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Abstract: Generalized monotone method is a useful technique to prove the existence
of coupled minimal and maximal solutions when the nonlinear function is the sum of
an increasing and decreasing functions. In this work, we develop generalized monotone
method for Caputo fractional impulsive differential equations with initial conditions,
using coupled lower and upper solutions of Type 1. For that purpose we develop
comparison results for Caputo fractional impulsive differential equation. Further,
under uniqueness assumption, we prove the existence of the unique solution of the
nonlinear Caputo fractional impulsive differential equation with initial conditions.
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1 Introduction

In the past few decades, the impulsive equations have exhibited more advantages in the
mathematical models of physical and biological models. See [2,3/618,/14,[23] for details.
These equations can describe more naturally and more closed to the real world problems.
See 9,/12,/15]. In the past four decades, the study of fractional differential equations has
gained lots of importance due to its applications. See [1,{4l/5,/10,{11}[13}[2526]. In fact, the
dynamic equations with fractional derivative have represented as better and economical
models in various branches of science and engineering. See [12}[13}/15H17].

In this work, we develop generalized monotone method combined with coupled lower
and upper solutions for nonlinear Caputo fractional impulsive differential equations with
initial conditions. In general, explicit solution for nonlinear problems is rarely possible.
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In addition, explicit solution even for linear Caputo fractional differential equations with
variable coefficients with or without impulses and initial conditions is not trivial either.
However, explicit solution of the solution and/or representation form of the solution of
linear Caputo fractional impulsive differential equation with initial condition is possible.
See 22| for more details. In addition, in [22], the uniqueness of the solution of the
linear Caputo fractional impulsive differential equation has been proved by developing a
comparison result.

We apply generalized monotone method, Laplace transform and some properties in
the main result. See [6l/18-21}/24,|27,/28] for more details. In [22], we have obtained
explicit solutions for the linear Caputo fractional impulsive differential equations with
initial condition. In addition, we have also developed a comparison result in [22] relative
to coupled lower and upper solutions.

In the present work, we have also developed linear comparison results as an auxil-
iary result which is useful in our main result. We have developed monotone sequences
{vn} and {w,} which are piece-wise left continuous using the coupled lower and upper
solutions, when the nonlinear function is the sum of non-decreasing and non-increasing
functions. We have established the monotone sequences which converge uniformly and
monotonically to coupled minimal and maximal solutions of the nonlinear problem. Fur-
thermore, under uniqueness assumptions on the nonlinear terms, we prove that the cou-
pled minimal and maximal solutions reduce to the unique solutions of the nonlinear
problem.

2 Preliminary Results

In this section, we introduce some known definitions and results, which are needed for
the main results. First, we recall some basic definitions.

Definition 2.1 The Riemann-Liouville fractional integral of u(t) of order ¢ is defined
by
I .
D_qu:—/ t—s)7 u(s)ds, 1

where 0 < ¢ < 1.
Definition 2.2 The Caputo (left) fractional derivative of u(t) of order g, when 0 <
q < 1, is defined as:

eDIu(t) = —— / (t — 5)=u/(5)ds. )

I'(1—q) Jo
Definition 2.3 The Riemann-Liouville (left-sided) fractional derivative of w(t) of
order ¢, when 0 < ¢ < 1, is defined as

1 d

Dult) = f—o /O (t — 5)=Tu(s)ds, t > 0. ()

The relation between Caputo derivative and Riemann-Liouville derivative of a function
f(#) is given by

¢Du(t) = DU (u(t) — u(0)).
This relation will be useful for results relative to differential inequalities.

Next we define the Mittag-Leffler function which is useful in computing the solution
of the linear fractional differential equations.
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Definition 2.4 The two parameter Mittag-Leffler function is defined as

= (At9)k
(At = § 4
Ea. quk—i-r ()

If r = ¢, the relation reduces to

(At
q =
Eq1 (A7) ZF (k+1) (6)

See [5, 10, 13, 16] for more details.
In our next definition we assume p = 1—¢, when 0 < ¢ < 1, J = (0,7] and Jy = [0, T.

Definition 2.5 A function ¢(t) € C(J,R) is a C, continuous function on J if
t1=9¢(t) € C(Jo, R). The set of C, continuous functions is denoted by C,(J,R). Fur-
ther, given a function ¢(t) € Cp(J,R), we call the function ¢'79¢(¢) the continuous
extension of ¢(t).

Next, we introduce some theorems and lemmas which are useful to our main results.

Lemma 2.1 Let J = [0,T], m € C,(J,R) be such that for some t° € J, we have
m(t°) = 0 and m(t) < 0 for t € [0,t°], then (Riemann-Liouville fractional derivative)
Dim(tY) > 0.

See [4, 5] for the details of the proof.

Lemma 2.2 Let J = [0,T], such that 0 < t; <ty < .. <tny_1<ty—1 =T, andm
be piece-wise left continuous on each (t;,t;+1]. Suppose there exists a t° € J, such that
m(t°) = 0 and m(t) <0 fort € [0,t°], then DIm(t°) > 0.

See [4, 21] for the details of the proof.

Remark: The above result is also true with Caputo derivative in place of Riemann-
Liouville derivative. The proof can be easily obtained by applying the relation be-
tween the Caputo derivative and the Riemann-Liouville derivative, which is ¢D9m(t) =
D7 (m(t) — m(0)).

Consider the linear Caputo fractional differential equation

Dy = M+ f(t), u(0) = up. (7)

Then the solution of is given by

u(t) = ugEq 1 (A7) + /0 (t —8)T LB, ;A\t — 5)1) f(s)ds. (8)
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Consider the nonlinear Caputo fractional impulsive differential equations with initial
condition

Cun(t) = /\u(t) + ﬁ[:lcix(t — ti)Si(t — ti)u(ti)

> box(t ~ tari(t — toult 9)
20 bax(t = tralt = taJults) + £t u() + g(t,u(),

u(0) = uy,

where t € [0,T], and 0 < #1 < ty < --- <ty = T. Also, x(t — t;) is the Heaviside unit
step function which is left continuous,

L ift>t,
X(t_ti)_{ 0, if t <t (10)

Furthermore, we assume that A\ # 0, and for each 1 < i < N, ¢;x(t — t;)s;(t —t;) > 0
and b;x(t — t;)ri(t —t;) < 0. The function f(¢,u) is nondecreasing in v and g(¢,u) is
nonincreasing in u. In addition, s;(¢ — t;) and r;(t — ¢;) are continuous on each interval
[tiytit1] for i =1,..., N — 1. Therefore, they are bounded on each interval.

Next we define the coupled lower and upper solutions of natural type as well of Type
1. See |9] for other types of coupled lower and upper solutions.

Definition 2.6 If u : C[0,T] — R which is piecewise left continuous at t;, i =
1,2,..., N, such that 0 < t; <ty <..- <ty =T, and whose Caputo derivative of order
q exists on [0,T]. Then we denote f € PC?[[0,T],R].

Definition 2.7 We say that v,w are PCY[[0,T],R] piecewise left continuous on
(tiytiy1) for i = 1,...,N — 1. Then we say v and w are coupled lower and upper so-
lutions of natural type of @D if they satisfy the inequalities:

N
*DM(t) < Mo(t) + Y aix(t — t;)si(t — t;)v( +szx t5)ri(t — t)o(t;)
i=1 11
£ £(t) + g(t,0), ()
v(0) < ug,
‘Diw(t) > Mw(t +ZCLZX +szx t)ri(t —t)w(t;)

(12)
+ f{t,w) +g(t,w)7
w(0) > ug.

Definition 2.8 We say that v,w are PCY[[0,T],R] piecewise left continuous on
(tiytiy1) for i = 1,...,N — 1. Then we say v and w are coupled lower and upper so-
lutions of type 1 if they satisfy the inequalities:

*DI(t) < (t) + Zaz —ti)si(t — t)o(t;) + Zblx —ti)w(ti)
(13)
+ f(t,0) + g(t,w)

v(0) < o,
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N N
‘Diw(t) > Aw(t) + Z aix(t —t;)si(t — t)w(t;) + Z bix(t —ti)ri(t —ti)v(t:)
i=1 i=1 (14)
+ f(t,w) +g(t,v),
w(0) > ug.
Theorem 2.1 If A\ # 0, v(t) and w(t) are coupled lower and upper solutions of type

1 of the nonlinear Caputo impulsive fractional differential equation (@, where f(t,u) and
g(t,u) satisfy the one-sided Lipschitz condition in u, of the following form with u; > us

f(t, ul) - f(t7u2) < Ll(ul - u2)7 (15)
g(t,ur) — g(t,uz) > —Lo(ur — uz), (16)

where Ly > 0 and Ly > 0. Then v(0) < w(0) implies that v(t) < w(t), V¢t > J = [0.1].

See [22] for the details of the proof.

3 Auxiliary Results

In this section, we prove a comparison theorem which will be used to prove the generalized
monotone method in the main result.

Theorem 3.1 If the functions P(t) and Q(t) are PC?[[0,T],R] such that satisfy the
following inequalities:

N N
‘DIP < AP+ cix(t—ti)si(t — ti)P(t) + Y bix(t — to)ri(t — t:)Q(t:),  (17)

=1 i=1

N N
‘DIQ>AQ+ Y cix(t —t)si(t — t)Q(t:) + > bix(t — ti)ri(t — ;) P(ts), (18)

i=1 i=1
where A > 0, and for each 1 < i < N, ¢;x(t—t;)s;(t —t;) > 0 and byx(t —t;)ri(t—t;) <0,
then the initial condition P(0) < 0 and Q(0) > 0 implies P(t) < 0 and Q(t) > 0 for all
t€[0,T].

Proof. We prove by the method of mathematical induction. For t € [0, )

‘DIP(t) < AP(t),  “DIQ(t) = AQ(t). (19)
Then we can get
P(t) < P(0)E,1(At7) <0, Q(t) > Q(0)E, 1 (At?) > 0. (20)
For t = t;, we have
P(t1) < P(0)E, 1 (At]) <0, Q(t1) > Q(0)E, 1 (At]) > 0. (21)

Assume the result is true for ¢ € [tx—1,%x), for 0 < k < N — 1, which yields P(tx) <0
and Q(tr) >0 for all 0 < k < N — 1. Then, for ¢ € [tg, tg+1),

k k

CDqP(t) S )\P(t)+z CiX(t—ti)Si(tk+1 _ti>P(ti)+Z biX(t_ti)Ti (tk+1 —fi)Q(ti). (22)
i=1 i=1
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With the result of P(t;) < 0and Q(tx) > 0forall0 < k < N—1, we can get *DIP < AP.
Therefore we have P(t) < P(0)E,1(At?) < 0 on [0,tg+1). Then for ¢ = ¢541, we have
P(tr41) < 0. Similarly, we have the results for Q(t),

Q(t) > Q0)E,1(At?) > 0.

Then Q(tx+1) > 0. Since it is true for ¢ = 1, therefore, by induction, for all ¢;, 0 < i < N,
P(t;) <0 and Q(t;) > 0. Then we have P(t) < 0 and Q(¢) > 0 for all 0 < ¢ < ¢, which
completes the proof.

Lemma 3.1 If the functions P(t) and Q(t) are PCY[[0,T],R] such that to satisfy the
following inequalities:

N

‘DIP < AP+ ) cix(t —ti)si(t — ti) P(ti), (23)
=1
N

‘DIQ > AQ+ Y cix(t —ti)si(t — t:)Q(t:). (24)
=1

N

where A £ 0, > ¢ix(t—t;)si(t—t;) > 0, then the initial condition P(0) < 0 and Q(0) > 0
i=1

implies P(t) <0 and Q(t) > 0 for allt € [0,T].

Proof. This is a special case of Theorem with b; = 0 for all ¢ = 1,2,--- , V.
Therefore the proof is almost the same as the one in Theorem

4 Main Result

In this section, we consider the nonlinear Caputo impulsive differential equation of the
form @, which has application in science and biology. Since it is rarely possible to
compute the solution of the nonlinear problem with or without impulses and with integer
derivatives or fractional derivatives, hence we develop generalized monotone method
together with coupled lower and upper solution. See [9, 18] for more details.

The method yields monotone sequences which converge uniformly and monotonically
to coupled minimal and maximal solutions of @ on the sector defined by coupled lower
and upper solutions. Furthermore, if the nonlinear functions satisfy uniqueness condition,
then the coupled minimal and maximal solutions coincide to be the unique solution of

Note that the generalized monotone method is a more appropriate method to prove
the existence of the nonlinear Caputo fractional impulsive differential equations when
the nonlinear function is the sum of nondecreasing and nonincreasing functions.

In order to prove our main results, we need the existence and uniqueness of solution
of two linear systems of Caputo fractional impulsive differential equations with initial
condition. This is precisely the next result.

Theorem 4.1 Let vy, wy be coupled lower and upper solutions of (@ of type 1, such
that vo(t) < wo(t) on t € [0,T). Suppose n and [ are any two functions such that
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vo < n < p < wy on [0,T], then the solution of the following linear Caputo fractional
impulsive differential equations:

CD%=Ap+ﬂmm+yaw»+ﬁpa@—Mau—mmm+fpmu—mma—m«m,

p(O) = Uo,

(25)
°Dig = g+ f(t,p) + g(t,n) + icix(tti)si(tti)Q(ti)+ ]2_\]:1 bix(t—ti)ri(t—t;)p(ts),
CI(O) = Uo,

(26)

exists and it s unique.

Proof. Since p(t) and n(t) are known functions of ¢, it is easy to see that f(t, ),
f(t,m), g(t, 1) and g(t,n) become functions of ¢ and let us denote

f(tﬂ?) + 9(757/1) = F(t)v f(t’u) + 9(75777) = G(t) (27)

Then the equations and become linear system of Caputo fractional impulsive
differential equations, namely

N
‘Dip=Xp+F(t)+ Z cix(t —ti)p(t:) + Z: bix(t —ti)ri(t — ti)a(ts), (28)
p(0) = uo,
°Diqg = \g+ G(t +Zczx ~ +szx Dri(t —t)p(ts), (29)
q(0) =0.
Applying the Laplace transformation, the solution of the p(t) and ¢(t) are given by
= UoEq 1(AL?) + fo )T E,, q()‘(t —5)7)F(s)ds
+zE cix(t — ) Si(t — ti)p(t:) + Z bix(t —ti) Ri(t —t:)q(ts), (50)

q—uoqu (At +f t—s)?" lquO‘(t_S)) (s)ds
+ ;CiX(t —t3)Si(t —t;)q(ts;) + Z bix(t —t;)Ri(t — t;)p(ts),

where S;(t —t;) = £} (%) and R;(t —t;) = £71 (fq(i’))\) ,fori=1,2,---,N. £ and

£~ ! are the Laplace transformation and the inverse Laplace transformation, respectively.
Then for ¢ € [0,t1), the equations and reduce to

Dip=Ap+ F(t), °Diq = \q+ G(1). (31)
Use the result of (8)). The solution p(t) and ¢(t) can be given by

{p = o Eq 1 (M) + [3(t — )T Eg g (A(t —

S
q = uoEg1(At9) + [5(t — $)T By (Mt — s
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For t = t1, we get

p(t1) = uoEq1(M]) + f (t1 — 8)17 Ey s(\(t1 — s)?)F(s)ds, (33)
q(t1) = uoEy 1 (At]) + f (t1 — 8)T Ey s(A(t1 — s)?)G(s)ds.
For t € [t1,ts), the equations and reduce to
Cqu = )\p + F(t) + clsl(t — t1>p(t1) + b17"1 (t — tl)q(t1)7 (34)
‘Dig=\qg+ G(t) + C1S1(t - tl)q(tl) + b1y (t — tl)p(tl). (35)
The solution can be given as
= uoEy1(\t?) + fo JITLE, (At — 8)?)F(s)ds
—1—0151(75 ) (tl) +b1R1(t—t1)q(t1), (36)
q=upE,1 (M) + fo (t —8)17 E, (At — 5)7)G(s)ds
+8151(t — tl) (tl) + blRl(t — tl)p(t1).
After substituting p(¢1) and ¢(t1), the equation reduces to
= uoEy1(\t?) + f t—s)1 1 E, ;(\(t — s)?)F(s)ds
+er S (t—th) (uOEq L) + Jy (0 = 5)T g (A(tr = 5)7) F(5)ds)
+hiRy(t — 1) (uoEq L) + [y (1 = )77 Egy(A( = 5))G(s)ds) .
)G(s)ds

+erSi(t — 1) (uOEq,l( — )17 By (At — )7)G(s)ds )
oL Ry (t — 1) (uoEq,l(At — )1 B, (At — s)q)F(s)ds) :

s
+Jo'
q = uoEq1(At9) +f0 (t— )17 E, 4(A (t )4
Jo'€
J

Ss4
value of p(t2) and q(ts) by substituting ¢, into the equation (37). Then after another
iteration, we can get the solution for t € [to,t3). If we continue the above process, we
can obtain a closed form of solution of (25)-(26) for all ¢ € [0, T].

In order to prove the uniqueness of the solution of the equations (25|) and (| . let
(p1,q1) and (p2, g2) be two solutions. Then let m = p; — ps and n = g1 — qg Then,

where Sy(t —t;) = £71 (2(81)) and Ry(t —t;) = £71 (2(”)) Then we can find the

N N
“Dim = Xm+ Y eix(t — ti)si(t — tim(ti) + Z bix(t — ti)ri(t — ti)n(t:),

2 (38)
m(0) =0,

N
cDin = \n + cix(t —t;)s:(t —t;) )+ b; —ti)m(t:),

; X Z ix(t (39)
n(0) = 0.

Then by applying Theorem we can get that m =0 and n =0 for all ¢t € [0,T],
which means p; = ps and ¢; = ¢o for all ¢ € [0,T]. Hence the solution of the system
— is unique. This concludes the proof.
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In the next result, we construct the sequences v,, and w,, which are monotonically
increasing and decreasing sequences. The sequences v, and w, are the solution of the
following linear system of Caputo fractional impulsive differential equation. They are
defined as

Cqun = )\Un + f(t,vnfl) + g(t,wnfl)

N N
+ Z cix(t —ti)si(t — ti)vn(t;) + Z bix(t —ti)ri(t — ti)wn(ti), (40)
Un(o) = Uo,

Cqun = /\wn + f(tawn—l) + g(tavn—l)

N N
+ Z cix(t —ti)si(t — ti)wn(t;) + Z bix(t —ti)ri(t — ti)on(ts),  (41)

wy, (0) = up.

Here vy and wq are coupled lower and upper solutions of Type 1 of the problem @
In order to prove our first next main result, we need the following sector €2, defined
as
Q=1[(t,u):v(t) <u<wy(t),t el0,T], (42)

where vg and wg are coupled lower and upper solution of suitable type of equation @[)

Theorem 4.2 Assume
(A1). vo and wo are coupled lower and upper solutions of type 1 of the equation @, such
that vo < wg on [0,T];
(As). f(t,u) and g(t,u) are nondecreasing and nonincreasing, respectively, on ).
Then the sequences {v,} and {w,} defined by @— are well defined and satisfy the
following results:
(i). {vn} and {w,} satisfy the inequality

UOSUISU2S"'SUnSwnSwn71S"'Swlgw()a Vte[oaT] (43)

(it). If w is any solution of equation (9) such that vo < u < wy, then the sequences {v,}
and {wy,} converge uniformly and monotonically to the coupled minimal and mazimal
solutions v(t) and w(t), respectively, such that v(t) < u < w(t).

(iii). Furthermore, if f(t,u) and g(t,u) satisfy the one-sided Lipschitz condition of the
form

f@tur) = f(t,uz) < Li(ur —uz2),  g(t,ur) — g(t,u2) > La(ur —uz),  (44)

where uy > ug, L1 > 0 and Ly > 0, Vt € [0,T], then we have v(t) = w(t) = u(t) being
the unique solution of (9) on [0,T].

Proof. We know that vy < wg. Then from Theorem it is easy to see that vy ()
and wi(t) exist and are unique as well as v, (t) and w,(t) for each n > 1. In order to
prove that v,, and w,, are monotonically non-decreasing and non-increasing respectively
and v, < w, for all n > 1, we use the method of mathematical induction. Initially, we
prove vy < vy and wy < wp. Assume P(t) = vg(t) —v1(t) and Q(t) = wo(t) — w1 (t). Then
we have

P(O)SUQ*UOZO Q(O)ZU()*U():O, (45)



12 Y. BAI AND A.S. VATSALA

and

‘DIP = ch(”UO — ’Ul) = CDqUO — ch’Ul

N N
SAP+ ) eix(t —ti)si(t — t)P(t;) + Y bix(t — ti)ri(t — t:)Q(t:),

(46)
CDqQ = CDq(wo — wl) = ch’U}O — Cqul

N N
> AQ + Z cix(t —ti)si(t —t;)Q(t:) + Z bix(t —ti)ri(t — ;) P(t:).

Using Theorem we have P(t) < 0 and Q(¢) > 0. This proves vg < vy and w; < wy
for all t € [0,T).

Assume that v, < v,41 and wpy1 < w, are true for n = k, k > 0. Therefore,
v < vpy1 and wgy1 < wyg for all ¢ € [0,T]. Then let n = k + 1, let P(t) = vk41 — Vkt2
and Q(t) = wgy1 — Wit2. Therefore P(0) = Q(0) = 0.

With the assumption (As) on f and g, we can get
“DYP = AP + f(t,vx) — f(t,vp41) + g(t, wi) — g(t, wrt1)

N N
+ Z cix(t —t;)si(t — t:) P(t;) + Z bix(t —t;)ri(t — t)Q(t:)

(47)
N N
SAP+ Y eix(t —ti)si(t — t)P(t;) + Y bix(t — ti)ri(t — t;)Q(t:).
=1 =1
Similarly, for Q(t) we can get
‘DIQ = AQ + f(t,wi) — f(t,wri1) + gt vx) — g(t, vet1)
N N
+ Z cix(t —ti)si(t — t:)Q(t:) + Z bix(t — ti)ri(t — t:) P(t;) (48)
i=1 i=1

N N
> AQ + Z cix(t —ti)si(t —t;)Q(t;) + Z bix(t —ti)ri(t — t;) P(t).

i=1

Using Theorem we have P(t) < 0 and Q(¢) > 0. This proves vgp+1 < Ugy2 and
Wito < wi4q for all 0 <t < ty. Certainly, it is true for £ = 1, hence, by induction, we
have the result

Vo Sv1 < S U1 SV W SWpo1 <o Swp < wp. (49)
Next we prove that v, < w, ont € [0,T] for all n > 1. We prove it using the method

of mathematical induction.
Let p(t) = wvi(t) — wi(t), then p(0) = v1(0) — w1(0) = wp — ug = 0. Using the
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assumption (As) on f and g, we can get
“Dip = >\P + f(t,vo) — f(t,wo) + g(t, wo) —9(t,vo)

+ZC’X i)Si(t — ;) +szx it — ) (—p(t:))

< )\p—l—ch —t;)s;(t — t;)p(t;) +Zbix(t—ti)?”i(t—ti)(—P(ti)) (30)
i=1
N
<A+ Z (cix(t —ti)si(t —t;) = bix(t — ti)ri(t — t:))p(t:).

By Lemma [3.1] we have p(t) < 0. Therefore, v; < w; for all t € [0,T].

Assume the result v,, < w, is true for n = k, which is vy < wy, for all ¢ € [0,T].
For n = k+ 1, we let p(t) = vr41(t) — wiy1(t), then p(0) = ug — ugp = 0. With the
assumption (As), we have

‘Dip = /\p + f(t, o) — f(t,we) + g(t, wk) —g(t,vk)

+ZC’X i)si(t—t;)p +szx ti)ri(t —ti)(—p(t:))
< Ap+ Z cix(t —ti)si(t —t;)p(t;) + Z bix(t —ti)ri(t — t;)(—p(t:))
i=1

<Ap+ Z (cix(t —ti)si(t —t;) = bix(t — ti)ri(t — t:))p(t:).

i=1

Using the result of Lemma we have p(t) < 0. Therefore, vi+1 < w41 for allt € [0, 7.
Since it is true for k = 1, therefore, by induction, we have the conclusion v, < w, is
true for every n > 1. Since we have already assumed that vy < wg, we can obtain the
inequality

v Sv1 < S Vpoy S SWp SWpo1 < S wp < wo. (52)

In the next result, we will show that vy < u < wq implies v, < u < w, for all n > 1.
We prove by the method of mathematical induction. For n =1, let

P(t) = vi(t) —u(t), Q) =u(t) —wi(t). (53)

The initial condition is P(0) = Q(0) = ug — ug = 0.
Then with the assumption (As), we have

CDIP = AP+ f(t,v0) — f(t,u) + g(t,wo) — g(t,u)

N N
+ Z cix(t —t)s;(t — ) P(t;) + Z bix(t — t)rs(t — t)Q(t;)

N N
< AP+ Z cix(t—ti)si(t —t;)P(t;) + Z bix(t — t;)ri(t — t)Q(t;).
i=1

i=1
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Similarly, for Q(t) we have
CDqQ = AQ =+ f(tvu) - f(tvw()) + g(t7u) - g(ta UO)

N N
+ Z cix(t —t;)si(t — t)Q(t:) + Z bix(t — t;)ri(t — t:) P(t;) 55)

N N
<AQ+ Y eax(t —ti)si(t — t)Q(t:) + Z bix(t — ti)ri(t — ;) P(t;).

i=1

Then, by Theorem 3.1} we can get P(t) < 0 and Q(¢t) < 0. Therefore, v1 < u < w; for
all t € [0, 7).
Assume the result v,, < w, is true for n = k, then we have vy < u < wg. Then for
n=*k+1,let
P(t) = vy (t) — u(t), Qt) = u(t) — wi41(t). (56)
The initial condition is P(0) = Q(0) = up — ug = 0.
Using the assumption (Asz), we can get

‘DIP = AP + f(ta vk) - f(tvu) +g(t7wk) - g(tau)

N N
+ Z cix(t —ti)si(t — ti) P(t;) + Z bix(t —ti)ri(t — ) Q(t:)

(57)
N N
SAP 4+ eix(t —ti)si(t — t)P(t) + Y bix(t — ti)ri(t — 1:)Q(t:).
i=1 =1
Similarly, for Q(t) we have
CDqQ = )‘Q + f(t’u) - f(t>wk) +g(t’u) - g(t,Uk,)
N N
+ Z eix(t —ti)si(t — t)Q(t:) + Z bix(t —ti)ri(t — t;) P(t:) (58)
i=1 1=1

N N
<AQ+ Z cix(t —ti)si(t — t)Q(t:) + Z bix(t —ti)ri(t — t;) P(t;).

i=1

Then, by Theorem [3.1] we can get P(t) < 0 and Q(t) < 0. Therefore, vj11 < u < Wwyy1
for all ¢ € [0,T]. Since the result is true for £ = 1, then by induction, we have v, (t) <
u(t) < wy(t) for all n > 0 and ¢ € [0, 7],

If we consider the result above and the result (i) we proved, we can have

vo < < Loy SuLwy, Swyoy <o L wp < wy. (59)

For the next result, we will prove that the sequences {v,} and {w,} are uniformly
bounded and equicontinuous.

Since vg(t) and wy(t) are continuous on each interval [ty,tx+1], we can get they are
bounded on the whole interval [0, T]. Then assume |vg(t)| < M, and |wo(t)| < M,,. Then
for every n and ¢ € [0, 7], by monotonicity we have

0 <w, —vg <wy— vg. (60)
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We take the absolute value to obtain
[vn| < vn —vol + |vo| < |wo — vo| + |vo| < |wo| + |vo| + |vo| < My +2M,.  (61)

Therefore, there exists some positive constant M which is independent of ¢ or N, such
that |v,| < M.
Similarly,

[vn| < |Jwn — wol + |wo| < Jvo — wol + |wo| < |vo| + |wo| + |wo| < My, +2M,,.  (62)

Therefore, there exists some positive constant M’ which is independent of ¢ or N such
that |w,| < M’'. Furthermore, M and M’ do not depend on n or t. Then the sequences
{vn(t)} and {w,(¢)} are uniformly bounded on the interval [0, T7].

In order to prove the equicontinuity, we use the integral representation of v, (¢) ,

)= w0+ s [ (0= 5 (f<s,vn1<s>> T (s, war(8)) + Mon(s)
k k
=1 i=1

Then for any k = 0,1,...,N — 1, let t' € [tx,trs1] , t? € [tr, trr1]. Without losing
the generalization, we assume that t* > ¢? and |t1 — t2| < 6, where M is some positive
constant. Since s;(t —t;) , r;(t — t;) and f(¢,u(t)) , g(t,u(t)) are continuous in ¢ on the
interval [t;,t;41], we can let |¢;s;(t — t;)| < Cs, |biri(t — t;)| < Cp and | f(¢,u(t))| < My,
lg(t,u(t))| < M,. Based on the uniformly boundedness, we have |v,| < M, and |w,| <
M,,, then we have

(63)

|on (') — v (£%)| = ‘1/0 (t' — s)71 (f(s,vn_l(s)) + g(s,wn—1(8)) + Avn(s)

—I—Zc, J(t =), (t —l—Zbrlt —t;) wn(z)>ds

Lo (64)
] B GR A (O C IRy S P
L'(q) Jo
k k
+ Z cisi(tQ — ti>’l)n(ti) =+ Z bﬂ’i(tQ — tz)wn(t2)>ds .
i=1 i=1
For any ¢ € [ty,tp+1] we have
‘f(tavnl(t))+g(tvwnl( +>\Un J’_ZC’LS’L - +Zb rz - n( z)
k k
< M+ Mg+ M, + Y biMy.
i=1 i=1

(65)
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k k
We let M = My + Mg+ > CsM, + 3 biM,, then for any t € [ti, tiy1],
i=1 i=1

Ft,vn_1(t)) +g(t, wn—1(t)) + Av, (¢ —&—ch W(t—t;)vn(t —&—Zbrlt ti)w,(t;)| < M.

(66)
Therefore, we have

1_1} 2 % v s ﬁ g 1_Sq—1 s
on(t) = 0.6%)| < g5 | s+ g [ 10 =5

= T(g (=) = (=)™ T(q) J;2
M ) . M o 2M e,
F(q+1)(t —t%) +7F(q+1)(tl t?) =) [th —?]" <.
(67)

1
Providing |t1 — t2| <§= <€Fg§;}1)) | we can have that v, is equicontinuous.

Similarly, for w, we have

’f(tvwnl(t)) +g(tv’un71( +>\wn +Zczsz - +Zb Tz - Un z)
k k
< Mj+ Mg+ Y CMy+ Y biM,.
i=1 i=1
(68)

k k
Let M' =M;+ My + > CsMy, + " b;M,, then for any ¢ € [ty, tiy1],
i=1 i=1

k
'f(t,wn_l(t))+g(t,vn_1())—i—)\wn —i—chszt ti)wy(t —|—Zb ri(t—t)vn(t;)| < M.

1=1

(69)
Therefore, we have

Ny < M
() = %) < 55 |

(th —5)T7 1 — (12 —5)17!

M' tt
ds+—/ |(t" = s)?7 M| ds
t

L(q) Ji
M’ M’ 2M'
oo (1) (1) = ——— ' - " < e
_F(q+1)( ) F(q+1)( ) F(q+1)| ’
(70)
1
We provide ‘tl —t2| <44 = (dz(f\j,l)) | then w, is equicontinuous. Therefore,

1 1
- i — mi L(g+1)\ 7 (el(g+1) @
if we take the minimum of these two, 6 = min (( ST ) , ( 1T ) >, then can

obtain that {v,(¢)} and {w,(t)} are equicontinuous on the interval [tx,tx+1]. Since
k = 0,1,...,N — 1 was arbitrary, we proved that {v,(¢)} and {w,(t)} are equicon-
tinuous on the interval [0,ty = T7.

Since we have proved that {v,(t)} and {w,(t)} are equicontinuous and uniformly
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bounded on the interval [0,7], by Ascoli-Arzela’s theorem, there exist subsequences
{vn, (1)} and {wy,, (¢)}, which converge uniformly to v(t) and w(t), respectively, on [0, T.
Because of the monotonicity of the sequences {v, ()} and {w,(t)} we have shown, we can
get that the entire sequences {v,(t)} and {w,(¢)} converge uniformly and monotonically
to v(t) and w(t), respectively.

For the next step, we will prove that v(¢) and w(t) we have above are the minimal
and maximal solutions of the problem @ Furthermore, we want to show that they are
equivalent to the solution of the equation @

We use the integral representation.

v (t) = uo + ﬁ/o (t—s)i! <f(savn—1(5)) +9(s,wn—1(8)) + Avn(s)
k k (71)
+ Z cisi(t — ti)vn(ts) + Z biri(t — ti)wn(ti)> ds.

Then, we take the limit of n on both sides. Since {v,} converges uniformly, we have

lim v, = lim (u T / (i s>q1(f<s,vn_1<s>> + 95, wa1(5)) + Avn(s)

n—»00 I'(q)
K k (72)
+ Z cisi(t —ti)vn(t;) + Z biri(t — tz‘)wn(ti))d3~
Then,
o(t) = o + ﬁ / (t—s)1! (f<s,v<s>> + (s, w(s)) + Ao (s)
k k (73)
+ Z CiSi(t - ti)v(ti) + Z bi’l"i(t — ti)w(ti))ds.
Similarly, for w,, we have
) =0+ s [ (0= sp (f<s, W1 (8)) + 905,001 () + Aawn(s)

(74)

k k
i=1 i=1
After taking the limits of n on both sides, we can get

lim w, = lim (uo + 1 /Ot(t ) (f(s,wn_l(s)) + (s, vn-1(8)) + Awn(s)

n—00 n—00 F(q)

k k (75)
+ Z cisi(t —t)wn(t;) + Z bir;(t — ti)vn(ti))ds)'
Then,
wlt) = v+ i [ (05 (f(s,w<s>> T g(s,v(s)) + Au(s)
(76)

k k
+ Z cisi(t —t)w(t;) + Z biri(t — ti)”(fi))ds-
i=1 i=1
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Now we can get that v(t) and w(t) satisfy the equation (9). Therefore, v(¢) and
w(t) are coupled minimal and maximal solutions of equation (9)). Thus, we have already
shown that v, < u < w,. Taking the limits of n we can get lim v, < lim u < lim w,.

n— o0 n— oo n—oo
Then we can obtain v < u < w.

In the last result, we will show that if f and g satisfy the one-sided Lipschitz condition,
then the coupled minimal and maximal solutions are equivalent to the solution w of the
equation @D
Let m(t) = w(t) — v(t), then m(0) = w(0) — v(0) = up — up = 0, and we can get

‘DIm(t) = “D(w(t) — v(t) = “Diw(t) — “D(t)
= Aw(t) —v(t)) + [f (¢, w(t)) = f(t,0()] + [ (t,v(t)) = g(t, w(t))]

N
+ ZCiX(t —ti)si(t — t5)(w( )+ szx it —t3) (v(ti) —w(ts)).

(77)
Let A =X+ Ly + Lo, we can get
N
¢Dm ( < Am + Z CzX ti)m(ti) — Z biX(t — ti)’l“i(t — tz)m(tl) (78)
Then, by using the Laplace transformation, we can get
N-1 N-1
m(t) S m(O)Eq,l(Atq) + Z CiSi(t — ti)m(ti) — Z biRi(t — tl)m(tl) (79)
i=1 i=1

We know that m(0) = 0, then according to the result of Theorem we have m(t) <0,
Vt € [0,tn]. By definition of m(t) we can get Vt € [0, T, w(t) < v(¢). Since we have proved
the monotonicity v(t) < u(t) < w(t), we can get that vVt € [0,7T], v(t) = u(t) = w(t),
which concludes the proof.

Theorem 4.3 Assume
(A1). vo and wo are coupled lower and upper solutions of natural type of the equation
(@, such that vo < u < wg on [0,T];
(As). f(t,u) and g(t,u) are nondecreasing and nonincreasing, respectively, on Q.
Then the sequences v, and w, defined by (@- are well defined and satisfy the fol-
lowing results:
(i). For alln > 1, on [0,T] we have

vo<vy <vy <<y <wy <wpog < - < wy < wo, (80)

provided vy < v1 and wy < wy.

(ii). The sequences v, and w, converge uniformly and monotonically to the coupled
minimal and maximal solutions v(t) and w(t), respectively. Furthermore, if u is any
solution of equation (9), then v(t) < u < w(t).

(iii). Furthermore, if f(t,u) and g(t,u) satisfy the one-sided Lipschitz condition, which
is for any uy > us, we have

f(tur) — f(t,uz) < La(ur —uz2),  g(t,ur) — g(t,u2) > La(ur —u2),  (81)

where Ly > 0 and La > 0, then ¥t € [0,T], we have v(t) = u(t) = w(t), the uniqueness
of (9) holds on [0,T).
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Proof. The proof follows the same lines as the proof of Theorem [4.2] except in the
first part, instead of proving vy < v; and w; < wyp, we have this result provided. The
rest of the proof is the same.

5 Conclusion

We generalized the monotone method and use the method to prove that for the nonlinear
Caputo fractional impulsive differential equation @, under certain conditions, the cou-
pled lower and upper solutions of both the natural type and type 1 converge to the exact
solution of the problem. Therefore, in the future work, the monotone method will be
significantly useful to approximate the solution of the problem. In the numerical results,
we will discuss another method which converges faster than this method.
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