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Abstract: New sufficient conditions for the Liapunov stability of a class of
large scale systems described by ordinary differential equations are estab-
lished. In all cases we proposed a new construction for matrix-valued Lia-
punov function and the objective is the same: to analyze the stability of large
scale systems (nonautonomous and autonomous) in terms of sign definiteness
of specific matrices. In order to demonstrate the usefulness of the presented
results several examples are considered.
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1 Introduction

The methods of stability analysis of large-scale dynamical systems via one-level decom-
position of the system and a vector Liapunov functions were summarized in a series of
monographs. The necessity of further development of the known approaches for the men-
tioned class of dynamical systems and creation of new ones is caused by the fact that
the methods of qualitative analysis based on vector Liapunov function yield, as a rule,
“super-sufficient” stability conditions.

The aim of this paper is to present a new method of constructing the matrix-valued
function and then to obtain efficient stability conditions for one class of large scale systems
admitting one-level decomposition.
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2 A Class of Large Scale System

We consider a system with finite number of degrees of freedom whose motion is described
by the equations (2.1)

dx; .
;t = filz)) + gt 21, 2m), 1=1,2,....m (2.1)
where x; € R, t € T, T, = [1,+), fi € C(R",R"), g; € C(T, x R™ X -+ X
R R™).
Introduce the designation
G,L(t,ZZ?) = g’i(tvxlv v ,Im) - Z glj(tvxhxj)a (22)
=1, j#i

where g¢;; (¢, zi,2;) = gi(t,0,..., @i, ..., 24,...,0) for all ¢ #j; 4,5 =1,2,...,m. Tak-
ing into consideration (2.2) system (2.1) is rewritten as

= filw)+ D gt wag) + Gilt, @), (2.3)

dt
=1, j#i

Actually equations (2.3) describe the class of large-scale nonlinear nonautonomously
connected systems. It is of interest to extend the method of matrix Liapunov functions to
this class of equations in view of the new method of construction of nondiagonal elements
of matrix-valued functions.

3 On Construction of Nondiagonal Elements of Matrix-Valued Function

In order to extend the method of matrix Liapunov functions to systems (2.3) it is neces-
sary to estimate variation of matrix-valued function elements and their total derivatives
along solutions of the corresponding systems. Such estimates are provided by the as-
sumptions below.

Assumption 3.1 There exist open connected neighborhoods N; C R™ of the equi-
libriums state z; = 0, functions v; € C* (R™, Ry), the comparison functions ;1, @2
and ; of class K (K R) and real numbers ¢;; > 0, ¢&; > 0 and -~y; such that

(1) ’U“(Il) =0 for all (Il = O) S M,

(2) v (lzall) < virlas) < by (llzall);

(3) (Da,wii(a:)) filai) < vaahi (||lai)) for all x; € NG,

1 =1,2,...,m.
It is clear (see [3,5]) that under conditions of Assumption 3.1 the equilibrium states

x; = 0 of nonlinear isolated subsystems

d:vi
dt

:fi(aci), i=1,2,...,m (31)

(a) uniformly asymptotically stable in the whole, if 7;; < 0 and
(@i, iz, Vi) € K R-class;

(b) stable, if v;; =0 and (i1, pi2) € K-class;

(c) unstable, if v;; > 0 and (i1, w2, ¥;) € K-class.
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The approach proposed in this section takes large scale systems (2.3) into consider-
ation, subsystems (3.1) having various dynamical properties specified by conditions of
Assumption 3.1.

Assumption 3.2 There exist open connected neighborhoods N; € R™ of the equi-
librium states z; = 0, functions v;; € CHHY(7, x R™ x R™, R), comparison functions
©i1, pio € K(KR), positive constants (11,...,mm)T € R™, n; > 0 and arbitrary con-
stants ¢;;, Cij, i, j =1,2,...,m, i # j such that
(1) vij(t,xs,25) =0 forall (z;, ;) =0€ N;xN;, te T, i,j=1,2,...,m, (i #j);
(2) c 7139011(Hx1”)50jl(”$]”) <wij(t i, z5) < ClJSDﬂ(Hxl”)SDJQ(”‘TJ”) for all (t, xuw]) €
T x N; x Nj, i #j;

(3) Dywij(t, s, x) + (Dayvij (t, 4, 77)) " fi(wi)
+(Da,vij (t, 23, %)) f(25) + 535 (Do, vii () i (£, 70, 75) (3-2)
+ a0 (Dayvi5(25))  g5i(t, 4, 25) = 0;

It is easy to notice that first order partial equations (3.2) are a somewhat variation of
the classical Liapunov equation proposed in [8] for determination of auxiliary function
in the theory of his direct method of motion stability investigation. In a particular case
these equations are transformed into the systems of algebraic equations whose solutions
can be constructed analytically.

Assumption 3.3 There exist open connected neighbourhoods N; C R™ of the
equilibrium states z; = 0, comparison functions ¢ € K(KR), i = 1,2,...,m, real
numbers a}j, afj, a?j, u,ii, u;ij, u}”j and u%ij, i, 7, k=1,2,...,m, such that

(1) (Dg,wii(2:)"Gi(t, 2) < di(ll2]) Z Vlmw(”xk”) + Ri(¢)

for all (t,x;,z;) € T, x N; ><j\/],

(2) (Da,vis(t, ) gis (8 wi, 25) < ogbf ([ill) + il (s 1) + oy F ()

+Ro(v) for all (t,z;,2;) € Tr x N x Nj;

(3) (Da,vis(t, ) Gilt, @) < ¥5([lz1) Z v ¥e(llzel) + Rs(¥)

for all (¢,z;,z;) € Tr x N; x/\/J,

(4) (Da,vis(t, ) gan(t, @i, wn) < 5 (251D (g lowll) + 229 (i) + Ra(¥)

for all (¢,x;,z;) € Tr x Nj x Nj.

Here R4 (1) are polynomials in ¢ = (¢1(||z1]|,- - ¥m(||zm|])) in a power higher than
three, Rs(0) =0, s=1,...,4
Under conditions (2) of Assumptions 3.1 and 3.2 it is easy to establish for function

o(t,z,n) =0 U(t, z)n = Z v (¢, )nimj (3.3)
ij=1
the bilateral estimate (cf. [4])
uTHYCHuy < v(t,z,n) < ui H'CHus, (3.4)
where
ur = (pu(l|zalls s emi(lzml)) T,

us = (pra(lzall, - - eme((lzml)) ™
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which holds true for all (¢,z) € T X N, N =Nj X -+ X Npy,.

Based on conditions (3) of Assumptions 3.1, 3.2 and conditions (1)—(4) of Assump-
tion 3.3 it is easy to establish the inequality estimating the auxiliary function variation
along solutions of system (2.3). This estimate reads

Dv(t,x,n)|(2.1) < ugMusg, (3.5)

where usz = (Y1(||lz1]),-- -, ¥m([|zm|) and holds for all (¢,z) € T, x N.
Elements o;; of matrix M in the inequality (3.8) have the following structure

m m
i = M Vi + Vi + Z (MeiVia + 115 Viggs) + 2 Z ming(ag; + a3;);

k=1, ki =1, j#i
1 m m
2.1 2.1 2 2
Tij = 5 (i vy +mjvi;) + Z MM Viesj + Z 37§ Vkij
k=1, k) k=1, ki

m
o (0f +ad) + D (it MmNk T M),
k=1, ki,
k£

i=1,2,...,m, i#].

4 Test for Stability Analysis

Sufficient criteria of various types of stability of the equilibrium state =0 of system
(2.3) are formulated in terms of the sign definiteness of matrices C, C and M from
estimates (3.4), (3.5). We shall show that the following assertion is valid.

Theorem 4.1 Assume that the perturbed motion equations are such that all condi-
tions of Assumptions 3.1—3.3 are fulfilled and moreover

(1) matrices C and C' in estimate (3.4) are positive definite;
(2) matrix M in inequality (3.5) is negative semi-definite (negative definite).

Then the equilibrium state x = 0 of system (2.1) is uniformly stable (uniformly
asymptotically stable).

If, additionally, in conditions of Assumptions 3.1—3.3 all estimates are satisfied for
N; = R" Ri() = 0,k = 1,..4 and comparison functions (p;1, pi2) € K R-class,
then the equilibrium state of system (2.1) is uniformly stable in the whole (uniformly
asymptotically stable in the whole).

Proof 1If all conditions of Assumptions 3.1—3.2 are satisfied, then it is possible for sys-
tem (2.1) to construct function v(t, z,n) which together with total derivative Dv(t, z,n)
satisfies the inequalities (3.4), and (3.5). Condition (1) of Theorem 4.1 implies that
function v(t,z,n) is positive definite and decreasing for all ¢ € 7,. Under condition
(2) of Theorem 4.1 function Dv(t, z,n) is negative semi-definite (definite). Therefore all
conditions of Theorem 2.3.1, 2.3.3 from [9] are fulfilled. The proof of the second part of
Theorem 4.1 is based on Theorem 2.3.4 from the same monograph [9].
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5 Nonautonomous Oscillator

We shall study the motion of two non-autonomously connected oscillators whose be-
haviour is described by the equations

dzy
dt
drz
dt
dys
dt
dy2
dt

= 7122 + v coswty; — vsinwiys,
= —v1x1 + vsinwty; + v cos wiya,
= Y9y2 + v coswitx + vsinwirs,

= —7Y2¥y2 + v coswtry — vsinwtry,

where v1, Y2, v, w, w+ 1 — 2 # 0 are some constants.
For the independent subsystems

dIl dCCQ
- = T _“
a dt
dyl dyg

E = 72Y2, W = —72Y1

= —MT1

the auxiliary functions v, ¢ = 1,2, are taken in the form

’Ull(x) = 'rT:E) Tr = (xlv'rQ)Tv

. (5.3)

v (y) =y,  y=(y1,y2)"

We use the equation (3.2) (see Assumption 3.2) to determine the non-diagonal element
vi2(z,y) of the matrix-valued function U (¢, z,y) = [vi;(-)], 4, 7 = 1,2. To this end set
n=(1,1)T and viz(z,y) = 2T Pjoy, where Py € C1(7,, R?>*?). For the equation

dPio 0 —m
P
a (71 o) "

0 coswt —sinwt
+ P +2v| =0,
—v2 0 sinwt  coswt

2v ( sinwt  cos wt)
Wty =72

the matrix

Po=—
12 —coswt sinwt
is a partial solution bounded for all ¢t € 7.

Thus, for the function v(t,z,y) = U (t,z,y)n it is easy to establish the estimate of
(3.4) type with matrices C' and C' in the form

C— <§11 §12> G (511 512)

~ ) - — — )
Clo  Coo Ci2 C22

[2v]

—=—L—_ Besides, the vector
|w+vy1—72]

where €11 = ¢y = 1; Co2 = oy = 1, Ci2 = —¢p =

uf = (|||, [|y|]) = uf since the system (5.1) is linear.
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For system (5.1) the estimate (3.5) becomes

Dou(t,z,y 0

)|(5.1) =

for all (z,y) € R?> x R? because M = 0.

Due to (5.4) the motion stability conditions for system (5.1) are established basing on
the analysis of matrices C and C' property of having fixed sign.

It is easy to verify that the matrices C' and C' are positive definite, if

42
1—%>0.
(W+m —12)

Consequently, the motion of nonautonomously connected oscillators is uniformly stable
in the whole, if

1
o] < 5 o+ 1 = 72l

6 Large Scale Linear System

Assume that in the system

dzr

d_tl = Anz + Apxs + Azs,

dz

d—t2 = Ap1x1 + Aowo + Assxs, (6.1)
dl‘3

i Az + Agoxo + Azzxs,

the state vectors z; € R™, i = 1,2,3, and A;; € R™*™ are constant matrices for
all i, 5 =1,2,3.
For the independent systems

dz i
dt

= Az, 1=1,2,3 (6.2)
we construct auxiliary functions v;;(x;) as the quadratic forms
vii(2;) = 2} Pyay, 1=1,2,3 (6.3)
whose matrices P;; are determined by
ALPy + PyAy = -Gy, i=1,2,3, (6.4)

where G;; are prescribed matrices of definite sign. In order that to construct non-diagonal
elements v;;(z;,x;) of matrix-valued function U(x) we employ equation (3.2) from As-
sumption 3.2. Note that for system (6.1)

fi(zi) = Auimi,  fi(x5) = Ajjzy,
9ij (wi, x5) = Aijy,  Gi(t,x) =0, i=1,2,3.
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Since for the bilinear forms
vij (i, x5) = vjilay, @) = @, Py, (6.5)
the correlations

Dmivij(:vi,xj) = ,TTPT

— T ..
Py Dajvij(zi,x5) = 27 Py,

are true, equation (3.2) becomes
CCiT<A3;Pij + PijAj; + Ul PiiAi; + s AjTiPii>$j =0.
nj i

From this correlation for determining matrices F;; we get the system of algebraic equa-
tions - "
AiiPij + PijAj; = _77_; Py Aij — W_Z A Py,

(6.6)
i#£7,  i,j=1,2,3.
Since for (6.3), and (6.5) the estimates (see [4,6])
vii (i) = A (P) ||, z; € R™;
vig(wi,a5) 2 =N Py PRlilllesll, - (winw;) € B x R,
hold true, for function v(z,n) =nTU(z)n the inequality
wTHTCHw < v(z,n) (6.7)
is satisfied for all x € R", w = (||z1]|, |2, |z3])T and the matrix
An(Pr) =N (PuPE) =2 (PsPR)
C=| -NF(PePh)  Aa(Pn) =N (PsPR)

—)\}\//12(P13P1T3) —)\}\//12(P23P2T3) Am(P33)

For system (6.1) the constants from Assumption 3.3 are:

2
Vl%i = z’2jk =0 Viljk = )\1\2 [(PgAik)(PgAik)L H?jk =0.

Therefore the elements o;; of matrix M in (3.5) for system (6.1) have the structure

3
oi = = Am(Gi) +2 Y mimgel;,  i=1,2,3,

J=1,j#i
3
045 = Z (nknjyiljk + 7]1'77161/;%1']‘)» iv .] = 17 2737 ) # .7
k=1, ki,
by

Consequently, the function Duv(x,n) variation along solutions of system (6.1) is estimated
by the inequality

Dv(x,n)|(6'1) < w Muw (6.8)
for all (z1,22,23) € R™ x R"™ X R"3,

We summarize our presentation as follows.
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Corollary 6.1 Assume for system (6.1) the following conditions are satisfied:

(1) algebraic equations (6.4) have the sign-definite matrices P;;, i = 1,2,3 as their
solutions;

(2) algebraic equations (6.6) have constant matrices P;;, for all i,j =1,2,3, i # j
as their solutions;

(3) matrix C in (6.7) is positive definite;

(4) matrix M in (6.8) is negative semi-definite (negative definite).

Then the equilibrium state x = 0 of system (6.1) is uniformly stable (uniformly

asymptotically stable).

This corollary follows from Theorem 4.1 and hence its proof is obvious.

7 Discussion and Numerical Example

To start to illustrate the possibilities of the proposed method of Liapunov function con-
struction we consider a system of two connected equations that was studied earlier by
the Bellman-Bailey approach (see [7, 8], etc.).

Partial case of system (6.1) is the system

d

% = Az + Croxo,

: (7.1)
x

d_t2 = Bzy + Coi21,

where 1 € R™, x5 € R™?, and A, B, C12 and C5; are constant matrices of corresponding
dimensions. For independent subsystems

dl‘l

1 _a
dt X1,
(7.2)
dl‘g B
=2 _ Bz
dt 2
the functions v11(x1) and vaa(x2) are constructed as the quadratic forms
vin =2 Priz1, s = x5 Pooto, (7.3)

where Py and Pso are sign-definite matrices.
Function v12 = vo1 is searched for as a bilinear form vy = :vrerlgacg whose matrix is
determined by the equation

ATP12 + PioB = —% Pi1Cio — %OQ’I;PQQ, n > 0, N > 0. (74)
2 1

According to Lankaster [7, p.240] equation (7.4) has a unique solution, provided that
matrices A and —B have no common eigenvalues.
Matrix C in (6.7) for system (7.1) reads

o ( A (P11) —A%(PHPE)) (7.5)
~\* (P2 P) Am (P22)
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Here A, (-) are minimal eigenvalues of matrices Pj1, Pa2, and )\}V/IQ(-) is the norm of
matrix P12P1T2.
Estimate (6.7) for function Dv(x,n) by virtue of system (7.1) is

Do(z,n) 7.1y < w'Ew, (7.6)
where w = (|||, [[z2[))T, E = [o], 4,5 = 1,2

011 = M7+ mmaang,
O22 = Aot + min2a2,

019 = 0921 = 0.

The notations are
A = A (ATP + P A),

X2 = A\ (BTPyy + PaoB),
gz = A (Cly Pra + PiyCha),
B2z = A (Coy Py + P1aCa),
A(+) is maximal eigenvalue of matrix (-). Partial case of Assumption 3.1 is as follows.

Corollary 7.1 For system (7.1) let functions v;;(-), 4, j = 1,2 be constructed so that
matrix C for system (7.1) is positive definite and matrix Z in inequality (7.6) is negative
definite. Then the equilibrium x = 0 of system (7.1) is uniformly asymptotically stable.

We consider the numerical example. Let the matrices from system (7.1) be of the form

A=<_32 _12> B:<_24 _11> (7.7)
ca=(Gn Tor) @n=(lhe Son) &
Functions v;; for subsystems
i=Ar, x=(x1,29)7,
§=By, y=y)"
are taken as the quadratic forms
v = 1.7527 4+ 2122 + 1.523,

va2 = 0.35yF + 0.9y1y2 + 0.95y3.

Let n=(1,1)T. Then A\ = Ay = —1,

p. _ (0011 0.021
271 —0.05 —0.022 )

Q22 = 0.03, ﬁgg = —0.002.
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It is easy to verify that o117 < 0, and o092 < 0, and hence all conditions of Corollary 7.1,
are fulfilled in view that

A (Pr2Ph) < (A (Pr) A (Pa2)) 2,

for the values of )\}\//[2(P12P1T2) = 0.06, A\, (P11) = 1.08, A\, (Pa2) = 0.115. This implies
uniform asymptotic stability in the whole of the equilibrium state of system (7.1) with
matrices (7.7), and (7.8).

Let us show now that stability of system (7.1) with matrices (7.7), and (7.8) can not
be studied in terms of the Bailey [2] theorem.

We recall that in this theorem the conditions of exponential stability of the equilibrium
state are

(1) for subsystems (7.2) there must exist functions (7.3) satisfying estimates
(a) canllall® < vilt, @) < caollaf?,
(b) Dui(t, i) < —cillai]?,
(c) [|0vi/0x;i]| < ciallxs|| for x; € R™,
where ¢;; are some positive constants, ¢ = 1,2, j =1,2,3,4;
(2) the norms of matrices Cj; in system (2.4.17) must satisfy the inequality (see
Abdullin, et al. [1, p. 106])

1/2
ICullICanll < (—) (—) (7.10)

C12C22 C14C24

We note that this inequality is refined as compared with the one obtained firstly by
Bailey [2].

The constants ci1,...,ca4 for functions (7.9) and system (7.1) with matrices (7.7),
and (7.8) take the values

C11 = 108, Co1 = 0115, C12 = 214,
Cog = 2.14, Coo = 1.135, C13 = C23 = 1, C14 = 4.83, Coq = 2.4.

Condition (7.10) requires that [[C12[[[|C21[| < 0.0184 whereas for system (7.1), (7.7), and
(7.8) we have
IC12]|[[Can]| = 1.75.

Thus, the Bailey theorem turns out to be nonapplicable to this system and the condition
(7.10) is “super-sufficient” for the property of stability.
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