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On Three Definitions of Chaos
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Abstract: We discuss in this paper three notions of chaos which are com-
monly used in the mathematical literature, namely those being introduced
by Li & Yorke, Block & Coppel and Devaney, respectively. We in particular
show that for continuous mappings of a compact interval into itself the no-
tions of chaos due to Block & Coppel and Devaney are equivalent while each
of these is sufficient but not necessary for chaos in the sense of Li & Yorke.
We also give an example indicating that in the general context of continuous
mappings between compact metric spaces the relation between these three
notions of chaos is more involved.
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1 Introduction

As a mathematical notion the term chaos has first been used in 1975 by Li & Yorke
in their paper [13] “Period three implies chaos”, but even before it has been observed
that very simple functions may give rise to very complicated dynamics. One of the
cornerstones in the development of chaotic dynamics is the 1964 paper [15] “Coexistence

of cycles of a continuous mapping of the line into itself” (in Russian) by Šarkovskii.
During the seventies and eighties the interest in chaotic dynamics has been exploding
and various attempts have been made to give the notion of chaos a mathematically precise
meaning. Outstanding works in this context are the 1980 book [6] “Iterated Maps on the
Interval as Dynamical Systems” by Collet & Eckmann, the 1989 book [16] “Dynamics

of One-dimensional Mappings” (in Russian) by Šarkovskii, Kolyada, Sivak & Fedorenko
and the 1992 Lecture Notes [4] “Dynamics in One Dimension” by Block & Coppel. While
up to the end of the eighties the subject of chaotic dynamics was restricted mainly to
research oriented publications, the 1986 book [7] “An Introduction to Chaotic Dynamical
Systems” by Devaney marked the point where chaos (as a mathematical notion) became
popular and began to enter university textbooks such as [9] “A First Course in Discrete
Dynamical Systems” by Holmgren (1994) or [8] “Discrete Chaos” by Elaydi (1999).
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