

According to (3] we get
£ (2, un (), Vun(2))| < B(M(z) + 07 |h(x)|7 + > w g ()P

for a.e. z € Q and for all kK € N.

Since
1

N
L 4 p’ p—1 p’
M(z) + o7 [h(x)|7 + Y w] |g; ()P~ € L (Q),
j=1
and using , we have

/Q|f(a:7 up(z), Vug(z)) — f(z, uw(z), Vu(@)|” dz —s 0.

The dominated convergence theorem implies that
pur — pu  in LPI(Q).

Thus, the entire sequence (@u,,) converges to pu in LP (€2), and then ¢ is continuous.

Step 3. As the embedding I : Wol’p(Q,w) — L7 (Q) is compact, it is known that
the adjoint operator I* : LF'(Q) — W1 (Q,w*) is also compact. Therefore, the
compositions I*op and I*oyp : Wol’p(Q, w) — W‘lvp/(Q,w*) are compact. We conclude
that S = I"op + [*op is compact. This completes the present proof.

Theorem 4.1 Assume that hypothesis is satisfied. Then problem has a weak
solution u in WP (2, w).

Proof. Let S : Wy P(Q,w) — W12 (Q,w*) be as defined in Lemma and L :
Wy (Q,w) — WP (Q,w*), set by

(Lu,v) = / |VulP~2VuVude, for all u,v e WyP(Q,w).
Q
Then u € Wy P(Q,w) is a weak solution of if and only if

Lu = —Su. (18)

By dint of the properties of the operator L given in Lemma and in view of the
Minty-Browder theorem (see [24], Theorem 26 A), the inverse operator T := L~1 :
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WL (@)(Q) — W, P(,w) is bounded, continuous and satisfies condition (S, ). Fur-
thermore, note that by Lemma the operator S is bounded, continuous and quasi-
monotone.

Consequently, equation is equivalent to

u=Tv and v+ SoTv=0. (19)

According to the terminology of [24], the equation v+ SoTv = 0 is an abstract Hammer-
stein equation in the reflexive Banach space W 1%’ (Q,w*) .

To solve equations 7 we will apply the degree theory introduced in Section 2. To
do this, we first show that the set

B = { v E W_l”’/(Q,w*) | v+tSoTv=0 for some t€ |0, 1]}

is bounded. Indeed, let v € B. Set u :=Tw.
According to (2), (8), @D and , the Holder inequality, the Young inequality and
the continuous embedding LP(2) — LI(Q), we get

N
HWWVZWMW=§:AKWWWM
=1

IN

N
1 1 1
- Z/ |O;ulPde = —(Lu,u) = —(v,Tv)
T /e v v

IN

t
—[{(SoTv,Tv

7\( )|

Q/ \u|qu+£/ |f(z, u, Vu)|udx
7 Ja T Ja

IN

1
v

sa/wmwﬂ4/Wamvww@p
Q Q

+ Cg(/Q |u|pda:)%

1
7

§C1/ |u|pa'%o'7§d{1}+02(/ |f(z, u, Vu)|p’dai)p
Q Q
1
+C /upg%g—gdx !
(. 1 )

< 01(/Qu|qadx)z(/ﬂaq_ppdx>q + Callpully

1

q a = o
—|—C'3(/Q|u| ada:) (/Qa dm)
N N A
SC{ Z/Q‘aiu‘pwidx—f—(jé|||Tv|||§ +C§(Z/Q|aiu‘pwid$)p
i=1 i=1

< CHIITo[I” + CollITol[[>" + Coll[|T ]|l

It follows that {Tv | v € B} is bounded.
Since the operator S is bounded, it is obvious from that the set B is bounded in
W=LP (Q,w*) . Consequently, we can now choose a positive constant R such that

||U||W—1yp’(Q7w*) <R forall veB.
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As a result
v+tSoTv#0 foral vedBg(0) andall ¢e€][0,1].

Notice by Lemma [2:1] it follows that

I+ SoT € Fr(Br(0)) and I = LoT € Fr(Br(0)).

Since the operators I, S and T' are bounded, I + SoT is also bounded. We conclude that

I—I—SOTE]:'LB(BR(O)) and IE]'-T,B(BR(O)).

Consider an affine homotopy H : [0,1] x Br(0) — W12 (Q, w*) given by

H(t, v):=v+tSoTv for (t, v)€[0,1] x Bg(0).

From the homotopy invariance and normalization property of the degree d stated in
Theorem [2.1} we have

d(I + SoT, Br(0),0) = d(I, Br(0),0) = 1,
then there exists a point v € Br(0) such that
v+ Solv = 0.

Finally, we conclude that u = Tw is a weak solution of . This completes the proof.

Example. Let us consider the following special case :

N
a(z, Vu) = |Vu|p*2Vu and f(z,s,§) = Zwi\fﬂp*lsign(fi).

i=1

It is easy to show that the Carathéodory function f(z, s, &) satisfies the growth condition
(3). In particular, let us use a special weight function, w, expressed in terms of the
distance to the bounded 9. Denote d(x) = dist(x,d9Q) and set w(x) = d?®) o(z) =
d"(z). Finally, the hypotheses of Theorem are satisfied. Therefore, the following
problem:

/ |VulP~2VuVo dz = /(A|u\'f2u + f(z,u, Vu))odz, Yoe WyP(Q,w),
Q Q
has at least one weak solutions.

5 Conclusion

In this paper, the existence of weak solutions to the stated problem is proved in
the weighted Sobolev space, by using the Berkovits topological degree theory. All this,
after transforming this Dirichlet boundary value problem related to the p-Laplacian with
nonlinearity into a new one governed by a Hammerstein equation. We intend to apply
the method for higher order and higher dimensional PDEs of physical interest.
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